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ABSTRACT. Let us define Fy 4(n) to be the maximal size of a set A C [n] such that the equation
alaz...ak:xd, ay<ay <...<ag

has no solution with ay,a,...,a; € A and integer x. Erd8s, Sarkozy and T. Sés studied Fj >, and
gave bounds for special cases k = 2,3,4,6 and also for the general case. We study the problem in
the case d = 3, and provide bounds for k = 2,3,4,6 and 9. We also introduce another function f 4
closely related to Fy 4: While the original problem requires ay, ..., a; to all be distinct, we can relax
this and only require that the multiset of the a;’s can not be partitioned into d-tuples where each
d-tuple consists of d copies of the same number. Accounting for these trivial solutions, this leads to
an analogous definition for f 4.

1. INTRODUCTION
The problem of the solvability of equations of the form
alaz...akzxz, ar<ay<...<ag

in a set A C [n] first appeared in a 1995 paper of Erdds, Sarkozy and T. S6s [7]. They investigated
the maximal size of a set A such that the equation cannot be solved in A, that is, there are no
ai,...,ar € A whose product is a perfect square. This motivates the following definitions:

Let Fy 4(n) be the maximal size of a set A C [n] such that

alaz...ak:xd, ar<ay<...<ag

has no solution with ay,as,...,ax € A and integer x. Similarly, let f; 4(n) be the maximal size of a

set A C [n] such that

ayay...ag zxd

has no solution with ay,as,...,a; € A and integer x, except for frivial solutions that we specify
below. In this case, some trivial solutions do arise: it is clear, for instance, that a; = ... = a4 will
yield a trivial solution to the equation a; ...a; = x?. Let us call a solution trivial if the multiset of
the a;’s can be partitioned into d-tuples where each d-tuple consists of d copies of the same number:
see for example (ajaja;)(azazaz)(azazaz) = x> for k =9, d = 3. Note that trivial solutions arise
only if d | k. Clearly, fi 4 < Fi 4.

With our notation, ErdSs, Sarkozy and T. Sés [7] proved that Foiyq2(n) > n for all k and
Fyro(n) = o(n) for k > 2. They also showed that F>,(n) is equal to the number of squarefree
integers not exceeding n, and gave bounds for k = 3,4,6. Based on their work, Verstraéte [13]
studied a similar problem: He aimed to find the maximal size of a set A C [n] such that no product
of k distinct elements in A is in the value set of a given polynomial f € Z[x]. He showed that for
a certain class of polynomials, the answer is @(n), for another class it is ®(7(n)), and conjectured
that these are the only two possibilities. For further related results, see [9, 11] and Terence Tao’s
recent paper [12].
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We investigated the original problem in the case d = 3, and we provided bounds on both F; 3 and
Ji3 for the values of k = 2,3,4,6,9. We summarize our results below.
For k = 2, the following bounds hold:

Theorem 1. There exist positive constants ¢ and c; such that
C]I’lz/3 <n-— F273(n) <n—f23 (n) < c2n2/3.

For the case k = 3 we prove that f33(n)/n converges to ¢33 € (0,1) that we can approximate
(theoretically to arbitrary precision):

Theorem 2. There exists a constant 0.618 < ¢33 < 0.651 such that
f33(n) =(c33+0(1))n.
An analogous result holds for F3 3(n) as well:
Theorem 3. There exists a constant 0.6894 < C3 3 < 0.7258 such that
F33(n) = (C33+0(1))n.

In the case k = 4 we show that for large n, the following bounds hold. Our proofs generalize and
extend ideas from [7], k = 3.

Theorem 4. Let € > 0. There exists some ngy(€) such that for every n > no(€) we have

n
—<n—F43(n)§n—f43(n)< .
2+¢ R y _elog3
(10gl’l> (]()g n) 2V/3
For k = 6 we obtained the following results:
Theorem 5. There exist positive constants ¢ and c; such that
< sl ) <
cl———= n)—nn)<c——-=.
'(logn)3/2 7% *(logn)3/2
Theorem 6. There exist positive constants ci and c; such that
logl logl
c]n oglogn < Fos(n) < czn og ogn.
logn ’ logn

However, since in case of the last two results all the key ideas came from our supervisors, we
decided to only mention Theorem 5 and Theorem 6, and omit the proofs in this thesis. Note that
Theorem 6 refutes the above-mentioned conjecture of Verstraéte [13].

Theorem 7. There exist positive constants ¢y and c; such that for every sufficiently large n

P _ 5/6

1 (log )73 < fo3(n) —m(n) < con’’®.

Theorem 8. There exist positive constants ¢y and c; such that for every sufficiently large n
125/6

ch < Fy3(n) — <7r(n) +7 (g)) < el
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Notations. Throughout this thesis, we denote by [n] the set {1,2,...,n}. The standard notation
<, > and O is applied to positive quantities in the usual way. That is, X > VY, ¥ < X, and
Y = O(X) all mean that X > Y, for some absolute constant ¢ > 0. If the constant ¢ depends on a
quantity ¢, we write X <, Y, Y = O,(Y). Analogously to squarefree numbers, we call an integer
a cubefree if there is no integer b > 1 such that 5> | a. The cubefree part of an integer a is a/b,
where b is the largest perfect cube dividing a. In this thesis by the interval [, h] we mean only the
integers in [a,b]. We denote by Q(m) the total number of prime factors of m with multiplicity.

2. CASEk=2

Proof of Theorem 1. First, we will show that F> 3(n) = f>3(n) + 1.

If A C [n] is a set such that there is no solution for aja; = x> in A with a; # a j» then there is at
most one perfect cube in A. If we omit this cube from the set, then there will be no solution for
aja; = x> (where aj,a; are not necessarily different): If there was a solution, then it would have to
be of the form a% = x3, s0 a; would be a cube. Hence F>3(n) —1 < f23(n). Vice versa, if A C [n]
is such that there is no solution for aja, = x> in A (with a;,a; not necessarily different), then 1 ¢ A,
and there is no solution for ajas = x> in AU {1} with a; # a,. Hence fr3(n)+1 < Fs(n).

We will prove the theorem for f>3(n). Let us consider a set A C [n] of maximal size avoiding
solutions to ajay = x°, then by definition, |[A| = f>3(n). We will estimate at least how many
elements we have to leave out from [n] to get such a set.

Suppose we have a solution aja, = x>. Let us write a; = uv>w>, where u,v are squarefree and
(u,v) =1, so uv? is the cubefree part of a;. Notice that the cubefree part of a; must be vu?, thus
ar € {vi’t3

2W3

: t € Z"}. We will call a and b equivalent if their cubefree parts are the same. We
will call a and b opposites if their product is a perfect cube. Clearly, if a number is in A, then
there is no number in A from the opposite equivalence class. Therefore, A can be partitioned
into equivalence classes, and it contains exactly one (the larger) class from every pair of opposite
equivalence classes.

Hence, the minimum number of elements we have to leave out is the sum of the sizes of the
smaller equivalence classes (from each opposite pair). The size of the class containing integers

with cubefree part uv? is [{uv?t : t € Z*}N[n]| = {,3/ LZJ , since r < 3/-%> must hold. For a fixed
uv uv

pair u,v (satisfying u < v and gcd(u,v) = 1) we have the following pair of opposite equivalence
classes: {uv?t®: t € Z*}N[n] and {vu?t : t € Z*}Nn]. Since u < v, the first class will be smaller
(or of the exact same size), so the minimum number of elements we have to leave out is exactly

n
Z \‘3 —ZJ :n—f273(n).
1<u<v uy

(u,v)=1

uzvgn
u,v squarefree

First we give an upper bound for n — f; 3(n) using this formula.

Observe that

. ] L)
3 — —
L |- £ - ¥ s ]
1<u<y, 1<u<y, t=1 t=1 1<u<y, t=1 1<u<vy,
uv squarefree uv squarefree uv squarefree, <L

uvzst%,
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The inner sum can be written as

T
=

o

~\ﬁ*
=

| I

RItE

Zo=x Lo x ()

2
uv S%
As /% — u is monotonically decreasing in u, we get that
ut?

! 2/3
Z i—u </ l—u duzl.Sn—.
= ut3 ) ut3 12

Hence

which proves the upper bound with ¢; = %2.

Now we provide a lower bound for the number of elements that we have to leave out.

We will construct a set A, of disjoint pairs {y,z} such that yz is a perfect cube. Then we have to
leave out at least one element from each pair in A,, hence |A,| <n— f>3(n).

Let

A, = {{azb,abz} a,b € 7" squarefree,a < b < \3/5} .

Then (a®b) (ab?) is indeed a perfect cube. The squarefree parts of ab® and a*b are a and b re-
spectively, which implies that the pairs are disjoint. It is well-known that the number of squarefree

2
numbers less than m is (% + 0(1)) m. Hence |A,| > %(% + 0(1)> n2/3 > 0.18n2/3, which proves

the lower bound with ¢; = 0.18.
O

3. CASEk=3

Now, we prove Theorem 2 and Theorem 3 and give an approximation for the constants c3 3 and
Cs 3.

Proof of Theorem 2. Let us take a set A C [n] such that the equation ajaza; = x> has no solution
with ay,a;,a3 € A and integer x, except the trivial case a; = a, = a3. Note that distinct elements
of A have distinct cubefree parts, since uv>,uw® € A with distinct v and w would yield the solution
ay=ay= uv3,a3 — uw?. Therefore, we can restrict our attention to sets of cubefree numbers, since
each element of A may be replaced by its cubefree part. From now on, it is assumed that A contains
only cubefree integers.

First, we give an upper bound for the size of A. Let r be a fixed positive integer and let p; denote

the ith prime. Each cubefree a € [n]| can be written as
a=pi'py...prd,
where oy, ..., 0, € {0,1,2} and @’ is cubefree satisfying ged(a’, p1p2 . .. py) = 1. Here p}' p3* ... p%

is the p,-smooth and d’ is the p,-rough part of the number a. Observe that the product of three
integers is a perfect cube if and only if so are the product of their p,-smooth parts and the product of
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their p,1-rough parts. Specially, for a fixed ¢’ there cannot be three elements in A with p,,-rough
part @’ such that the product of their p,-smooth parts is a perfect cube. Note that the product of
three p,-smooth numbers is a cube if and only if the sum of their exponent vectors (¢, @, ..., ;)
add up to (0,0,...,0) (calculating coordinate-wise modulo 3). (Alternatively, if we consider the
exponent vectors as elements of [F;, they form a nontrivial 3-term arithmetic progression.) Let L, (i)
be the set of p,-smooth cubefree integers up to i:

L(i) == {p{"py?..p% : ou,...,0, € {0,1,2} } N1i],
and let s,(i) denote the largest possible size of a subset of L,(i) avoiding nontrivial solutions to
ajayaz = x°. Note that s, (i) is the size of the largest 3AP-free subset of
{(a1,...,00) €{0,1,2}": ajlogpi +---+ oy log p, <logi},

if we consider this set as a subset of [F;. For brevity, we will say that s,(i) is the size of the largest
3AP-free subset of L,(i). Clearly, for every i > p?...p%, we have s,(i) = s,(p?...p?) (which
common value is r3(IF%), the largest possible size of a 3AP-free subset of [F%).

For a p,, 1-rough number &’ the number of those elements of A that are of the forma = p, % pgz copd
is at most s,(i), where i = |n/d’|. Let us partition [n] into the finite union of intervals I; = (75, %]

i+17 i
(where 1 <i<p?...p?—Dandl, ,= [1, ﬁ] . Note that the number of p,,-rough elements

pt-p; 2.2

-
of I; is |I;| - T] (1 — —) + O,(1), where |I;| denotes the size of I;, since in each set of pyp>...p,
j=1

-
consecutive integers the proportion of p,1-rough numbers is exactly [] (1 — pi) . Therefore,
j=1 !

p%"-P% r 1
A< ) |Ii\-H(1——>sr(i)+0r(l).
i=1 j=1 Pj

Setting

we Z i(zrf)l) 10-5);

P 1- pr
it is obtained that |[A| < y.n+ O,(1), consequently,

(1) limsupf33( )

n—o0

<inf{y.: r>1}.

In the previous upper bound we used only that there is no nontrivial solution to ajayaz = x°,
where the elements a;,as,a3 € A have the same p,,1-rough part. However, if we consider only
squarefree numbers as possible p,.j-rough parts a’, then we will get a suitable set, as among the
squarefree numbers ajazaz = x> has only the trivial solutions, where a; = a; = a3. Indeed, in the
prime factorisation of a product of three squarefree numbers each exponent is 1, 2, or 3, so to get a
perfect cube the three numbers must have exactly the same prime factors, thus they coincide. Let us
define A in the following way. For each p,-rough squarefree @’ < n choose s,(|n/d’|) elements
11,02, 5t (|nja]) Of Lr(|n/d’]) in such a way that they form a 3AP-free subset of L,(|n/d’|), and
put a'tl, . ’a/tsr([n/a’j) into A.

Now, assume that ajasas is a perfect cube for some aj,a;,a3 € A. Then the product of the
pr+1-rough parts of ay,ap, a3 is also a perfect cube, but they are all squarefree, so the p,1-rough
parts of ay,a;,az must be the same number, say a’. The product of the p,-smooth parts is also a
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perfect cube, but multiples of @’ were added to A in such a way that a three-factor product is a cube
only if the p,1-smooth parts are also the same, thus a; = a, = a3. Hence, A satisfies the required
property.

To estimate the size of A we need bounds for the number of squarefree p,1-rough numbers in
the intervals [;. The p,;1-rough numbers can be partitioned into residue classes modulo p; ... p,.
By an old result of Prachar [10] we get that

{d' €l;: ged(d',p1...p,) =1 and d’ is squarefree}| =

Therefore,
2 2
pPi---Pr r 1 1 .
A= L T (1= ) TT 1o ) s - 0ty
i=1 j=1 Pj/ Sy P
Setting
1
(2) ﬁr::%‘n 1__2 )
j>r Pj
it is obtained that |A| > B,n — O,(\/n), consequently,
liminffw(n> >sup{B,: r>1}.

n—yoo n
Since %./B, — 1 (as r — o), by comparing (1) and (2) we obtain that f3 3(n)/n converges to inf{7; :

r>1}=sup{B,: r>1} =:c33.
0

Numerically we obtained the bounds 0.618 < ¢33 < 0.65067 by taking r = 3 and calculating by
hand the values s3(7), which are given in the table below.

The interval of @’ | s3(|

~
| —
~—

d € (n/2,n]
a € (n/3,n/2)
a € (n/5,n/3]
a € (n/6,n/5]
a € (n/10,n/6]
a € (n/15,n/10]
a € (n/25,n/15]
a € (n/30,n/25]

a <n/30

@oo\]O\Lh-lkal\)H%
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Proof of Theorem 3. A slight modification of the proof of Theorem 2 gives the analogous result
for the function F; 3, here we only highlight the differences. Note that here two elements of A
might have the same cubefree part, since solutions like a; = ap = u’ ,az = uw? are excluded here.
However, three elements of A can not have the same cubefree part, since uv>,uw? uz> € A with
distinct v, w,z would yield the solution a; = uv?,a, = uw?,a3 = uz>.

Therefore, we may assume that each element of A is either cubefree, or a cubefree number
multiplied by 8, which leads to the following modification of the definition of s,(i). Let S,(i) be
the largest possible total weight of a 3AP-free subset of L, (i), where s € L,(i) weights 1, if s > é,
and weights 2, if s < é, since in this case 8s can also be chosen into A together with s.

Clearly, for every i > 8p?...p2, we have S,(i) = S,(p3...p?). Now, partition [n] into the fi-

nite union of intervals I; = (

Rl l} where Igp P [1, 819%"—17%] Analogously to the proof of

Theorem 2 we get that

8pl
IA] < Z |1| H<1——) (i) +O,(1).
j=1

Setting
8p}..pi—1 . r
Sr(8 ' S 1
T, .— ( pl pr) I Z . ‘r(l) (1__)7
8p1 l(l + 1) J=1 Pj
it is obtained that |A| < T'pn+ Or(l), consequently,
F,
3) limsup ——— 3(1) <inf{[,: r > 1}.
n—oo n

Also, as a lower bound it is obtained that

81’1 Pr 1
Az Y H(l—;)r[(l——)sr(i)—or(ﬁ).

J j>r pj
Setting

(4) r—r l——
nf-g)

it is obtained that |[A| > B,n — O,(1/n), consequently,

P,
liminf ———~ 3(n )
n—oo n

>sup{B,: r>1}.
Since I'y/B, — 1 (as r — o), by comparing (3) and (4) we obtain that F3 3(n)/n converges to the
limit inf{I'; : r> 1} =sup{B,: r> 1} =:Cz3.

O

We approximated this constant as well, relying on the previous approximation. Note that when
a > g» nothing changes, but this is not necessarily true for a < g- In the previous case, for example,
we could choose 5 elements when % <d < %, including a’. Now we can also include 84’ in the
set, so the maximum weight will be 6. We checked every interval by computer to find the subset
with the maximum weight and obtained the estimates 0.6894 < (33 < 0.7258. (For the values of
S3(i) we calculated see the table below.)
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The interval of @’ | S3(|n/d’|) The interval of ' | S3(|n/d’|)
a € (n/2,n] 1 a € (n/30,n/24] 10
d € (n)3,n)2] 2 '€ (n/40,1/30] 11
a € (n/5,n/3 3 "€ (n/48,n/40] 12
a € (n/6,n/3] 4 a € (n/60,n/438| 13
a € (n/8,n/6] 5 a € (n/80,n/60] 14
a € (n/10,n/8] 6 a € (n/120,n/80] 15
d € (n/15,n/10] 7 a € (n/200,n/120] 16
d € (n/16,n/15] 8 a € (n/240,n/200] 17
d € (n/24,n/16] 9 a <n/240 18

4. CASEk=4

We need a couple of lemmas to prove Theorem 4.

Lemma9. If 1 <y <2and € >0, then for x > x1(€) we have
x
(1ng)1+ylogy—y—e'

Proof. See Corollary 2 in [6]. 0

Lemma 10. If0 <y <1 and € > 0, then for x > x;(€) we have

X X
(logx)!+ylogy—y+e < Hm:m<x,Qm) <yloglogx}| < (logx)!+ylogy—y—¢

{m:m < x,Q(m) > yloglogx}| <

Proof. This follows from a result of Hardy and Ramanujan [8]. 0
Lemma 11. Suppose that i — < ay,az,a3,a4 <n, d? |a; implies d <logn, and ajarazay is a perfect

_ 14
cube. Then there are mtegers Togn)™ <u,vi,w; < /n(logn)'* such that a; = ujvw;.

Lemma 12. Let B C [n] be the set of those b € 7. such that b can be written in the form b = uvw

with u,v,w € Z" and 0 *[)14 < u,v,w < /n(logn)'*. Then for all € > 0 there exists no(&) such
that
|B| S _ elog3
(logn)  2v3

forn > ng(e).
Proof of Lemma 11. Suppose the conditions of the lemma hold for ay,a,a3,a4, and let a; = b;c; dl3,
where b; and c; are squarefree, so x; = b,-c% is the cubefree part of a;. Then
Xiokaxy = —120394 _ 3
~ 317315373

is still a perfect cube.

If p is a prime that divides the right-hand side, the multiset of the exponents of p in the x;’s,
{vp(xi) :i=1,2,3,4} is exactly one of the following:
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(1) {2,2,2,0},
(2) {1,1,1,0},
(3) {2,2,1,1},
4) {2,1,0,0}.

This is simply due to the fact that the x;’s were cubefree and that the right-hand side is a cube. For
given x1,xp,x3,x4, denote by P; the set of all primes p such that p is of type (i). We will use this
notation throughout the rest of this proof.
Let t; = ged(x2,x3,x4),...,24 = ged(x1,x2,x3). Then the multiset {v,(;) : i = 1,2,3,4} is as

follows:

() {2,0,0,0}if pe P

(2) {1,0,0,0}if pe P,

B) {1, L1,1}ifpep;

4) {0,0,0,0} if p € Py.
Comparing this with {v,(x;) : i € {1,2,3,4}}, it follows that

I1 »*

PEP;

[1p

DEPy

Hiat3ty = /X1 X2X3X4 -

We would like to estimate #; in the form % so let us now search for a similar formula for
hitaty. If a prime p divides tpt3t4, then p | x;.

Let us assume that p2 | x1. Then p ¢ P>, and a straightforward calculation yields that vp(tataty) =
2if p € P, vy(tatsts) = 3 if p € P3, and v, (tat3t4) = 0 if p € P4. On the other hand, suppose that
p?1x1. Then p ¢ Py, and similarly vp(tataty) = 1if p € Po,vp(tataty) =3 if p € P3, and v, (tat3t4) =0
if p € P4. Hence we can conclude that

Mp- I p 11 p°
plxi PPy PER3
S

IIr
plx
PER,

hizty =

In summary,

; 31y X1 X2X3X4
1= = .
ity IIp- 1T p- Il p

plxi pz\xl Pl
PEP PEPRy

Now let us summarize the bounds we will use to estimate ;. By the assumptions of the lemma,
c?,d? | a;yields that ¢;,d; < logn. This also implies

177

n

a; logn n
g d? ~ (logn)®  (logn)*
and
_n_
bi = i > (10gn)4 = "

2~ (logn)? ~ (logn)®”

For the product of certain types of primes in our formula above, we have the following bounds:
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(1) If p? | x1, then p | ¢1. Since this holds for all such primes p, [] p| c1, and therefore
2
e

H p <c1 <logn.

P2|x1

PER
(2) If p € P4 and p { xy, then there is an index i, € {2,3,4} such that P | xi, and thus p | c;,.

Hence [] p|cac3cs, so

pix

PER,
[T » < (togn)
pix
PERy

(3) Clearly,
b <[[p=bici <n
P|x1
We can now give bounds on #;. First,

4/3 4/3

¢ n
l_bl 1=

n

= /n(logn)®.

(log n)®
On the other hand,

" 4/3
I () B
~ n-logn-(logn)®  (logn)28/3
The same bounds clearly hold for #,, t3 and 74, as well.
Then the decomposition of a; is constructed as follows:

ay=bddi=xidi =]p-[Tr-di=1Ir [1p [Ip [P 4=

pli P2 Pl Py PPl PPl
pEP; peEP; pEPl,

[Ip- IIp
Plg Pl ,
3 D€l pEP 2 3
= t2t3t4d1 H p H p t4d
Hp b zH P qa P pl Py,
PES3 p )(xl PEF; pPEP, )(xl eP
PEPR; P3 PEt
Let u; = H p, Vi = p IT pand w; = t4df’. Then uy,vy,w; are integers, and we show
p€P3 P\xl 2 P2|x1
PEP f’gp3 PEP,

that they satisfy the bounds in the statement of the lemma. We use the following bounds, whose
proofs are analogous to those of the bounds in the estimation of #1:
(D 1 p < (logn)*
pEPs
@ I p < (logn)*

plx
PEP,

(3) II p < (logn)?

P
PEP;
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4 II p<logn

Pl
PERy
Then
3/(1 6
< VU 10yt = Yi(logn) "
I
4> Qoen®F . Jn
"= (logn)? (logn)40/3’
3/n(1 6
o < V0O g~ Yi(logn)’
I
o Oogm®5
"= logn)3 (logn)37/3’
w1 < V/n(logn)®(logn)® = V/n(logn)°,
\3/ﬁ
> S—
W1 = (logn)28/3’
which completes the proof. 0

Proof of Lemma 12. Fix € > 0. Let B the set of all » = uvw € B such that
. e
min{Q(u),Q(v),Q(w)} > mloglogn,
and let B, be the set of all b = uvw € B such that
e
Q(w) < mloglogn.

Then B C B UB3y, so |B| < |Bi|+|Ba|.
Let n > ny(€) as per Lemma 9. Now if b € B, then
e

Qb)) =Q(u)+Q(v) +Q(w) > 7

loglogn,
so it follows from Lemma 9 that

n n
|Bl| S = _elog3 .

(10g”)1+%log%7%78 (logn)1 EVE R

For the estimation of the size of B>, let
. vn 14
Sp = {(%V) *llogn) ™ < u,v < /n(logn)
and for (u,v) € S,

War={wigeZt,w< 20w < 575

=" 313 loglogn},

1
Wu*v:{W:qEZ+7W§£79(W)S( ¢ + )loglogi}.
’ uy :

Then if (u,v) € S,,



12 FLEINER, JUHASZ, KOVER

and therefore
loglogn —loglog o log3+o(1),
uv

so there is N such that W, , C Wy, for all (u,v) € S, whenever n > N. Indeed,

iloglogn = loglog +

31.5 3

where the second term tends to 31% log3 when n — oo. Specifically for 6 = 2

(*) <10g logn —loglog — )

315

log log log3+9)

()—315 315(

for n large enough. Then
loglog . . loglogn —loglog - - log3+0

loglogn loglogn - loglogn

Here the right-hand side tends to 1 as n — oo, so for large enough n,

_log3+96 S e

loglogn — 313 (log3+0)

which was what we wanted. Hence

Bal <} W< Y (Wal

(u,v)ESy (u,v)€Sy
forn > N.
From Lemma 10, it follows that
n n
* ’ < uv _ uy

’ u,vl — e £ 1_elog3

(log%)l—kﬁlogﬂ%_ﬁ_? (logi) =5

for n > ny(€). Hence

Bof <} W

> "
— 1_elog3

(u,v)ESy (u,v)ESy (log %) 2V3 -3
n 1
< elogd ¢ Z -
(logn)' ™25 7 (uwjes, ™
2
n 1
S 1— elog3 _% s Z Z
(logn) 2v3 (1u$14 <m< Yn(logn)!4
n n
S 1_elog3_§ (lOglOgl’Z)2 < _elog3
(logn)” 23 2 (logn) 2v3

Proof of Theorem 4. First we prove the lower bound.
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Let A C [n] be a subset such that ajarazay # x° if a; € A, a1 < ap < a3 < a4 and let D =
{dy,...,d;} be the set of all d € Z" such that d < n'/? and Q(d) < %loglogn. Then by Lemma 10,

1
t=1D| > |{d:d <n'"Q(d) < 5 loglogn'}| >

1/3 1/3

n n

>

1 l+%log%f%+% - (1 )l+%log%f§+
(3logn) " ogn 3

W,

ifn>ny(€).

Let H be the 3-uniform hypergraph on vertices Py,..., B such that {P;, Pj, P} is an edge in H if
and only if didjdy € A. Let M be the set of all m € [n] such that m ¢ A and m = d;djdy for some
1<i<j<k<t Thenl|A| <n—|M|.

For a fixed m € M let h(m) denote the number of triples (d;,d;,dy) such that m = did jdy, 1 <i <
Jj<k<t. Ifm:plflpgz---p’,‘r € M, then

Q(m) = Q(d;) +Q(d;) + Q(di) < loglogn,

hence
-

_ ki +2 2 ki _ 2Q(m loglogn __ log3
h(m)gn(m)—g( ! ) < T3 =30 < 5orun — (g s
where 73(m) denotes the number of triples (a,b,c) with a,b,c € Z™ such that m = abc.

If H contains a K4 (by Kj in a 3-uniform hypergraph we mean a subhypergraph G with vertices
V = {P,,P,,P;,P,} such that V\ {P;} is an edge in G for all j € {1,2,3,4}), then for some
di1 < di2 < di3 < di4 and a; = dildizdi3’ ap = dildizdi4’ az = dildi3di4» as = dizdi3di4 we have a1 <
ar < az < a4, ay,az,a3,a4 € A and ajarazas = (dildl-zd,-3d,-4)3. Since ajarazay # x> if a; € A and
a; < ay < az < as, H does not contain K4. Hence there is § > 0 such that there at least 873 triples
(i,j,k), 1 <i< j<k<tsuchthat {P,P;,P} is not an edge in H (see [3]).

Let h = geaﬂ)}h(m) < (logn)'°&3. If {P,,P;,P,} ¢ H, 1 <i < j <k <t, then m = d;d;dy has at

most & decompositions as a product of three positive integers, which gives the following bound on
M:
513
M| >—> = ,
which completes the proof of the lower bound.
Now we prove the upper bound. Let A, denote the set of the integers a such that

(i) g Sa<n,

(ii) d? | a implies d < logn, and

n n

3
(i11) a cannot be written in the form a = uvw with integers u,v,w such that i <u,v,w <
(logn)'*

/n(logn)'.

It follows directly from Lemma 11 that the equation
ajaraszayg — x3

has no solution in A,. Hence f43(n) > |A,|. On the other hand, let € > 0 and n > ng(€) as per
Lemma 12. Note that for n > 3, the number of integers satisfying (i) and (i) in the definition of
A, is at least n — 2L (see [7], Proof of Theorem 2). By Lemma 12, all but + of these

logn _elog?s_g

(logn) 2v3 2
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integers also satisfy (iii), so we have

3n n n
|An| >n_10 n_ 1,61°g3,§ >n— 17610g378,
S (logn) 25 (logn) ™ 23
which completes the proof. 0
5. CASEk=9

Proof of Theorem 7. First, we prove the lower bound.

We will construct a set S, C [n] of the form S,, = P, UA,, where P, is the set of primes from the
interval (y/n,n] and each element of the set A, is the product of two different primes.

Let us partition the primes not exceeding /7 into two sets S and T such that |S| = |T'| (leaving out
one prime if 7 (y/n) is odd), and let G = (S, T, E) be a bipartite graph without 4- and 6-cycles with
maximum possible number of edges. Then by [1], the number of edges in G is @((|S||T])%/?) =
O(|S|*/3). Let us define A, such that p;p; € A, if and only if (p;, p;) € E. We will show that the
equation has no solution in S,, = P, UA,.

Assume, to the contrary, that aja;...a9 = x> with ay,...,a9 € S,. Note that for i =1,...,9,
either a; = p for some prime p € (y/n,n], or a; = p;q; for primes p;,q; such that p; € S, g; € T.
Since the right-hand side is a perfect cube, the number of a;’s such that a; is a prime is divisible by
3, that is, either 9, 6, 3 or 0. We will investigate each case to reach a contradiction.

If all the g;’s are primes, a; < a; < --- < ag, then it is clear that a; = a, = a3, a4 = a5 = ag and
a7 = ag = ag, which yields a trivial solution.

If there are 6 primes among aj,...,a9, we can assume that a; = p;q; as above for i € {1,2,3}.
Then ged(a;,aj) =1 for i € {1,2,3}, j € {4,...,9}, so ajaza3 is also a perfect cube. Since
ged(p1p2p3,q192q3) = 1, both p1paps and g1¢2q3 are perfect cubes, which implies p; = p = p3
and g = g2 = gq3. Hence a; = ap = a3. Since ay,...ag are primes, and their product is a perfect

cube, either a4 = ... = ag or we can assume that a4 = as = ag and a7 = ag = ag. Either case gives
a trivial solution.

If there are 3 primes among ay,...,a9, we can assume that a,...,aq are not primes and a; =
ag = ag. Let G’ C G be the subgraph induced by the edges corresponding to the set {ay,...,as},
and let G” be the multigraph induced by the multiset {ay,...,a¢}. G’ has at most 6 edges (note
that the number of edges may be less than 6 if some of ay,...,a¢ coincide). Since G has no cycles
of length 4 or 6, there is a vertex in G’ with degree 1, say, p; with the only edge p1g;. Then the
multiplicity of the edge p1q; in G” is either 6 or 3, that is, either a; = ... = ag, or we may assume

that a; = a» = a3z and asasag is a perfect cube. We have already seen that both of these cases yield
trivial solutions.

Now suppose there is no prime among ay,...,aq, and let G’ and G” be the graphs induced by
{ay,...,a9} as above. If there is no cycle in G’, we may assume as before that the only outgoing
edge from py in G’ is p1q;. Then deleting three instances of piq; from G” will yield another
multigraph H” such that H” has 6 edges and the product of the edges of H” is still a perfect cube,
which is exactly the previous case. If there is a cycle C in G, then |C| = 8, and we may assume
that C = p1,q1, pa, - .., P4, q4. Then there are at least 8 distinct prime factors in a; ...a9 = x>, each
with multiplicity divisible by 3, hence Q(x*) > 24. But a; = p;q; implies Q(x*) = 18, and we have
reached a contradiction.

Now we give a bound on the size of S,,. Note that it follows from the prime number theorem that

- [£52]-o(iZ)

2 logn
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and hence

S\ 473
Sul = Pyl + 144 :<n<n>—n<ﬁ>>+®(( f) ) >

logn

12/3
> 7(n) — w(y/n)+co <W> .

. 2/3 .
Since w(y/n) =0 <(”—/4/3) , there exists a constant ¢ such that

logn)
1273
f9’3(7’l) — 7[(11) > C] <W> .

Now we prove the upper bound.

Let A C [n] be a set such that a; ...ag = x> has no solution in A. Let Ay be the set of those a € A
such that a has a prime factor greater than 1/, and let A} = A\Aj.

It follows from the proof of [13, Theorem 2] that even if we require the a;’s in the definition of A
to be distinct, the size of A is O(n°/%), i.e. there exists a constant c3 such that |A;| < c3n°/°. Since
our condition is weaker, this bound still holds.

Observe that in Ay every element has the form pt, where p > /n is a prime and 1 < /n.
Hence to estimate the size of Ay, take a bipartite graph G = (S,T,E) where S={p: /n<p <
n, p prime}, T = [\/n], and (p;,t;) € E if and only if p;jt; € Ag. Note that the girth of G is at least
8: If there was a 4-cycle C = (pl,tl,pz,l‘z) in G, then (pltl)s(llpz)(p2t2)2(2‘2p1) = (p%tlzpztz)3
would be a nontrivial solution; similarly, if there was a 6-cycle C = (py,t1, p2,t2, p3,13) in G, then
(p111)*(pat2)?(p313)2(t1p2) (t2p3) (13p1) = (p1p2p3titats)® would be a nontrivial solution.

Let S| = (nl/z,n3/4> NS, S = [n3/4,n} NS, ) = [1,111/4} ,and T, = (n1/4,n1/2]. Then

si1=7() -2 =0 (x () ) =@ ( s )

1S2] = w(n) — (n3/4) —Q(n(n) =0 < & ) .

logn
Clearly, |T1| = Lnl/“J and |T>| = {nl/zJ - Lnl/“J =0 (nl/z).

By [5, Lemma 2], there are at most 7(n) + O(n'/?) edges between S, and Tj, since the graph is
Cy-free. Note that there are no edges between S, and 73, so the rest of the edges are all between

Sy and T. Since \/[S1] < |T| < |S1|, by [4, Theorem 1] there are O ((|S1||T|)2/3> ~0 (ﬁ)

and

edges between S; and T'. Hence |Ao| = |E| < mt(n) + c4n’/O.
Therefore |A| = |Ag| + |A1| < 7t(n) + c4n®/® + c3n°/°, which yields the upper bound with ¢; =

c3 +c4.
0

For the proof of Theorem 8 we need the following graph-theoretic lemma.

Lemma 13. For every sufficiently large n, there exists a K3 3-free bipartite graph G = (S, T, E) with
|S| = |T| = n such that |E| > cn®/3 for some ¢ > 0.
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Proof of Lemma 13. Brown [2] proved that there exists a graph on 2n vertices with end/3 edges

that does not contain K3 3 as a subgraph, where ¢ > 0. Let us denote this graph by Go. We use a
standard probabilistic argument to show that there exists such a bipartite G as the lemma requires.
Let us divide the vertices of Gg into two sets of equal sizes with uniform distribution, and delete
every edge within the two sets. We delete every edge with probability 2"n—__11, so the expected value

of the number of remaining edges is at least %cnS/ 3. Hence, there exists such a bipartite graph with

5/3

at least %cn edges, as we claimed. O

Proof of Theorem 8. The upper bound is a special case of [13, Theorem 2] with k =9, d = 3.
For the lower bound, we give a construction similar to the one in the proof of Theorem 7.
LetAg={p: v/n<p<n, pprime}U{2p: /n< p<n/2, pprime}. Let us again partition the
primes not exceeding +/n into two sets S and T such that |S| = |T|, leaving out one prime if 7w (/1)

isodd. Then |S|=|T| =0 (n(y/n)) =0 < v ) Lemma 13 guarantees the existence of a K3 3-free

logn
bipartite graph G = (S, T, E) with at least c|S|%/? edges. Let st € A; if and only if (s,7) € E, and
define A = AgUA|. Clearly,

A| = |Ao| +|A1] > (z(n) — 7 (Vn)) + (n (E) _n(\/m els3 =

2
n n5/6

Now we show that the equation
a...ag=x, ay<...<ag

has no solution in A.

It is clear that a potential solution ay,...,a9 € A cannot contain any elements from Ag. Suppose
that the equation has a solution ay,...,a9 in Aj. Then ay,...,aq are represented by 9 edges in G.
In order for ay...a9 to be a perfect cube, these edges must form a subgraph H such that every
vertex has degree divisible by 3 in H. This implies that H must contain at least 3-3 vertices from
both S and T. However, since G is K3 3-free by construction, H # K3 3, so H contains at least 4
vertices from at least one of the vertex sets. This yields that a; ...ag has at least 7 prime divisors,

9
thus Q (x*) > 21. On the other hand, however, Q (x*) = ¥ Q(a;) = 18. Hence we have reached a
i=1

contradiction, which concludes the proof.
O
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PRODUCT REPRESENTATION OF PERFECT CUBES
OTDK-DOLGOZAT
SAJAT EREDMENYEK

FLEINER ZSIGMOND GYORGY, JUHASZ MARK HUNOR, KOVER BLANKA
TEMAVEZETOK: PACH PETER PAL, SANDOR CSABA

Kutatasunkra, amelynek eredménye a 2023. decemberi ELTE kari TDK-konferencidn bemuta-
tott TDK-dolgozat, a REU 2023 program keretein beliil keriilt sor. A program sordn a felmeriilé
kérdéseken harman egyiitt gondolkoztunk, igy az eredmények tobbségénél nem lehet egyértelmiien
meghatdrozni, hogy melyikiinkhoz tartozik. Az aldbbiakban felsoroljuk az 6sszes sajat eredményiinket
(és amelyiknél eldonthetd, ott feltiintetjiik, hogy melyikiinké).

e [éteznek c; és c; pozitiv konstansok ugy, hogy

61112/3 <n—F3(n) <n—fr3(n) < czn2/3.

o Létezik egy 0,618 < ¢33 < 0,651 konstans, amelyre
f33(n) = (c33+0(1))n

teljesiil.
o Létezik egy 0,6894 < (33 < 0,7258 konstans, amelyre

F33(n) = (C33+0(1))n

teljesiil.
e Legyen € > 0 rogzitett. Ekkor 1étezik ng(€) kiiszobindex, hogy n > ng(€) esetén

n n
W < I’Z—F4’3(I’l) < n—f4,3(n) <

elog3
(logn) s

€

teljesiil. Ennél a tételnél két lemmat hasznalunk, amelyek az [1] cikk k = 3 esetének
egyes Otleteit dltalanositjak és terjesztik ki. Az egyik lemma (Lemma 11.) Kovér Blan-
ka eredménye.
e [ éteznek c| és c; pozitiv konstansok igy, hogy minden elég nagy n esetén
W2/3

< fos(n) —m(n) < cond/®

C —
" (logn)*/3
teljesiil. Ezen korlatokat Fleiner Zsigmond bizonyitotta, Verstraéte [2] 6tletébdl kiindulva.

e [ éteznek c| és c¢; pozitiv konstansok igy, hogy minden elég nagy n esetén

125/6

ClW < Fy3(n)— (n(n) 4+ (E)) < Czn5/6

2

teljestil.
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KIVONAT. Jeloljik Fy 4(n)-nel a legnagyobb olyan A C [n] halmaz méretét, amelyre igaz, hogy az
alag...akzxd, ar <ay <...<ag

egyenlet nem teljesiil semmilyen aj,as,...,a; € A szdmokra és x egészre. Erdds, Sarkozy és T. Sos
az Fy, fliggvényt vizsgaltdk, és mind a k = 2,3,4,6 specidlis esetekben, mind az altaldnos esetben
korlatokat adtak rd. Mi a d = 3 esetet vizsgaljuk, és korldtokat adunk a k = 2,3,4,6 és 9 esetekben.

Bevezetiink emellett a feltétel természetes modositasdval egy tovabbi, Fy 4-vel rokon fiiggvényt
is, amelyet f; 4-vel jeloliink. Az eredeti problémdban elvarjuk ugyanis azt, hogy ay,...,a; mind
kiilonbozdk legyenek, ezen a feltételen azonban enyhithetiink: ekkor azt kotjiik ki, hogy az a;-k mul-
tihalmaza ne legyen olyan szdm-d-esekre oszthatd, ahol minden szdm-d-es egy adott szdm d darab
példdnyabol all. Ezeket a trividlis megolddsokat kizdrva analég mddon definidljuk fi 4-t.

Eldszor Erdds, Sarkozy és T. Sos vetette fel az aldbbi kérdést: mekkora a legnagyobb olyan
A C [n] halmaz, amelyben semelyik k szam szorzata sem négyzetszam? 1995-6s cikkiikben [1] a
szerzOk tehat a lehet6 legnagyobb olyan A halmaz méretét vizsgaltak, hogy az

alaz...ak:xz, ar<ay<...<ag

egyenletnek ne legyen olyan megoldédsa a; € A és x egész szdmokkal. Ez motivélja az alabbi de-
finiciokat.
Jelolje Fi 4(n) a legnagyobb olyan A C [n] halmaz méretét, hogy az

alaz...ak:xd, ap<ay <...<ag

egyenletnek nincs olyan megoldésa, ahol ay,...,ax € A és x egész. Hasonldan, jelolje fi4(n) a
legnagyobb olyan A C [n] halmaz méretét, hogy az

ayay...ag :xd
egyenletnek nincs olyan megolddsa, ahol ay,...,a; € A és x egész, kivéve bizonyos trividlis meg-
olddsokat, amelyeket a kovetkez6kben definidlunk. Ha az ay,ay, ..., a, szamokrél nem koveteljiik
meg fel, hogy kiilonboz6k, akkor felléphetnek trividlis megoldasok: az a; = ... = ay valasztés
példaul trividlis megoldasat adja az a; ...a; = x? egyenletnek. Nevezziink most egy megoldast
trividlisnak, ha az a;-k multihalmaza feloszthaté olyan szam-d-esekre, ahol minden szam-d-es
egy adott szdm d darab példanyabdl all: ilyen trividlis megoldds példaul k =9, d = 3 esetén
(a1a1ay)(araza0)(azazaz) = x°. Megjegyezziik, hogy trividlis megolddsok csak d | k esetén léphetnek
fel. A definiciokbol az is rogton adodik, hogy fi 4 < Fy 4.
Erd&s, Sarkozy és T. Sos [1] belattdk, hogy Faiy12(n) > n teljesiil minden k-ra, valamint hogy
Fyi2(n) = o(n) minden k > 2 esetén. Azt is megmutattdk, hogy F>»(n) éppen az n-nél nem na-
gyobb négyzetmentes pozitiv egészek szamdval egyenld, illetve korldtokat adtak k = 3,4, 6 esetben.

Verstraéte [5] a kérdés egy dltaldnositasaval foglalkozott: a lehetS legnagyobb olyan A C [n] halmaz
1
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méretét vizsgdlta, amelyben semelyik k kiilonb6z3 elem szorzata nincs benne egy adott f € Z[x]
polinom értékkészletében. Belatta, hogy polinomok egy bizonyos osztdlyara a védlasz ®(n), egy
madsik osztalydra pedig ®(x(n)), ahol ® a szokdsos mddon az aszimptotikat jeldli, (n) pedig a
primek szamét n-ig. Ezenfeliil azt sejtette, hogy barmely polinomra ezen két lehetdség valame-
lyike teljesiil. Tovabbi kapcsolddo eredmények taldlhatdak a [2, 3] cikkekben, illetve Terence Tao
friss cikkében [4].

Mi az eredeti kérdést a d = 3 esetben vizsgéltuk, €s korlatokat adtunk Fj 3-ra és fi3-ra k =
2,3,4,6,9 esetén. A kovetkez6kben 0sszefoglaljuk eredményeinket.

A k = 2 esetben az alabbi korltok teljesiilnek:
1. Tétel. Léteznek c; és cy pozitiv konstansok gy, hogy

cn?? < n—F3n) <n-—fr3(n) < con®/3.

A k =3 esetben bizonyitjuk, hogy n — oo esetén f3 3(n)/n tart egy ¢33 € (0, 1) szamhoz, amely
elméletben tetszbleges pontossaggal kozelithetd:

2. Tétel. Létezik egy 0,618 < ¢33 < 0,651 konstans, amelyre
f33(n) =(c33+o(1))n
teljestil.
Az F3 3(n) fiiggvényre az aldbbi hasonlé eredmény all fenn:
3. Tétel. Létezik egy 0,6894 < C33 < 0,7258 konstans, amelyre
F33(n) = (C33+0(1))n
teljesiil.

A k = 4 esetben azt latjuk be, hogy kelléen nagy n esetén teljesiilnek az aldbbi korlatok. Bi-
zonyitasaink [1] £k = 3 esetének egyes Otleteit altalanositjak és terjesztik ki.

4. Tétel. Legyen € > 0 rogzitett. Ekkor létezik ny(€) kiiszobindex, hogy n > ng(€) esetén

(logn)>+e <nFialn) Sn—fast) < (logn) nezl%B
teljestil.
A k = 6 esetben az alabbi eredményeket kaptuk:
5. Tétel. Léteznek cy és cy pozitiv konstansok tigy, hogy
n3 /4 n3 /4
Cl—(logn)3/2 < fo3(n) —m(n) < cz—(logn)3/2
fenndill.
6. Tétel. Léteznek ¢y és ¢ pozitiv konstansok 1igy, hogy
o IR ) < OB

fenndill.
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Mivel ez utébbi két tétel esetén a legfontosabb Otletek mind a témavezetdinktdl szdrmaztak,
ezért a dolgozatban ezeket csak megemlitjiik, de nem bizonyitjuk. Megjegyezziik tovabbd, hogy a
6. Tétel cafolja Verstraéte [5] fent emlitett sejtését.

Végezetiil, k =9 esetén az aldbbi korlatok teljesiilnek:

7. Tétel. Léteznek cy és ¢, pozitiv konstansok tigy, hogy minden elég nagy n esetén

1213

prapmvyE < foz(n) —m(n) < con

5/6
“logn)

teljesiil.

8. Tétel. Léteznek c; és ¢y pozitiv konstansok gy, hogy minden elég nagy n esetén
5/6
n n
Cl——=7 < Fy3(n —(7: n +7r<—>) < cm/®
1 (logn)3/3 03(n) (n) ) 2
teljesiil.
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