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1 Introduction

In this reportE] we prove new results about packings of arborescences. An r-arborescence is
a directed tree in which each node has an in-degree of 1 except the root note r, which has
an in-degree of 0. A packing of subgraphs in a graph means a collection of subrgraphs, that
are edge-disjoint. The most fundamental result of the study of packings of arborescences
is the following result of Edmonds ([4]):

Theorem 1.1. (Weak Edmonds Theorem [{|]) Let D = (V,A) a digraph and r € V.
There exists a packing of spanning r-arborescences in G if and only if

0A(X) >k forall D £ X CV —r, (1)
where 04(X) denotes the in-degree of X.

This result has been generalized in multiple ways. Durand de Gevigney, Nguyen
and Szigeti characterized the existence of matroid-based packings of arborescences in [3],
Cs. Kiraly, Szigeti, Tanigawa characterized the existence of matroid-based and matroid-
restricted packings of arborescences in [7] and Bérczi and Frank characterized the ex-
istence of free-rooted packings of arborescences ([2]): packings, where the roots of the
arborescences are not given (for further definitions see later sections).

This report generalizes results on free-rooted packings of arborescences. In section[dwe
characterize the existence of free-rooted matroid-based and matroid-restricted packings
of arboresences and prove some corollaries. In section [b| we extend a result of Szigeti ([8])
about free-rooted packings of arborescences in mixed graphs. Every proof in this report
is original.

2 Definitions

Given a function f : S — R and a finite set Z C S, let f(Z) := > .., f(5). Two subsets
X,Y C S are intersecting, if X NY # (). A set function b on the ground set S is
subcardinal, if b(X) < |X]| for all X C S, submodular, if

b(X)+b(Y)>b(XNY)+bXUY) forall X,Y C 8, (2)

and supermodular, if

B(X)+b(Y) <X NY)+bXUY) forall X,Y CS. (3)

A set function is positively intersecting submodular (positively intersecting
supermodular), if (respectively (3))) holds for intersecting subsets of S, for which
p(X) >0, p(Y)>0.

Let G = (S,T,FE) be a bipartite graph and p : T — 7 a positively intersecting
supermodular setfunction for which p(@)) = 0 holds. Let |I'(Y')| be the set of neighbours of
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Y in G. We say that G covers p, if VY C T : p(Y) < |I'(Y)|. Given a matroid M = (S, ),
we say that G M-covers p, if VY C T : p(Y) < r(I'(Y)).

Let D = (V + s, A) be a rooted digraph, where s is called the root. The in-degree of
s is 0 and the outgoing edges are called root-edges. We call an s-rooted arborescence
an s-arborescence. For X, Z CV +s, B C A let 07(X) denote the set of edges that go
from Z — X to X and let pz(X) = |02(X)|.

Let M; = (05(V),r1) be a matroid on the root-edges of D. We call a packing of
s-arborescences 11, ..., T, Mi-based, if every T; contains exactly one root-edge (e;) and,
for all vertices v € V, {e; : v € V(T})} is a basis of M. Let My = (A,r2) be a matroid on
the edges of D. We call a packing of s-arborescences Mj-restricted if the union of the
edge sets of the arborescences in the packing is independent in M,.

3 Background results

The following theorem is a stronger version of Theorem [I]

Theorem 3.1 (Strong Edmonds Theorem []). Let D = (V + s, A) be a rooted digraph,
and let { By, ..., By} be a partition of its root-edges. There exists a packing of Ty, ..., Ty

spanning s-arborescences, where the root-edges of T; are in B; for every v = 1,...,k if
and only if ov(X) > |{i € {1,...,k} : BiNos(X) =0} forall) #X C V.

In [1], Bérezi and Frank characterized the existence of a packing of spanning arbores-
cences without specified root-sets, which we call a free-rooted packing.

Theorem 3.2. (Bérczi, Frank [1]) Let D = (V, A) be a digraph and let pu, . . ., py positive
integers. The following statements are equivalent:

(A) There ezists in D a packing of k edge-disjoint spanning arborescences By, ..., By,
for which |B;| = p; for alli=1,... k.

(B1) For every subpartition {V1,...,V,} of V:

Z max{0,q — (n — p;)} < Z o(Vi) (4)

(B2) Let k] ={1,2,...,k}. For every subpartition {V1,...,V,} of V and for all X C [k]:

q

K] = Xlg— > n—p <> oVi) (5)

jElk]—X i=1
Their proof relies on the following theorem:

Theorem 3.3. (Bérczi, Frank [1]) Let mg be a degree-specification on S for which
ms(S) = . Let pr be a positively intersecting supermodular function on T with pr(0) = 0.
Suppose that

mg(s) <|T| Vs €S. (6)

The following statements are equivalent:



(A) There exists a simple bipartite graph G = (S,T, E), which covers pr and fits the
degree-specification mg

(B1) For every subpartition {T1,...,T,} of T and X C S:

s(X)+ 3 pr(T) = alX| < )

(B2) For every subpartition {Ty,...,T,} of T:

>_pr(T) < 3 minfms(s),q} (8)

seS
In [2], a generalization of Theorem [3.3|is provided:

Theorem 3.4. (Bérczi, Frank [2]) We are given a matroid M = (S,r), a positively
intersecting supermodular function pr on T and a degree-specification mg on S, for which
ms(S) = ~. There is a simple bigraph G = (S, T, E), which M-covers pr and fits mg if
and only if

mg(s) <|T| Vs e S 9)
and for every subpartition {Ty,...,T,} of T and X C S:

ms(X) + ZPT(Ti) —qr(X) <~ (10)

In [3], Durand de Gevigney, Nguyen and Szigeti characterized the existence of so called
matroid-based packings of arborescences:

Theorem 3.5. (Durand de Gevigney, Nguyen, Szigeti [3]) We are given a graph D =
(V+s,A) and a matroid M = (0s(V'),r). There is an M-based packing of s-arborescences
m D if and only if

ov(X) = r(M) —r(8s(X)) (11)
Furthermore, if we want the S to be the root set of arborescences, then the following

must also hold

0s(v) is independent in M for every v € V. (12)

The following theorem characterizes the existence of matroid-based and matroid-
restricted packings of s-arborescence, which is a generalization of Theorem [3.5]

Theorem 3.6. (Cs. Kirdly, Szigeti, Tanigawa [7]) We are given a graph D = (V +s, A),
a matroid My = (0s(V),r1) with a rank function v, a matroid My on A, which is the
direct sum of the matroids M, = (0(v),r,). There exist in D an M,-based Ms-restricted
packing of s-arborescences if and only if

r(F) +r(0(X) — F) > r(05(V)) (13)



forall) # X CV and F C 05(X). If on the neighbouring edges of s My = My
M| gy and Mala, vy is the free matroid, then the condition is the following:

8,(v) D

r1(95(X)) +72(0(X) = 95(X)) = 1(0:(V')) (14)
forall) #X CV.

4 Free-rooted packings of arborescences with matroid
constraints

In this section we characterize the existence of free-rooted matroid-based and matroid-
restricted packings of arborescences, give two characterizations of the existence of free-
rooted matroid-based packings of arborescences with an in-degree prescription and provide
a new characterization for the existence of a free-rooted arborescence packing with an in-
degree prescription.

Using Theorem [3.6/and Theorem [3.4] we can characterize the existence of a free-rooted
matroid-based and matroid restricted packing of arborescences.

Theorem 4.1. Let D = (V, A) be a digraph, let My, = (S,r1) be a matroid with rank
function ry and rank k and let My be a matroid on A which is the direct sum of the
matroids M, = (9(v),r,). Let s be a node not in V. The following statements are
equivalent:

(A) We can add new possibly parallel arcs from s to some of the nodes of V. and map
the elements of S to the new edges such that there exists an M;-based M. -restricted
packing of s-arborescences, where M is defined to be the direct sum of the free
matroid on the new root-edges and M.

(B) For every subpartition {V1,...,V,} of Vand X C S:

(k=ri(X))g =5 - X| < Zrz(a(%)) (15)

Proof. Necessity. Suppose that such a packing exists. Then at most r(9(Y)) and at least
k — 0s(Y) edges of the packing enter a set Y C V', thus

q

Z(k’—rl <Zr2

i=1

Using the properties of the rank function we can show that, for every X C S

2l <ZT1 )1 X) + 11(8u(Vi) — X)) < gra(X) + |5 — X]|.

LS

r2(9( ZZ —11(0:(Vi)) > gk — gri(X) — S — X|.



Sufficiency. Let mg : S — Z, be 1 for every element of S. Let 7" := V and let us
define the following set function on 7,

pr(Y) = {’g —2(0(Y)) f; E ;g T,

Since ry is submodular, pr is intersecting supermodular. From the conditions of the
theorem,

Hence,

Zm(%) +img(X) —ri(X)g < ms(S).

This is the condition of Theorem with Fy = 0, therefore there exists a simple
bipartite graph G = (S,V, E), which fits mg and M-covers pr, that is, m(I'(Y)) >
k—ry(0(Y)) VY C V. Orient the edges of G from S to T, add the edges of D in T
and contract the nodes of S into a new node s. I'(Y) = 05(Y) holds therefore, since G
Mi-covers pr, 11(0s(Y)) > k — ro(0(Y')) holds, which is the condition of Theorem
with matroids M; and M. Therefore, Theorem implies that there exists an M;-based
Ms-restricted packing of s-arborescences. O]

Using the previous theorem, we can characterize the existence of a free-rooted matroid-
based packing of arborescences with an in-degree prescription:

Collorary 4.1. Let M = (S,r) be a matroid with rank function r, let D = (V, A) be a
digraph and let mg, : V' — Z* be an in-degree prescription for which 0 < mg,(v) < o(v),
Min(v) < (M) for allv € V and m;,, (V) = |V|r(M) — |S| holds. Let s be a node not in
V. The following statements are equivalent:

(A) We can add new arcs from s to some of the nodes of V- and map the elements of S
to the new edges such that there exists an M -based packing of s-arborescences and
if the edge set of the packing is F', then of;(v) = m;,(v) holds for every v € V.

(B) For all X C S and subpartition {V1,...,V,} of V:

(r(M) = r(X))g = S = X| <> > min{mu(0),[0(v) N OV} (16)

i=1 veV;



Proof. Let My := M and Yv € V let M, be the uniform matroid on d(v) with rank
min(v). Let Mj be the direct sum of the matroids M,. Then

r2(8(Vi)) = Y min{ma,(v), [0(v) N A(Vi)|},

veV;

therefore

q
Y or@(Vi)) =Y min{mi(v),|0(v) NV}
=1 UEUi:l Vi
Hence (|16) is the same as the condition of Theorem , thus there exists an M;-based
Ms-restricted packing of arborescences. This means that at most m;,(v) arborescence
enters every node v. Since m;, (V) = |V|r(M) — |S| and the right side is the number of
edges in an M-based restriction, exactly m;,(v) edge enters every node. O]

Let R be a set of nodes. A graph is called an R-branching if all of its connected
components are arborescences and the set of the roots of the components is R. The
size of branching is the number of its edges. Using Corollary Wwe can prove a new
characterization for the existence of a free-rooted packing of branchings with prescribed
sizes and an in-degree prescription.

Collorary 4.2. let D = (V, A) be a digraph and let my, : V. — Z* be an in-degree pre-
scription for which 0 < mg,(v) < op(v) and m;,, (V) < k for allv € V. Let py, ..., puy be
k positive integers, for which Z?Zl p; = M (V). The following statements are equivalent:

(A) There exist in D a packing of spanning branchings By, ..., By, for which |B;| = u;
and if Ule B;=F, thanv € V : pp(V) = my,(v).

(B) For every subpartition {Vi,...,V,} of V:

Z max{0,¢ — (n — )} < Y min{m,(v),10(0) N A(V;)[} (17)

UEngl Vi

Proof. Let n — pj := m;. This is the number of roots for a spanning branching with 1,
edges.

Let M be a partition matroid with k classes, where the size of the ith class is m; and
the bound is 1 for every class. If there exists a packing satisfying the requirements of (A)
then add a new node s and a root-edge from s to each of the roots of the branchings in the
packing (if a node is the root of more than one branchings then we add a root-edge for each
of the branchings). Then, in the resulting digraph, each of the branchings can be divided
into s-arborescences containing exactly one root-edge and the packing of s-arborescences
we get by dividing all of the branchings is an M-based packing. Conversely, a free-rooted
M-based packing corresponds to a packing of branchings satisfying the requirements of
(A).
Therefore, by Corollary (r(M)—r(X))g—|S—X]| < ZUEU?:l v, min{m;,(v), [0(v) N O(V;)[}
is equivalent to (A). We can assume that the set X contains either the entire partition
class or it is disjoint from it. This is because if it intersects a class, then if we add the
elements from the class that are not contained in X, then the left side increase and the
right side stays the same. So if I = {1,...,k}, then
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(A) & (k= XDg—M(S - X) < 3 min{mu(v),]0(0) N AV))}VX C I

velUL Vi

The left side is maximized by X = {i € I : m(i) > ¢} and for this set (k — |X|)q —
m(S — X) =% max{0,q — (n — p;)} holds. O

In [I], Bérczi and Frank provide a different characterization for the same problem with
the following condition:
For all Y C V and subpartition {V;,...,V,} of V — Y=

Zmax{07q+ Y[ = (n—pi)} <mm(Y) +ZQD(V2) (18)

This result follows from the following theorem, which gives a different characterization
of the existence of a free-rooted matroid-based packing of arborescences with an in-degree
prescription with a seemingly weaker condition. The proof is based on Theorem and
Theorem [3.4]

Theorem 4.2. Let M = (S,r) be a matroid with rank function r, let D = (V, A) be a
digraph and let my, : V. — Z* be an in-degree prescription for which 0 < my,(v) < o(v),
Min(v) < (M) for allv € V and m, (V) = |V|r(M) — |S| holds. Let s be a node not in
V. The following statements are equivalent:

(A) We can add new arcs from s to some of the nodes of V- and map the elements of
S to the new edges such that there exists an M-based s-arborescence packing and if
the edge set of the packing is F, then of;(v) = my,(v) holds for every v € V.

(B) For allY CV, subpartition {V1,...,V,} of V=Y, and X C 5,
q

Y]+ @) (r(M) = (X)) =S = X| < min(Y) + Y 0(Vi) (19)
i=1

Furthermore, (@ implies (@)

Proof. First we will prove that implies . By Theorem , this implies the
necessity of .

Let us suppose that (16) holds and we are given a set ¥ € V and a subparti-
tion P = {Vi,...,V,} of V=Y. Let us define the following partition of V: P’ =
PUUpey{v}. Then [P'| = g+ |Y|, mn(Y) = >, oy min{ms,(v), [0(v) NO(V;)|} and
> vy, v min{man (v),[0(v) N O(Vi)[} < 321, o(Vi), so holds.

To prove sufficiency let mg : S — Z, be 1 for every element of S. Let T :=V and let
us define the following set function on 7"

pr(Y) = qr(M) —=min(v) Y ={v}veV
0 Y =0.
Since m,(v) < o(v), k — min(v) > k — o(v) so pr is intersecting supermodular.



Let T ={V4,...,V,,...,Vy} be a subpartition of T, where the last ¢’ — ¢ classes are
singletons. Let P ={V4,....,V,}and Y =V 1 U---UV,.
From the definition of pr,

!

S pr(V) = (M) = oVl 3 (M) = in (V)] = (Y +a)r ()= o(Vo) = (Y ).

If we apply the condition/of Theorem to 7, aset X C S and Fy = () and we use
the previous equation for Y ¢ | pr(V;), we get the following.

q
ms(X) + (Y] +@)r(M) = o(Vi) = (V) = ¢'r(X) < iins(S).
i=1
If we reorder the terms and use that ¢ = |Y| + ¢ and mg(S) — mg(X) = |S — X| we
get the condition in (19). Hence there exists a simple bipartite graph G = (S, V, E) which
covers pr-t and satisfies the degree prescription. From this we get that for every v € V-re
r(M)—mi,(v) <r(Tg(v)) < dg(v) (where I'¢(v) is the set of neighbours of v in G), thus

S (M)~ man()] < 3 dev) = 3 de(s) = 18],
veV veV seS
Since m;, (V) = |V|r(M) —|S|, the left hand side of the previous equation is |\S|, hence
we have equality everywhere, thus we get dg(v) = r(L'g(v)) = r(M) — my,(v) Yo € V.
Since VY C V r(M)—po(Y) < r(I'¢(Y)) also holds, if we contract .S, orient its outgoing
edges towards 7" = V and add the edges of D on V, then the condition of Theorem
holds for the resulting digraph, thus there exists an M-based packing of s-arborescences.
Since r(I'g(v)) = r(M) — mi,(v), at least m;,(v) arborescence enters v with a non-root-
edge. We can assume that exactly 7(I'¢(v)) root-edge is in the packing (since otherwise we
can exchange certain edges of the arborescences), so there exists a packing which enters
v with exactly m;,(v) edges.
[

5 Free-rooted packings of arborescences in mixed graphs

A mixed graph is a graph which has both undirected and directed edges (arcs). In this
section we prove a generalization of a result on free-rooted packings of arborescences in
mixed graphs by Szigeti ([g]).

Let F' = (V,E U A) be a mixed graph where F is the set of undirected edges and A
is the set of arcs. For B C EU A, let 88(X) be the set of edges in B entering X. Let
08 (X)=|0%(X)|. Orienting an edge we replace it with an arc. For Z C A, Z denotes the
underlying undirected edges of 7 For Z C E and X C V the set of vertices covered by Z
is denoted by V' (Z) and the set of edges in Z that are induced by X is denoted by Z(X).
A mixed r-arborescence is a mixed graph that can be oriented to be an r-arborescence. For
a family of sets P on V let daur(P) be the set of (directed and undirected) edges, that
enter a member of P and gaug(P):= |0ave(P)|. If f,v:V — Z,, then we call a packing
of arborescences (f, g)-bounded, if for each v € V| the number of v-arborescences in
the packing is between f(v) and g(v). For k,l,l' € Z, — {0} a packing of arborescences
is (I,1")-bounded if the number of arborescences in the packing is between [ and I, and
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k-regular, if each vertex is in exactly k£ arborescences in the packing. We call a packing
of mixed arborescences (f, g)-bounded/(l,1")/k-regular, if we can orient the undirected
edges such that we get an (f, g)-bounded/(l,")/k-regular packing of arborescences.

For a graph G = (V, E), let Mg be the graphic matroid of G, and let M¥ be the
k-graphic matroid of GG, that is the k-sum of Mg, which is a matroid on V', where a set
is independent if and only if it can be partitioned into k independent sets of Mg. Let
F = (V,EUA) be a mixed graph. For a partition P of V, let A(P) and E(P) be the
set of directed and undirected edges entering a member of P. Let Ggp = (V, E U Ej,)
be the underlying undirected graph of F', and Dy = (V, Ag U A) the directed extension
of F', where Ap = (J.cp Ae, and if e = uv, A, = {wb, v} (ub is an arc from u to v).
The extended k-hipergraphic matroid M¥ of F' is a matroid on AU Ag, which we get
from MéF by replacing each edge e € E with two paralell copies of itself, associating
these edges to the corresponding edges in Ag, and associating the edges of E4 with the
corresponding arcs of A. It is shown in [6], that the rank function of MF is the following

ru(Z) = min{|ZNA(P)|+[{e € E(P) : ZNA. # D}+k(|V[-[P]) : Pis apartitionof V'}
(20)
Let p and b be two set functions on S. For a vector z € R® and Z C S, let Z(Z) :=
> ees®s. The polyhedron Q(p,b)= {z € R® : p(Z) < 2(Z) < b(Z) VZ C S} is
called a generalized-polymatroid or g-polymatroid if p and b have the following properties:
p(0) = b(0), p is supermodular, b is submodular and b(X) —b(Y) > b(X —Y) —p(Y — X)
for all X, Y C S. The Minkowski sum of the n g-polymatroids Q(p;,b;) is denoted by
ST Q(piy b;). For a, B € R, the polyhedron K(a, B)= {z € R%: a < Z(S) < S} is called

a plank. We will use the following results on g-polymatroids:

Theorem 5.1 (Frank [5]). 1. Let Q(p,b) be a g-polymatroid, K(a,B) a plank and
M = Q(p,b) N K (o ).

(i) M #0 if and only if p < b, « < B, 5> p(S) and o < b(S).
(i) M is a g-polimatroid.
(1ii) If M # 0, then M = Q(p%, q3) with

p3(Z) = max{p(Z),a — b(S — Z)}
1(2) = min{b(2), 6 — p(S — 7))}
2. Let Q(p1,b1) and Q(ps,by) be two non-empty g-polymatroids and M = Q(p1,b1) N
Q(p2, ba).
(i) M # 0 if and only if p1 < by and ps < by.
(it) If p1, by, pa, by are integral and M # 0, then M contains an integral element.
3. Let Q(pi, bi) be n nonempty g-polimatroids. Then Y\ Q(pi, b)) = QD 1 piy Yy bi)-

Theorem 5.2. (Szigeti [8]) Let F = (V, EUA) be a mized graph, f,q:V — Z, functions
and k,1,I' € Z, —{0}. There ezists an (f, g)-bounded k-regular (I,1")-limited packing of
arborescences in F if and only if gr(v) > f(v) for every v € V, min{g,(V),'} > 1 and

0aue(P) > k|P| —min{l’' — f(UP), x(UP)} for every subpartition P of V (21)
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Theorem 5.3. (Szigeti [8]) Let F = (V, EUA) be a mized graph, f,q:V — Z, functions
and k,1,I' € Z, — {0}. Let M, := (02Y<(v),r,) be the free matroid for everyv € V, and
let M = @, M, with a rankfunction r. Let MY, be the extended k-graphic matroid of
FonAUA.. Let T = (3o, ((Q(0,7,)) N K(k — gr(v),k — f(v)) N K(k|V| =T Kk|V|—
D OQO, rare)).

(A) The characteristic vectors of the edge sets of (f,g)-bounded k-regular (1,1")-limited
M -restricted packings of arborescences in orientations of F are exactly the integer

points of T.
(B) T # 0 if and only if gr(v) > f(v) for every v € V, min{g,(V'),l'} > 1 and for every
Z C AU Ag,
S max{0, k — gy(v) — ro(04(0))} < rass () (22)
veV
KIVI =1 =) min{r,(0%(v),k — f(0)} < rag(Z) (23)
veV

(C) and (26) are equivalent to (24)).

Theorem 5.4. Let FF = (V,E U A) be a mized graph, f,g : V — 7Z. functions and
k,,I' € Z, —{0}. Let M, := (0494 (v),r,) be a matroid for every v € V, and let
M = @, .y M, with a rankfunction r. There exists an (f,g)-bounded k-regular (I,1)-
limited M -restricted packing of arborescences in F if and only if gp(v) > f(v) for every
veV, min{g,(V),lI'} >1 and

R(P) > k|P| — min{l' — f(UP), gx(UP)} for every subpartition P of V (24)

3 —
where R(P) = max{r(04“F)}, where 9YE(P) is an orientation of 9VE(P).
The proof of this theorem relies on the following theorem:

Theorem 5.5. Let F' = (V, EUA) be a mized graph, f,g:V — Z functions and k,l,l" €
Z.—{0}. Let M, := (0494 (v),r,) be a matroid for everyv € V, and let M := @, .\, M,
with a rankfunction r. Let MFE be the extended k-graphic matroid of F on AU A,. Let
T = (3 ((Q0,10)) N K(k — gi(v), k — f(v)) N KKV =, k[V] = 1) N Q0,7)).-

(A) The characteristic vectors of the edge sets of (f,g)-bounded k-regular (1,1")-limited
M -restricted packings of arborescences in orientations of F are exactly the integer

points of T.
(B) T # 0 if and only if gx(v) > f(v) for every v € V, min{gp(V),I'} > 1 and for every
Z CAUAg,
> max{0,k — gi(v) — (07 (v)} < ryx(2) (25)
veV
FVI=1' =) min{r,(0”(v)),k = f()} < ryp(2) (26)
veV
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(C) implies and (26).

Proof. (A)

By Theorem [5.3)/(A), the integer points of T" are characteristic vectors of the edge sets
of (f,g)-bounded k-regular (I,!')-limited packings of arborescences in orientations of F'.
Since an integer point of 7" is also in ) ., Q(0,r,), the corresponding packing is also
M-restricted.

By the other direction of Theorem [5.3]/(A) and since the characteristic vector of an
M-restricted packing must be in ) ., Q(0,r,), the integer points of T" are exactly the
characteristic vectors of the edge sets of the required packings.

(B)

By Theorem [5.1]1, Q(0,7,)) N K(k — gr(v),k — f(v)) is non empty if and only if
k — gr(v) < k — f(v) (which is equivalent to gg(v) > f(v)), k — f(v) > 0 (which is true
because 0 < k—gp(v) < k— f(v)) and k — gp(v) < r,(04Y4E (v)) (which we will see later).

If Q(0,r,))NK (k—gr(v),k— f(v)) # 0 then it is equal to Q(py, b,), where by Theorem
B.1l1/(ii), for Z C AU Ag and Z, = Z N 94 4#(v),

po(Z,) = max{0, k — gi(v) — r(04E=% ()}

by(Zy) = min{r(0% (v),k — f(v)}

By Theorem [5.113, >~ .\, Q(pv, by) = Q(px, bs), where ps, = >, 1, Do, bs =D oy Do

By Theorem 5.1} 1, Q(0, 7y )NK (k|V| =V, k[V[—1) # D if and only i k|V/| -1 < K[V |-
(which is equivalent to I’ > 1), k|V| —1 > 0 (which follows from k|V|—1> g,(V)—1>0)
and k|V[—1" <7y (AU Ae), which is (26)) for Z = AUAp. Thus, by Theorem .1/(iii),
Q0,rp) N KKV =1, k[V] = 1) = Q(p,b) where p(Z) = max{0,k[V| —1I' —ryx(AU
Ap — Z)} and b(Z) = min{ry; (Z), k|V| = I}.

By Theorem [5.1]2, Q(p,b) N Q(ps, bs) # 0 if and only if py; < b and p < by, that is

> max{0,k — gp(v) =, (0947 (v))} < min{ry (2), k[V] -1}

and

max{0, k|V|—1" — rus(AUAp — Z)} < Zmin{rv(ﬁz”(v)), E—f(v)}
veV

The first inequality is equivalent to by the fact that max{0, k|V]— 1" — ryu (AU
Ap — Z)} < Y ev kb — gr(v) < K|V| =1 (here we use that min{g,(V),l'} > [). Since
k—f(v)>k—giv)>0andr, >0,0<>  min{r,(0%(v)),k — f(v)}, and k|V| —
U—=ry(AUAp —2) <3 oy min{r, (0% (v)),k — f(v)} is equivalent to .

Finally, k — g (v) < r,(04°42(v)) follows from px (@) < b(()) and the proof is complete.

(C)

Note, that is equivalent to

V| —g(V) — Zmin{m(az(v)), k—gr()} <y (AU Ap — Z). (27)

veV

Let Z C AU Ap. By (20), there exists a partition P of V such that for K = {e €
E(P): (AUAg — Z)N A, # 0}:

11



rap(AUAE —Z2) = [(AUAp — Z) NA(P)| + |K| + k([V| = |P]). (28)

Let P, :=={X € P: 1,(0%(v)) < k—h(v) (Vo € X)}, where h € {f,gr}. Then
Py, is a subpartition of V' and for every X € P — P, there exists a vx € X such that
r,(0%(v)) > k — h(v).

By the definition of K, we have

Appy-x © Z 0 Agp,). (29)

Thus, by , the definition of P, and vy, 7,(0%(v)) > 0, k —h > 0, h > 0 and
r(X) < |X]| (that is, the subcardinality of the rank function of a matroid), we have

ras(AUAg — Z)+ Y min{r, (0% (v)),k — h(V)}

veV

=[(AUAp = Z)NAP)| + K|+ k(|V| = [P) + Y min{r,(97(v)),k — h(V)}

veUP

+ Z min{r,(0%(v)), k — h(V)}

veV—-UP

AU A~ 2N AP+ T @)+ Y 3 mingro(@7(0), k — h(V))

vEUP XeP—P, veX

+ K]+ E(V] = |P])

>[(AUAp = 2) NAP)| +r((Z N AP))U(ZN0 Apepy)) + Y (k= h(vx))
XeP-Py
+ K]+ E(V] = |P])

>r((AUAg — Z)NA(PY) +r(ZN0APL)U(Z0 App,) + Y (k= h(X))
Xep—p,
+ K|+ E(V] = P])
>’I“((A U AE - )
+ | K|+ k(|V]| —|P
=r((AUAg —2Z)N

Pr)) +r((Z 0 A(Py)) U (Z N0 App,))) + k(P = [Pu]) = h(V — UPy)

A(
)
A(Pr)) +r((Z0VA(PR)) U (Z N Apep,))) — K|Pul — R(V — UPy) + | K| + k|V].

By and the submodularity of r, we get

r((AUAg = Z2) N A(Pr)) +r((Z 0 A(PR) U (£ 0 Agp,)))
r(A(Pn) U (20 Agpy)) + (AU Ag — 2) N A(P)) N (20 Agp,))))
(

>
>r(A(Pp) U Agep,)-x) +1(0)
>R(Pr) — | K.

In the last inequality we use r(X — K) > r(X)—|K|. By the previous two inequalities,
we get

ra(AUAR — Z2)+ Y min{r, (97 (v)), k = h(V)} = R(Py) — kPl — h(V — UPy) + KV |.

veV
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Using this inequality for h = f and we get , and if we apply it for h = g, we

get (27).
]

Finally, we prove Theorem [5.4]

Proof of Theorem[5.4] Necessity. The necessity of gr > f and min{g,(V'),l'} > [is trivial.
Let P be a subpartition of V' and let B be the arc set of an (f, g)-bounded k-regular (I,1')-

limited M-restricted packing of arborescences in an orientation of F'. For a node v,
let the number of v-arborescences in the packing be g(v). Let C be a class of P. By
k-regularity, there is at least k arborescences in the packing, which have arcs induced by
C'. If the root of an arborescence is not in C| then it enters it. Thus, the number of edges
in B that enter C' is at least k£ — > _~¢(v). The number of edges in B entering a class
of P is therefore at least k|P| — > cp ¢(C') = k|P| — g(UP). Since the packing is (f, g)-
bounded and (I, 1’)-limited, we have g(UP) < min{l' — f(V — UP), gx(UP)}, therefore the
right side of is a lower bound on the number of edges in B, that enter a member of
P. Since B is independent in M, we get .

Sufficiency. Let (F = (V,E U A), f,g,k,1,') be an instance of Theorem [5.4] that
satisfies the necessary conditions. Since holds, by Theorem (C), and
hold. Since g, > f and min{gx(V'),!'} > [ also hold, by Theorem [5.5//(B), T' (as defined in
Theorem is nonempty, thus, by Theorem 2. /(ii), it contains an integral element
z. By Theorem [5.5//(A), = is the characteristic vector of the edge sets of an (f,g)-
bounded k-regular (I,1’)-limited M-restricted gacking of arborescences in an orientation

? = (V, ﬁ U A) of F. Replacing the arcs in £ with the edges in E, we get the required
packing. O]
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