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1 Introduction

Eigenvalues are no doubt one of the most important tools in linear algebra, also used in Computer Science,
Physics and Chemistry [1] [2] [3], while graph theory is widely used for problems in Combinatorics and
Discrete Mathematics. Spectral graph theory is the branch of Mathematics, which examines the eigenvalues
of the adjacency matrix of graphs. It is often applied for example in Chemistry [4].

In our research, we only worked with undirected graphs without loops and multiple edges. For a graph
G = (V, E) with n vertices and m edges, its adjacency matrix Ag (or sometimes denoted shorter by A) is

defined as follows:
1 if (i,§) € E,
(Ac)ij = . (. .)
0 if (4,4) ¢ E.

We say that A is an eigenvalue of a matrix A with eigenvector v # 0, if Av = A\v. For graphs, it can be
interpreted as writing numbers on the vertices, and for each vertex the sum of its neighbours’ numbers is A
times the number on the vertex. Notice that in our case the adjacency matrix is always symmetric, for which
it is well-known from the Spectral theorem that all of its eigenvalues are real. By this, we can suppose that
the eigenvalues are in the form of \y > Ao > ... > A,.

Through our paper, we will use many well-known facts for graph eigenvalues. These include that
Z?zl An = 0 and Z?:l AE counts the closed walks of length k. Furthermore, for connected graphs, A;
has multiplicity 1 and it is the only eigenvalue with an eigenvector that has only positive coordinates. More-
over, it is true that QTm < A1 < A (where A denotes the maximum degree), with equality in each case if and
only if the graph is A-regular. For a complete list of tools and their proofs, see [5]. A large list of unsolved
problems can be found in [6]. We will use the notations s¥(G) and s~ (G) for the sum of squares of positive
and negative eigenvalues, respectively. One of the main conjectures is the following.

Conjecture 1.1 (Elphick, Farber, Goldberg, Wocjan [7]). For every connected graph G on n vertices we
have

min (s7(G),s™(G)) >n— 1.

In our research, we mainly focused on two problems: bounding A and calculating or bounding s*(G)
and s~ (G). The proofs and theorems taken from others are always cited, everything else is our original work
and ideas.

2 Third largest eigenvalue

A famous conjecture investigated by Nikiforov in [8] states that Ay < # — 1 for all graphs. Unfortunately
it is not true for £ > 4, but it is true for £k = 2 and it is an unsolved question for £k = 3. New results for
Ar > 7 — 1 can be found in [9].

Lemma 2.1. The following three statements are equivalent:
1. Ay < £ — 1 holds for all graphs,
2. M < L%J holds for all graphs,

A

3. A\ < % holds for all graphs.

Proof. The implications I = 2 and 2 = & are obvious, so it is enough to prove 8 = 1. Take an arbitrary
graph G with k-th largest eigenvalue A\x. We can suppose that Ay > 0, otherwise we are done. The statement
holds for all of its closed blow-ups G* (described in [8]), that have k-th largest eigenvalue )\E] =tA\p+t—1
(from A\ > 0, t Ay +t—1>0so0 )\E] cannot be (—1)). Using this, we have t A+t —1 < %, SO0 Ay < 7 — 1+%
for all ¢ > 0. Taking ¢t — oo we get the statement for the original G. O

Now we propose some new examples for which the equality case A3 = § —1 holds. Let 3jnand 0 < k < %
arbitrary. The graph contains the union of six disjoint complete graphs, three on k vertices and three on
7 — k vertices, alternating around a circle, and the adjacent complete graphs have all the edges between their
vertices.



Figure 1. An example for the construction with parameters n = 12 and k = 3.

This graph has the following eigenvalues. It has (—1) with multiplicity n — 4. That is because n — 6
of them come from the eigenvalues of the complete graph parts: we choose an eigenvector corresponding to
(—1) of a complete graph and 0 on all other vertices. While the other two (—1)-s come from the eigenvectors
when we write 1 and (—1) on vertices of two adjacent complete graphs and (—1) and 1 on vertices of the two
complete graphs opposite to the previously used ones, respectively, and 0 on all other vertices.

When we write 1 on all vertices of two adjacent complete graphs, (—1) on all vertices of the complete
graphs opposite to them and 0 on all other vertices, we get an eigenvector for the eigenvalue 3 — 1 with
multiplicity 2.

The last two eigenvalues come from the eigenvectors when we write 1 on all vertices from the complete
graphs of size & — k and x on all other vertices. Then the 2 equations are: (k — 1)z +2(% — k) = Az and
53 —k — 1+ 2kz = A. This gives the result

5~ 24 /(5 =207+ T6k(3 — )
5 .
This expression gives a positive eigenvalue that is greater than § — 1 (in the case of k¥ < %), and a negative

3
eigenvalue.
So we get A3 = ¢ — 1, the case of equality.

>\:

Remark 2.2. This graph class is closed under the closed blow-up operation.

3 Third largest eigenvalue of a graph and its complement

In this section, we show that for every graph G, either the third eigenvalue of G or the third eigenvalue of
G must be small, where G¢ denotes the complement graph of G.

Let us denote the eigenvalues of the complement graph by \] > ... > X/. By Weyl’s inequality, we have
MALHMN, >0, X0+1+N, <0, Ao+ 1+XN,_; >0and A3 + 1+ \,—1 <O0.

We can assume A,_1 < 0 (otherwise A3 < —1), and A3 + 1 > 0. Then we have

M +1D2 >N > (A +1)7 > A7 > (A +1)%
By symmetry (with A,_; < —1,A; > 0) we have

M2 A+ 1)? 208 > (Aar +1)% 2 A7



We know that

n

S ((i+1)7+22) =n?,

i=1

which gives
n? > (A +1)2 N2+ A+ 1)+ N2 + A3+ 12 AP+ A +1)2 A7+ (Ao 1 + 12405 > 5 (A3 + 1)2 +AF) .

This means that A3 < \/% —lor M\ < J%' The same proof can be told for the complement of G, giving
A3 < 2= or Ay < 2= —1.

V10 V10
Notice that the above argument also works for A\;: we have A\ < \/% —lor ), < \/ﬁ and similarly
/\kSLor)\' < L 1.
VAakE—2 k VAak—2

4 Bounding the second largest eigenvalue

In this section, we will give a new, simple proof for the fact that Ay < & —1 for all (not necessarily connected)
graphs.

First, let us suppose that our graph is connected. Let v be an eigenvector for A\o. We can suppose that
at most half of the coordinates of v is positive (as otherwise we can take —v). Let v; be a largest positive
coordinate and let the other coordinates be v; for i € {2,3,...,n}. Let V be the set of vertices with positive
coordinate and V_ be the set of vertices with negative coordinate. Then

Aguy = Z v; < Zvi—v1§(|V+|—1)v1§ (g—l)vl.

v;€ENg(v1) v; >0

Dividing by vy # 0 gives the desired statement (for connected graphs). We state that equality cannot hold
in the connected case. That is because in the last inequality we have equality only if |V | = %, while in the
middle one only if all v; > 0 are equal to v;. In the first inequality we have equality only if the vertex of vy
is adjacent to all vertices in V. But this means that the vertex of vy, which is the maximal coordinate, is
adjacent to all the other maximal coordinates, meaning that V forms a complete graph. No edge can go out
from V., as we could suppose that there are no 0 coordinates, as both V. and V_ have size . But because
of the connectivity, this means that V' = V., which contradicts the fact that only \; has an eigenvector with
only positive coordinates.

For the disconnected case, we will use that the spectrum of disjoint union of graphs is the union of the
spectra, and that A\; <n — 1 with equality if and only if the graph is a K,.

If A1 and A5 belong to the same component, then we are done, as the proof above works for this component
as a connected graph, with fewer vertices.

Now we can suppose that A; belongs to the component G; with ny vertices and Ay belongs to the
component Go with ng vertices. If no < ny, then Ao < ng — 1 < % —1 < 5 — 1, which is enough.
Otherwise if ny > nq, then Ay < A1 <ny —1< w -1< % — 1, which finishes the other case.

Now we will look at the case of equality. We cannot have more than two components, as it would mean
ni +ny # n. If we have exactly two components, then n; = ™42 or ny, = 2142 must hold, meaning that
ni1 = ng. But this means that A\ = n; — 1, meaning that both Gy and G5 are complete graphs of the same
size. In this case Ay = 5§ — 1 really holds. This finishes the proof.

If we take a look back at connected graphs, we saw that Ay = § — 1 cannot hold. But in the next section,
we will prove that the graphs, which are two cliques connected by an edge, have the property that as their

sizes converge to infinity, (% — 1) — Ao converges to 0.

5 Relations between \; and other eigenvalues

In this section we will investigate the distance of A1 to the other eigenvalues of graphs.

Theorem 5.1. For any fized k > 1, the difference 0 < A1 — A can be arbitrarily close to 0, even for connected
graphs.



Proof. Let us fix £ > 1 and define G, ; as follows: take k disjoint K,, graphs and take an arbitrary vertex
v. Draw exactly one edge from v to every other K, (with which we add k — 1 edges). We state that these
graphs are sufficient.

We will calculate the eigenvalues of G, ;. First of all, G,,  has kn vertices. It has eigenvalue —1 with
multiplicity k(n — 2) + k — 2: let us write 0 on v, and fix the coordinates of its neighbours from other cliques,
with sum of 0 (k — 2 comes from this). Now for each clique, the other n — 1 coordinates should be chosen
such that the sum of the coordinates on a clique is 0. It has eigenvalue n — 1 with multiplicity k& — 2 as we
can take the vectors, for which we write 1 on all vertices of a clique not containing v and —1 on all vertices
of another clique not containing v. Only four eigenvalues are left, they are not as easy as the previous ones.

We state that there are four eigenvectors in the form of having coordinate 1 on all the vertices, which are
not in the same clique as v and not adjacent to v and having coordinate ++/k — 1 on the vertices which are
in the same clique as v but not the same as v. Let us write vk — 1la on v and a to the remaining k£ — 1
vertices. This yields the following equations:

Al=n—-2+a
A- (i\/ﬁ) =(n-2) (i\/k;j) +VE—1a
Na=n—-1+Vk—1la
A (i\/ﬁ) a=(n-1) (i\/m) + (k- 1a.
This system of equations has exactly four solutions: precisely they are in the form of

V2 +k—1Fo2nvVk — 14o0dvVk — 140k —14+n—2
2

A=

Now we calculate the limes of the A-s as n converges to co. If we take — and —, the limes is —1 — Vk — 1,
which is negative, so less than n — 1. If we take — and +, the limes is —1 + vk — 1, which is less then n — 1,
for large enough n. On the other hand, for the other two cases, the distance of A and n — 1 converges to 0.
This means, that no matter which eigenvalue is A\; and which is \g, as we already have n — 1 as an eigenvalue
with multiplicity k£ — 2, the difference of A; and A; converges to 0. O

Remark 5.2. The fact that i—i can converge to 1 is an immediate corollary of Theorem 5.1.

Notice that we fixed the index of the eigenvalue which was investigated. A really different problem is to
look at A1 — Ag(p), where the index is growing with n.

Theorem 5.3. The difference Ay — A= cannot be arbitrarily close to 0 for connected graphs.

Proof. Take an € > 0 and suppose that Az > (1 —€)A;. By this, we have

n

Z X< Y AL

1 z—"+l z—%+1

Mw‘:

g(l —e)\ <

7

Using the inequality between the arithmetic mean and quadratic mean gives Z(1 — )23 < Z?:% P
Now calculating the sum of squares of the eigenvalues gives

(1—¢e)2A2 + Z |)\|2<Z)\2—2m

z—2+1

n(l —e)?\?

w\:

>2m

Using \; gives

2m(1 —e¢)? < n.

The inequality n — 1 < m is true for every connected graph, so

2(n —1)e? —4(n —1)e+n—-2<0.

This gives 1 — ,/(n )<5<1—|— ﬁ.Soifn23and€<1— 2( )(—>1—£) then no such graph

exists. O



6 Ratio of negative and positive square energy

Computer calculation and the difference between proving bounds suggests that s*(G) is usually larger than

s~ (G). On the other hand, Z;gg; can be arbitrarily large: in this section we show a set of graphs proving
this. Let G be a strongly regular graph with parameters

(¢* +1)(¢" +1),¢" +¢%.¢° = L, ¢ + 1).

This graph exists for any prime power ¢, as was proved in [10].

For a strongly regular graph, it is easy to compute the eigenvalues: it has only 3 of them and their
multiplicities can also be calculated from their parameters. In many books you can find the calculation of
eigenvalues and their multiplicities, as in [5], from which

AM=dm =1 =

a—bE/(a—b)2+4(d—b) 1 no1z 2d+ (n—1)(a =)
2 Vie=02+4(d—-1b) )’
where (n,d, a,b) are the parameters of a strongly regular graph and m is multiplicity of the eigenvalue. From

here it can be to calculated that its eigenvalues are ¢° + ¢? with multiplicity 1, ¢> — 1 with multiplicity
(?+1)(¢? —q+1) and —(¢® + 1) with multiplicity ¢(¢* — ¢® + ¢*> — ¢+ 1). Further calculations show that

s~ (G) Pl =+ —q+ 1)@ +1)° _?—q+!
sT(G) (@ +¢*)?+ A (@ +1)(¢? —q+1)(¢% — 1)? g

As ¢ and the number of vertices converge to infinity, the ratio above converges to infinity too, which finishes
the proof.

7 Relation between positive and negative square energy of Kneser-
graphs

The Kneser(n, k) graphs have vertices each corresponding to a k-element subset of an n-element set. A
vertex is adjacent to another if and only if their subsets are disjoint. The Kneser(n, k) graph has eigenvalues
(—1)1(’:51_1) with multiplicity (7) — (,",) for i = 0,...,k, as was proved in [11]. Computer computation
suggested the following theorem:

Theorem 7.1. For the Kneser(n,k) graphs, if we have k < %, then s=(G) < s*(G). Furthermore, if

k > 2, then if n is even, we have s~ (G) = sT(G), while if n = 1 (mod 4), then s=(G) > sT(G) and if

n =3 (mod 4), then s~ (G) < sT(Q).

Proof. By the definition of s* and s~ in sT — s7, the task is to calculate the sign of

S (Y- (0):

First notice, that (?) — (:1) = il(r?ii)! — (1'71)!(2!7#1)! = (71') 7;;21'1;:_11' So the desired sum is actually in the
form of
i(_l)i n—k—i\>/n\n—2+1
k—1i i) n—i+1°

i=0
Dividing by 0 < 57 (G)+ s (G) =m = (}) (";k) = WL%)' keeps the sign. Rewriting the binomials using

the (5 ) = ﬁi(;)! formula implies, that it is enough to calculate the sign of

Lo E) D -2+
> (=1) (") m—i+l’

=0 k



We state, that the above equals to

(n—k—i\(k )
at every point where they are defined. Use the notation ¢; = (71)1( k(;,7;i))(l) . ’;__27::"11. Then
k

cim1 _ (F1)N - k) (=2i+n—1)(~itn+1) (=1)(i — k)*(—i+ 25 (=i +n+1)
¢ (-1 +1)(=2i +n+1)(i + k — n)? (i + 1) (=i + 21 (i + k — n)?

n—k
Also, ¢y = (ﬁ) . Then
k

H* H DG =i+ 5 i +n+D) () (R9) (5 : )01 -m®

o UGN G HE-n?2 () (=)0 ((k —n))?

i

where 2U) denotes the rising factorial (or Pochhammer function), so 2U) = z(z +1)...(z +j — 1).
So the original sum is

k n, k k) () 2 (L)@ (=1 — )@
SRR >2( _

i=0 i=0 =5)@ ( k— n)(i))z

("_k) -n —-1-n
=k -4Fg<k k — —1—n;,k—n,k—n;1>,

(&) 2
where , F'3 is the generalized hypergeometric function. By a formula in [12] for this special case of ,F'3, when
k> %, we have

D(—=2)0(2k — 2)L(k —n)?
['(k—2)20(—n)l(2k —n) "

1—n —1—-n
4F3 (_kv_k727_]-_n;27

k—n,k—n;l) =

I3

n—k
And ¢ = ((E)) = T (27;C+]€1')FF1()71+1) By the identity for the gamma function, I'(z)[(1 — 2) = Sn(azys We know

that for integer k& (and non-integer n), we have

m(k — n))> ~ sin(n(—n)) sin (7(2k — n))
=T(1 +n)T(—n)(2k — n)T(1 + n — 2K).

T(k—n)T(1+n—k)? = <Sin(

Using this, we get

k n—k
_< lon . —l-m A
;Ci— (;’Z) -4F3< ko—k, — —1—n,2,kz—n,kz—n,1>—
T k+1)? D(—2)T(2k — 2)T(k—n)?  T(—2)T(2k — %)
T T(n—2k+1)0(n+1) (k- 2)20(—n)T(2k — n) T(k— 2)2

So we got that in the points where they are defined, we have

f:(_l)i ("G a-2041  T(=5)T(2k-3)
(”;l) r—i+1 I'k—-35
Now look at the sign of the right-hand side. As the denominator is a square, its sign is positive. It is
well-known, that the first part of the numerator is positive if and only if n < z < n + 2 for some integer n,
for which n = 0 (mod 4). If 2k > Z, then the second part of the numerator is positive, otherwise its sign is



equal to the sign of the first part. So the right-hand side is positive, if 2k > 7, otherwise positive if and only
if n < x < n+ 2 for some integer n, for which n =0 (mod 4).

Luckily, the T" function is undefined only on the non-positive integers. Also luckily, the sum-formula is a
rational function of x, so continuous in every point where the denominator is nonzero. But it is nowhere zero,
because in the case of Kneser-graphs we can suppose k < 5. So we got the value of this rational function
at almost every x, meaning that the desired values at integers must be the limit of the values around that
integer. But we saw that the limit of the right-hand side for even z-es is 0, as one of the left limit and right
limit is non-negative and one of them is non-positive. In the case of odd x-es, we got that if z =1 (mod 4),
then the function is positive in a neighbourhood, while if z = 3 (mod 4), then the function is negative in a
neighbourhood. We also use the fact that between integers, the formula with the I" function is monotone, so
the limit cannot be 0 at the odd integers. (Here we should also mention, that the ,F's-formula can only be
used for sufficient pairs of n, k. But this is enough because if we know the degree of a rational function and
its value at infinitely many points, then it is the only such rational function.)

O

8 Sum of squares of positive and negative eigenvalues of cycles of
odd length

Take a cycle of length n, where n is odd. We will show that min (s™(G), s~ (G)) > n — 1 by calculating their
exact values using trigonometric identities.

It is well-known that the eigenvalues of a cycle are 2 cos (2’;”), where 0 < k < n—1. From these, the sum
of the positive ones can be written in the form of

n/4 2
[n/4] Uerr
Z 2cos | — .
n
k=—|n/4]

If n =44+ 1, where / is an integer, then it is enough to have

¢ 2
Z (ZCOS (2]”)) > 44.
n
k=—¢

Using the double cosine identity gives, that the previous is equivalent to

¢
4km
_— >
E 2(1+COS <4£+1>> > 44,

k=—/¢

which is equivalent to

¢ 4k
Z Ccos <4€+1> > —1.
k=—2¢
But the left-hand side is exactly —% sec (MWT)’ so it is enough to have cos (ﬁﬂ) > %, which is true as
{>1.

Actually the previous proof gives that s™(G) = n + 1 — sec (%) Also, as the sum of the square of all
eigenvalues is 2e(G) = 2n, we have that s~ (G) =n — 1 + sec (Z), which is also greater than n — 1.

In the case of n = 4¢+3, the previous proof gives that s7(G) = n—14sec (Z) and s~ (G) = n+1—sec (X)
finishing the calculation.

9 Weighted matching polynomial and adjacency matrix

In this section we study the weighted matching polynomial and its connection with the weighted adjacency
matrix in the case of weighted trees.



Definition 9.1. Let G be a graph with a weight function w : E — Rxo. Then the weighted adjacency
matrix Ag . as follows.

JVwe ife=(u,v) €E,
(AG y)u,v = .
0 otherwise.
Let ¢ (G, x) = det(x] — Ag w) denote the characteristic polynomial of Ag ..
We also need the concept of weighted matching polynomials.

Definition 9.2. Let G be a graph on n vertices with a weight function w : £ — R>(. Then the weighted
matching polynomial is defined as

fio (G, ) = Z (_1)\M| (H we> gn2IM
MeM(G) ceM

where M(G) is the set of matchings of G including the empty one.
The main theorem about the matching polynomial is proved by Heilmann and Lieb in [13]:

Theorem 9.3. Let G be a graph with a weight function w : E — R>q. Then the weighted matching polynomial
1y (G, ) has only real zeros.

We will use several other recursions and lemmas about the matching polynomial.

Lemma 9.4. For arbitrary u € V(G) we have

b (G, x) = 2py (G —u, ) — Z Wy ot (G — {u, v}, ).
vENG(u)

Furthermore, for arbitrary edge e = (u,v) € E(G) we have

Mﬂ(va) = MH(G ) m) — Welw (G - {u,v}w) :

Proof. Expanding the left-hand side gives

pw (G, x) = Z (—1)Ml (H we> 2n—2IM]

MeM(G) eeM
- 3 (L) 3 (I
MeM(G) ecM MeM(G) eeM

ugM ueM

Sorting the first term

> (- (Hw) M =g YT (M (Hw) 2 M = g, (G - ),
) )

MeM(G eeM MeM(G-u eeM
ug M

and the second

Y (=M (H w) M= N (“Dwa > (=Ml (H w) Ln—2IM|-2
)

MeM(G) eeM vENG (u) MeM(G—u,v eeM
ueM

= Y (G - (w0} 2).

vENg(u)



Lemma 9.5. For arbitrary graph G = (V, E) and weight function w: E — R>o we have

1o(Go) = 3 (G — u,).

ueV

Proof. Expanding the left-hand side gives

,L/&(G,x) = Z (_1)|M\ (H w6> (n— 2|M|)x”—2\M|—1 _ Z Z (_1)|M| (H we> Zn—2IM|-1
)

MeM(G eeM ueV \ MeM(G) ecM
ugM
= Z P (G — u, ).
ueV

Lemma 9.6. For arbitrary graph G = (V, E) and weight function w : E — R>q we have

M&(G - u, Z)MH(G - ’U,lL’) - “H(Ga x):“‘ﬂ(G - {U7U}a ‘T) = Z <H we) MQ(G - Pa x)za

PePy,» \e€eP

where Py, ., is the set of paths with end vertices u and v. Furthermore,

NH(G —u, "T)/JIQ(Gv 1’) - NH(G» x)ulﬂ(G - U, x) = Z <H we) :uy(G - P, $)2,

PeP, \ecP
where Py, is the set of paths starting at vertex u.

Proof. We will prove by induction on the number of vertices. The statement is true for n = 2. Suppose that
we know that the statement is true for some n and let us take a graph with n + 1 vertices. By induction on
the graph G — u and substituting in v’ € Ng(u) and the original v we have

s (G {0} )y (G {0}, ) — i (G0, )i (G {0} w) = Y (Hw> (G — {u, P}, ).

PeEP,/ ecP

ul v

Expanding the original right-hand side, we have

> (H w) (G =Pa)* = 3" wew [ D (H w) 1 (G — {u, P},2)* | =

PEPy,» \e€P uw' ENg(u) PP,/ ecP

= Z Wy’ (/u&(G - {u’ u/}a I)MH(G - {u7 ’U}, :U) - NQ(G - u, x):“’&(G - {u> ulv U}, Z)) .
u' €ENg(u)
By Lemma 9.4 we get

> (H we> pw(G — P,x)? =

PEPy,v \ecP
= (a:,uw(G —u,x) — /,L&(G,a:)) (G — {u, v}, x) — (x,uM(G —{u, v}, z) — pw(G — v,x)) (G —u, ) =
= :U'H(G —u, m)ﬂ&(G -0, (E) - N’Q(Gv x)ﬂ’&(G - {ua 'U}v .’E)

The second statement comes from summing up the first equation for all v and using Lemma 9.5. From
the left-hand side sum we have

Z (M&(G —u x)/"ﬂ(G -0, CL') - /‘H(G7 x)/‘ﬂ(G - {u7 U}7 :L‘)) =
veV(G)

10



:Mg(Gfuax)' Z ﬂg(GirUax)fﬂg(va)' Z MH(G*{U,U},{E):

veV(G) veV(G)

= pw(G — u, 37)/1/&(617 x) — pw (G, x)ulg(G —u,x)

From the right-hand side sum we have

S (5 (Hw)mic-rar) = = (Mo mio-rar

veEV(G) \PEPu,» \e€EP PeP, \eeP
which finishes the proof. O

Lemma 9.7. Let T be a tree. Then
(pﬂ(Tv '75) = MQ(T’ .’E)

Proof. Let Ar,, be the weighted adjacency matrix. Expanding the left-hand side gives

o (T, ) = det(z] — Apy) = sgn(m)al @@= TT (—(Arw)an() -
TESy a:w(a)#a

Notice, that only those permutations contributes to the sum, in which (7 (a)) = a holds for every a. That is,
because otherwise the permutation = would have a cycle of length at least 3, but in a tree T there are no such
cycles. On the other hand, these (a,7(a)) pairs (where a # 7(a)) are exactly the matchings of the graph. In
both case x is on the same power: in one case, the number of vertices which are not in the matching, while
in the other one it is the number of those, for which 7 (a) = a. O

Definition 9.8. For a graph G = (V, E) let us call a function w : E — R generic if all non-zero roots of
1y (G, ) has multiplicity 1.

Lemma 9.9. The generic weight functions are dense in Rgo,

Proof. By induction on the number of edges, we can suppose that the generic weight functions are dense in
E(G—e)
R, . Let

p(:L‘) = MQ(G -6 CL’)//E(G - {u, U}) - /’I’/H(G -6 x)/‘ﬂ(G - {uv U}7 l‘)
Proposition 9.10. p(x) # 0.

Proof. Let us suppose, that p(x) = 0. This means that
/’l’/ﬂ(G_ {uvv}vx) MiU(G—e,CL')
/LE(G_ {’LLJ)},.%‘) K (G_e’x).

Denoting the roots of the denominators by «; and f; (a; = o and ; = §; might happen for some i # j),
this is in the form of

n—2

n
Z - Z -
T — x =0
i o Bi

i=1

But this is a contradiction, as the two sides have a different amount of summands.
O

So we got that p(z) have finitely many roots, let them be A1, Ag, ..., A,. If A £ \;; then for all w, € R, we
have that
/U’UJ(G — € A) - weuﬂ(G - {ua ’U}, )‘) =0

:U'/H(G -6 )‘) - we:u/g(G - {ua ’U}, )‘) =0

But this means that for the matrix

(MW(G -6 >‘) NQ(G - {u7 U}v >‘)>
NIE(G —eA) NIE(G —{u,v},A) )7

11



the vector (1, —w,)T is an eigenvector with eigenvalue 0. But the determinant is the product of the eigen-

values, so the determinant would be 0. Notice that the determinant is exactly p(A), which contradicts
Proposition 9.10. If A = );, then there must be only finitely many solutions in w., because that would mean

(G ) =)
(&)= ()

which cannot hold because of the induction. So we conclude that there are only finitely many bad cases,
finishing the proof of the density.

which implies

O

Lemma 9.11. Assume that given a graph G = (V, E), a weight function w : E — Rsg and A € R. If
W (G, ) # 0, then there exists an o € V such that p,(G — o, X) # 0.

Proof. By Lemma 9.5 we have j,(G,\) = >_ <y ptw(G — v, A) and so there is a vertex o such that p,, (T —
0,\) #0. O

Lemma 9.12. Let T = (V, E) be a tree with a root vertez o. Let w: E — Rxq be a generic weight function.
Let X be a non-zero eigenvalue of Ag . Assume that p, (T — 0,\) # 0. Consider the vector 2 e RY for

which
1/2

x;") = H Te P (T — Py oy A).
e€P, o

Then z'© is an eigenvector of At corresponding to eigenvalue A\. We have

2
|2 = sl = 0, Mty (T 0),

which is non-zero.

Proof. First let us check the eigenvalue equation for vertex o:

0= pu(T.N) = tu(T,0) = Mao(T —0,3) — > woupin(T —{o,0},3) =l — S g ,al?,
vENT(0) vENT(0)

that is, Az{”) = 2 veNT (o) 1 /woyvx,(f)). Now let u # o be another vertex. Assume that Np(u) = {vo, v1,..., 0%},
where vg is the parent of u, and vy, ..., v are its children. Then

fw(T = Powy, A) = pa(T' = Powg — u, A) — Z W, pw (T = Powy — {u,vi}, A),

Ui ENT—vO (u)
that is,

k
tow (T = Povgs A) = paw (T = Po,us A) — Zwu,viﬂy(T = Popw, A).
i=1

1/2
After multiplying both sides by (Hee P we) we get that
k
wqung;) = /\xi(f) — Z ,/wu,via:gfj).

i=1

In other words, Ax&o) = ZUeNT(u) . /wuwxq()o). This proves that ATMQ(O) = \z(9).

12



By Lemma 9.6 we have

2
H£<o> _

Since w : 2 — R was generic and A # 0, we get that (T, \) # 0. This proves that Hx H # 0, and so this
is a proper eigenvector.
O

Remark 9.13. The assumption p,, (T — 0, A) # 0 is crucial to have a non-zero (). If T = Ps, the path on
5 vertices with the constant 1 weight function, then choosing o to be the middle vertex of Ps, and A =1 we
get that z(?) = 0.

Lemma 9.14. Let T = (V,E) be a tree with a generic weight function w : E — R>q. For u,v € V(T') we

have
wT Puva)‘)
(4f),, = | II we | A==
e€EPy v A>0 w

where the sum is for the positive eigenvalues of Ar .

Proof. We know that A;w = > x>0 AEx, where A is an eigenvalue of A7, and E) is the corresponding
idempotent. Since w is generic, the multiplicity of any positive eigenvalue A is 1, and so E) = gng, where
z, is an eigenvector with norm 1 corresponding to the eigenvalue A. For a fixed A > 0 if u is such a vertex
that p, (T — u, A) # 0, then we can use the previous lemma with o = u and

! 2w
i (T
and we get that
(E)‘)u v = H we ’ M&( u’ )‘LLH( / e ) = H we . M
7 e€Pyy (T = 1 My (T3 A) €€Py 1 (T5 A)

If p1(T — u,\) = 0, then for all v € V we have puy,(T — Py, \) = 0 since 2(*) = 0. In this case if we
1/2
consider a vertex o for which g, (T — 0, A) # 0, then 20 = (HEEPU } xe) b (T — Py, A) = 0. Whence

(EX)yp =c¢ (@@) (QE)O)) = 0, where ¢ is some normalizing constant. Since (Heepu ) we) . % =0

too, we get that

/J'w(T_PuAvy)\)
E — e = 7 7
B = | L we )20

in both cases. This finishes the proof. O

10 Polynomials with real zeros

Proposition 10.1. Let f(z) = Y.} _,arz® be a polynomial of degree n with distinct real zeros. Let R(f)
denote the set of its zeros. Then

>

AER(S)

1

_Jo ifo<j<n-2,
L fi=n-L

f/
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Proof. Tt can be found in [14], Problem 67. O

Proposition 10.2. Let by,...,b, € R and ay,...,a, € Rsg. Then the function

z) = Z braj
k=1
has at most n — 1 real zeros.
Proof. Tt can be found in [15], Problem 75. O
Proposition 10.3. Let q(z) = 272 H;Zl(IQ =A%), where 0 < Ay < --- < X\;. Then

t
X
=2 700

i=1

s zero if r=n—2t+ 142k fork=0,1,...,t—2, it is positive if r > n — 3, and changes sign at every zero.
In particular, for r = (n — 2t + 1) + 2k + 1 it has sign (—1)*~* for k = —1,0,1,...,t — 2.

Proof. We have
¢'(n) =22 2T (O =A%)

j#i
Whence
zt: )\;‘ _ Z )\:—(n—Qt—&-l)
i=1 q¢'(A) i=1 H#z ()‘2 /\2)

By introducing a; = A?, we get that

(7 (n—2t+1))/2

Loy t
Z ql(>\ ; J;éz( a’.]) .
We have seen that if % =0,1,...,t — 2, then it is 0. By introducing the notation b; = T 1

. (a;—aj)?
JF#i J
% we can rewrite it as 2221 bja?. This has at most ¢t — 1 zeros and we already found ¢ — 1

zeros. If z — oo, then the term b;a; will dominate. This gives that if % > t — 2, then the expression

is positive. At every zero the function will change sign, otherwise the derivative would have ¢ zeros. O

and z =

11 Elements of A for a tree T

The adjacency matrix Ar is decomposed as A} — A7, the difference of two positive semidefinite matrices
such that their product is 0. As T is a tree, it is a bipartite graph: the vertices can be partitioned into classes
X and Y. If the biadjacency matrix of that bipartite graph is 2K, then A; is formed as below.

X Y
X | (KKT)? K
y | KT (KTK)?

14



Using the notation diag(z1,x2,...,2,) for the diagonal matrix with elements z;, we can suppose that
KKT =U"diag(A1, A2, ..., \n)U
for an orthogonal matrix U. Let us denote (U); ; by u; ;.

Lemma 11.1.

((KKT 1/2) Z Vg UL
Proof. Using the above K KT = UTdiag(\1, A2, ..., A\n)U gives

(KKT)1/2 _ UTdiag <\//\71, \/E, R m) U
meaning that

((KKT 1/2) Z\/»ul L.

2,7

O

Theorem 11.2. Let T = (V, E) be a tree with a generic weight function w : E — Rx¢. Let u,v be two
vertices of V' being in the same part of the bipartition of T. Then

(A+ ) <0 if4]|d(u,v) and d(u,v) # 0,
T >0 ifdtd(u,v) ord(u,v) =0.

Proof. If d(u,v) =0, then u = v, so (A}"w> =3, \/)Tlul%l > 0.
If d(u,v) # 0, then they represent different vertices. Let us apply Lemma 9.14, which gives that

(4i), = | T w ;0 N fw fall = o)

e€EPy v

As all w, is positive and we only want to know the sign of this formula, we can leave out the first part. This

leaves us to calculate
,uw T Pu R A)
A— ] .
(Sl

A>0

Now let p(x) = xpw (T — Py v, x), its degree ny and let g(z) = py (T, A). Clearly, n1 = n — d(u, v). Observe
that by Theorem 9.3 the polynomial p(z) has only real zeros, and it is an even or odd polynomial, so it is in
the form of Z o(— 1) ay, - 22T 2J where s is the size of the largest matching in T'— P, ,. Let us apply
Lemma 10.3 and let t be the size of the largest matching in 7. Observe that ny; — 2s > n — 2¢, otherwise
the number of uncovered vertices by the largest matching would be smaller than n — 2¢ as in P, , there
is a matching that covers all but at most one vertex. Since u # v and they are in the same parts in the
bipartition, we get that ny < n — 2. This means that all terms in the sum

S )\nl 2j

Z Y an, —2; Z

7=0 A>0

have the same sign, and this sign is (—1)(?~1+2)/2 = (—1)4w)/2=1 which is exactly the statement of the
theorem.
O

Corollary 11.3. Let T = (V,E) be a tree. Let u,v be two vertices of V being in the same part of the
bipartition of T'. Then

(4%) <0 if4]d(u,v) and d(u,v) # 0,
Tuv Y >0 if44d(u,v) or d(u,v) = 0.

15



Proof. This immediately follows from Theorem 11.2 and Lemma 9.9. Note that now we only have > and <
in the statement. O

Remark 11.4. We believe that the inequality is strict in Corollary 11.3.
We end this section with some applications.

Theorem 11.5. Let G be a graph on n vertices. Suppose that it has a spanning tree T' such that every edge
of G not in T closes a cycle with T of length not divisible by 4. Then s™(G) > n — 1. In particular, this
holds if T has diameter at most 3.

If it has a spanning tree T such that every edge of G not in the tree closes a cycle of length not in the
form of 4k + 2, then s~ (G) > n — 1.

Proof. We have
s(@) = | Ag||n = [|Ae — A& < [|[Ae — AR|S = (A — Af, A — AF) = 2m+(n—1)-2 (4, A%) < 2m—(n—1).

Hence sT(G) =2m — s~ (G) >n — 1.
The other inequality works the same way:

sHG) = | AGE = 1A+ Alls < [|[A+ A7|5 = (A+ Ap A+ A7) = 2m+(n—1)42 (A, A7) < 2m—(n—1).

Hence s~ (G) =2m — st (G) > n — 1.
0

Theorem 11.6. Let G be a graph without isolated vertices. Then s*(G) > 2.

Proof. Let R be the subgraph of G with maximum number of edges that is a disjoint union of stars. Suppose
that it has k edges. If G has no isolated vertices, then k > 3 because we can choose R in such a way that it
covers every vertex. Indeed, if v is not covered and u € Ng(v), then adding the edge (u,v) to R and if u was
a leaf in a star with at least 2 edges, then by deleting the other incident to w from R we can achieve that
the number of uncovered vertices in R is decreased by 1 without decreasing the number of edges in R. If R
covers all vertices, then the number of its edges is at least 5. Then

(@) = 14515 = e — A1 < Ac - ARIE = (A- A A= AF) =2+ k-2 (4, A7) <2m— k.
Hence sT(G) =2m — s~ (G) > k > %. O

Remark 11.7. Clearly, we could have considered a forest R with all of its components having diameter at
most 3, giving a better lower bound for s™(G) for general graphs.
12 Further results on square energy
Theorem 12.1. Let G be a graph on n vertices. Then
sT(G) < sT(K,) = (n—1)2
Proof. Using the notation n_ for the number of negative eigenvalues, we have

sHG@) =) N < (Z /\>2 <Z /\>2 <n_ (Z )\2> =n_s"(G) =n_ (2m —s7(Q)).

A>0 A>0 A<0 A<0

Whence

_ —1_(n
Q) < -~ < =(n-1)>2%
sT(G) < n7+12m_ - 2< > (n—1)

16



Remark 12.2. The inequality s~ (G) < % 2” was proved in [7], similar to what follows. Suppose that s~ (G) >
Z- then
4

4m? 4m?  n?
2m =s*(G)+s(G) > A\ +5(G) > e +s(G) 2 W + T
Then we have 0 > (T — 5) We add the following part, characterizing the graphs on n vertices for even

n, which maximize s~ (G).

Theorem 12.3. We have
=@ <[3][5]
— 2 2 )
with equality if and only if G is a triangle or G is isomorphic to the complete graph K|, 2| n/2]-

The above-mentioned proof from [7] implies, that the indirect s~ (G) > %2 can hold only if there is
equality, which implies that there is equality in all inequalities. This means, that m = %2 and also that
A= 27"1, the average degree. This implies that G is a regular graph with degree 7. But sTHG) =X =m
means that the only positive eigenvalue is A; and A\f = 37, _o A7 holds. But together with \; = = >, o \;,
it implies that there exists only one summand, meaning that A\, = —A;. As ., A¥ is the number of closed
walks of length &k and this is 0 for all odd k, it means that there are no odd cycles of odd length. The only
regular bipartite graph with degree 5 is the complete bipartite graph. This means, that for even n, exactly
K, , are the graphs, for which s~ (G) is maximal.

When n is odd, it is much harder to prove which graphs have maximal s~ (G) for a fixed number of
vertices. Notice that for the graphs Kunp1 1 and for K3, we have s (G) = n’ 1. We state that s~ (G) is
maximal for exactly these graphs.

Proof. We have the chain

ZA2<2m )\2<2m7—2d2 defZ(F Zd n—d;) %

A<0 =1 i=1

M=
,_
|_
—|
_|

T A2
which can be proved by noticing that A\? = maXg-£0 ||xj?\2 z

We used the well-known inequality A7 > 1 37"

T 2
= % i
Equality implies that Ay < 0 and all degrees are either Lﬂj or [ﬂ] Since Ay < 0, the graph has to be a
complete multipartite graph. If there are ¢ parts, where ¢t > 2, then the largest degree is at least =1n > 2 sn.
This is at most {2] only if n < 3. If t = 2, then the degree condition implies that G is 1somorphlc to the
complete graph K|, /2 1n/2]- The case t = 1 implies the case of K,,, in which only n = 3 has equality. O

zlz’

Corollary 12.4. The complete bipartite graph has the following property: for fized n, it has the most edges

between graphs with st = s~ and only it has m = ”72. In other words, complete bipartite graphs mazimize

the number of edges between the graphs with sT = s~

Proof. We know that s* 4+ s~ = 2m, so s~ = m, which means that it is enough to maximize s~. By
Theorem 12.3, we know the maximum possible value of s~ is %, acquired only in the case of K, ,,, in which
luckily st = s~ actually holds. O

Remark 12.5. One could come up with the idea that the complete bipartite graph maximizes the product
sts™ too, but it is actually not true. Two strongly regular counterexamples are (10,6,3,4) and (16,9, 4,6).
We do not have a formula for the maximum of s*s~

Theorem 12.6. Let G be a graph on n vertices. Then s*(G) 2 2—\/"71)

Proof. We have
sT(G)=2m—s(G)=||A
where P = a(A+|\,|I) and I denotes the identity matrix. If & > 0, then P is a positive semi-definite matrix.

For o =

a).

I = lla- Atz <A - Pl

#’;ﬁ/\n‘, the formula ||A — P||§, reaches its minimum value, because | A—P||% = n (a|An|)*+2m(1—
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This gives the minimum value

2mAnl)2+2 ( nlAs| )22”‘”'Anl2<2m+nwl2) 2mn| A
2m + n| A, |2 2m+nl\ 2/ (2m + n| A, [2)? C2m 4|\, 2

2m5+(G)§n(

Using this inequality s*(G) > A2 > |\,|?, we claim that s*(G) > max ()\EL, %) . The right-hand

side reaches its minimum value as a function of |)\n|2 if the two values equal. Solving the quadratic polynomial
—2mty 4$L2+16m2”, meaning s*(G) 2 27”% O
Theorem 12.7. Let G be an arbitrary graph on n wvertices. If G has 3 verter-disjoint triangles, then
sT(G) > 3n.

: 2 _
gives \;, =

Proof. Let K, be the complete graph on s vertices. Then A;g = = 1J where J denotes the matrix with all
elements equal to 1. Now we calculate some scalar products which Wlll be useful later in the proof. We know
that (A,A+S) = 2¢(GNK,) =L and (A}*'(S,AJFS) = (s — 1)%. Also, let H be a disjoint union of ¢ cliques

with sizes s;. Then (A, A"}L}) = Zle 2¢ (GN Ky,) 2L

s;

2m — sT(G) = sT(G) = |A = AG||% < ||A - AR5 = (A, A) — 2(A, Ap) + (Af, AF)

F
. t
=2m — <Z4e (GnKsi) 18 _Z(si—1)2>.
= i ;
This gives that sT(G) > 22:1 (46 (GNKs,) S"Szl — (s; — 1)2). If H is a subgraph of G, then this gives that

sT(G) > Yi_,(s; —1)%. In particular, if s = 3 and ¢ = %, then s*(G) > 4n and if s =2 and t = 2 (meaning
if G has a perfect matching), then s™(G) > in.

O

Remark 12.8. If G has a perfect matching, then min (s*(G), s~ (G)) >

l\')\ﬁ

Proof. The inequality was proven for s™(G) earlier. For s~ (G), we will use, that A}, = A}, — Ay. This
means that if H is a perfect matching, then

_ n n
(A, Ap) = (A, A} — Ay) = (A, Af) — (A, Ay) = g e(GNK.,) == : =S -n=—3

Also
(A7 A7) = (Afy = Au, Af; — An) = (Af, A%) = 2 (A An) + (A, An) = 5 =20 +n =1

With these, we get
2m—s~(G) = s7(G) = ||A+ Ag|% < | A+ Ag |5 = (A, A)+2 (A, Ay)+(Ag, Ap) = 2m—25 47 = 2m—

This gives the desired s~ (G) >

nl3

Conjecture 12.9. Let G be a graph and H be a bipartite subgraph of G. Then s™(G) > s*(H).

Remark 12.10. Conjecture 12.9 does not hold for s, as in Theorem 12.3 we saw that s~ is maximal for
fixed n, only in the case of K3 and K|, /2 n/21-
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Definition 12.11. A complex matrix A is Hermitian (or self-adjoint), if it is the conjugate transpose of
itself, meaning that A* = A. Let G be a graph with complex-valued edge weights. Let its adjacency matrix
be

we ifi<jand(i,j) € E,

(AG)i,j = § We if 4 > j and (Z,j) S E,

0 if(s,5) ¢ E.
It is well-known not only for symmetric, but for Hermitian matrices too, that they have real eigenvalues.
This means that the above-mentioned definitions can be extended for the complex-weighted case.

Conjecture 12.12. For every connected graph G on n vertices with unit-length complex edge-weights, we
have
min (s7(G),s™(G)) > n— 1.

Notice that Conjecture 12.12 is a generalization of Conjecture 1.1.

Theorem 12.13. For every complete graph G on n vertices with unit-length compler edge-weights, we have
min (s7(G),s™(G)) > n— 1.

Proof. We know that st(GQ) + s~ (G) = 2m = n(n — 1), so it is enough to prove that max (s*(G), s~ (G)) <
(n —1)2. As we multiply Ag by —1, the eigenvalues are also multiplied by —1, so it is enough to prove that
sT(G) < (n—1)%. Now we can tell the exact same proof as in Theorem 12.1. We have

sTG) =) N < (Z )\>2 (Z )\>2 <n_ (Z )\2> =n_s"(G) =n_ (2m —s7(Q)).

A>0 A>0 A<0 A<0

Whence

_ -1 _(n
+ <" < = (n—1)2
sT(G) < " 12m <= 2<2> (n—1)

O

Remark 12.14. The equality case is not as simple as it was in Theorem 12.1. It is still immediate that
we must have the eigenvalue n — 1 with multiplicity 1 and the eigenvalue —1 with multiplicity n — 1. Let
an eigenvector corresponding to n — 1 be v. Let v; be the coordinate with the largest absolute value. From
(n—1)v = Av we have (n—1)v; = A1 +A12v2+. . .+ A1,0,, and since A1; = 0and |45 =1for2 < j <mn,
by the triangle inequality we get (n — 1)|v1| < |A1z| - |va| + ... + |Ain] - Jvn]| = |v2]| + ... + || < (0= 1)|v1]
which implies that there is equality everywhere. This means that the length of each coordinate of v must be
the same, let it be 1. From the equality case of the triangle-inequality, we have for all j # k that v; = v A
and similarly vi = v;Ag;, so Ajdr; = 1. As Ajp, = Aikj, this implies that A;, must be £1 or %i. So if we
fix v; = 1, then the other coordinates can only be +1 or +i. Notice that for each vector v of this type, there
is exactly one matrix of the above type, with v being the eigenvector of the eigenvalue n — 1. From this and
the v; = v, Aji, type equations, we get that sT(G) = (n — 1)? if and only if the rows/columns of A are +1
or +i multiples of each other (excluding the 0 elements on the diagonal).

Remark 12.15. One should notice that in the above characterization, for a diagonal matrix D, the matrices
A and DAD™! have the same eigenvalues. This is the same as multiplying rows of the matrices by +1 or
=+14, which is the same as multiplying the edge-weights on graph-cuts by +1 or +¢. This relation between the
matrices (or graphs) is of course an equivalence-relation.

13 Every tree is a subgraph of a tree, which has eigenvalues only
with multiplicity 1

Theorem 13.1. Let T be a tree graph, with strictly positive weight-function w. Then there is a tree T’ such
that T is a subgraph of T' and all the eigenvalues of T' have multiplicity 1.

19



Proof. Let the weights of the edges in T" be w;, where w; = w; might hold for some 4 # j. Order the weights
such that for all k, the union of the edges represented by the first k& weights is a connected graph. We will
present a sufficient 7" graph with 2™ vertices recursively. At first, take a simple edge with weight w;. Now
for every existing vertex (2 at the moment), append an edge with weight ws. Now for every existing vertex
(4 at the moment), append an edge with weight w3, and so on. In the i-th step, for all the 2¢=1 vertices, we
append an edge with weight w;. Call these steps appending steps.

We can see that T is indeed a subgraph of T”, as for all i, we can choose (recursively) a proper edge with
weight w;, such that the union of these i edges is a connected subgraph of T

Now we will prove that all the eigenvalues of 77 have multiplicity 1 and also neither of the eigenvalues, nor
any of the coordinates of eigenvectors are 0. We prove this by induction on the number of steps: for i = 1,2,
the statement is true. Now suppose that the statement is true for k-th steps and we want to prove for the
k + 1-th step. Let G; be the graph after i steps. As all tree graphs are bipartite graphs, we can suppose that
the eigenvalues of Gy, are £); for i = 1,2,...,2"=1 where \; > 0. Now we calculate the exact eigenvalues of
Gl+1, if the appended edges have weight wy1. Actually we state that the eigenvectors for Gy11 will be the
same restricted to G as the eigenvectors of G themselves. Let the value of an eigenvector on a new vertex
be v/, the value of its neighbour u, let u be an eigenvalue of G411 and A be a +);. Then we know for the
new vertex that

pu’ = wy1u,

while for the old vertex we have
pu = A+ wiu’.

Wr41U

Since p cannot be zero as A # 0, we get from the first equation that v’ = Substituting this into

the second equation gives pu = Au + wk“%

Aup + wiHu. Subtracting the right-hand side and dividing by the nonzero u gives u? — Ay — wi+1 = 0.

Solving this quadratic equation gives
AN+ dw?

2

Multiplying both sides by the nonzero u gives p?u =

Hi2 =

Now it is sufficient to prove that for a pair of positive Ay and Ay, we cannot have
A £ AT 4w, EAheE /A Hdwp
2 - 2

in any of the cases. If the signs are the same in both options, then it is enough to have that the derivative

!
V H L

2 2 A2+ dw?

is never 0. But it could be equal to 0 only if 4w,§ +1 = 0, which cannot happen. Also from this, we know that
A< A2+ dw? 41 1s always true, meaning that the only possibility left is

A F AT 4w e+ /A Hdwp
2 - 2

(or its reversed or negated version). But this also cannot happen, as the only solution would be A\; = —\s,
but we supposed that they are positive. So the desired condition holds for every case, meaning that we
finished the proof.

O

Corollary 13.2. Let n be fized, and let wy,ws,...,w,_1 be fixed edge-weights. Then there exists a tree
T', which has eigenvalues only with multiplicity 1 and all the trees which has n vertices and edge-weights
Wi, Wa, ..., Wy_1, are subgraphs of T'.
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Proof. Take the shortest sequence S of elements w;, such that it contains all possible permutations as a
subsequence. In [16], it is proved that S has length at most n? — 2n + 4. We do the recursion above, for this
sequence of length (at most) n? —2n+4. The eigenvalues of the graph have multiplicity 1, as the construction
is the same. The only difference is that now we do the appending step more than only n — 1 times. Also this
graph has all n-vertex, w; weighted trees as a subgraph, because for every tree, its connected weight order is
also represented in the graph, as every permutation is a subsequence of S. O

Corollary 13.3. Let T be a tree graph, with edge-weights only 1. It is true that there is a tree T such that
T is a subgraph of T, every edge weight of T' is 1, and all the eigenvalues of T' have multiplicity 1.

Proof. In the construction above, we only used edge-weights which are also present in T'. In this case, for T"
we only use weights equal to 1. O
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Below, we list the lemmas and theorems which are our results, as well as our conjectures. It should be
noted that we participated together in the REU program, so it would be meaningless to partition the results
into different parts for the different participants.

We found a new set of graphs for which the conjecture A3 < 5 — 1 has equality.
We proved that min (A, A\},) < \/ﬁ7 where X} denotes the k-th largest eigenvalue of G°.
We gave a new, simple proof for the statement Ay < 7 — 1 and characterized the graphs with equality.

We proved for all k that A\; — A\; can be arbitrarily close to 0 (when n is not fixed) and also proved that
this does not hold for A\; — A=z.

We proved that the ratio ;—1 can be arbitrarily large (for not fixed n).
We determined the sign of st — s~ in the case of Kneser(n, k) graphs as a function of n, k.

We collected various properties with (partially original) proofs of the matching polynomial, which we
used as a tool.

We determined the sign of elements in A} for tree graphs T.

We determined the maximal possible values of s™ and s~ for fixed n and characterized the graphs with
equality.

We proved that if a graph has a spanning tree T' such that every edge of G not in T closes a cycle with
T of length not divisible by 4, then s*(G) > n— 1. In particular, it is true if 7" has diameter at most 3.

We proved that s > % for graphs without isolated vertices and also for graphs with a perfect matching.

We proved that st > %n for graphs with % vertex-disjoint triangles.

2m

We proved the asymptotic inequality s*(G) 2> NG

We conjectured that the generalization of min (s, s7) is true in the case of complex-weighted graphs.
We proved it for complete graphs, and also characterized the complete graphs which have equality.

We conjectured that if H is a bipartite subgraph of G, then s™(H) < s*(G).

We proved that every tree is a subgraph of a tree, which has eigenvalues only with multiplicity 1.
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Bevezetés

A sajatértékek vizsgdlata a linedris algebra egyik legfontosabb eszkdze, amelyet a szamitdstudoményban,
fizikdban és kémidban is széleskoriien alkalmaznak. A spektral-grafelmélet a grafok szomszédsdgi matrixainak
sajatértékeit vizsgdlja. Kutatdsunk sordn irdnyitatlan, hurokél és tobbszoros él nélkiili grafokkal foglalkoz-
tunk.

Egy G = (V, E) graf Ag szomszédsigi méatrixa az az n x n-es métrix, ahol n a gréf cstcsainak szdma,

amire
1 ,ha(:,5) € E,
(AG)i,j = ( )
0 ,ha(i,j)¢E.

Azt mondjuk, hogy a A komplex szdm az A matrix sajatértéke a hozzd tartozé v # 0 sajitvektorral, ha
Av = . A f6tengely-tétel miatt tudjuk, hogy a szimmetrikus valés matrixok sajatértékei valds szamok,
emiatt a tovdbbiakban a sajatértékeket a kovetkezé mddon jelolhetjilk: Ay > Ao > -+ > A,

A pozitiv, illetve a negativ sajatértékek négyzetosszegére rendre az s*(G) és s~ (G) jelolést és a pozitiv
és negativ négyzetes energia elnevezést hasznaljuk. Az egyik {6 sejtés a kovetkezo:

Sejtés (Elphick, Farber, Goldberg, Wocjan). Minden 6sszefliggd n csicsi G grafra
min (s*(G),s™(G)) = n— 1.

Kutatdsunk sordn f8ként két problémdra osszpontositottunk: Ay értékének becslése, valamint s*(G) és
s~ (G) kiszdmitdsa és becslése.

A masodik és a harmadik legnagyobb sajatérték

Egy hires sejtés szerint Ay < 7 — 1 minden graf esetén teljesiil. Sajnos ez k > 4 esetén nem igaz, de k = 2-re
igen, és a k = 3 esetben pedig megoldatlan. Az alabbi lemma kimond Ag-ra vonatkozd ekvivalens allitdsokat:

Lemma. A kovetkezd harom allitds ekvivalens:
e )\ < % — 1 minden gréfra teljesiil,

n

o \p Lﬂ minden gréfra teljesiil,

IN

e )\ < % minden gréfra teljesiil.
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Ezen kiviil kutatdsunk sordn talaltunk egy 4j grafosztélyt, amelyben a harmadik legnagyobb sajatértékre a

sejtésben egyenl6ség dll fenn, azaz A3 = § —1. Legyen 3|n és 0 < k < % tetszoleges. A graf hat csicsdiszjunkt
teljes graf uni6jat tartalmazza, harom k csticsi és hdrom 7 — k csticst teljes grafot, amelyek egy kor mentén

felvaltva helyezkednek el, és a szomszédos teljes grafok kézott minden él be van hizva.

K%_k

1. Abra. Egy példa a konstrukciéra n = 12 és k = 3 paraméterekkel.

Ezek mellett megmutattuk, hogy minden grafra a grafnak vagy a komplementerének harmadik legnagyobb
sajatértéke legfeljebb \/Lfo'

A Xy < 5 — 1 Allitds mar ismert volt, de mi adtunk egy 1j, az eddiginél egyszertibb bizonyitdst (nem
feltétlentil Gsszefliggé grafokra). A bizonyitdsbdl az egyenldség esetét is levezettiik.

Kapcsolat \; és a tobbi sajatérték kozott

Vizsgaltuk A\ és a graf tobbi sajatértéke kozotti tavolsagot. Belattuk az aldbbi tételt:

Tétel. Barmely fix £ > 1 esetén a 0 < A\; — A kiilonbség tetszolegesen kozel lehet 0-hoz, még Osszefiiggd
grafok esetén is.

Ennek igazolasdhoz a G,, i, grafsorozatot a kovetkezéképpen definidltuk (fix k-ra): vegyiink k csticsdiszjunkt
K, gréfot, és valasszunk ki egy tetszOleges cstcsot, v-t. Huzzunk be v-bél minden tdle diszjunkt K,-hez
egy-egy élt (ezzel k — 1 élt hozzdadva a grafhoz). Ekkor ha n-nel tartunk a végtelenbe, akkor a A\; — Ag
kiilénbség 0-hoz tart. Belattuk tovdbba az alabbi tételt is arra az esetre, amikor az index fiigg n-tol:

Tétel. A A\; — Az kiilonbség nem lehet tetszolegesen kozel 0-hoz Osszefiiggd grafok esetén.

Pozitiv és negativ négyzetes energiak konkrét grafokra

Szémitégépes programmal tesztelve azt lattuk, hogy sT(G) altaldban nagyobb, mint s~ (G). Ezzel szemben
megmutattuk, hogy az z%gg; arany tetszélegesen nagy lehet. Erre a példank a kovetkezo grafcsaldd volt: G
legyen az az erdsen reguléris graf, aminek paraméterei ((q2 +D(@+1),¢°+¢*¢* - 1,6+ 1).

Emellett belattuk a Kneser-grafokra az alabbi tételt:

Tétel. A Kneser(n, k) grafra ha k < %, akkor s7(G) < s7(G). Tovébba ha k > %, akkor ha n péros,

akkor s~ (G) = sT(G), mig ha n = 1 (mod 4), akkor s~ (@) > sT(G), mig ha n = 3 (mod 4), akkor
s7(G) < sT(G).



Tovabbi eredmények pozitiv és negativ négyzetes energiakkal

Foglalkoztunk a stlyozott péarositasi polinommal, ahol fontos kiemelni, hogy fagraf esetén a szomszédsdgi
maétrix karakterisztikus polinomja megegyezik a parositdsi polinommal. Ezt a szomszédsdgi matrix A = AT —
A~ pozitiv szemidefinit felbontasanal alkalmaztuk, azon beliil is T fa esetén az A% elemeinek meghatarozasdban.
Belattuk az alabbi tételt:

Tétel. Legyen T = (V, E) egy fa tetsz6leges w : E — Rx( stlyfiggvénnyel. Legyen u és v a graf két cstcsa,
amelyek T ugyanazon osztalyaban vannak. Ekkor

(A+ ) <0 ha4]|d(u,v) és d(u,v) #0,
Tw)uvl>0 ha 4t d(u,v) vagy d(u,v) = 0.

Ennek alkalmazasaval bebizonyitottuk a & sejtést a grafoknak egy csoportjara:

Tétel. Legyen G egy n csicsu graf. Tegyiik fel, hogy van egy olyan T feszitéfdja, hogy minden G-beli, de
nem T-beli él olyan kort zar be T-vel, aminek a hossza nem oszthaté 4-gyel. Ekkor sT(G) > n—1. Speciélisan
a f6 sejtés sT-ra igaz, ha T atmérdje legfeljebb 3. Tovabba ha olyan T feszitéfaja van, hogy minden G-beli,
de nem T-beli él olyan kort zér be T-vel, aminek a hossza nem 4k + 2 alakd, akkor s~ (G) > n — 1.

Tovabba ennek alkalmazasdval belattuk az alabbi, nem csak Gsszefligg6é grafokra vonatkozo tételt:
Tétel. Legyen G egy gréf izolalt csiicsok nélkiil. Ekkor sT(G) > %.
Megvizsgaltuk fix n-re az sT és s~ legnagyobb lehetséges értékeit:

Tétel. Minden grafra
sH(G) < (n—1)%

ahol egyenl6ség pontosan akkor all fenn, ha G a K, teljes graf. Tovdbba minden grafra

~@=<5][3]

ahol egyenlség pontosan akkor all fenn, ha G haromszog vagy G' a K|, 2| [n/2] teljes pros graf.

Belattunk egy, az élek szamatdl fiiggd becslést st-ra, miszerint:

2m

T

Diszjunkt klikkekkel valé fedéssel belattunk két masik, nem csak Osszefiiggé grafokra vonatkozo tételt is:

Tétel. Legyen G egy n cstcst graf. Ekkor s™(G) >

Tétel. Legyen G egy tetszbleges n csticsu graf. Ha G-ben van 3 pdronként csicsdiszjunkt haromszog, akkor
sT(G) > in.
=3

Tétel. Ha G-ben van teljes parosités, akkor min (s*(G), s (G)) > %.

Megfogalmaztuk a {6 sejtés komplex dltalanositasat, ahogy a fétengely-tétel Hermit-matrixokra is garantalja
a sajatértékek valdssagat:

Sejtés. Minden 6sszefiiggd n csicsu G gréafra, aminek élei egységhosszi komplex szdmokkal vannak silyozva,
arra
min (s7(G),s™(G)) > n— 1.

Beldttuk a sejtést sulyozott teljes grafokra és karakterizdltuk azokat a teljes grafokat, amikre egyenlGség
all fenn.
Belattuk, hogy minden fa az részfa egy olyan fiban, aminek sajatértékei egyszeres multiplicitastiak.
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