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Abstract The focus of the paper is on egalitarian acyclic orientations of graphs. Our goal is to orient
the edges of an undirected graph G such that the resulting digraph D is acyclic and the indegrees of D
are as “equitable” as possible. For example, in the dec-min (decreasingly minimal) case, we want to find
an acyclic orientation for which the non-increasingly ordered indegree sequence is lexicographically minimal.
Similarly, in the inc-maz (increasingly maximal) case, the non-decreasingly ordered indegree sequence have
to be lexicographically maximal. It is known that, without acyclicity, such orientations can be found in
polynomial time, and they are the same as the orientations minimizing ) . ¢(o(v)) for any discrete strictly
convex function ¢, where g(v) denotes the indegree of the vertex v.

It turns out that the optimal orders for the dec-min and inc-max problems differ from each other under the
acyclicity condition, and both problems are NP-hard even for simple graphs. Moreover, we show that under
the acyclicity condition, the orientations minimizing ) ., ¢(e(v)) do depend on ¢, and the problem becomes
NP-hard for any discrete strictly convex function ¢. We consider a generalization of this problem in which
a discrete strictly convex function ¢, is given for each vertex v and the goal is to find an acyclic orientation
minimizing >, .y, ¢.(0(v)). We give an exact algorithm with running time O(2/VIpoly(|V|,|E|)) for this more
general problem, provided that the functions ¢, can be evaluated in polynomial time.

We present the description of a polyhedron, from which we can get the polytope of indegree vectors of
orientations by projection. For this description, the method given in [I7] can be used to solve the more general
problem above, without the acyclicity condition. Moreover, we show that the corner solutions of the polytope
of indegrees are exactly the indegree vectors of acylic orientations, which gives a mathematical motivation to
consider the problems under the acyclicity condition.

Another natural problem is to find an acyclic orientation maximizing ) . o(v)d(v), where o(v) and 6(v)
denote the indegree and outdegree of the vertex v, respectively. We show that this problem is polynomial-time
solvable if the maximum degree is at most 3, but becomes NP-hard if the maximum degree is 4. We also
consider the approximability of the problems above and investigate a number of natural related problems, for
example, finding inc-min and dec-max orientations or minimizing the maximum indegree of an orientation.



1 Introduction

The aim of this paper is to investigate egalitarian orientation problems of graphs under the additional constraint
that the orientation shall be acyclic. We put special emphasis on the following acyclic orientation problems, in
which the indegree vector of an optimal orientation is required to be “smooth”, “equitable” or “egalitarian”.

Problem 1 (dec-min (decreasingly minimal) acyclic orientation) Let us be given a graph G = (V, E).
Our goal is to find an acyclic orientation of G in which the indegree vector sorted in mon-increasing order is
lexicographically minimal.

Problem 2 (inc-maz (increasingly maximal) acyclic orientation) Let us be given a graph G = (V, E).
Our goal is to find an acyclic orientation of G in which the indegree vector sorted in non-decreasing order is
lexicographically maximal.

Problem 3 (min})_ . ¢(0(v)) acyclic orientation) Let us be given a graph G = (V,E) and a discrete
strictly convex function ¢ : Zy — R (i.e. p(z+2)+ ¢(2) > 2¢(z + 1) holds for any z € Z ). Our goal is to
find an acyclic orientation of G which minimizes ) .\, ©(0(v)), where o(v) denotes the indegree of v e V.

The non-acyclic counterparts of these types of problems are called egalitarian orientations in the literature
and were recently investigated in [6] [T} [12].

The following orientation problem is significantly different from the previous egalitarian problems, since,
instead of only focusing on the indegree vector, the optimal order minimizes the difference between the indegree
vector and outdegree vector, in a certain sense.

Problem 4 (max)_ ., o(v)é(v) acyclic orientation) Let us be given a graph G = (V, E). Our goal is to
find an acyclic orientation of G which mazimizes ), .y 0(v)d(v), where o(v) and 6(v) denote the indegree and
the outdegree of v.

It is important to note that each acyclic orientation problem above can be equivalently rephrased as a
vertex ordering problem. Instead of acyclic orientations, we search an order of the vertices, and replace
the indegrees ¢ with the left degrees El, and the outdegrees & with the right-degrees d in the definition of
the problems above. An order is optimal to the resulting vertex ordering problem if and only if the acyclic
orientation obtained by orienting each edge from left to right is optimal to the original acyclic orientation
problem. To see this, we need to observe that the indegree (and outdegree) vector of an acyclic orientation
is the same as the left-degree (and right-degree) vector of its topological orderings. Throughout this paper,
we do not make a distinction between the acyclic orientation and the vertex ordering problems, although we
mostly work with the vertex-ordering versions.

Application: Up-down routing The next routing protocol is a practical application of the egalitarian
acyclic orientation problems (Problems . In a routing problem, there is given an undirected graph called
network. The vertices of the network represent switches with input buffers and the edges represent links. We
want to send some packets between given start and end destinations. The goal is to give an efficient method
to determine a route for every packet. In a wormhole routing, each packet is broken into small pieces, called
flits. The first and last pieces are called heather flit and tail flit, respectively. The heather flit contains the
routing information of the packet (for example the start and end destinations). The flits corresponding to one
packet are routed continuously, this means that the heather tail reserves every reached buffer, and the buffer
only works on the flits of that packet, until the tail flit arrives and frees the buffer. In a general step, every
switch forwards the current flit from their input buffer to the next switch in the packet’s route provided that
the input buffer of that switch is not full. Such networks can suffer from deadlock, when there are several flits
waiting along a cycle. An example for a deadlock is shown in Figure

The goal is to determine a route for each packet without causing a deadlock. It is known that deadlocks
can be prevented by the following method called up-down routing [I8] 9] 22]: Choose an acyclic orientation
of the network, and forbid the packets to go through the sub-paths formed by any two edges directed into the
same vertex.

Clearly, the number of forbidden sub-paths at a vertex only depends on the indegree of that vertex.
Therefore, if we want to minimize the number of forbidden sub-paths, in some sense, then we have to choose
the acyclic orientation in the up-down routing carefully. For example, if we choose a dec-min acyclic orientation
then we can minimize the maximum number of forbidden sub-paths at any vertex. Similarly, considering a
min)_ oy 0(v)? acyclic orientation minimizes the total number of forbidden sub-paths. Moreover, if we only
search for rooted-connected acyclic orientations then there exists a feasible route between every two switches,
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Figure 1: A deadlock with four packets.

where an orientation is rooted-connected if there exists a root vertex from which any other vertex is reachable
on a directed path in the orientation. Therefore, in the real life applications they always search for a rooted-
connected acyclic orientation.

Related work Orientation problems of graphs have been studied extensively in the literature [6l, 10} 11} [12].
This paper is about acyclic orientations that are “equitable” in some sense. For example we can try to
minimize the maximum indegree of the vertices. From [I5] it follows that deciding whether a graph has
an acyclic orientation in which every indegree is at most k for some integer k is polynomial-time solvable.
Graphs that have such acyclic orientations are called k-degenerate and the minimum number k is called the
degeneracy of the graph, which we denote by Emm. Moreover, an acyclic orientation with indegrees at most
Zimm can be found in polynomial time with a greedy algorithm [I5] [16]. The non-acyclic version of this problem,
in which the goal is to find a not necessarily acyclic orientation minimizing the maximum indegree, was proved
polynomial-time solvable with a simple dipath reversing method in three different articles [3, 8, 21]. However,
when we are given a graph G = (V, E) and a non-negative weight functions w : E — Ry on the edge set and
our goal is find an orientation that minimizes the maximum weighted indegree of the vertices, then the problem
becomes NP-hard [3], even with weight function w : E — {1,k}, for a fixed & > 2 [2]. A more restrictive
definition for an equitable indegree vector was defined in [6], were the dec-min orientation and dec-min acyclic
orientation problems were introduced. In these problems, the goal is to find an orientation in which the
non-increasingly sorted indegree vector is lexicographically minimal. By definition, it follows that in every
dec-min acyclic orientation, the maximum indegree is at most E,nin. Finding a dec-min acyclic orientation was
proved NP-hard in [6]. However, it was also proved in the same paper that (without acyclicity) the dec-min
orientation problem is polynomial-time solvable for any graph with a simple dipath reversing method. Andras
Frank and Kazuo Murota also considered the dec-min orientation problem (without acyclicity) [11, 12]. They
proved that the optimal solutions of the dec-min orientation problem are the same as the optimal solutions
of the inc-max orientation problem, which maximizes the non-decreasingly sorted indegree vector. Moreover,
these are the same as the orientations minimizing ) . ¢(o(v)) for any discrete strictly convex function
@ : Zy — R. They proved these results in a more general framework by giving a strongly polynomial
algorithm for finding a decreasingly minimal element of an M-convex set formed by the integral elements of an
integral base-polyhedron. They also showed that the indegree vectors of k-edge-connected orientations form
an M-convex set, so the previous results also apply in case of k-edge-connected orientations.

A different kind of equitable acyclic orientation problem was introduced in [5], where the difference between
the indegree and the outdegree of the vertices was considered, called imbalance, and the total imbalance of
the vertices is to be minimized. The optimal orientations are called balanced orientations. The authors of the
same paper proved that finding a balanced orientation is NP-hard even for graphs with maximum degree at
most 6. In [I3], the NP-hardness was also proved for graphs with maximum degree at most 4 and for 5-regular
graphs. In contrast, a polynomial-time algorithm was given for finding a balanced orientation for graphs with
maximum degree at most three [5].



Our work In Section [2] we describe a polyhedron, from which we can get the polytope of indegree vectors in
RV by projection and we prove that the corner solutions of the polytope of indegrees are exactly the indegree
vectors of acyclic orientations. This means that the acyclic orientation problems are equivalent to searching
for an optimal corner solution of the polytope of indegrees. Section |3| investigates the problem of finding
an acyclic orientation which minimizes the maximum (weighted) indegree. A polynomial-time algorithm is
known for minimizing the maximum indegree of an acyclic orientation [I5] [T6], we generalize this algorithm
for minimizing the maximum weighted indegree. In contrast, without the acyclicity condition, the unweighted
case is known to be polynomial-time solvable [3] 8 [21], but finding an orientation minimizing the maximum
weighted indegree becomes NP-hard [3 [2]. Section [4] is about the dec-min and inc-max acyclic orientation
problems in the case when the indegrees are bounded by k, and in the unbounded case. We show that the
optimal solutions for the dec-min and inc-max acyclic orientation problems differ from each other in the
unbounded case, but in the case of indegree bound two, the optimal solutions for the two problems coincide.
The dec-min acyclic orientation problem is known to be NP-hard in the case of indegree bound k for any odd
k > 5, and in the unbounded case [6]. We extend this result for any k > 3, and prove the NP-hardness of
the inc-max acyclic orientation problem in case of indegree bound k for any £ > 3, and in the unbounded
case. We introduce the natural counterparts of these problems, the inc-min and dec-max orientation problems,
and prove that they are NP-hard both in case of acyclic and arbitrary orientations. Section [5]is about the
min)_ oy ¢(d(v)) ordering problem, which is equivalent to the min > vev P(0(v)) acyclic orientation problem,
where ¢ : Z — R is a discrete strictly convex function. As one of our main results, we prove the NP-hardness
of the problem for loop-free multigraphs for any discrete strictly convex function ¢. In contrast, we show that
the more general version of the problem when, a function ¢, is given for each v € V instead of a single function
, is polynomial-time solvable if either each function ¢, is linear or we allow non-acyclic orientations (the latter
problem is considered in Section. Then, in Section we consider the special case of this problem in which
we want to find an order minimizing the square-sum of left degrees. We extend the NP-hardness proof even for
simple graphs, and analyze the approximation ratio of a simple greedy algorithm. After that, we give an exact
dynamic programming algorithm for the more general problem of finding an order minimizing ), .y ¢ (E(v))
for some given (not necessarily convex) functions ¢, : Zy — R, for all v € V. If the ¢, functions can be
evaluated in polynomial time, then the running time of the algorithm is O(2!Vlpoly(|V|, |E|)). In Section@we
examine the max Zveva(v)ﬂv) ordering problem (equivalent to the max ) _ o(v)d(v) acyclic orientation
problem). First we use the results of [Bl [13] to show that the problem is NP-hard, even for simple graphs with
maximum degree at most four and it is polynomial-time solvable for simple graphs with maximum degree at
most three. After that, we analyze the expected approximation ratio of a random order of the vertices for
multigraphs, and give a deterministic algorithm achieving the same approximation guarantee.

Notations Throughout this paper, G = (V, E) denotes an undirected graph. The degree of a vertex v is
denoted by dg(v) or simply by d(v), which counts the incident loops once. The maximum degree in G is
denoted by A(G). The subgraph of G = (V| E) induced by the subset V' € V is denoted by G[V'], and
the degree of v € V restricted to the vertices of V' is denoted by d(v,V'). Similarly, D = (V, A) denotes a
digraph. The indegree of the vertex v is denoted by op(v) or simply by o(v). The outdegree of a vertex v
is denoted by dp(v) or simply by d(v). We often denote an order of the vertices by o = o1,...,0,, which
means that the vertex o; € V is at the i*" position in the order. We denote the set of all permutations of the
vertex set V by Sy. The left degree of the vertex v = o; in the order o is equal to d(v, {o1,...,0;}), and it is
denoted by dy(v) or simply by d(v). Similarly, the right degree of the vertex v = o; in the order ¢ is equal to
d(v,{cis1,...,0n}), and it is denoted by d,(v) or simply by d(v). Sometimes there is given a weight function
w: E — Z; on the edges and we add a superscript w to the notations of the different degree functions to
denote the weighted version, for example, the weighted degree of v, which is »_ ... .. w(e), is denoted by
d®(v). A vertex order is called k-bounded for some fixed k integer if d(v) < k, that is, the left degree of each
vertex v is at most k in the order. Denote by Elmin(G) (or simply Bmin) the minimal number & for which G
has a k-bounded order, this is called the degeneracy of G Let [z]T denote max{z,0}, and let x4 denotes the
indicator of the statement A, which is equal to one if A is true and equal to zero otherwise.

2 The polytope of indegree vectors in RY

In this section we consider the polyhedral description of the convex hull of indegree vectors of orientations.
Let Pidegree(G) denote this polytope in RY for a given graph G. It can be shown that the integer vectors of
this polytope are exactly the indegree vectors of orientations of G, therefore, finding a dec-min, inc-max or



> vev P(0(v)) (not necessarily acyclic) orientation of G is the same as finding an optimal integer vector over
Pindegree(G) for the same objective functions.

Andras Frank and Kazuo Murota described Pindegrec(G) as a base-polyhedron, and they showed that the
optimal integer vectors for the dec-min, inc-max and ) i, ©(o(v)) objective functions are the same, regardless
of the choice of the discrete strictly convex function ¢ [I2]. Moreover, they gave a polynomial-time algorithm
for finding an optimal integer solution for these problems over any base-polyhedra. Later in this section, we
give a different polyhedral characterization for Pdegree(G).

Andras Frank suggested the following characterization of the corner solutions of Pdegree(G)-

Theorem 5 Let us be given a graph G = (V, E). The corner solutions of Pipdegree(G) are exactly the indegree
vectors of the acyclic orientations of G.

PROOF: It is enough to prove that

1. the indegree vector of every non-acyclic orientation can be written as a convex combination of other
indegree vectors, and

2. the indegree vectors of acyclic orientations cannot be written as a convex combination of other indegree
vectors.

First, consider a non-acyclic orientation D of G with indegree vector = (o(v1), ..., 0(v,)), where vy, ..., v,
denote the vertices of G. We prove (1) by constructing orientations such that = can be written as a convex
combination of the obtained indegree vectors. Notice that D contains a directed cycle C', and assume without
loss of generality that the cycle C' consists of the arcs vivs, ..., vk_10k, vxv1 in this order. Construct k orien-
tations D',..., D¥ as follows: D7 is the same as D, except that the j* arc of the cycle C is reversed for each
j€{1,...,n}. Soin D the arc vjvs is reversed, in D? the arc vovs, and so on, in D* the arc viv; is reversed.
Note that the indegree vector of D7 is 2/ = (p(v1),...,0(vj_1),0(v;) + 1,0(vj41) — 1, 0(vjta), ..., 0(vs))
for each j € {1,...,k — 1}, and the indegree vector of D* is ¥ = (o(v1) — 1,0(v2),...,0(vi_1), 0(vk) +
1, 0(Vk41)s ..., 0(vy)). Observe that z = % Z§=1 27 holds, so the indegree vector of the non-acyclic orientation

D can be written as a convex combination of the indegree vectors z!,...,z"* of D!, ... DF.

Second, we prove (2) by induction on |V|. Suppose that for any graph G’ on (|V|—1) vertices, the indegree
vectors of acyclic orientations cannot be written as a convex combination of other indegree vectors. Consider
an acyclic orientation D of the graph G = (V, E) with indegree vector x = (g(v1),...,0(v,)). Let z be a

1 k

convex combination of indegree vectors x', ..., 2% of orientations D', ..., D, respectively. So x = ijl Ajad

for some Aq,...,A\p >0, Z?:l A;j = 1. We show that 27 =z for j € {1,...,k}.

Since D is an acyclic orientation, it has a vertex of indegree 0. We can assume without loss of generality
that this vertex is v,,. Consider the graph G’ = G — v,, and the orientations D, D', ..., D¥ restricted to G'.
Let us denote these orientations by D', D', ..., D¥" and the correspondin% indegree vectors by 2/, 2, ..., 2%,
respectively. Observe that D’ is an acyclic orientation of G’ and o’ = > =1 Ajad " holds, because the vectors
x',xl/, e ,xk/ are the same as the first (n — 1) coordinates of the vectors x,z!,..., 2" minus the vector
(d(v1,vn),...,d(va—1v,)), respectively. Therefore, 27" = 2/ holds for each j € {1,...,k}, because of the

inductive hypothesis. Furthermore, this implies that 27 = x for each j € {1,... k}. d

This characterization gives further motivation to consider egalitarian acyclic orientations, since finding an
optimal acyclic orientation to Problems is equivalent to finding a corner solution of Pindegree(G) which is
decreasingly minimal, increasingly maximal or minimizes the objective function i ©(o(v)).

Moreover, we describe a polyhedron, from which we can get the polytope Pindegree(G) by projection. For
this description, the method given in [I7] can be used to find a min}_ . ¢(e(v)) (not necessarily acyclic)
orientation, even in the case of indegree-constrained orientations. Furthermore, the description and Theorem 5]
together imply that we can find a minimizer among the indegree vectors of acyclic orientations for any linear
objective function. Later in Theorem we give a simpler, more effective method for finding an acyclic
orientation whose indegree vector minimizes a linear objective function.

Consider the incidence matrix of the following graph G’ = (V', E’): Let V' = VU F and let E’ contain an
edge between e € V'NE and v € V' NV if in the graph G = (V, E), v € V is an endpoint of e € E. Consider
the incidence matrix Ags of the bipartite graph G’, and extend the rows corresponding to vertices in V' NV
with —I}y|x|y|, which denotes the identity matrix of dimension [V| x |V] , and each row corresponding to
vertex in V' N E with 0. Denote the resulting matrix by A. Clearly, A is a totally unimodular matrix. Let
Yy E Rfl denote the variables corresponding to the columns of the matrix Ag: and x € RK denote the variables
corresponding to the additional columns containing —1 and 0 coordinates. Let b = (0V,17). We claim the
following.



Theorem 6 Consider the polyhedron P = {(y,z) € Rfl x RY : A(y,z) = b, (y,x) > 0}. The projection of
P on the variables x, that is, P|, = {z € RY : (y,z) € P for some y € RE'}, is the polytope of the indegree
vectors of orientations of G.

PROOF: Observe that P and P|, are bounded polyhedra. Therefore, they are the convex hull of their corner
solutions. We show that every corner solution (y,z) of P corresponds to an orientation of G with indegree
vector z € RY, and for every corner solution z of P|,, there exists y € Rf/ such that (y,z) is a corner solution
of P.

Observe that A is a totally unimodular matrix and b is an integral vector, this implies that the corner
solutions of P are integral vectors. Consider an integral vector (y,z) € P. For any edge e = wv € G, the
equality Yey + Yeo = 1 means that one of yey, Yer i equal to one and the other one is equal to zero. Orient
e towards u if y., = 1, and towards v otherwise. Observe that the indegree vector of this orientation is z,
because of the equality z, = >___,, Yev. S0 every corner solution (y,z) of P corresponds to an orientation of
G with indegree vector zx.

Consider a corner solution x € P,. Suppose for contradiction that there exists no y € Rf/ for which
(y,x) is a corner solution of P. Therefore, (y,x) can be written as a convex combination of some corner
solutions (y1,21),..., (yg,xx) € P\ {(y,x)}. But then = can be written as the same convex combination of
Z1,...,Z, € Pl;. Since x was a corner solution in P|,, this implies that 1 = z,...,z; = z. Therefore,
(y1,21) = (y1,) is a corner solution in P, which contradicts the indirect assumption.

This implies that P|, is the polytope of the indegree vectors of the orientations of G, which was to be
shown. 0

Theorem [5] and Theorem [6] together imply the following.
Corollary 7 The corner solutions of P|, are exactly the indegree vectors of the acyclic orientations.

Furthermore, it follows from the conditions that any integral vector in the polytope P|, is an indegree
vector of an orientation, therefore solving the dec-min, inc-max and min ) ., ¢(o(v)) (not necessarily acyclic)
orientation problems (for which the optimal solutions coincide [12]) is the same as finding an optimal integer
vector of the polytope for the analogous objective function. In [I7], Meyer shows a method for solving a class
of nonlinear integer programs. Using our description for the polyhedron P in Theorem [6, we can apply this
method to solve a more general orientation problem, in which a discrete convex function ¢, : Z; — R is given
for each v € V' and the goal is to find a (not necessarily acyclic) orientation minimizing ) ., @, (0(v)). Later,
we prove that the min} . ¢(o(v)) problem is NP-hard (Theorem . This implies that for the class of
nonlinear integer programs considered in [I7], finding an optimal corner solution instead of any integer vector
of the polyhedron becomes NP-hard.

In the rest of this section, we give another polynomial-time method for the generalized problem of finding
an orientation of a graph G that minimizes ) i, ¥, (0(v)), where ¢, is a given discrete strictly convex function
for each v € V. We have to assume that the function ¢, can be evaluated in polynomial time. We reduce this
problem to the minimum cost flow problem, for which there exists a strongly polynomial algorithm [20].

Theorem 8 Let us be given a multigraph G = (V, E) and a discrete strictly convex function @, : Z4 — R for
each v € V. We can compute an orientation minimizing ), oy ¢v(0(v)) in polynomial time provided that the
function ¢, can be evaluated in polynomial time for each v € V.

PROOF: We reduce this problem to the minimum cost integral flow problem [20]. Let G = (V, E) denote the
multigraph for which we want to find an optimal orientation. Let V = {vy,...,v,} and E = {e1,...,en}. If
©4(0) # 0, then we modify the function to ¢ (z) = @, (2) — ©,(0) for z € Z,. Observe that » . ¢.(0(v)) =
> wev P (0(v)) + 32, ©0(0) for any orientation, so the optimal orientations are the same for the functions
¢, and ¢,. Hence, we assume without loss of generality that ¢, (0) = 0 for each vertex v € V.

Construct the network D = (V', A) as follows. Let V’ contain a source vertex s, a sink vertex ¢, a vertex
v; for each i € {1,...,n}, and also a vertex € for each j € {1,...,m}. Let D contain dg(v;) parallel

d(v; . . L. .
arcs a},...,al(v ) from s to v; for i € {1,...,n}. Add an arc from v; to e} if e; is incident to v; in G for

i€{l,...,n}andj € {1,...,m}. Finally, add an arc from €’ to ¢ for every j € {1,...,m}. Figureillustrates
the construction.

Let the capacity of each arc be 1. Set the cost c(a}) of the arc a} to (py,(£) — ¢u, (¢ — 1)) for each
ie{l,...,n}and each £ € {1,...,d(v;)}. Let the cost c(a) be 0 for the rest of the arc. Observe that the sum



if v; and e;
are incident

Figure 2: The digraph D = (V, A) constructed in the reduction to the minimum cost flow problem. The

vertices vf,...,v], are corresponding to the vertices of G and the vertices e}, ..., el are corresponding to the
edges of G.
of the costs of the first z parallel sv] arcs a}, ...,aj, for some v; € V is

z

Z a; = Z(‘Pvi (6) = v, (£ = 1)) = @u,(2) = 90, (0) = pu,(2).
=1

(=1

We prove that the minimum cost of an integral s-¢ flow of amount [E| is equal to the >,y ¢y, (0(v;)) of
an optimal orientation of G.

On the one hand, consider an optimal orientation, and construct an s-t flow f : A — Z, of amount |E|
as follows. For all i € {1,...,n} and j € {1,...,m}, let f(aj) = 1if £ < o(v;). Let f(vjej) = 1if e; € E
is oriented toward v; € V in G. Set f(e}t) = 1. For the remaining arcs, let f(a) = 0. The resulting flow
f is clearly feasible, and it uses the first o(v;) parallel sv] arcs, therefore the cost of the flow is equal to
2 viev o (0(vi)).

On the other hand, compute a minimum cost integral flow f : A — Z, of amount |F|. Note that f uses
the arc e/t for all j € {1,...,m}, therefore, each ¢ € V' has exactly one incoming arc with f(vie;) = 1.
Orient each e; € E towards the vertex v; € V for which f(vje}) = 1. Observe that the indegree o(v;) of
v; € V is equal to the number of parallel sv] arcs used in the flow, since the function ¢, is strictly convex,
c(al) = 0y, (0) = pp, (0 — 1) < 0y, (') — 0, (' — 1) = c(al,) holds whenever ¢ < ¢'. Therefore, the flow uses the
first o(v;) parallel sv; arcs for each i € {1,...,n}. This implies that the cost of the flow is >y ¢, (0(vi)),
which is the objective value of the constructed orientation of G.

This means that we can find an orientation minimizing ), < ¢, (e(v;)) in polynomial time by computing
a minimum cost integral s-t flow in the network constructed above. As the latter problem is solvable in
strongly polynomial time, the theorem follows. O

3 Minimizing the maximum (weighted) indegree

When someone thinks about egalitarian orientations, the first property that comes to mind is to minimize the
maximum indegree of the vertices. This optimization problem was extensively studied in the past, see [3] [T, [8]
21]. In case of not necessarily acyclic orientations, the problem was proved polynomial-time solvable in three
different articles [3} 8, 21I]. The main idea of the algorithm is that it begins with an arbitrary orientation, and
reverses directed paths which reduce the indegree of a vertex with maximum indegree.

Consider the natural generalization of this problem for weighted digraphs, when we are given a graph
G = (V, E) and a non-negative weight functions w : E — Ry on the edge set. Our goal is find an orientation
that minimizes the maximum weighted indegree of the vertices.

Unlike the unweighted case, this problem was proved NP-hard by a reduction from the partition problem,
which even proves the NP-hardness in case of simple bipartite planar graphs [3]. Since the partition problem
is weakly NP-complete, this only proves weak NP-hardness. However, in [2] the authors proved the problem
to be strongly NP-hard even with weight function w : E — {1, k}, for a fixed k > 2.

We give a simple proof of the NP-hardness of finding an orientation minimizing the maximum weighted
indegree if parallel edges are allowed.

Theorem 9 Let us be given a multigraph G = (V| E) and a non-negative weight functions w : E — Ry on the
edge set. It is NP-hard to find an orientation that minimizes the maximum weighted indegree of the vertices.
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Figure 3: The graph constructed to the instance of the partition problem with weights aq, ..., a,, in the proof
of Theorem @

PROOF: The proof is by reduction from the partition problem, which is known to be NP-complete [14]. In the
partition problem, we are given m items with weights aq,...,a,,. Let A = Zie{l m} @i denote the sum of

the weights. Our goal is to decide whether there exists a set of indices I C {1,...,m} such that ), ;a; = %.

Let ai,...,a;, be an instance of the partition problem. Construct the weighted graph G = (V, E) az
follows: Let G contain two vertices v and v, and m parallel uv arcs denoted by eq,...,e,,. Let the edge
weights be w(e;) = a; for i € {1,...,m}. Figure |3|shows the construction.

It is easy to see that the instance of the partition problem is solvable if and only if there exists an orientation
of G in which the maximum weighted indegree is equal to %: First, if the set of indices I is a solution to the
partition problem, then consider the orientation obtained by orienting the edge e; from u to v if ¢ € I and
from v to w is ¢ ¢ I. Second, if there exists an orientation with maximum weighted indegree g, then let I

denote the indices of those edges that are oriented from w to v. This is a solution to the partition problem.
d

Now, we move on to the problem of minimizing the maximum (weighted) indegree over acyclic orientations.
As we already mentioned in Section [1} finding an acyclic orientation with some restrictions for the indegrees
is essentially the same as finding an order of the vertices with the same restrictions for the left degrees. So
in the rest of this section, the goal is to find an order of the vertices such that the maximum (weighted) left
degree of the vertices is minimized.

First, we consider the problem in case of unweighted graphs and describe a strongly related problem, for
which an algorithm solving our acyclic orientation problem is known. In [I5], the authors introduced the
degeneracy number of graphs. A graph G = (V,E) is called k-degenerate if dgpy+)(v) < k holds for any

induced subgraph G[V'] of G and any v € V’. The degeneracy number of G denoted by Zlmin(G), is the
smallest integer k, for which G is k-degenerate. They also observed that a graph is k-degenerate if and only if
there exists an order of the vertices in which the left degree of each vertex is at most k, these orders are called
k-bounded orders. From this follows that there exists an acyclic orientation of G with maximum indegree
at most k if and only if G is k-degenerate; and minimizing the maximum indegree is the same as computing
the degeneracy number of G. It is known that the degeneracy number can be computed in linear-time,
by constructing a B,nin(G)—bounded order [I6]. The algorithm constructs the order by repeatedly removing
vertices with minimum degree and putting them at the rightmost free place in the order. Note that orienting
each edge from left to right in such an order gives an acyclic orientation minimizing the maximum indegree.

Now, we consider the analogous problem for weighted graphs: Let us be given a graph G = (V, E) and a
non-negative weight function w : E — R on the edge set. Our goal is to find an acyclic orientation minimizing
the maximum weighted outdegree, which is essentially the same as finding an order of the vertices minimizing
the maximum weighted left degree.

We give an algorithm for this problem, which is the natural generalization of the algorithm known for the
unweighted case [16].



Algorithm 1 WEIGHTED SMALLEST LAST ORDERING

LV :=V;n:=|V]|

2: Let 0y, ...,0, denote the vertex order we are searching for
3: fori=mn,...,1do

4: Choose o; € argmin{v € V' : d¢,,(v)}

5 V=V -0

6: end for

7: output o1,...,0,

Algorithm [1] fixes the vertices from right to left. In Line 4] a vertex with minimum weighted degree in the
graph induced by the non-fixed vertices is selected, and placed at the last free position. Now, we show the
correctness of Algorithm

Theorem 10 Let us be given a graph G = (V, E) and non-negative weight function w : E — R. Algom'thm
finds a vertex order minimizing the mazimum weighted left degree.

PROOF: Let o0 = 01,..., 0, denote the order given by Algorithm[I] and let o/ = o{, ..., o7, be an arbitrary order
of the vertices. We show that the maximum weighted left degree in ¢ is at most the maximum weighted left
degree in ¢’. Let o; be a vertex with maximum weighted left degree in o, so 0; € argmax,cy Zlq:(u) Consider
the last vertex ¢ in the order o’ from the vertices o1,...,0;. This means that {o1,...,0:;} C {o7,...,0}}.

Observe that Zl:(al) < 37:/(0'3), because

—w

d, (0;) =d¥(oi,{o1,...,0:}) < dw((T;,{O'l,...,(Ti}) < d“’(aé-,{o’l, .. .,O’;-}) :Zlf,(a;)

holds, where the first and last equations come from the definition of the weighted left degree. The first
inequality is true, because cr;- € {o1,...,0;} and the algorithm fixes o; from this set of vertices, which means
that o; is a vertex with minimum weighted degree in the subgraph induced by {o1,...,0;}. The second
inequality follows because the weight function w is non-negative and {01, ...,0:} C {1,...,0%}. This means
that the weighted left degree of 03 in the order o’ is at least the weighted left degree of o; in the order o,
which is the maximum weighted left degree in o. This completes the proof. O

This proves that we can find an acyclic orientation which minimizes the maximum weighted indegree of
the vertices. In contrast, the same problem is NP-hard in case of not necessarily acyclic orientations.
Table [1| summarizes the complexity results of this section.

min max ¢ | min max %
orientation P Bl 21I] | NP-H [3, 2]
acyclic orientation P [16] P Thm (10

Table 1: The complexities of finding an orientation minimizing the maximum indegree

4 Lexicographically optimal acyclic orientations

This section investigates the complexities of Problem [I] and [2, and related problems of finding a lexicograph-
ically optimal acyclic orientation. First, we describe the dec-min and inc-max ordering problems, which are
essentially the same as Problem [I] and [2] respectively, and we prove them NP-hard. After that, we introduce
the inc-min and dec-max acyclic orientation problems as natural counterparts of the dec-min and inc-max
acyclic orientation problems.

Let us be given a graph G = (V, E). A vertex order is optimal for the dec-min (decreasingly minimal)
problem if the sequence of the left degrees sorted in non-increasing order is lexicographically minimal. Similarly,
a vertex order is optimal for the inc-max (increasingly maximal) problem if the sequence of the left degrees
sorted in non-decreasing order is lexicographically maximal. An order is called k-bounded if the left degree of
each vertex is at most k.



Figure 4: The smallest simple graph for which the dec-min and inc-max problems are not the same.

The dec-min or inc-max ordering problems are equivalent to finding a dec-min or inc-max acyclic orientation
of G, respectively. It is known that without acyclicity the dec-min and inc-max orientation problems are
equivalent [6l [T, [12]. So the question arises, whether these problems are also equivalent in the acyclic case.
With a program, we found that the simple graph on 9 vertices shown in Figure [d]is the smallest example for
which the dec-min and inc-max ordering problems are different.

Claim 11 For the simple graph shown in Figure [}, the sets of the optimal orders for the dec-min and the
inc-mazx ordering problems are disjoint.

PROOF: We claim that the non-increasingly ordered left degree sequence of an optimal order for the dec-min
problem is 3,3,3,3,2,2,1,1,0 and the non-decreasingly ordered left degree sequence of an inc-max order is
not worse than 0,1,2,2,2,2,2,3,4, hence the optimal orders are not the same. First, notice that there exist
3-bounded orders for this graph, therefore, a dec-min order is also a 3-bounded order. Furthermore, in any
3-bounded order, at least two vertices of {vs, vg, v7, Vs, v9} have left degree 3, because in any 3-bounded order
for their induced subgraph the last two vertices have left degree at least 3. Moreover in any 3-bounded order,
the last two vertices can only be from {v1,vs,v3,v4}, because only the vertices v and vz have degree at
most 3 and after deleting one of these vertices, the only new vertex of degree at most 3 is v; or vy. These
imply that in any 3-bounded order, the last two vertices among {v1, vs, v3,v4} have left degree 3 and at least
two other vertices among {vs,vg,...,v9} have left degree at least 3. Together with the fact that the first
vertex has left degree 0, this implies that the non-increasingly ordered degree sequence of a dec-min order is
lexicographically at least as big as 3,3,3,3,2,2,1,1,0. So the order vg, vs, v7,vg, Vs, V4, V3,01, v2 (Which has
non-increasingly ordered degree sequence 3,3,3,3,2,2,1,1,0) is optimal for the dec-min problem. Note that
the order vy, vy, v2, v3, v9, U5, Vs, U7, Vg has non-decreasingly ordered left degree sequence 0,1,2,2,2,2,2, 3,4,
which is lexicographically greater than the non-decreasingly ordered left degree sequence of a dec-min order
(that is 0,1,1,2,2,3,3,3,3). So for the graph shown in Figure [4| the dec-min and inc-max optimal orders
are not the same, moreover there is no common optimal solution for the dec-min and the inc-max ordering
problems. O

Notice that a dec-min order is always a Zlmin(G)—bounded order, but the previous example shows that this
is not necessarily true for the inc-max orders.

Now, we show that the dec-min k-bounded and inc-max k-bounded orders are the same for & = 2, but the
complexity of these problems remains open. After that, we examine the complexities of finding a dec-min or
inc-max k-bounded order, and prove them NP-hard for any k > 3 and if there is no bound on the left degrees.
The NP-hardness of finding the dec-min k-bounded order was already proved for all odd k > 5 and in the case
when there is no bound on the left degrees in [6]. We prove that the problem is hard for all k£ > 3. Then, we
show that finding an inc-max k-bounded order is also NP-hard for any k£ > 3, and even if there is no bound
on the left degrees.

Theorem 12 Let us be given a graph G = (V, E). For k = 2, the dec-min and inc-max k-bounded orders are
the same.

PRrROOF: Notice that in any 2-bounded order, the left degree of every vertex is 0, 1 or 2, and the sum of the left
degrees is equal to |E|. The dec-min case is equivalent to finding a 2-bounded order minimizing the number
of vertices with left degree 2, and the inc-max problem is equivalent to finding a 2-bounded order minimizing
the number of vertices with left degree 0. Formally, let ¢ denote an order of the vertices and let n{ denote
the number of vertices with left degree equal to i. Then for any 2-bounded order n{ = |V| — ng — ng and
|E| = ng 4+2ng = |V|—ng +ng holds. Consider two orders o and o, then |E| = |V|—ng+ng = |V|-ng +ng



(a) The case k = 2¢ + 1. (b) The case k = 2¢.

Figure 5: The gadgets corresponding to v € V for the proof of Theorem

holds, therefore, ng —ng = ng — ngl. This implies that an order minimizes the number of vertices with left
degree 2 if and only if it minimizes the number of vertices with left degree 0, therefore, the inc-max and
dec-min k-bounded orders are the same. O

Now we move on to the problems with larger bounds k. The dec-min k-bounded ordering problem was
already proved NP-hard for every odd k > 5 parameters in [6]. The following theorem extends this result for
any k > 3.

Theorem 13 For any integer k > 3, it is NP-hard to find a k-bounded order that minimizes the number of
vertices with left degree exvactly k, even for simple graphs.

PROOF: First, we give the proof for multigraphs, then, we show how to eliminate parallel edges. The proof is by
a reduction from the vertex cover problem on 3-regular simple graphs, which is NP-hard [I]. The construction
is slightly different depending on the parity of k. If k = 2¢ + 1 for some ¢ > 1, then let H denote the gadget
shown in Figure [fa} otherwise, if k = 2¢ for some ¢ > 2, then let H be the gadget shown in Figure [5b] For a
given 3-regular instance G = (V, F) of the vertex cover problem, construct a graph G’ = (V', E’) as follows.
For each vertex v in G, add a disjoint copy H, of H to G'. For every edge uv of G, add a new edge to G’
between the vertices t; € H,, or tg € H,, and t; € H, or tg € H, in such a way that, in every gadget, exactly
one and two new edges are incident to the vertices t; and tg, respectively. The wavy edges at the top of
Figures [5a] and [5D)] illustrate these new edges, which correspond to the edges in G, and will be referred to as
original (wavy) edges.

We show that the size of the smallest vertex cover in G equals the minimum number of vertices with left
degree k in the k-bounded orders of the vertices of G’. The construction given above was different for odd
and even k, but the rest of the proof is given for the two cases simultaneously.

Firstly, let X C V denote a minimum-size vertex cover in G. We construct a k-bounded order for G’ in
which the number of vertices with left degree k is at most |X|. For each v € X, remove t3 from the gadget
H, in G’, and then recursively remove every vertex of degree smaller than k. Whenever a vertex is removed,
place it to the last free position in the order, from right to left. We prove that by the end of the procedure,
every vertex is removed, and hence an order of V' is obtained. Take a vertex v’ € V', and let v € V denote
the vertex for which v’ € H,. If v € X, then the vertex t3 in H, is removed from G’, which also causes v’ to
be removed by the construction of the gadgets. Otherwise, if v ¢ X, then any edge uv € E incident to v must
be covered by its other endpoint, that is, u € X. But then the gadget H, is removed, because its vertex t3
is removed, which means that all three original (wavy) edges incident to H, are removed. This means that
all original (wavy) edges incident to H, must be removed as well, hence the whole gadget H, is removed by
its construction, including the vertex v’. Therefore, all vertices in G’ are removed, and hence we obtain an
order of the vertices of G’. The left degree of every vertex is at most k in this order, because the degree of
any vertex is at most k£ when it is removed. The only way a vertex of degree k can get removed is when t3 is
removed from the gadget H, in G’ for some v € X, therefore, at most | X| vertices have left degree k. This
means that the order found by the procedure above is a k-bounded order, and there are at most | X| vertices
with left degree k.

Secondly, given a k-bounded order for G’, we construct a vertex cover X C V of G whose size is the number
of vertices with left degree k. Let the set X C V contain a vertex v € V if and only if there exists at least one
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vertex in H, whose left degree is k in the k-bounded order. We prove that for any wv € FE, if u ¢ X, then v’
precedes v’ in the k-bounded order, where u'v’ € E’ is the only original (wavy) edge connecting H,, and H,.
Note that v’ is either t; € H, or tg € H,, and v’ is either t; € H, or tg € H,. The last two vertices among
t1,...,t¢ € H, in any k-bounded order must be t; and tg, because u ¢ X means that there is no vertex in
H, with left degree k, and the vertices ts,...,t5 € H, would have degree at least k if they appeared as any of
the last two vertices by the construction of the gadgets. The only way ¢; € H,, and tg € H, can have degree
smaller than k is that the other endpoints of all incident original (wavy) edges are later in the order, hence u’
must precede v'.

This immediately implies that X is a vertex cover, otherwise, there exists an edge uv € E such that
u,v ¢ X, but then the previous argument implies that v’ precedes v’ and also that v’ precedes u’, where
u' and v" are the endpoints of the original (wavy) edge connecting H, and H, in G’, which is not possible.
Furthermore, the size of X is exactly the number of vertices with left degree k, which completes the proof of
the theorem for multigraphs.

Now, we modify the construction so that the resulting graph becomes simple. For £ > 1 and k € {2¢,2(+1},
consider the corresponding gadget H shown in Figure 5| For any p € {£ — 1,¢} and any two distinct vertices
t;,t; € H,, if the gadget H contains p parallel t;t; edges, then replace these edges by the following graph:
Take a clique K41, select 2p distinct vertices of it, and connect p of them to ¢;, the other p to ¢;, and delete
a matching of size p induced by these 2p vertices from the clique. The graph substituting the parallel edges
is connected, the degree of the original vertices of the gadgets do not change, and every newly added vertex
has degree k. We show that an optimal order for this modified graph has as many vertices with left degree
k as an optimal order for the original graph (which contains parallel edges): Consider an optimal order for
the modified graph and delete the newly added vertices, this clearly does not increase the number of vertices
with left degree k. To see the reverse direction, consider an optimal order for the original graph and insert
each newly added vertex between the corresponding vertices ¢; and t; (assume that ¢; precedes t;, otherwise,
change the role of ¢; and t;): First the vertices incident to ¢;, after them the remaining vertices that are not
incident to t; and then the vertices incident to ¢;. In the resulting order no newly added vertex has left degree
equal to k and the degrees of the original vertices do not change.

This implies that the problem of finding a k-bounded order minimizing the vertices with left degree k is
equivalent for the modified graph and for the original graph. O

Since the dec-min k-bounded orders minimize the number of vertices with left degree exactly k, the previous
theorem implies the following;:

Corollary 14 For any integer k > 3, finding a dec-min k-bounded order is NP-hard, even in case of simple
graphs.

Next, we prove the NP-hardness of the inc-max k-bounded ordering problem for any k& > 3, and after that,
the NP-hardness of the inc-max problem in the unbounded case.

Theorem 15 For any integer k > 3, it is NP-hard to find a k-bounded order that minimizes the number of
vertices with left outdegree exactly 0, even for simple graphs.

PROOF: First, we prove the theorem for multigraphs, then, we show how to eliminate the parallel edges. The
proof is by a reduction from the vertex cover problem on 3-regular simple graphs [I], just as in the proof of
Theorem [[3

For a given 3-regular instance G = (V, E) of the vertex cover problem, we construct the graph G’ = (V' F’)
the same way as in the proof of Theorem[I3] the only difference is that we use the gadget H shown in Figure[6a]
if k =20+ 1 for some ¢ > 1, otherwise, if k = 2¢ for some ¢ > 2, then the one shown in Figure [6b] For every
vertex v of G, extend G’ with a disjoint copy H, of the gadget H, and for every edge uv of G, add a new edge
to G’ between the vertices t; € H,, to € H, or t3 € H, and t; € H,, to € H, or t3 € H, in such a way that,
in every gadget, exactly one of the three new edges is incident to the vertices t1, to and t3. The wavy edges
at the top of Figures and [6D)] illustrate these new edges, which correspond to the edges in G, and will be
referred to as original (wavy) edges.

We show that the minimum number of vertices with left degree 0 in the k-bounded orders of the vertices
of G’ equals the size of the smallest vertex cover in G plus the number of vertices in G. The construction of
G’ is slightly different for odd and even k, but the proof is given for the two cases simultaneously.

Firstly, let X C V denote a minimum-size vertex cover in G. We construct a k-bounded order for G’ in
which the number of vertices with left degree 0 is | X | + |V|. We construct the order by removing vertices of
degree at most k, and placing them to the last free position in the order of removal, from right to left. First,
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(a) The case k = 2¢ + 1. (b) The case k = 2¢.

Figure 6: The gadgets corresponding to v € V for the proof of Theorem

for each v € X, remove the vertices of the gadget H, in G’ in the following order: t12,t11,t10,%1,t2,. .., t9.
Then, for each u ¢ X, remove the vertices of the gadget H, in G’ in the order t1,...,t15. Clearly, the left
degree of every vertex is at most k in the order obtained by this procedure. Notice that in the resulting order,
for each v € X, only the vertices ts € H, and tg € H, have left degree 0. Furthermore, for each v ¢ X, only
the vertex t15 € H,, has left degree 0. This means that the order found by the procedure above is a k-bounded
order, and there are | X| + |V| vertices with left degree 0, which was to be shown.

Secondly, given a k-bounded order for G’, we construct a vertex cover X C V of G whose size is at most
(#{v € V : d(v) = 0} — [V]). Let the set X C V contain a vertex v € V if and only if there exist at least two
vertices in H, whose left degree is 0 in the k-bounded order. We prove that X is a vertex cover by proving
that for any uwv € E, if u ¢ X, then v’ precedes v’ in the k-bounded order, where v'v’ € E’ is the only original
(wavy) edge connecting H,, and H,. Note that v’ is one of ¢1,t2,t3 € H,, and v’ is one of t1,ts,t3 € H,.

Suppose that v’ precedes u’ and consider the order of the vertices in the gadget H,. Observe that in
any k-bounded order, the last vertices of the 3-cycles t4t5ts and t7tstg can only be t4 and t7, respectively,
and these vertices must precede t1, t2 and t3 (one of which is u'). If v’ is to, then it has to precede tio,
otherwise, all of its neighbors would precede u'. Similarly, if ' is ¢; or t3 then it has to precede tig or 11,
respectively, which has to precede t12. This means that t1, to, t3 and t12 all succeed the 3-cycles t4t5ts and
trtstyg. This implies that the first 6 vertices of the gadget H, span a subgraph of H, \ {t1,%2,t3,t12} which is
not connected. The first vertices of the components have left degree 0 in any order, hence the gadget contains
at least two vertices with left degree 0, contradicting v ¢ X. This immediately implies that X is a vertex
cover. Furthermore, in any k-bounded order, the first vertex of each gadget H, has left degree 0, because only
t1, t2 and t3 have an incident edge going outside the gadget, and these vertices cannot be the first (otherwise,
the last vertex of the 3-cycle t4t5ts would have left degree greater than k). Therefore, the size of X is at most
(#{v € V : d(v) = 0} — |V]), which completes the proof of the theorem for multigraphs.

Now, we modify the construction so that the resulting graph becomes simple. For any k& > 3, consider
the corresponding gadget H, shown in Figure @ Let ¢ = |%]. For any p € {¢ —1,£,¢+ 1,0+ 2} and any
two distinct vertices ¢;,t; of H,, if the gadget contains p parallel ¢;t; edges, then replace these edges by the
following graph: Take a complete bipartite graph Kyy1 x+1 = (LU R, E”), connect ¢; with p distinct vertices
from L and t; with p distinct vertices from R, and delete a matching of size p induced by these 2p vertices
from the complete bipartite graph. The graph substituting the parallel edges is connected, the degrees of the
original vertices of the gadgets do not change, and every newly added vertex has degree k 4+ 1. So in every
k-bounded order, the last vertex is either ¢; or ¢;. Furthermore, we can insert the newly added vertices between
t; and t; into any order of the original vertices of the gadget without introducing any additional vertices with
left degree 0. By symmetry, we can assume that ¢; is later in the order than ¢; is. Insert the newly added
vertices after ¢; and before ¢; in the following order: first the vertices adjacent to ¢;, then the vertices from R
not adjacent to v, then the remaining vertices from L and finally, the remaining vertices from R. Therefore,
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from any order for the multigraph, we can construct an order for the modified graph without changing the
number of vertices with left degree 0.

To see the reverse direction, consider an order given for the modified graph, and delete the newly added
vertices. Observe that this modification does not increase the number of vertices with left degree 0, because
consider an edge t;t; where the degree of ¢; decreased to 0. This means that ¢; precedes ¢; and at least one
newly added vertex corresponding to the (parallel) edge ¢;t; precedes t; in the order. The first one of these
newly added vertices has left degree 0. So for every vertex t; whose left degree decreased to 0 we had to
remove at least one corresponding newly added vertex. Therefore, an optimal order for this modified graph
has at most as many vertices with left degree 0 as an optimal order for the multigraph, which completes the
proof for simple graphs. O

Since an inc-max k-bounded order minimizes the number of vertices with left degree 0, the previous theorem
implies the following.

Corollary 16 For any integer k > 3, finding an inc-mazx k-bounded order is NP-hard, even in case of simple
graphs.

Next, we prove that finding an inc-max problem without bounds on the left degrees is NP-hard as well.
Note that unlike Theorem [I3] for dec-min orders, Theorem [I5] does not imply the complexity of the inc-max
problem without bounds on the left degrees, because it can happen that a graph has a k-bounded order, but
the optimal order for the inc-max problem is not k-bounded, see the graph shown in Figure [4] for an example.

Theorem 17 It is NP-hard to find an inc-max order, even for simple graphs.

PROOF: Notice that an inc-max order for a simple graph maximizes the number ¢ for which there is exactly
one vertex with left degree i for each ¢ € {0,...,¢ — 1}. We prove that finding such an order is already
NP-hard by a reduction from the MAX-3-SAT(4) problem, in which we are given a CNF formula such that
each variable is contained in exactly 4 clauses, and each clause contains exactly 3 literals corresponding to
3 distinct variables. Our goal is to find an assignment that maximizes the number of satisfied clauses. This
problem is APX-hard with an approximation threshold of %, that is, the problem cannot be approximated
better than this threshold unless P=NP [4]. We show that a polynomial-time algorithm for determining
the maximum number ¢ for which there exists an order with exactly one vertex with left degree i for each
1 €{0,...,£—1} would imply a better approximation ratio for the MAX-3-SAT(4) problem, hence the former
problem is NP-hard, and so is finding an inc-max order.

For an instance of the MAX-3-SAT(4) problem with m clauses, we construct a graph G = (V, E) as follows.
For each j € {1,...,m} and r € {1,2,3}, let G contain a vertex ¢/ corresponding to the r literal of the j*®
clause. Add an edge between the vertices cﬁ;ll and c{% if j; # j2 and the corresponding literals are not each
other’s negations.

Let ¢ denote the maximum number of clauses that can be satisfied by an assignment in the instance of the
MAX-3-SAT(4) problem, and let £ denote the maximum integer such that there exists an order for G in which
there is exactly one vertex with left degree equal to i for each ¢ € {1,...,¢ —1}. We prove that ¢ —4 < ¢ < q.

Firstly, consider the inequality ¢ < g. Suppose that we are given an order of the vertices such that there is a
unique vertex v; of left degree ¢ for each ¢ € {0,...,¢—1}. Notice that each vertex in V'\ {vo, ..., vs—1} has left
degree at least ¢, and G is simple, therefore, each such vertex must have at least £ preceding neighbors. This
implies that the vertices vg,...,vs_1 are the first ¢ vertices in the order and they induce a clique. Therefore,
any two of vy, ..., vp_1 represent two literals that are not each other’s negations, from two distinct clauses. So
one can set the variables such that the literals corresponding to v, ..., v¢_1 are true, and hence this assignment
satisfies at least ¢ clauses, that is, ¢ < ¢ holds.

Secondly, consider the inequality ¢ —4 < ¢. Take an optimal solution to the instance of the MAX-3-SAT(4)
problem that contains exactly ¢ satisfied clauses. Choose a true literal from each of the satisfied clauses,
and let vg,...,v,—1 denote the vertices corresponding to these literals. These vertices form a clique in G,
because the corresponding literals are from different clauses and there are no two literals that are each other’s
negations. Consider an arbitrary order beginning with the vertices vy, ...,v—1. In this order, the left degrees
of the vertices vy, ...,vq—1 are 0,..., (¢ — 1), respectively. All other vertices have left degree at least (¢ — 4),
because each vertex v € V' \ {vg,...,vq—1} has at least (¢ — 4) neighbors in {vo,...,v4—1}, since there is
at most one non-neighbor corresponding to a literal from the same clause and 3 more corresponding to the
negation of the literal corresponding to v. This means that there exists exactly one vertex with left degree 4
for i € {0,...,(q — 5)}, therefore, ¢ — 4 < £ holds.
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By ¢—4 < ¢ < gq, if we can determine the value of ¢, then we obtain a —-approximation for ¢. If ¢ < 7600,

q—4
then we can solve the MAX-3-SAT(4) problem in polynomial time, otherwise, if ¢ > 7600, then (13—4 < %.
So it is NP-hard to determine the value of ¢, because one would obtain an approximation ratio better than

% for the MAX-3-SAT(4) problem, which implies that P=NP. O

We have seen that both the dec-min and inc-max acyclic orientation problems are NP-hard. One can
also define two natural counterparts, the inc-min and dec-max acyclic orientation problems: An acyclic ori-
entation is optimal for the inc-min (increasingly minimal) problem if the sequence of the indegrees sorted in
non-decreasing order is lexicographically minimal. Similarly, an acyclic orientation is optimal for the dec-max
(decreasingly maximal) problem if the sequence of the indegrees sorted in non-increasing order is lexico-
graphically maximal. We prove that these problems are NP-hard regardless of whether we require that the
orientation is acyclic. The non-acyclic counterparts of these problems are referred to as the inc-min and the
dec-max orientation problems.

Theorem 18 The inc-min orientation and inc-min acyclic orientation problems are NP-hard, even for 3-
reqular simple graphs.

PROOF: Observe that the number of vertices with indegree zero is maximized in an optimal inc-min orientation
and also in an inc-min acyclic orientation. Let ng and nJA% denote the maximum number of zero indegrees
in the former and latter problems, respectively. Clearly, ng > n5AS holds.

We prove the NP-hardness of both problems simultaneously by a reduction from the maximum independent
set problem, which is NP-hard even for 3-regular simple graphs [I]. Let us be given a 3-regular graph G = (V, E)
in which we want to determine the size of the maximum independent set, denoted by k. We show that
no = np*% = k holds, which immediately implies the NP-hardness of the inc-min orientation and inc-min
acyclic orientation problems.

First, we prove that n)A% > k holds. For an independent set of size k in G, consider the following acyclic
orientation of GG: Take a vertex order with the independent vertices in the first k£ places and the other vertices
in the remaining places, and orient every edge from left to right. This is clearly an acyclic orientation, in
which the vertices of the independent set have indegree 0.

Second, observe that k > ng holds, because the vertices with indegree zero are independent in any (not
necessarily acyclic) orientation of G.

In summary, the following inequalities hold: ng > n(]))AG, n(]))AG > k and k > ng. These together imply
that ng = nODAG = k holds, which completes the proof. O

In the case of 3-regular graphs, an orientation is an inc-min acyclic orientation if and only if the reverse
orientation is a dec-max acyclic orientation. To see this, observe that reversing an orientation preserves the
acyclicity, and if the indegree of v is p(v) in an orientation, then the indegree of v is 3 — p(v) in the reversed
orientation. The same argument holds for the analogous problems without acyclicity. So Theorem [T§]implies
the following corollary.

Corollary 19 The dec-max orientation and dec-max acyclic orientation problems are NP-hard, even for 3-
regular simple graphs.

Table [2| summarizes the complexities of the considered orientation and acyclic orientation problems:

dec-min inc-max inc-min dec-max
orientation P [6] P [0, 12] NP-H Thm (18 | NP-H Cor |19
acyclic orientation | NP-H [6], Cor |14 | NP-H Thm (17| | NP-H Thm 18| | NP-H Cor |19

Table 2: The complexities of the different lexicographical orientation problems without indegree bound.

5 Minimizing ) _, ¢(0(v)) over acyclic orientations

This section studies the problem of finding an acyclic orientation for a given graph G = (V, E') which minimizes
> vev ©(o(v)) for some discrete strictly convex function ¢ : Z; — R (i.e. p(2+42)+¢(2) > 2¢p(z+1) holds for

14



any z € Z4 ). Andrds Frank and Kazuo Murota investigated the analogous question without acyclicity, that is,
finding an orientation of G' that minimize ) ., ©(¢(v)). They showed that the exact same orientations are
optimal for any discrete strictly convex function ¢, furthermore, these are also optimal for the (non-acyclic)
dec-min and inc-max orientation problems [12]. Moreover, the optimal orientations can be found in strongly
polynomial time [0 [11].

Under the acyclicity constraint, however, the optimal solutions to different discrete strictly convex functions
do not coincide anymore. We prove that the problem becomes NP-hard for any discrete strictly convex
function ¢ if we require acyclicity — provided that parallel edges are also allowed. After that, we give an
exact dynamic programming algorithm for a generalization of the problem, and further examine the special
case when ¢(z) = 22, that is, when our goal is to find an acyclic orientation of G that minimizes the square-
sum of the indegrees. Observe that finding an acyclic orientation of G' minimizing ), ©(o(v)) is essentially

—

the same as finding an order of the vertices minimizing ) . ¢(d(v)) (and orienting each edge from left to
right). Throughout this section we are working with the ordering problems.

5.1 Hardness results

The goal of this section is to prove the following theorem about the complexity of finding a vertex order which

—

minimizes ) .y ¢(d(v)) for a discrete strictly convex function ¢ : Z; — R.

Theorem 20 Let us be given a multigraph without loops. It is NP-hard to find an order of the vertices

—

minimizing Y, oy p(d(v)) for any discrete strictly conver function ¢ : Zy — R.

First, we prove the analogous statement for multigraphs in which loops are also allowed. Then, we use
this weaker statement for proving Theorem It is important to clarify the definition of :i(v) in the case of
loops: each loop incident to v contributes to d(v) by 1 in any order of the vertices. Note that a loop is a cycle
of length one, hence no acyclic orientations exist in a graph with loops — but ordering the vertices is still
possible.

Theorem 21 Let us be given a multigraph G = (V, E). For any discrete strictly convex function ¢ : Zy — R,

—

it is NP-hard to find an order minimizing 3, oy @(d(v)).

PROOF: The proof is by a reduction from the set cover problem, which is NP-complete [I4]. Let us be given
an instance of the set cover problem with ground set S = {s1,...,s,} and subsets # = {ey,..., e} C 2°.
Our goal is to decide whether there exist k subsets e;, , ..., e;, € H such that UF_je;, = S. We assume without
loss of generality that U}”Zlej = S, each item s; is contained in at least 2 subsets, n > k and m > k. We
construct the multigraph G = (V, E) as follows: Let G contain a vertex e; for j € {1,...,m} corresponding
to the subset e; € H, and a vertex s; for i € {1,...,n} corresponding to the item s; € S. Moreover, let G
contain two vertices ag? and bs? for every i € {1,...,n} and j € {1,...,m} such that s; € e;. Add a triangle
on the nodes aﬁf , b? and e;, and add a new edge between b? and s;. Moreover, add a new vertex s to G,
and connect s to e; for j € {1,...,m} and with s; for ¢ € {1,...,n}. Add loops to the vertices such that
dlej) =d+2,d(s;) =d+2,d(as’) = d+2,d(bs}) = d+3 for each j € {1,...,m} and i € {1,...,n}, and
d(s) = d+ 1+ n+k, for some integer d. Figure[7|illustrates the construction, except for the loops. Note that
d is polynomial in the size of the set cover problem, and hence so is the size of G.

We prove that there exist subsets e;,,...,e;, € H covering S if and only if the optimal order for

—

min, ey ¢(d(v)) contains at most k vertices with left degree at least d 4 2.
We need to introduce some notations. Let L, 4 1 denote the set of those multisets L of the integers
for which

e (>0 foreach e L,

o [L|=n/,

® > et =m' where m" = n'd" 4 r for some r € {2k",...,n'}, and
o v >k, where vy =3, [0 — (d' + 1)]T.

Let L* € L s, 5 denote the multiset that contains (d’ + 2) with multiplicity ¥’ and all other items are
either (d' 4+ 1) or d’. This means that L* contains (d’ + 2), (d' + 1) and d’, with multiplicities &/, (r — 2k’)
and (n' + k" —r), respectively. The following claim states that L* is the unique minimizer of }_, ; ¢(£) in
Ly m i for any discrete strictly convex function ¢ : Z; — R.
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Figure 7: Illustration of the reduction in the proof of Theorem

Claim 22 For any L € Ly p a1 \{L*} and any discrete strictly convex function ¢ : Zy — R, the inequality
Yoeeers PUF) <X per p(f) holds.

PrOOF: We show that if L € Ly a1 \ {L*}, then L can be modified in such a way that 3, ; (£) strictly
decreases and the resulting multiset is also in L,/ s a4

Firstly, suppose that L contains an element that is smaller than d’. Then it also contains an element that
is at least d’ 4+ 1, because m’ > n'd’ + 1. If d + 1 € L, then we can decrease d’ + 1 by one and increase
an element smaller than d’ by one. This does not change v, and strictly decreases ) _,.; ¢(f), because ¢ is
strictly convex. Otherwise, if ' +1 ¢ L, then

m =y =3 ((—[0— @+ = min{l,d +1} <> (d + xeza+1)

43 el el
=n'd +#{leL:A>d +1}=n'd +#{ e L:L>d +2} <n'd +,

where the first inequality is true because L contains an element smaller than d’, the last equation holds,
since d' + 1 ¢ L, and all the other equations and inequalities follow by definition and rearrangements of the
expressions. This implies that 7 = m’ — n/d’ < 2, holds. Since r > 2k’, we get that v, > k’. Therefore, by
decreasing any element that is at least d’ + 2 by one, and increasing an element that is smaller than d’ by one,
the resulting multiset remains in L,/ s g/ k7, and Y, @(£) strictly decreases.

Secondly, if all element of L are at least d’ and there exists an element in L that is larger than d’ + 2, then
d' € L, because m' < n'(d' +1). If vz > K/, then we can decrease an element that is larger than d’ 4+ 2 by
one, and increase d’ by one. This change strictly decreases ), ; ¢(¢), and the resulting multiset remains in
Ly e @ k- Otherwise, v = k', and hence

n'd +r=m'=n'd +yp+#{ec L b=d+1}+#{lecL:0>d +2} <
n'd +2yp+#{{eL:l=d+1}=n'd +2k + #{{ e L:{=d + 1},

where the first two equations come from the definition of m/, the inequality is strict, because there exists an
element in L that is larger than d’ + 2, which implies that #{¢ € L : £ > d’ + 2} < 71, and the last equation
is true because v, = k/. This implies that r < 2k’ + #{¢ € L : £ = d’ + 1} holds. Since r > 2k’, we get that
d +1 € L. We can decrease an element larger than d’ + 2 by one, and increase d’ + 1 by one. This change
strictly decreases ) _,.; ¢(¢), and the resulting multiset is in L/ s a5/

Otherwise, d’ < ¢ < d’ + 2 holds for each £ € L. As long as vy > k’, we know that d' € L, because
m’ < n'(d' +1). We can increase d’ by one and decrease d’ 4+ 2 by one, which strictly decreases the sum.

If L # L*, then we are in one of the three cases considered above, therefore, there exists a modification of
L which strictly decreases ) ,.; ©(£), and the resulting multiset remains in L,y g/ k. This implies that L*
is the unique minimizer of ), ; ¢(¢) in L/ s a7 &7, which we had to prove. O
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We continue the proof of Theorem Consider the multisets in L,/ /@ k7, With n’ = |V|,m' = |E|,
d = d and k' = k for the construction above, illustrated by Figure Claim states that there exists a
unique minimizer L* of 3, ; @(£) in Ly mr k7. Let opty. denote the optimum value.

Claim 23 There exist e;,,...,ej, € H covering S if and only if there exists an order with

> e(d(v)) < opt..

veV
PRroor: First, suppose that there exist subsets e;,,...,e; € H covering S. We show an appropriate order
of the vertices of G. For ¢ = 1,...,k, repeat the following: put the vertex e;, to the last free position, delete

it from G and while there exists a vertex of degree at most d + 1, put that vertex to the last free position,
and delete it from G. After that, put s to the last free position, then complete the order with the remaining
vertices by applying the same method for e;, where j ¢ {ji,...,ji}: put the vertex e; to the last free position,
delete it from G and while there exists a vertex of degree at most d+ 1 put that vertex to the last free position,
and delete it from G. In the resulting order, the left degree of each vertex is d, d 4+ 1 or d 4+ 2, and exactly the
vertices ej,,...,ej have degree d + 2 by the construction of the graph G. So the multiset consisting of the
left degrees d(v) for v € V is exactly L*, therefore, we get that Y eV ©(d(v)) = opty., which proves the first
direction of the statement.

Second, suppose that there exists an order with 3= i, ¢(d(v)) < opt.. Let L denote the multiset consist-
ing of the left degrees ?l(v) for v € V. Then 7y, < k, because v, > k would imply that L € L,/ ar 12 \ {L*}
and Y, @(f) = > pecp- (£*), which would contradict Claim

Let us denote the number of the vertices e; on the right side of s by €., and the number of the vertices s;
on the right side of s by €5. Using these notations, we get that

k>~p > [d(s) — (d+1)]* + > [dw) = (d+ DT > (n+k—e—e)+ € =n+k—es,

veV : s precedes v

where the second equation is true because [d(s) — (d+1)]* = (n+k — €. — €,) and for each vertex e; which is
after s there is at least one corresponding vertex v (i.e. v € {e;,as’,bs’} for some i € {1,...,n}) with d(v) at
least d + 2. This implies that €; > n holds, so all the vertices s1,...,s, must be after s. Out of the (at most
k) vertices with left degree at least d 4 2, we construct a set cover as follows. If B(ej) =d+2ordv)>d+?2
for v € {ag?,bs?} for some i € {1,...,n}, then include the subset e; in the cover. If d(s;) = d+ 2, then
include any subset e; € H containing s;. What is left is to show that these subsets cover the whole ground
set S. If d(s;) = d + 2, then s; is clearly covered. Otherwise, d(s;) < d + 2, and then there exists a vertex
v e {e;,asl, b} for some j € {1,...,m} with d(v) > d+ 2 by the construction of G, hence the subset e; € H

corresponding to v covers s;. O
Claim 23] completes the proof of Theorem O

Now we turn to the proof of Theorem

—

PROOF: In the previous proof, we showed that it is NP-hard to minimize ) ., ¢©(d(v)). Consider the
multigraph G = (V, E) constructed in the proof (Figure |z| illustrates G except for the loops). We construct a
loop-free multigraphs for which an optimal solution also has a part that is optimal for G. The construction
consists of two steps.

First, construct a graph G’ = (V', E’) as follows. Take a copy of G, add a new vertex u, replace each loop
on v with an edge uv and add d+1+n+k loops to u. We prove that u can be assumed to be the first vertex in
an optimal order for G’. Consider any order in which some of its neighbors precede u and let v be the closest
preceding neighbor of u. Observe that d(v) <d+1+n+k<d+2+n+k<d(u) hold, therefore, moving u
directly before v in the order does not increase the objective value. So we can assume that no neighbor of u
precedes u. We can also assume without loss of generality that the rest of the nodes do not precede u either,
because moving u to the front does not change the objective value. Consider an optimal order for G’ in which
u is the first vertex, and let o denote the order of the other vertices. Then, Zl(u,g) (v') = ~c_lg(v) holds for each
v' € V' —uand v € V, where v' € V' is the copy of v € V. Therefore, the problem is equivalent for G and G’
in the sense that an order (u, o) is optimal for G’ if and only if ¢ is optimal for G.

Second, construct a loop-free multigraph G = (V" E") as follows. Take two disjoint copies G = (V1, E1)
and Gy = (Va, Es) of G’ = (V', E’) and denote the copy of v € V' by v; and vy, in the two copies respectively.
Remove the d+ 1+ n+ k loops from both u; and us, and add d+ 1+ n + k parallel ujus edges between them.
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Now there are no loops in G”. Consider an optimal order for G”. Without loss of generality, assume that
uy precedes us (otherwise, switch the role of G; and Gg). This order restricted to V3 is clearly an optimal
solution to G’, otherwise, we could decrease the objective value in G” by changing the order of the vertices of
V5 in G” to an optimal order of G'.

So from an optimal order for the loop-free multigraph G”, we can get an optimal order for G (by taking
the order restricted to G or Gy and deleting «), which implies that the problem is NP-hard even for loop-free
multigraphs, and hence completes the proof of Theorem O

Theorem [20| implies that for the class of nonlinear integer programs considered in [I7], finding an optimal
corner solution instead of any integer vector of the polyhedron becomes NP-hard, as we already mentioned in
Section 2

Remark 24 Note that if the multigraph G = (V, E) has n vertices, then for o(z) = n*, the optimal orders
are exactly the dec-min orders, and for ¢ = (n—lz) the optimal orders are exactly the inc-mazx order. Therefore,
Theorem [20 implies the NP-hardness of the dec-min and inc-mazx ordering problems in case of loop-free multi-
graphs. In Section[f| we already showed the hardness of the dec-min and inc-maz problems even for simple
graphs and in case of k-bounded orders.

From the previous remark and Claim [11} it follows that the optimal solutions for ¢(z) = n* and ¢ = (%)
are not the same. This already shows that the optimal acyclic orientations for different discrete convex
functions may not coincide, unlike the optimal orientations for the analogous orientation problem without the
acyclicity condition [T, [12].

The strict convexity of the function ¢ is a necessary condition in Theorem because the problem is
polynomial-time solvable in case of linear functions. We show this for a more general problem in which,
instead of a single function ¢, each vertex v € V has its own linear function ¢,. The solvability of this
problem also follows of Theorem [5] and Theorem [6]

Theorem 25 Let us be given a loop-free multigraph G = (V, E) and a discrete linear function ¢, : Z4 — R
for each v € V. Ordering the vertices in non-increasing order by the slope of @, minimizes ), oy @u (d(v)).

PRrOOF: Let a, and b, be coefficients such that ¢, (z) = a,z+ b, for every v € V. Consider an arbitrary order
o of the vertices, and let 7, (v) = b, for every v € V. Let 7, (uv) = a, if u precedes v in o, and otherwise a,,.

Using this notation, _ _
Z wp(d(v)) = Z ayd(v) + b, = Z 7o (€e) + Z 7o (V)

veV veV ecE veV

holds. Observe that in any order, 7w(e) > min{a,,a,} and m(v) = b,. So we obtain an optimal solution by
ordering the vertices in non-increasing order by a,, because then 7(e) = min{a,, a,}. O

From the proof it also follows that if each vertex has the same linear function ¢, then any vertex order

—

minimizes ), oy ¢(d(v)).

5.2 A special case: Minimizing ), - 0°(v) over acyclic orientations

In this section, we focus on the problem of finding an acyclic orientation minimizing the square-sum of the
vey d (v). This
problem is one of the most natural special cases of minimizing ) ©(d(v)), which we obtain by setting
©(2) = z2. The NP-hardness of the problem for loop-free multigraphs is immediate by Theorem
In the next section, we strengthen this result by proving that the problem is hard for simple graphs as
well. Then we propose a greedy algorithm and analyze its approximation ratio.

indegrees, which is essentially the same as finding an order of the vertices minimizing >

5.2.1 Hardness for simple graphs

This section proves that finding an acyclic orientation that minimizes the square-sum of the indegrees is
NP-hard even for simple graphs.

2
Theorem 26 [t is NP-hard to find a vertex order minimizing ), .\ d (v), even for simple graphs.
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Figure 8: The gadget H, for replacing x loops incident to the vertex v of total degree d in the multigraph
constructed in the proof of Theorem The wavy edges on the right illustrate the original edges.

PRrOOF: Consider the multigraph G = (V, E) constructed in the proof of Theorem which contains parallel
edges. We assume without loss of generality that each vertex has at least 2 loops, because the number of loops
on the vertices can be easily increased by increasing the parameter d. Start the construction of G' = (V', E’)
by a copy of the graph G. For each vertex v with d incident edges, x of which are loops, remove all x incident
loops, and add the gadget H, which is constructed as follows. Take a clique Kj,; for M = 2d, and denote its
vertices by ki,...,kr. Add x new vertices vy, ..., v, to the gadget. Connect the vertices vy, ..., v, with v,
and also add a complete bipartite graph between the vertices vy, ..., v, and the Kj;. Figure [§]illustrates the
construction.

2
Claim 27 There exists an order for G' minimizing ), o\, d (v) such that, for any vertex v € V, the vertices
of the gadget H, are right before v in the order k1, ..., ky,v1,...,0z,v, moreover, v is the last vertex of the
gadget H, in any optimal order.

PROOF: Let o denote an optimal order that minimizes the total number of inversions against the order of
the gadgets in the statement of the claim, that is, the number of those vertex pairs w1, us € H, for which u;
precedes us in ¢ and wuy precedes wp in the order ki,..., kps,v1,...,v;,v of the gadget H, for some v € V.
We prove that the number of inversions is zero. On the contrary, suppose that there is a vertex v € V such
that two vertices of H, appear in reverse order in ¢ and in ky,...,kp,v1,...,0,,v. Observe that the left
degree of each vertex in H, — v only depends on the relative order of the vertices in H,, therefore, we can
assume that the vertices of H, form an interval in o. The vertices k1, ..., kps are symmetric, hence we can
assume that they are in increasing order by the indices, otherwise, we could switch them into increasing order
in o, which leaves the order optimal, but decreases the number of inversions. For a similar reason, the vertices
v1,...,V; are also in increasing order. First, we focus on the order of the vertices in H, — v; and we switch
v1 to the right place in the order at the end of the proof. Now suppose that there are some vertices of Ky
after vo and take the smallest index j such that k; is somewhere after vo. Consider the vertex u right before
k;, which can only be v or v; for some i € {2,.. x} If w = v, then there is no edge between v and k;,

so we can swap v and k; without increasing ) d (v). The resulting order is also optimal and has fewer

veV
inversions than o, which is a contradiction. If u = v; for some ¢ € {2 .,x}, then d(k )>i41> 5 >d(v).

This means that we can swap v; and k; without increasing ZUEV (v) The resulting order is also optimal
and has fewer inversions than o, which is a contradiction. So the vertices of H, — v appear in o in the order
ki,....kj_1,v1,kj,... kn,va, ..., v, for some j € {1,..., M +1}.

If v is after v; and before v,, then by swapping v with the directly succeeding vertex w, the sum ) _, 212 (v)
cannot increase. If w is a vertex in K;, then the left degrees remain the same, therefore the resulting order
is also optimal and has fewer inversions, which is a contradiction. Otherwise, if w = v; for some i € {2,...,z}
then d(v) increases by one and d(w) decreases by one. Notice that d(v) < d — 1 and d(w) = M + 1 before the
change. Since d < M, the sum strictly decreases if we swap v and w, which contradicts the optimality of o.

Otherwise, if v and exactly k vertices of Ky precede vy, then the following left degrees change if we put
v after v,: d(v) = a increases by z, d(vy) decreases from k + 1 to k, and d(v;) decreases from M + 1 to M for

19



2

each i € {1,...,z}. Hence the sum ) . d (v) decreases by

A+ (k+1D2 4+ (- D(M+1)* = ((a+2)* + k> + (x — 1) M?)
= 2azx+ 22 +2k+ 1+ (x—1)(2M + 1) > —2dx + 2Mx — 2M.

So it is enough to show that (2M — 2d)x — 2M > 0, which is true because M = 2d and x > 2. The sum
strictly decreases, which is a contradiction, because o was optimal. This proves that the vertex v is the
last among the vertices of H, in o. Moreover, the vertices of the gadget H, must appear in ¢ in the order
ki,....kj—1,v1,kj,..., knm,v2,..., 05,0 for some j € {1,...,M +1}. If j # M, then we can swap v; and
k; without increasing the sum, and the number of inversions would decrease, which is a contradiction. This
means that the number of inversions is zero, and hence the vertices of the gadget H, appear in ¢ in the order
ki,...,krn,v1,09,. .., U;, v, which completes the proof of the claim.

We continue the proof of Theorem Let op, denote the order kq,...,knr,v1,...,0,,v, and let opty =

—

> ueH, v do(u). Let optg and optg, denote the optimum value for G and for G’, respectively.

To finish the proof, it suffices to prove that optg = optg + >, oy opty, and if an order ¢’ is optimal for
G’ then the same order restricted to the vertices of V is optimal for G. Let o denote this restricted order.

First, if an order o is optimal for G, then insert the vertices of the gadget H, right before v into ¢ in
the order of op,. Then the resulting order has objective value optg 4+ 3 . opty, . From this, optg <
optg + > ,cv opty, follows.

Second, let o’ be an optimal order for G’. By Claim we can assume that for each v € V, the vertices
of H, are right before v in the order kq,...,ky, v1 ..., v,, otherwise, we can rearrange the vertices of H, into
this order. This implies that for each vertex u € V”,

o () = dy(u) ifueV,
7 B ElaHv(u) if ue H, — v for some v € V,

—

therefore, optg, = - oy do(v) + D ,cy OPty, > 0ptg + Y,y OPty, -
These together imply that optg = optg + > ,cy opty, and o’ restricted to V' is optimal for G. This
completes the proof, because finding an optimal order for G is NP-hard by Theorem O

5.2.2 Greedy approximation algorithm

This section investigates the approximation ratio of a greedy algorithm for the problem of finding an order
minimizing the square-sum of the left degrees, which achieves an approximation guarantee of min{4nn7amin},
where 17,, is the n'* harmonic number and Zimin is the degeneracy of the graph.

The algorithm repeats the following, until no vertex remains: It fixes a vertex with minimum degree at
the last free position and deletes it from the graph.

Note that there can be multiple vertices with minimum degree, so the output of the algorithm depends on
which minimum-degree vertex we choose.

Remark 28 The resulting order vy, ..., v, has the property that v; is a minimum degree vertex in the subgraph
induced by the first i vertices for any i € {1,...,n}. Such vertex orders are called smallest-last orders in the
literature, and it is known that the mazimum left degree in a smallest last order is equal to the degeneracy of
the graph [16]], which is the minimum number k for which the graph has a k-bounded order [15].

In what follows, we prove two different upper bounds on the approximation ratio of this algorithm. The
first one gives a better guarantee for sparse graphs and the other one for dense graphs.

Theorem 29 Let us be given a graph G = (V, E). The greedy algorithm gives a dumin(G)-approzimate order

for minimizing Y, o, d (v).

PROOF: Consider the greedy order, and for cach edge e, let 7(e) = d(v), where v is the endpoint of ¢ that is
later in the order. Notice that ) ., 7(e) = Zvevif (v). Consider any edge e € E. Observe that 7(e) = d(v)
for some v € V and Zl(v) < Dumin (G), because the greedy algorithm computes a amin(G)-bounded order, as
we mentioned in Remark This implies that 7T£€) in the greedy order is at most Zlmin(G), therefore, the
objective value of the greedy order is at most |E|dmin(G). Since the optimum is at least |E|, this together

implies that % < w = szm(G). O

We give another upper bound for the approximation ratio.
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x(k— 1)

Figure 9: Illustration of the graph sequence Gy for which the approximation ratio of the greedy algorithm
tends to 2. Here k denotes the number of the triangles, and v denotes the i*" vertex of the j' triangle, for
eachi € {1,...,k} and j € {1,...,3}, and u; denotes the vertex connecting v} ; and v} for each i € {2,...,k}.

Theorem 30 Let us be given a graph G = (V, E). The greedy algorithm gives a 4n,-approzimate order for

-2
minimizing >,y d (v), where g, = Y"1 | L is the n'™ harmonic number.

PROOF: Let vy,...,v, denote the order given by the greedy algorithm and let obj denote its objective
value. We introduce the notation V; = {v1,...,v;} for the set of the first ¢ vertices, and consider the graph
G[V;] = (V;, E;) induced by V;. The size of E; will be denoted by m;, and we use opt(V;) to denote the
optimum value for the graph G[V;].

Then the following lower bound holds for the optimum value for all ¢ € {1,...,n}:

opt(V) > opt(Vi) > > (@)2 = —t, (1)

2
veV;

where the first inequality holds, because the optimal order contains an order of the vertices in V;, and the
second inequality follows by rearrangement.
The following upper bound holds for the objective value of the greedy order:

n 2 n n
obj = Zd v SZ(2m1> :42%”; Z% V) = dn,opt(V),

where the first inequality holds because v; is a vertex with minimum degree in G[V;] and the average degree
in G[V;] is 22%. The second inequality uses lower bound which was derived in . O

3

The best lower bound that we found for the approximation ratio is 7, which is a limit of the worst-case
approximation ratios of the greedy algorithm for the sequence of graphs shown in Figure [0]
We describe a worst-case greedy order and then an optimal order for the graph shown in Figure [0 with &

triangles. Consider the order which begins with the vertices v}, v?,v3 for i = 1,...,k and after that contains

1771 e

the vertices u; for i = 2,..., k. Note that for every ¢ € {1,...,n}, the ¢t vertex in this order has minimum
degree in the graph induced by the first ¢ vertices. So this solution can be found by the greedy algorithm
above, and the objective value of this order is k(0% + 1% +22) + (k —1)(22) = 9k — 4. In fact, one can also argue
that this is the worst possible solution that the greedy algorithm may return for Gy. On the other hand, the
following order is optimal. List the vertices v{, v?, v$ first, and after them the vertices u;, v}, vZ, v3 in this
order for i = 2,..., k. So the optimum value is (02 + 1! +22) 4 (k — 1)(1%2 4+ 12 + 1% 4 22) = 7k — 2. Therefore,
the approximation ratio is ?Z—:g, which tends to % as k goes to infinity.

We tested the approximation ratio of the worst possible solution found by the greedy algorithm for every
simple graph on at most 12 vertices, and found that the approximation ratio for the graph Gy, shown in
Figure EI, is an upper bound for the approximation ratio for every simple graph on at most (4k — 1) vertices.

It is an open question whether the approximation ratio of the greedy algorithm is for simple graphs.

5.3 An exponential dynamic programming algorithm

In Section we proved that it is NP-hard to find a vertex order minimizing »° ., ©(d(v)) for any discrete
strictly convex function ¢ : Z — R in case of loop-free multigraphs. In this section, we give an exact method
for solving the following more general problem. Let us be given a multigraph G = (V, E) and a discrete
(not necessarily strictly convex) function ¢, : Z, — R for each v € V. Assume that the function ¢, can be
evaluated efficiently for each v € V. Our goal is to find an order minimizing »_ i ©» (d(v)). The natural
approach to solve this problem is to try all |[V|! permutations of the vertices, and choose one minimizing the
objective value.
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We give a dynamic programming algorithm for finding an order minimizing >, -y ¢ (Zl(v)), which takes
O2Vlpoly(|V],|E|)) steps. Let f(#) = 0. For each () # V' C V, in non-decreasing order by |V’|, compute and
memoize

FO7) = min (V' =) + @u(dle, V), )
and choose
g(V') € arvgerél}n{f(‘/' —v) +py(d(v, V') }. (3)

After that, construct the optimal order by repeating the following step until no vertex remains: Put g(V)
at the last free place of the order, and delete v from the graph.

We prove the correctness of this algorithm by showing that f(V”) is the optimum value and g(V”) is the
last vertex of an optimal order for G[V'] for each V' C V.

Theorem 31 For each subset () # V' C V', the minimum value of ), . @, (d(v)) for the graph GIV'] is
f(V') defined in (9), and there exists an optimal order in which the last vertez is g(V') defined in (3).

PRrOOF: The proof is by induction on |V|. Consider a graph G = (V, E). Suppose that the statement holds
for every V' C V.

Firstly, consider an optimal order ¢ = vy,...,v, for G. Notice that vy,...,v,_1 is an optimal order for
G — v,. By induction, the objective value of this order is f(V — v, ). Moreover, v, is the last vertex in o,
therefore, d(vn) = @y, (d(vyn, V)) holds. These imply that f(V — vy) + @u, (d(vn, V)) is the objective value of
o. So f(V) is at most the optimum value for G.

Secondly, construct an order for G with objective value f(V'). Let v,, denote a vertex, for which f(V —v)+
¢y (d(v,V)) is minimal (so v, € argmin, oy {f(V'—v)+¢,(d(v,V’))}). The inductive hypothesis implies that
f(V —wvy,) is the optimum value for G — v,,. Take an optimal order for G — v, and put v,, at the end of this
order. The resulting order has objective value equal to f(V). This completes the proof. O

The running time of the dynamic programming algorithm is clearly O(2!Vlpoly(|V],|E|)), because we
assumed that the ¢, functions can be evaluated in polynomial time, so the computation of f(V’) and g(V”)
takes poly(|V],|E])) time for each subset.

6 Maximizing ) _, 0(v)é(v) over acyclic orientations

This section is devoted to another notion of “equitable” acyclic orientations, that is, we define the equitable
orientations in terms of the in- and outdegrees as opposed to Problems and [3] which only focus on the
indegrees. Our goal is to find an acyclic orientation of a graph G' = (V, E) maximizing »_, ., o(v)d(v). The
optimal orientations are equitable in the sense that the product g(v)d(v) is maximal for a single vertex v if
the degree of v is evenly distributed to the indegree and outdegree of v.

Without the acyclicity condition, the optimal orientations are either the Eulerian (that is, o(v) = d§(v)
for every v € V) or the almost-Eulerian (that is, |o(v) — 6(v)| < 1 for every v € V) orientations. It is well
known that every graph has an Eulerian or almost-Eulerian orientation and we can compute such orientations
in polynomial time, hence the problem is polynomial-time solvable.

However, the acyclicity condition makes the problem much more difficult. The problem of finding an
acyclic orientation of G' which maximizes ) . 0(v)d(v) is clearly equivalent to the problem of finding an
order of the vertices maximizing ZvGV d(v)d(v). In [B], the authors considered similar ordering problems in
which they wanted to find an order minimizing ) |d(v) — d(v)|. They called an order perfectly balanced
if \Zl(v) — d(v)| < 1 holds for every vertex v, and proved that deciding whether a given graph has a perfectly
balanced vertex order is NP-complete, even for bipartite graphs with maximum degree 6. In [13], it was proved
NP-complete even for planar graphs with maximum degree at most 4 and for 5-regular graphs.

For a single vertex v, the value of d(v)d(v) is maximized if and only if |d(v) — d(v )| < 1. Soif G has a
perfectly balanced order, then exactly the perfectly balanced orders are maximizing ( )d(v). Therefore,
by the NP-hardness of ﬁndmg a perfectly balanced order, we obtain the following.

veV

—

Theorem 32 It is NP-hard to find a vertex order maximizing » F( )d(v), even for simple graphs with

maximum degree at most 4, and also for simple 5-reqular graphs.

veV

In the next section, we prove that our problem is tracktable when the maximum degree is at most 3.

22



6.1 Polynomial-time algorithm for graphs with maximum degree at most 3

The problem of finding an order minimizing ) |Zi(v) — cf(v)| is polynomial-time solvable, for simple graphs
with maximum degree at most 3. The algorithm given in [5] finds an order minimizing the number of vertices
for which d(v) = 0 or d(v) = 0. We prove that, a slightly modified version of their algorithm solves our
problem in case of graphs with maximum degree at most three. Before presenting the algorithm we need the
following definitions. An order for G = (V, E) is called an s-t order if s and t are the first and last vertices of
the order, respectively, and d(v) > 1 and d(v) > 1 hold for each v € V' \ {s, ¢} if d(v) > 2. Every biconnected
graph has an s-t order for any distinct vertices s,z € V, and we can compute such an order in polynomial
time [9]. Clearly, an s-t order maximizes ZUGVB(U)J(U), for any biconnected 3-regular graph, we extend this
for any connected graph with maximum degree at most 3. Let By, ..., B, denote the biconnected components
of G. Tt is well known that the biconnected components can be represented by a tree T. A component is
called an end-component if it only contains one cut vertex (i.e. the end-components are the leaves of T'). The
following algorithm is a modified version of the algorithm presented in [5].

Algorithm 2 COMBINE s-t ORDERINGS

1: Let us be given a connected graph G = (V, E).

2: Determine the tree T' of the biconnected components of G.

3: Let By be an end-component.

4: Start a depth-first traversal of T from B; and let By, ..., B, be the depth-first numbering of the biconnected
components of G.

5: Let ¢ € B; be the unique cut vertex of B; and choose s; € By — 1 such that dg(s1) is minimal. If no
such vertex exists, then let s; = t;.

6: Compute an s;-t; order for By, and denote this order by o!.

7. fori=2,...,r do

8: Let s; be a cut vertex of B; with a block B; for some j < i.

9: if B; is an end-component of G then

10: Choose a vertex t; € B; — s; such that dg(t;) is minimal, if no such vertex exists, then let ¢; = s;.

11: else

12: Let t; be a cut vertex of B; with a component B; for some j > 4.

13: end if

14: Let vi,... ,v;i be an s;-t; order of B;.

15: Let o denote the order obtained by adding v}, ..., U;L to the end of g1,

16: end for

17: output o”

Algorithm [2] computes s-t orders for the biconnected components of G and combines them into a single
order.

Theorem 33 Let us be given a simple connected graph G = (V, E), with mazimum degree at most 3. Algo-

—

rithm computes an order mazimizing Y, .\, d(v)d(v) in polynomial time.

PROOF: The running time of the algorithm is clearly polynomial. We define the imbalance of v as

I,(v) = V(ZU)J [dgﬂ —dy(v)dy (v).
d(v)

Note that Z,(v) > 0, because { 5 J {@-‘ is an upper bound for Elg(v)cz;(v) in any order o.

Clearly, the problem of maximizing ),y d(v)d(v) is equivalent to finding an order minimizing > vev Lo (v).
We prove the correctness of Algorithm [2] for the latter problem.
By definition,

2 if d(v) = 3 and d(v) = 0 or d(v) = 0,
T,(v) =41 ifd(v)=2and d(v) =0 or d(v) =0,

0 otherwise,

in any order o, which means that Z,(v) is either (d(v) — 1) or 0.
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Let T denote the tree of the biconnected components of G and let By, ..., B, denote the biconnected com-
ponents of G, numbered in the depth-first numbering as in Line [4] of the algorithm. Suppose that B;,,..., B;,
are the end-components, where B;, = Bj. Let ¢;; denote the unique cut vertex of B, for each j € {1,...,/}.
So with the notations in Algorithm [2| ¢;, = t;, and ¢;, = s;; for each j € {2,...,/(}.

Observe that in the order o” given by the algorithm, each v € V' \ {s;,,t,,...,;, } have dyr(v) > 1 and
dyr(v) > 1, therefore, Z,»(v) = 0 for these vertices. This implies that

£ £

Z IUT = (811) + ZIUT(tlé) < d(sil) -1+ Z(d(th) - 1)' (4)

veV j=2 j=2

Consider any order o of V. In a biconnected component B;,, only the vertex g;; is connected to vertices
of other components, hence the first or last vertex of B;, in the order is some vertex v;; € B;; — ¢;;, which

implies that Zig(vi].) =0ord, (vi;) = 0. Therefore, Z,(v;;) = d(v;;) — 1 and

S To(0) 2 3 Tolw) = Y (d(w,) — 1) 5)

vEV j=1 j=1

Observe that d(s;;) < d(v;;) holds, because s;,,v;; € B, — qi;, and Algorithm |2 chose s;, in Line
Similarly, d( ) < d(vy;) holds for each j € {1 E} because both ¢;,,v;, € B;, — ¢;; and Algorithm [2| chose
t;, in Line These with the equations and 5) together imply that >\ Z,r(v) < 3 oy Zo(v) holds,
which 1mpheb that ¢" is an optimal bOluthIl U

So the problem of finding an order maximizing ZUGV d(v )cf(v) is polynomial-time solvable in case of simple
graphs with maximum degree at most three, but becomes NP-hard for simple graphs with maximum degree
at most four.

From now on we focus on the problem of approximating max Zveva(v)cf(v). Note that, in [5], a i3-

approximation algorithm was given for the problem of finding an order minimizing ) ., max{?l(v), cf(v)} The
algorithm constructs an order by inserting the vertices one by one, placing each in the middle of their already
inserted neighbors. Intuitively, the same algorithm should work for the problem of maximizing ) d(v)d(v),
but unfortunately one can construct a sequence of graphs for which the approximation ratio goes to infinity.

In what follows, we examine the expected approximation ratio of a random order of the vertices for
maximizing ), . d(v)d(v) in case of multigraphs. After that, we present a deterministic algorithm achieving
the same approximation ratio for simple graphs.

6.2 Approximation ratio of orienting by a random permutation

This section investigates the expected approximation ratio of a random order of the vertices for maximizing
> vey d(v)d(v) in case of multigraphs.

Theorem 34 Let us be given a multigraph G = (V,E). A mndom permutation of the wvertices is a 3-
approximate solution in expectation for maximizing the value of EUEV d(v)d(v).

PROOF: Let n denote the number of vertices and Sy denote the set of all permutations of V. Let E(v) denote

- o s (v)d, (v
the expected value of d(v)d(v) in a random order, that is, E(v) = w By definition, the expected

Objecti\/e value of a random permutation is
Ay Ag(V
ZO’ESV ZUE‘/ (7 : : UESV 0( ) ‘7( ) 2 : IE(’U),

n!

veV veV

Therefore, it suffices to prove that E(v) is at least the third of the product d(v)d(v) in an optimal order
for each vertex v € V. The statement is clearly true if d(v) = 0. Consider a vertex v with d(v) > 1, and
let {v1,...,v4} denote its neighbors. Let x; denote the number of parallel edges between v and v; for each
i € {1,...,d}, and assume that x; < --- < x4. Let s denote the degree of v with multiplicities, that is,

d
s= T
We prove that
s—x if g > s — x4,
Uv) = { Za(s = a) ¢ ¢

sz ifzg <s—uxy
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is an upper bound on d(v)d(v) in the optimal order. To see this, observe that d(v)d(v) = d(v)(s — d(v)). This

expression is maximized when d(v) is as close to 2

5 as possible, therefore, ZQ is an upper bound for Zl(v)d(v).

In the case when x4 > s — x4 (i.e. x4 > 5), if the vertex vg is on the left side of v, then B(v) > x4; otherwise,

if the vertex vg is on the right side of v, then d(v) < s — z4. So d(v) is the nearest to 5 if d(v) = x4 or
d(v) = s — x4, therefore, U(v) = z4(s — x4) is an upper bound.
What we prove is that E(v) is at least 1U(v). The proof is divided into two steps.

Step 1: We prove the statement in the special case when 1 = --- =241 =1 and x4 = k > 1. Observe that
|Sv |
d(dyrl)
and vg is the j** vertex among the vertices v, vy, ..., v4. Moreover, in any such permutation,

o (i—1)(d—i+k) if ¢ < 7,
d(”)d(v)_{(i—Q—i—k)(d—i—kl) if j <i

permutations of all vertices in which v is the "

for any distinct 4,5 € {1,...,d + 1}, there are exactly

holds by definition. o o
Therefore, we can compute the expected value of d(v)d(v) by taking the average of the products d(v)d(v)
over all possible placements of v and vy. Formally,

S Y- D =it k) + S S (- 24 B)(d i+ 1)

E(v)

d(d+1)
Y d =i )~ (d =i+ k) + (i~ 1) — 2+ k) (d—i+1)
N d(d+1)
N —i+ )(d+2k—2)  (d+2k—2) 3 i(d— i)
N d(d+1) N d(d+1)
_ DR D S LA dd—1) (d—1)(2d-1)
_(d+2k_2)<d+1_d(d+l) _(d+2k_2)(2(d+1)_ 6(d+1) )
7 3d—(2d—1)\ _ (d—1)(d+ 2k —2)
(d+2k2)(d1)( a T ) o ,

where the first equation holds by the argument above, and all other equations follow by rearrangements of the
expressions. We proceed to show that E(v) > U (v).
If x4 > (s — zq4), that is, k > d — 1, then
(d—1)(d+2k—2) _ 2k(d—1) 1
E(w) = > - _
(U) 6 - 6 3“(’0)7
where the inequality is true because d > 1 and k > d — 1.
Otherwise, if x4 < (s — x4), that is, k < d — 1, then
d+k-1d+Ek-1) 1

E(v) = (d—l)(d6+2k—2) . (d+k—1)1(2d+2k—2) . X = L,

where the inequality is true because d+ 1 > k and k£ > 1. This completes Step 1.
Step 2: We prove that E(v) > %L{(v) holds for arbitrary z1 < --- < z4. First, we show a simple modification
of the values z1,..., x4 preserving the inequality to be proved.

Take an index j € {1,...,d — 1} for which 4 > x; + 2, and consider the sequence z',..., !, which is
obtained by the following modification of x1, ..., x4:

ri=Cax;+1 ifi=j,

T; otherwise.
We re-index the sequence 7, ...,z such that z} <--- </, holds. We denote the expected value, the upper
bound, the left degree and the right degree of v for the modified sequence z7, ..., z} by E'(v), U'(v), d'(v) and
d'(v), respectively, while we keep the original notations for the sequence x1, ..., z4.

We prove that E(v) > 3 (v) implies E'(v) > U’ (v), by showing that

E'(v) = E(v) = 2 (U'(v) = U(v)).

W=
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For a given order o, let A, (v) = E’g(v)d;,,(v) — dy(v)dy(v). Observe that E/(v) — E(v) = W

On the one hand, if g < s —xq, then 2/, =24 —1 < s —xq—1 < s’ — 2/, also holds, so U’ (v) =U(v) = %.

Therefore, it is enough to show that E'(v) — E(v) = Z”Efs"ivfa(v)

of v in o, then E’U(v)c&,(v) = dy(v)d,(v), therefore Ay(v) = 0. Consider those orders o, in which vy and vj
are in opposite direction from v in o. Arrange such orders in pairs: let o and ¢’ form a pair if we can get o’ by
swapping the positions of v; and vq in 0. Consider a pair o, ¢’ and assume that v; is on the left side of v in &
and on the right side of v in ¢’. Let L denote the sum of the x; values on the left side of v in o, and let R denote
the sum of the z; values on the right side of v in ¢. By definition, A,(v) = (L+1)(R—1)—LR=R—-L -1
and Ap(v) = (L—zj+aq—1)(R—zqg+2;+1) —(L—2; +2q)(R—2q+2;) =L — R—2x; + 24— 1,
therefore

> 0 holds. If v; and vg are in the same side

Ay(v)+ Ay (v)=R—L—-1+L—-R—-2zx;+2x5—1=2x5—22; —2>0,

. . . . ’ Zagsv Ay (v)
where the inequality holds because x4 > x; + 2. This implies that E'(v) — E(v) = =& — >0

On the other hand, if x4 > s — x4, then U'(v) —UW) = (x4 — 1)(s —xg+ 1) — xa(s — 24) = 224 — s — 1.
Observe that x4 and x; are in the same direction from v in two-third of the permutations, which means that
3’0(11)&,(11) —dy(v)d,(v) = 0, that is, Ay(v) = 0. In the other one-third of the permutations, z4 and x; are
in the opposite direction from v. Consider an order ¢ in which v; and vg4 are in the opposite direction from v.
Denote the sum of the values in the side of v in ¢ that contains vy by D. Then the following holds:

A,(v)=(D-1)(s—D+1)—D(s—D)=2D—-s—12>2zx5—s—1.

Therefore, in two-third of the permutations A, (v) = 0 holds, and in one-third of the permutations A, (v) >
(224 — s — 1) holds, which implies that E'(v) — E(v) > $(2z4 —s — 1) = 3(U'(v) — U(v)). We conclude that
E'(v) > %Z/{’(v).

Observe that any sequence x1, ..., x4 is reachable from the sequence y1,...,yq4, where y; =--- =y4-1 =1
and yq = Z?:l x; — (d — 1), by repeatedly applying the modification described above. The inequality holds
for y1,...,yq by Step 1, and the modification given in Step 2 preserves the inequality, hence it also holds for
any ri,...,Tq. This completes Step 2, and also the proof of the theorem. O

6.3 De-randomized approximation algorithm

We present a deterministic polynomial-time 3-approximation algorithm for maximizing Zveva(v)af(v). Let
us be given a multigraph graph G = (V, F), where |V| = n. Let E,, .., denote the expected objective value
under all permutations of the vertex set V in which the first ¢ < n vertices are the vertices vq,...,v; in this
order. Formally,

E o ZUESv,Uj:Ujngi Z’UEV dU (U)dU (’U)
V1yeey U (n—z)' s

where vq,...,v; are distinct vertices in V.

Now we are in a position to describe the deterministic algorithm, which can be seen as the de-randomized
version of the algorithm given in the previous section using conditional probabilities. The algorithm fixes the
vertices from left to right. In the i*" step, there are already some vertices vy, ..., v;_1 fixed at the first (i — 1)
places. We compute the expected value E,, ., , . for each remaining vertex v € V'\ {v1,...,v,_1}, and fix
a vertex v at the i*® place maximizing the expected value.

First, we prove that we can compute the expected value E,, . ,, for any distinct vertices vy,...,v; € V in
polynomial time, which immediately implies that the algorithm runs in polynomial time.

Claim 35 For any distinct vy,...,v; €V, Ey, ., can be computed in polynomial time.

PROOF: We call a permutation relevant if it begins with the vertices v1,...,v; in this order. For v € V, let
E,,.....v;(v) denote the expected value of d(v)d(v) in a random relevant permutation of V. By definition and
simple rearrangements,

EUGSV,Uj:vjVjSi ZUEVEU (U)d_:T (U) o Z Zaesv,oj:vjVjSi dU (U)JU(U) o Z E

E =
R (n—1)! (n—1)!

veV
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Therefore, it is enough to show that we can compute E,, _,,(v) in polynomial time. Let V; = {v1,...,v;}
for j € {1,...,i}. First, suppose that v = v; for some j < i. Then E,, . ,,(v;) = d(vj,V;_1)d(v;, V \'V}),
because the left and right degrees of the vertex v; remains the same in all relevant permutations.

Second, suppose that v € V' \ V;. We give a dynamic programming method for computing E,, . ., (v)
using the fact that only the vertices of V'\ V; can appear on the right side of v in any relevant permutation.
First we need some notations: Let us denote the neighbors of v from V' \ V; by ny,...,nq. Let f(4,k,¢)

denote the number of those permutations of {v,nq,...,n;} in which v has k succeeding vertices and right

degree equal to ¢ for j,k € {0,...,d} and ¢ € {0,...,d(v,V \ V;)}. Otherwise, let f = 0. Observe that
1 ifk=¢=0

FO k) =4 ’

0 otherwise.
Claim 36 The following recursion holds for the function f(j,k,¢):

f(],k,f):kf(]71,]1771,67(1(’0,{71]}))‘%(]7]17)f(]*l,k,f),

ProoOF: Cousider a permutation o counted in f(j,k,¢) and note that there exists a unique permutation
o’ from which we can get o by inserting n; to the right position. Observe that o’ is counted either in
fG—-1,k—-1,0—d(v,{n;})) orin f(j — 1,k,¢), depending on the relative order of n; and v. We say that o
is corresponding to ¢’. Now observe a permutation ¢’ counted in f(j — 1,k —1,¢ —d(v,{n;})) and note that
o’ has exactly k corresponding permutations counted in f(j, k,¢), because we can insert n; to one of the k
possible positions after v. Similarly, a permutation o’ counted in f(j—1, k, ) has exactly (j —k) corresponding
permutations counted in f(j, k,¢), because we can insert n; to one of the (j — k) possible positions before v.
This proves the correctness of the recursion. O

Observe that if we compute the f(j, k,¢) values in increasing order by j and memoize the results, then the
expressions on the right side of the recursion are already accessible in every step. Therefore, we can compute
f(j,k, ) for all j,k € {0,...,d} and £ € {0,...,d(v,V \ Vi)} in O(]V|?|E|) time. Note that f(k,7,¢),< |V,
so it can be stored in O(|V]log(|V])) bits, these together imply that the given dynamic program runs in
polynomial time.

Now we show a formula to determine E,, . (v) using the computed f(d, k,¢) values, where d denotes the
number of neighbors of v in V'\ V;.

By definition, any relevant permutation contains v1,...,v; on the first ¢ places, and after them the other
vertices according to a permutation of V'\ V;. Therefore, there are |Sy\y,| relevant permutations and v has

right degree equal to ¢ in exactly ZZ:O f(d, k, ) relevant permutations. This means that E,, ., (v) is equal
to the weighted average of the (d(v) — ¢)¢ values with weights ZZ:O fld,k,0):

_ Yo J(d k0 (d(v) — O

E, .
) Sl

Since we can compute this in polynomial time, the de-randomized algorithm also runs in polynomial time.
O

Remark 37 In case of simple graphs v is succeeded by £ neighbors in exactly % of the relevant
permutations, therefore

o dw) 00 _d) SR e S e

oy, () = e;(ov, VAV)+1  do,V\V)+1 d(vJ:/O\ Vi) +1
_d)d(v,V\ Vi) d(v,V\Vi)(2d(v,V\ Vi) +1) _d(v,V\V;)(3d(v) — 2d(v, V\ Vi) — 1)
2 6 6 ’

Hence, in case of simple graphs, we can compute E,, . ., (v) by evaluating this explicit formula instead of the
previous dynamic programming method.

In the rest of this section, we prove that our algorithm finds a 3-approximate order.

-

Theorem 38 The de-randomized algorithm is a 3-approximation algorithm for max Zveva(v)d(v).
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PROOF: Denote the optimum value by opt. Consider the step of the algorithm when the first ¢ vertices,
denoted by wvy,...,v;, are fixed and denote the set of these vertices by V;. We prove by induction on 4 that
Epp,n; = %opt holds for each i € {1,...,n}, that is, fixing the vertices of V' \ V; in a random order after
v1,...,0; gives a 3-approximate order in expectation. This proves the theorem for i = n.

Theorem implies the claim for ¢ = 0. Suppose it holds for some i < n, so E,, . ., > %opt. From the
definitions and simple rearrangements, we get the following:

—

E _ ZUESV,UJ'=UjVj§i >vey Ao (V)do(v) _ ZuEV\% ZUESV,J]':U]'VjSi,UiJrl:u > vev do(v)do(v)
ULy (n—1)! (n—1)!

o ZuEV\Vi (n —i= 1)!EU1,~-7W,U N ZueV\Vi Eo v < ZueV\Vi EU17'~-7Ui+1 —F
(n—1)! (n—1) - (n—1) v
where all the equations come from the definitions of E,, . ., and E,, ., . and rearrangements of the expres-
sions, and the inequality is true, because the algorithm chooses a vertex v;41 for which the expected objective

value Ey, .. v, is maximal. So Eu, . v, 0,41 = Eo,,...0; > S0pt holds. O

Vi41

7 Open questions

In Section[d] we gave a comprehensive analysis of the complexities of different lexicographically optimal vertex
ordering problems. We proved that the same orders are optimal for the dec-min 2-bounded and inc-max
2-bounded ordering problems, but the complexity of finding such an optimal order remains open. We proved
the NP-hardness of the dec-min and inc-max k bounded ordering problems for any k > 3. This implies
the NP-hardness of the dec-min problem for k-degenerate graphs for any & > 3, but we do not know the
complexity of the inc-max problem in case of k-degenerate graphs. As one of our main result, we proved in
Section |5 that the min)_ ©(d(v)) ordering problem is NP-hard for any discrete strictly convex function
¢ : Zy — R if parallel edges are allowed in the graph. However, the complexity remains open in case of
simple graphs. For the special case of p(z) = 22, we extended the NP-hardness proof for simple graphs. We
examined the approximation ratio of a greedy algorithm for this special case. It is an open question, whether
the greedy algorithm approximates the problem within a constant factor. The worst approximation ratio of
graph sequence that we found tends to %
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