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Abstract

The study of diagonally aligned self-affine carpets is a main highway in the study of self-
affine sets since they provide one of the simplest examples of sets with differing box-counting
and Hausdorff dimensions. This in general is a rare occurrence ([6]). With separate cylinders,
many previous studies have been done (see McMullen ([18]), Barariski ([1]), Bérdny ([2]),
Bedford ([4]), Feng and Wang ([8]), Kolossvary ([14]), Gatzouras and Lelley ([15])). Fraser
and Shmerkin ([9]) considered the allowance of some overlapping with the aim of typical type
results. To add to this, we will also allow some overlapping, with the constraint that the
projection of the IFS to the x- and y-axis satisfies the weak separation condition.

In this thesis, we provide a formula for the Hausdorff and box-counting dimension for
diagonally aligned self-affine carpets whose projections to the z-, and y-axis satisfy the weak
separation condition, and that have homogeneous contractions along the z- and y-axes. We also
prove various formulas for the upper box-counting dimension in the case when the homogeneity
of the contractions along the x- and y-axes is not assumed.

1 Introduction

We begin with the basic concepts of fractal geometry.

Definition 1.1 (IFS) Let (X,dist) be a complete metric space. We say that a map S : X — X is
a contraction if there exists A € (0,1) such that for any xz,y € X : dist(S(x), S(y)) < A-dist(z,y).
We call a finite collection of contractions § = {S1,S2,...,Sq4} an Iterated Function System. If X
is an affine space, and § consists of only affinities, then the IFS is called self-affine, in particular,
if X =R?, and S; are similarities, then self-similar.

From now on, we restrict our view to the later case, when X = R% with the Fuclidean distance.

The study of self-affine iterated function systems has been in noticeable focus in the past
decades, whence the understanding of this greatly harder subfield than the self-similar, is in con-
stant growth. One of the most basic affinity but not similarity can be believed to be scaling with
different values along different axes. Coupled with translations, one gets the definition of the di-
agonally aligned or diagonal self-affine IFSs.

Definition 1.2 (Diagonally aligned IFS) An IFS § is said to be diagonally aligned or diagonal
if its functions attain the form

i 0 t;
s ) [2]

Obuiously one can extend the definition to arbitrary dimensions, but in this paper we focus on R?.

By Hutchinson ([11]) we have that for any IFS there exists a unique non-empty set, denoted
by A throughout the paper (with sometimes subscripts), such that A = USGS S(A). This is called
the attractor. A set is said to be a self-affine/self-similar set if it is an attractor of a self-affine/self-
similar IFS. The study of the attractor is one of the main pillars of research in fractal geometry,
and we aim for that as well. This can be done by characterizing its dimensions, the most notable
of which are the following two, who will be the targets of our paper.

Definition 1.3 (Hausdorff dimension) Define the Hausdorff dimension of a set E in R? as

dimy(E) :=inf {s >0 | H*(E) =0}



where the s dimensional Hausdorff measure, H*(.) is defined as follows

H(E) := lim H3(E)

= %g%mf { Z |U;|

iel

|U;| <6, U U;DE, Iis countable}.
i€l
Definition 1.4 (Box-counting dimension) Define the lower and upper boz-counting dimension
of a set E in R% as
— log Ns(E
dimp(F) :=limsup Lé()
5o+ —logd

) . log N5(E)
dimy(E) ’_hérg(l)ef —logé

)

)

where Ns(FE) := min {m >0 | Jx1, 20, ...,  E C UL, Bla, 5)} In particular, if the upper and
lower boz-counting dimensions agree, then it is said that the box-counting dimension exists and is
the agreed-upon value.

For the basic properties of these dimensions, one may read the book of Falconer ([5]) or take

any introductory fractal geometry course at a university.

1.1 Overview of the various results of the past

To contextualize the statements of our thesis, we begin with a brief introduction of previous
advancements regarding special types of diagonal self-affine IFSs, from the perspective of the box-
counting and Hausdorff dimension.

1.1.1 Bedford-McMullen carpets

Diagonally aligned IFSs were first studied by Bedford ([4]) and McMullen ([18]) separately, who
both studied carpets generated in the following way: let n > m be integers, and R a set of integer
pairs (i, 7) such that 0 <7 <m, 0 < j < n. Then define the IFS

e A | A R A L

Denoting the attractor with A, they proved:

dimi () = 1o, (S5 #( | .d) € 1Y)

. . L #R
dimp(A) = log,,, (#{i | 3j: (i.j) € R )+logn( " :
{ ’ } #{z’ﬂy:(z,y)ER}
where # A denotes the cardinality of the set A.
The functions are structured by rows of their images of [0, 1]?, these are the level-1 cylinder
rectangles or cylinder rectangles. This ordering by the rows phenomena persists in the area, and
we will see that it is related to the fact that 1/m > 1/n. Now imagine the image of [0,1]? by a
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Figure 1: A Bedford-McMullen carpet’s second and fourth iteration.

high iterate, it will be an “exponentially tall” rectangle. Imagining that we would like to cover this
optimally by square-alike objects, we notice that the diversity of the attractor along the y-axis
won’t be relevant.

Kenyon and Peres proved ([12]) the analogous formula in arbitrary dimension, and in [13]
they considered another graph-directed self-affine type construction, not necessarily self-affine but
similarly interesting, and the main theorem of this paper has ideas resembling what we will consider.

Then exploration of the area followed by weakening the assumptions of the grid-like structure,
firstly letting the uniform scaling factors differ, while preserving separation amongst the cylinder
rectangles (by separation now think of that any two level-1 cylinder rectangles have an intersection
with 0 Lebesgue measure), and after that with assuming even weaker versions of separations.

1.1.2 Gatzouras-Lalley carpets

Gatzouras and Lalley ([15]) considered a more general case:

ij O i
{21
(i,5)€ER

where 0 < i <m, 0 < j < n,;, assuming a; ; < b; < 1 for all pairs, >.." | b
for each i. Also 0 < d; < -+ < dppy, < 1 with dj41 — d; > b, 1 — dppy
0< Cij1 <0< Cip < 1 with Cij+1 — Cij > Q; 5 and 1 — Cin; > Qi n; -
They proved that if a p € R is defined by

i‘bf =1 then Zbe (7P —
i=1

=1 j=1

17 Z;M 1 %ig <1

;<
2 d,, and for an ¢

and



Figure 2: A Gatzouras-Lalley carpet’s second and fourth iteration.

>2i 2 Dijlogpi;
22 pijloga;

- <Z<Zj:pi’j)log(%:pi’j)) <Zi > ;m’ logh; >, >, le',j log am‘)}

%

dimyg (A) = max {

where we maximize over the probability distributions on R. They also joined the discussion of
whether the dimp = dimy case is typical, but we will avoid this dispute. Their formula for the
Hausdorff dimension of A is not so surprising, since it connects fairly to the general formula for
the Hausdorff dimension of a self-similar measure achieved by Feng-Hu ([7]), which was inspired
by the earlier work of Ledrappier and Young ([16], [17]).

1.1.3 Feng-Wang and Baranski carpets

Baranski ([1]) considered

i 0 T i:l Q.
§ =195 (z1,22) := {a } { } + { k=1 ] )
{ J 0 bj X9 Z.I]c:l bk (i.§)eR

where 0 <i<n, 0<j <m and Z;L:laizzgnzlbj =1.
He derived that

dimp(A) = max{dy,ds} where Z a;® bglf‘% =1, Zaf’s =1
(i,9)ER i

ST oalver =1, Y b =1
J

(i,9)ER

A more general theorem was proved by Feng-Wang ([8], [2]) about the box-counting dimension:



Figure 3: A Baranski carpet

Theorem 1.1 (Feng-Wang) Given that a diagonally aligned IFS

vt [ 0] [2]+ [12]}
’ ’ i=1

satisfies the Rectangular Open Set Condition (ROSC), which is that S;([0,1]%) C [0,1] for any i
and S;((0,1)2) N S;((0,1)%) = 0 for any pair i # j, we have that

m
dimg(A) = max{dy,ds} where Z |ri71|dimB(A)|r¢,2|d1*dimB(A) =1

i=1

m
Z |7ﬂi)1|d2—dimB(|A)|ri’2|dimB(\A) =1

i=1

(Eq. 1.1)

where A and |A are the projections of A to the x- and y-axis.

At this point, the nexus between these results is not entirely clear, but later, with the intro-
duction of Hutchinson’s Theorem (1.2) for self-similar sets, it will be. We state the nexus between
the result of Feng, Wang and the result of Baranski, because we will also obtain a similar result to
the one Feng and Wang obtained. But by the work of Zerner ([19]) for self-similar sets satisfying
the weak separation condition, we will have the luxury that the dimensions of the projection IFSs
are computable (Theorem 1.5).

Kolossvéry in [14] used the method of types to calculate the box-counting dimension of Barariski-
like and Gatzouras-Lalley-like carpets (sponges) in arbitrary dimension.

1.1.4 Fraser-Shmerkin carpets

Generalizing these advancements, one would have to open the possibility to some overlaps be-
tween the cylinder rectangles, like what Fraser and Shmerkin did. They considered ([9]) Bedford-
McMullen type construction with the change that they translated the rows vertically by a param-



Figure 4: A Feng-Wang carpet’s second and fourth iteration.

Figure 5: A Bedford-McMullen carpet’s first and third iteration in the upper row, while in the
lower a perturbed version of it, like what Fraser and Shmerkin considered.



eter t € [0,1 — 1/m]#{ro%s}. By this we mean that they considered the TFS:

3= {S@j(m,m) = [1/0m 1?4 Bj * Lt/vn} }(i,j)eR.

With this, they allowed the overlapping of cylinder rectangles, which makes the study generally
more challenging. They proved that unless ¢ is in the set of exceptional parameters F of Hausdorff
dimension #{rows}—1 in the parameter space, we have that the formulas of Bedford and McMullen
work.

They built upon the work of Hochman ([10]), who investigated, in a broader context and
specifically in the self-similar case, the phenomenon of super-exponential concentration of higher-
level cylinders. Hochman also re-examined the situation of exact overlaps between cylindrical
rectangles (i.e., S;([0, 1]?) = S;([0, 1]%)). These two phenomena are closely linked to the dimensional
reduction observed in Bedford’s and McMullen’s formulas.

1.2 Self-similar sets as tools

The theory of self-similar sets is well-developed compared to the self-affine case, we only state a
few constructions from here.

Theorem 1.2 (Hutchinson, [11]) Given a self-similar IFS of contraction rations {\;}icr sat-
isfies the Open Set Condition, we have that

dimg (A) = dimp(A) = s,,

where s,, the so-called similarity dimension is defined implicitly by the equation

> oxe=1.

il
From this theorem follows that the Baranski case is a consequence of the Feng-Wang Theorem, since
in Baranski’s construction the projection IFSs are self-similar and satisfy the Open Set Condition,

that is there exists an open set U such that S;(U) C U and S;(U) N S;(U) = 0 for any i # j. We
will utilize the following theorem:

Theorem 1.3 (Falconer, [5]) Let A be a self-similar set, then

1.2.1 Weak Separation Condition

The case, when the super-exponential concentration of cylinders is forbidden, is called the exponen-
tial separation condition. A slightly different condition was introduced earlier by Lau Ngai, what is
called the Weak Separation Condition (or in some occurrences Weak Separation Property), where
not only the at most exponentiality is assumed for the concentration of cylinders, but it needs to
be comparable to the overlapping cylinder rectangle’s length. Generally, the WSC may be defined
in many ways, we adopt a topological one.

Definition 1.5 (Weak Separation Condition) We say that a self-similar IFS § satisfies the

WSC, iff the identity map is not an accumulation point of the following group of transformations
,@;:{Si—llo...osi—klo o~--oS¢2|Si€S,k§£eN}

Tk41



with the metric defined between two similarities as
d(f,g) = max {lcs — cql, |05 — Ogll, Ity — tyll}

where a similarity h : R* — R% has the form hz) = cp,Opx + ty, where ¢, € R O is an
orthogonal matriz, and t;, € R?,

Given the WSC we can state the following assertions, but before that, define the Moran cut-set
for a self-similar IFS {S;} and 6 € (0,1) as

Méz{silo"'osik

(i, 0+ 08 )(A)] <8 < |(S, o--~oSik_1)(A)|}

where we denote a set, E’s diameter by |E|.
Lemma 1.4 (Zerner, [19]) A self-similar IFS {S;}ies satisfies the WSC if and only if
JreA Fe>0 V6>0 VS:,S5€ Ms: if (S7'S;)(z) #x = [(S7'9;)(z) —z| > e.

Theorem 1.5 (Zerner, [19]) Given a self-similar IFS {S;};cx satisfying the WSC, we have that

. . o M

Lemma 1.6 (Zerner, [19]) Given a self-similar IFS {S;}iex satisfying the WSC, we have that
In < 0o Vo € R? VS > 0 we have that:

#{S;y | S5 € My s and S;(A) N B(z,8) # 0} <n.

The WSC is only defined for self-similar sets since an exact overlap and some rotation could
provide a sufficient series to the identity map. So in this paper, we will use the assumption, that
the projections to the coordinate axes, which are one-dimensional, and hence self-similar, attain
the WSC.

2 The setup and results

s {stmen = [ 2] [+ ]}
’ ’ i=1

be an IFS, A it’s attractor. Define the projection IFS-s by

Let

5= {Si(a1) = riams + tia}"
1§ = {ISi(w2) = ripma + tin} ],

denote their attractor by A, |A respectively. In some cases for convenience we write proj,(...) instead
of ... and |... . The case when j = 1 is the projection to the x axis, so proj; refers to ... . Writing
conv(...) for the convex hull, we assume that [0, 1]2 = conv(A) x conv(|A), this can be done without
the loss of any generality since if conv(A) x conv(|A) =: [a1,bp] X [ag,bs] then if we define a
diagonal affinity A moving [ay,by] x [ag,b2] into [0,1]2, then A(A) will have self-affine structure



with generating IFS: § := {A0 S, 0 A7}, and will have the same Hausdorff dimension, Box-
counting dimension, . ... We might call this assumption the property that the attractor or the IFS
fills [0, 1]2. Denote

Pmax,1 = max ({|ri1]}y)  7min,1 = min ({|ri1]}y)
max,2 = Max ({|ri,2|};‘n:1) Tmin,2 ‘= min ({|T1,2|}?1:1>

Definition 2.1 (Symbolic space) Let ¥ denote the set {1,...,m}, for k € N let ¥ the set
{1,...,m}*, 2 the set ¥V, and ©* the set Uken Yk, The elements of ©°° are the infinite words,
who are denoted by boldface letters such as i,j,k. While finite words in X* should be denoted by
the style i, j, k. In particular, if we refer to an element in 3, then we will use i, j, k. The length of
a word is denoted by |i|.

If k,0 € Nand i = (i1,42,...,4);) is a sufficiently large finite word or for any infinite one, we
denote:
il(k,é] = (ik+1, R ,i@)
i—=(iq,... 77;\1\71)-

One can say that i is a prefix of j or j, iff for some ¢ € N:

i=jlog or i=jlog-

For i = (iy,142,...,4)3) € ¥, then write

1] 1]
Ti1 = H'rz'g,l Ti2 = Hrie,Qv
=1 /=1

similarly define
Si = Sil [¢] ~~'OS¢“|.
For i € ¥*° the pointwise limit of
S 0---08;

is, by the contracting property, a function mapping the whole R? to a single point in it, hence one
can define the map 7 which maps to an infinite word i to the point in R? where the whole plane
is deformation retracting.

Vi € ¥ 3In(i) € R? such that S; : R? — 7(i).
We say that two functions, S; and S; are cylinder-disjoint, if
5:((0,1)*) N S;((0,1)%) = 0.

Otherwise, call them cylinder-intersecting.
We define various sets generated by the functions in the IFS:

As:={i eS| min{|riq|, [ri2|} <6 <min{|ri 1], [ri—2[}},

A}; = {l S A(S ’ |7‘i,1‘ > |Ti,2 }, Ag = {1 S A& | ‘Ti,ll S ‘Ti,2|}a

Shi=1{5, | ieAl}, S2:= {5, | i€ A2},
G, = {Sl | ieE"},
G = {15: |1 € 7}, G, = {8, [1exm),

Gi - {Si € G, ’ Iriqa| > |ri72|}7 G% = {Si € G, | Iri1] < |7’i,2|}.

10



2.1 Main results

The characterisation of the upper box-counting dimension is not usual. We consider this since
we expect the formulas below to explain the box-counting dimension as well, and we expect the
currently assumed condition for the homogeneity of the projection IFSs to be only a technical one.
On the other hand, for the Hausdorff dimension, where we also obtain results with the homogeneity
assumption, we expect the general formulas to be more involved.

We start with the result for the upper box-counting dimension, which compares to the results
of Feng and Wang (compare Eq. 2.1, Eq. 2.2 t0 Eq. 1.1).

Theorem 2.1 (Upper Box-counting Dimension) Let

f 0 t; "
{21
’ v i=1

be a diagonal self-affine IFS, with attractor filling [0,1)? such that the principal projection IFSs,
3= {ﬁi(ml) =TT +ti,1};n:1 and |F = {|Si(x2) =T 22 —‘rti’g};n:l satisfy the weak separation
condition.

1. Firstly we have that

dimpA =1 ax lim sup

=4 §—0

(W#Sf%)

—logd

log (Maimp, proj, rijl | Si€S)
+dimerOjj(A)(1+ ( d BPOJJ(A){| gl 5})))

—logd

S =

(15 PP
where Mp(z1,...,zp) = (E Yo :ci> is the power mean.

2. Secondly dimgA = max{d’,d?} where

. dimp proj (A)
1= Z :ZIID S rsal%, dh = limsup d}
i,2

SeSs} 90 (5a 21)
. dimp proj, (A) a4 =
= 3 ()™ s msupds,
S,€s2 |7”i,1| §—0
3. Finally: dimgpA = maX{Ei, Ei} where
. dimpg proj, (A) —1 _ _
1= % ()R T s,
S, €GL ‘7"172 n—o0
T . . (Bq. 2.2)
. dimp proj, (A) —2 _ _
1= Z ‘Tl’z‘) ’ |rs1]%, di = hmsupdi.
S]’_EG2 ‘Tlil n— 00

Remark: As mentioned above, both dimp proj; (A) = dimp(A) and dimp proj,(A) = dimp(|A)
can be calculated by the theorem of Zerner.

11



Assume that the generating functions only differ by the translations, and not by the contracting
ratios among the x-, and y-axis. Then without the loss of any generality, we will assume |ry| < |rg.
Looking at the expression Gatzouras and Lalley obtained, we expect the general case for the
Hausdorff dimension to be not straightforward from the proof, that we will present, although
many ideas generalise well.

Theorem 2.2 (Box-counting Dimension) Let

§i= {Si(:cuxz) = [7;)1 TOQ] [2] + [Z;] }
’ =1

be a diagonal self-affine IFS, with attractor filling [0,1)? such that the principal projection IFSs,
3= {ﬁi(acl) =rir + ti,l};“:l and |§ = {‘Sl(l'g) 1= Tolg + ti72}‘::1 satisfy the weak separation
condition. Then the boz-counting dimension exists. Furthermore, W.L.O.G. assuming |ri| < |ra|

dimp(A) = — lim 1{1°g (#Gn) (1 10g|7“z|> | log (#Gn)}

nsoon | log|ry] ~log || log [r]

B log|r2\)  lim llog (#Gn)
log || '

= dimp(|A) (1

w5 log ri]

For the statement concerning the Hausdorff dimension, classify the elements of G,, with respect to
their projections into |G,:

Gn= |J Ry, ,where Ryg, :={S;€G,||S;=]S:}.
|S;€|Gy,

Theorem 2.3 (Hausdorff Dimension) Let

§i= {Si(:cuxz) = [7;)1 792] [2] + [Z;] }
’ =1

be a diagonal self-affine IFS, with attractor filling [0,1)? such that the principal projection IFSs,
3= {ﬁi(xl) =rir + ti,l};.“:l and |§ = {‘Sl(l'g) 1= Tolg + tm}‘::l satisfy the weak separation
condition. W.L.O.G. suppose that |r1| < |r2|. Then

dimg(A) = lim { - %bg\m { Z (#Rys,)'8Im1 |’“2}}.

|S:€|Gn

In the next section, we present two examples, and then we present the proofs, which take many
ideas from the mentioned paper of Gatzouras and Lalley ([15]), as well as adopt some ideas of
Zerner ([19]).

2.2 Examples

In general, the presented formulas can be challenging to compute, but with some ingenuity, many
man-made examples can be solved. We present one example dedicated to the box-counting dimen-
sion and one to the Hausdorff.

12



2.2.1 First example
Consider the IFS defined in figure 6.

]
!l ! 3;2{5175’2,53,54}>

/4 07 [a]
!I !f Sl T I 0 1/3- -1,2- b
i ] o
|f 6 o [1/4 0] [ar] , [3/16
|’ TL0 13 |ae] | 2/9]
14 0 [z1] | [6/16
!I I! (2 1) 5= 10 1/3) [ T _4/9} ’
(14 07 [a] | [3/4
!I! 51710 18] [ T _2/3} ’
fl (%.2) 1§ ={I51,152. 155,154}
’ .{ 1Sy == /3,
.* Sy == 2/3 +2/9,
|S5:=x/3+4/9,
[Sy:=x/3+2/3.

Figure 6: The first example.

Remark 1 The dimension defining structure of A is bipartite:

e [t has exact overlaps on all levels after 1, but these are generated only by 2 equalities: S14 =
521 and 524 = 531.

o |A has additional exact overlaps, generated by the equality: |S34 = |S41.

To prove that the projections satisfy the WSC either use Lemma 4.5.2 and Theorem 4.4.10
from [3] or remember Lemma 1.4 observe the following: |G,s are the Moran cut-sets of |A by the
homogeneous contractions. If we let n € Nt,|S;,|S; € |G,, be such that |S;(z) # |S;j(x), then

|(|S1_10|SJ)(.’E)—Z‘| Do —— ||SJ(Z‘)— |S;|_(l')| Se. (%)n

holds with x = 0 and any € < %, since cylinders at the same level either completely overlap, or

overlap with the intersection being % of the whole length of the cylinders. Precisely
p—1 p—1
ag by 1\p+1 1 1\n
IsO-s0l= X5 -X5>G) 23G)
k=0 £=0
where ay, by € {0,2,5,2}, and p=sup{k € {1,...,n} | a # by} exists since |S;(0) # |S;(0).

13



The same obviously holds for A with z again being 0 and ¢ < %. Now for Theorem 2.2 it is
enough to compute the quantities

log (#]Gn)  log (#Gy)
n ’ n '

For the growth rate of G,, and |G,, we notice that the cylinders form two types of objects a disjoint
cylinder square, and the 3 overlapping one building some kind of stair. Call these two constellations
type 1 and type 2. Now we can see that a type produces after one iteration exactly one type 1 and
a type 2, while a type 2 gives rise in the next level to a type 1 and 3 type 2. Hence,

st af )

where the left vector is for the initial square, and the right vector finally decomposes the con-
stellations into not entirely overlapping n-th level cylinders. Therefore by the Perron-Frobenius

Theorem @ is log(\), where A is the largest eigenvalue, 2 + V2 of the matrix in the middle.
For |G,, recognise that

#|Gy = 3#Gu1 +1, [Go=1 = [G,=) 3

and hence w = log3 (which agrees with the observation that |[A = [0,1], and hence
dimp(|A) =1, and r2 = 1/3). We conclude that

dimp(A) = — lim {W“G)(l _ loglrz|> | log (#Gn)}

n—oomn | log|rel log |r| log [r]

= 1.093295401221 . ..

_log3 ( B log3) log(2 + V/2)
~ log3 log 4 log4
2.2.2 Second example

Consider the example presented in figure 7. With a similar method as used in the first example,
one can prove that the x and y projections attain the WSC.
For the Hausdorff dimension we use

. o 1 log, 3
dimg(A) = lim {n logs { > (#Rs,)E }}
|S;€|Gn,
Using the symbolic notation, and Remark 1 with equation (4.62) from [3] we have the bijection
Vhk=1,...,n—1:igip1 # 13}.
For |S € |G, and |S «— i, then let (#Rs,)'°%43 be denoted by R;. Then

> (#Ris) = > Ry = ZR+ZR+Z Z R;

|S;€|Gy, iel, iely, iel, iely,

G +— T,y o= {i = (iyia...in) € {1,2,3}"

in=1 in=3 in=2
in—1=2
) ) K () A
. (n n n in—kt272
=ay” Ty + )

14



f § :={51, 52,53},

S = [1/4 0 ] [
F P00 1/3) 3]

S, [1/4 0 ] [21] N {1/4}

B L0 1/3] a2 2/9
[1/4 0] [z1] , [3/4
d = | (/) 1/3) m; {2?3}

i i |5 :={151,152,155},
F f (1.2 |S1 := /3,

; |S2 :=x/3+2/9,
|S3 :=x/3+2/3.

Figure 7: The second example.

where the last line defined o\ i € {0,1,...,n} in order. Let a{™ := 0 for i > n, and denote

a™ = (aén), al™ oM .) € RN, Let a = log, 3. Notice that
dimg (A) = Tim 4 = logs ™|
n—oo n 3 ’

where ||.||1 is the usual 1-norm of real sequences. The decomposition of a(™ may seem ad hoc, now
we show what it represents: if 1 € '), ends with 1 or 3, then the restriction, that 13 cannot occur,
means that for any j € {1,2,3} we have R;; = R;. On the other hand, if i ends with exactly ¢ 2s,
then Ris = Ri3 = R, but R;; = ({4 1)* - Ry, since

[Si22...221 = |Si22..213 = |Si22..133 = - -~ = |Si13...333

while 5122_“221, 5122,”213, Sigzmlgg, ey Silg_nggg are f +1 different functions, ifin i22...221 the 1
in the end was preceded by exactly ¢ 2s. Therefore

al” = ZR*ZR+ZR+ZZR

iel'y, iel, iel', iel'y,
in=1 Tn=1 1n=1 in=1
in—1=1 in_1=3 in_1=2
'Lnfk.'¥1:2
In— k72
n—1 oo
= aén Dy agn_l) + Z(k + 1) a,ﬁll) ( + 0 disguised as Z(k + 1) aéﬁ_ll)).
k=1 k=n



Similarly

=3 R= ZR+ZR+Z Z R;

iel, iel'y iel'y iel’y
1n=3 in= in=3 In=
in—1=1 in—1=3 ip—1=2
17171;44:1=2
i k72
n—1 oo
=0+ a(n Dy Z ag:ll) ( + 0 disguised as Z aéz_ll)).
k=n
et = 3 J-D) | (n-D)
n n— n—
R; =ay +a; ,
_1€Fn
=
7;n717£2
while for j € {3,...,n}:
= S R Y R—d
J 1 ’
iel, i€l 1
G =2 fp—1=2
tn—1=2 Tp—o=2
Tn— +2 =2 n 2
Tp— ;+17’32 in jif;&
From these, we conclude that
™ =La™ Y =... =L"(1,1,1,0,0,...) = L""(0,1,0,...)

where we define the operator L : RN — RN as

29 3% 4% B¢

=

I
SO O = O
OO O ===
SO~ O
O~ OO
_— o o o
S oo O

Lemma 2.4 There exists a unique oo > A\* > 1 such that there is a € RY with positive entries,
ag, a1, as > 1 and with La = X*a. Furthermore

_ 1 - a/\*\2—k
A*_lkz:?k (%) +7(A*_1)3.

Lemma 2.5 1 log|la™|; — log \*, and hence

16



Proof of Lemma 2.4:
Let a € RY be such as in the statement, then we will arrive to an equation unequally solved by

a \*. We assume
o0
E k%ap < 00
k=2

so that A* < co. Suppose La = Aa, A € (1,00), then

Vk>3: MXay=Lay=ar1 = ar =N ""ay (Eq. 2.3)
)\a1=La1:a1+iak=a1+§:)\27ka2:a1+ag — alzag#
A—1 (A—1)2
k=2 k=2
Finally
Aag = Lao—ao—l—al—i—Zkaak—ao—i—ag +Zko‘)\2 ka
k=2
= ag = L ( +Zka)\2 ’“)
0T N1
and \
Aay = Las = ag + aq, alzagm
implies that
1 A = A 2?2
A= —(7 fo N2k koN2—k 4 .
A1 (/\—1)2+kZ:2 )+(/\—1 _1Z G- (a2

On X € (1,00) the left-hand side of Eq. 2.4 strictly increases from 1 to oo continuously, while the
right-hand size decreases continuously from oo to 0, proving that Eq. 2.4 is solved by a unique A\*
n (1,00).
Proof of Lemma 2.5:
Let M € NT, define Ly, : R® — RM as (L oproj,,)|a, where proj,, is the projection of RN to
the subspace spanned by the first M coordinates. Then L), can be represented as the non-negative,
irreducible aperiodic, M by M matrix:

11 20 3% .. (M—2)* (M—1)"]
01 1 1 - 1 1
110 0 - 0 0
Ly=|00 1 0 - 0 0
00 0 0 - 0 0
00 0 0 - 1 0 |

By the Perron-Frobenius Theorem 3! Aj; > 0 s.t. limy, 00 % log || L7, v]|1 = log Aps for any 0 # v €
RM with non-negative entries, and there is a v* € RM with positive entries such that Ljv* =
Apv*. Therefore, with computations like Eq. 2.3-Eq. 2.4 we have:

VE€[3,M —1]: Iyvj=vi_, = v} =\ v

17



M—1 M—1
2k 2k
Apmvy =07 + E vp = v + g /\ vy = 1)1*1)2/\ — E Ay

k=2
Finally
M-1 M-
Agvg = v+ ok + Y kCvp = vgz( E ZA?WM Z N )vs
k=2 k=
and
;M
)\ Kok * Kok )\Z—k
MUy =gt U, g UQ)\M_I Z
k=2
implies that
1 A i 1 =
Ay = —(vf +o) = —2M P EON2TF Eq. 2.5
M ’U;(O 1) ()\Mil)QkZ:Q M )\1\471];2 M (q )

From Eq. 2.4 and Eq. 2.5 we have that lim ;o A\py = A*, and ||L"‘1a(1)||1 > HL}\I/I_Ia(l)|M||1 follows
inductively on n, remembering that all entries of a(!) are non-negative. Whence

hm 1nf log [L"1aM |, > log Aps — log A*. (Eq. 2.6)

Finally let @ € RY be such that La = A\*a, ag, a1, as > 1 and the rest of the entries of a are positive.
Then
I a My < L af = ()" lall

hence
hmsup log [|[L" ta™M]]; < logA*

n— oo

which with Eq. 2.6 proves the statement. Finally Eq. 2.4 lets us numerically express some digits of
the Hausdorff dimension:

dimg (A) = logs 2.8960013515886529426596184724862681808317981559701975298582 . . .
= 0.967885533595539319438037445903385862252724017052009287837 . . ..

3 Upper box-counting dimension in the general case (thm
2.1)

Recall the definitions:
As:={1i€ X" | min{|ry 1|, |ri2|} <8 <min{|ri_ 1|, |[ri—o[}}
Ss == {5 | ie s}
A% = {i ISWAY | 71| > "/‘i,2|}
Ag = {i I<WAY ’ |71.2] > \ri,1|}
where for j = (j1,...,jk—1,Jx) we have defined j— as (j1,...,jk—1). Now

A)=Ns( | si(a)

i€Ag

18



and even
Ns(A) = Ns( | Si(a))

SiGSE
where for each function we choose one representative i € ¥*. This holds by the fact that As is
a cut-set, meaning that for any i € ¥°° has a unique prefix i in As. Therefore the set in Nj()
remains the same. But notice that the number of elements in S5 may be lower than in Ag, which
in the limit will be the enforcer for the dimension to drop from the values the formula of Bedford
and McMullen would assign. Next, define
Sg = {Sl | ie Ag}

and ) 5

|S5 = {|Sl S ‘-S ‘ Si S 86}

S;:={S; €% |5 €S53}

Lemma 3.1 Let A be the attractor of a diagonal self-affine IFS, then

— log Ns(Usg, es: S:(A))
dimgA = max {limsup 515 .

je{1.2} | s-0 —log¢

Proof:
Observe that

Ns( | ssa)=nsC I U sy,

Siesé j€{172} Slesg
Whence we may conclude the (finite) stability of the upper box-counting dimension:

max {NJ( U Si(A))}gN(;( U U s@)<
S:€8}

Je{1,2} , v
je{1,2} s;es]

< No( | Su)) + N |J saa) <2+ max {Ns( | suan}.

Jje{1,2}

S;es} S €83 Si€s})
Therefore
— . log Ns(A) . log N5(Uje{l,2} Usies-g Si(A))
dimpA = limsup ————= = limsup
50 —logd 5§—0 —logé
 logmaxjequay {No(Usg s S:(A) }
= lim sup
§—0 —logd
. log N5(Ug, es7 S:(A))
= max < limsup g ,
jef12y | 50 —logd

where we used that

( (4) ()

Vi : limsup a(;) <limsupmaxa;’ == maxlimsupas;’ < limsupmax a((;l)
é é ? ? é § ?
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and we can take a sufficient subsequence of max; agi)
then there is an index j such that max; ag;) = ag]k )

, say 0 such that the lim sup realises over it,

for infinitely many k, and hence

(@) (@) ( (@)

35 : limsupmaxa;’ = lim sup max as, = lim sup a&;) < maxlimsupay’,
s g k g k g s
and we proved the claim of Lemma 3.1.
Lemma 3.1 lets us focus on Né(USjeS}; Si(A)) and N5(Usiesg S;(A)) individually. Notice that S2
is defined to be slightly more general, and hence we massage this one while constantly monitoring
that for S} the same would work as well.

3.1 Upper and lower bounds

Lemma 3.2 Assuming the conditions of Theorem 2.1 we have that

. log N(S(Usiesg Si(A)) . log Zsiegg N5(51<A))
lim sup = lim sup
§—0 —logd 5§—0 —logd

Proof:
We start with an easy upper bound:

Ns( | Si(a) < D7 Ns(Si(A)).
S; €53 S; €83
Towards the lower bound we construct:
Mi={3ex ]S;(0)] <5 <[S;_ ()]} = {3 €= [ Il <6 <Irs-al}
M =1{85=5j,0...08, | 3= (... jr) € ML}
M= {3 €3 [ [1508)] <6 < IS (10)]} = {3 € £* | Iryal <0< ry_al}
M2 = {8;=5;0...08, | 3= (j1,...,jx) € M3}.
Then let

Mi:={S|SeMi}, M;:={S|5eMj}
IMj = {|S | S € Mj}, M3 = {|S | S e Mj}.

Here M} and |M? are subsets of the usual Moran covers of the projection IFSs, but the rest aren’t.
Fortunately, they can be covered by not too many Moran covers. Let’s study A%:

i€A] = || <d<|riig| = S e M; = S C M;.

Here we can use Lemma 1.6, since § is assumed to satisfy the WSP and hence In < oo Vz €
RVY§>0:
#{S; e M5 | S;(A)N[z—d,a+68]#0} <n

from where

#{S; €83 | S;(M) N[z —6,x+0] #0} <#{J, e M5 | S;(A) N[z — 6,246 #0} <n.

In other words: for any interval [z — §,z + ] only n many S, (A) can intersect it, where S; € S3.
This implies that any § length interval may only cover n many cylinders at most. Whence

n - Ns( U Si(A) > Z N;s(8;(4)).

S,€83 S,€83
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For the other projection, we only have

i€ A = 6 <l|ri_al Irial <lrial = max{|ri1], 6rmin2} < |rial
= 0 - max{Tmin,1,

s < (r i log () log(Tmax,2)
|( - _>(|n;|2) | < 5} [71,2] < (Fimax2) "#0min ) = §1o8trmina )
Tmin,1 > (Til >

Hence we have

hg h2
2 2
ie A — S S U M(Tmmx o)k = |S - U ‘M(rmlx o)k
k= h1 k= hl

where

log(0) log(0 - max{rmin,1, T"min,2})
hy = | ————— ho = : :
! hog(rmin)l)J ’ 2 [ log(max,2) w
_ [ log(0) log(max{rmin 1, Tmin$2})'|
log(rmax,Z) log(rmaxﬂ) ’

Now Lemma 1.6 gives the system |§ an m < oo such that for each any z € R for any

(Tmax.2)®, 2 + (Pmax.2)*] might only cut into at most m-many |S;(|A), where |S; € |[M?

(Tmax,2)k :

Therefore at most (m(hy — hy))-many [S;(|A) from {[S;(|A) | [S:|S3(|A)} € {|S:(|A)

(Eq. 3.1)

k: [x —

| 1S: €

Uk hy M (rmaxz)k} can cut into [z — (Tmax,2)", 2 + ("max,2)"?]. This means that any length &

interval can only cover at most (m(hs — hl)W)

X%LM;M(UI&MDZE:Nm&M»

|Sj€|S§ ‘SiG\S?

m(hg — hl)

Now using the two projections:
No( U sua) = b 2meal 5 s
’ S smilhy — ha) s
SiGSg Si €S2
Substituting the values hy and hs

" log(8-max{rmyin,1:"min,2}) ]

( U S (A)) > l . (rmax,Q) 108 (Tmax,2) . Z N (S(A))
* = nm ({log(&max{rmm,l,rmh.,zn] ~ log () G EASES
S; e8% log(Tmax,2) log(rmin,1) S; €82
log(6-max{rmin,1:"min,2})
T “+1
> 2 . (rmax,Q) 108(rmax,2) Z N
- nm (10%(5'max{7‘min,1,Tmin,z}) log(d 5
IOg(Tmax,Q) log(rmln 1) Si ESz
2 . (Pmax,2) * 0 - MAX{ min,1, Tmin,2 . Z Ns(S:(A)
T nm (log(é'max{rnﬂn,l1Tmin,2}) ___log(8) + 2)5 6\
log(Tmax,2) log(Tmin,1) S; €82
_ l . (Tmax,2) : maX{rmin,la Tmin 2} Z N
T nm log(9) log(max{rmin,1,"min,2}) log(8) 5
IOg(Ttxlax,2) log(Tmax,Z) IOg(Tmm 1) Si 652
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Using once L’Hopital’s rule, and elementary analysis one can derive that

lo 2 (rmax,2) max{rmin,1,"min,2 }
g\ nm log(3) | 1o8mmaxTrmin, 1 Tmin2)) __ loz(8)
. log(Tmax,2) log(Tmax,2) log(Tmin,1)
lim =0
50 —logd

and then we can conclude the statement of Lemma 3.2.

3.2 To the atomic level!

Lemma 3.3 Assuming the conditions of Theorem 2.1 for any € > 0, there is a ¢ = c¢(e) > 0 such
that for any i € A% we have

N5(Si(M)) € (m . (L)“’m“”*i . (5)—dimB<A>_a>.

\Ti,2 |7“i,2|

Proof:
We want to estimate the covering of one S;(A) for i € A2. We certainly have |r; 1| < &, whence:

Ns(Si(A)) =: Nsxs(Si(A))
= Ns;l(axa)(A)
(

= Ng-1(5x5) ([0, 1] x [S1(|A))
= Ni.fry 1 |-1x6-|ry -1 ([0, 1] X [Si([A))
= Ns.|r, »-1(|A)

where we abuse the notation N, (b) to mean the optimal covering of the set b wherever it is by
copies of a (we use this only here and nowhere else). See Figure 8 for some intuition.

For self-similar sets, and in particular for |A and, A the box-counting dimension exists ([5]). There-
fore

. . log Ns(|A

meaning that Ve 3T' = I'(e) > 0 such that V§ < T we have:

b

log Ns(|A)
—logé

Ns(|A) € (57 dimg (|A)+e 5— dimBqA),E)

€ (dimB(|A) — &, dimp (|A) +e)

This alone wouldn’t be enough because as § approaches 0, the value of §-|r; 2|~! may not converge,
but rather cycle back every so often. Luckily, we have that for i € A% § - |rio|™' < §-(6-
max{Tmin 1, Tmin2}) * = min{r;}nyl,r;}ng}. Therefore we can derive an appropriate constant ¢
for Lemma 3.3:

sup Ns.jry o1 (I1A) —max 1 sup Ni.jry o1 (I1A)
1eAg (\Tf,ﬂ)idlmB(‘A)iE 7i€A§75-In,z\*1>F (\rizﬂidlmB(‘A)is

:max{l, sup {Nr?-lri,z\*l(m)( g )dimB(|A)+€}}

1€A2,6ry o|~1>T 71,2

< max {17 Nr(|A) - (min{rr;iln,la Tr;ilng})dimB(IAHS} =
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Figure 8: visualizing the argument for a fixed cylinder and three ¢ by § square transforming

1

S7H0 % 6)
.
—— —
s —— ——

o i T =H

| g« 0 (s)7E)

|

Jornar SS===

[ S E—— S

Mo ) N jrya1-2 (1)
ilenA§ ( 2 )7dimB<|A)+8 - ’ieA§,6-1|£11,2|*1>F ( > )7dimB(‘A>+8

[ri,2] Irs,2]

:min{L inf {Né-m,z\—l(lA)( 5 )dimBqA)fa}}

i€AZ,5ry 2|7 1>T |7,2]

. . (|A) . (F)dimB(|A)+€} = ¢y

min,l’Tmin,Q}

> min{l,N

min{r
¢ :=max{ci,cy '}

3.3 Bounds arriving at once

Lemma 3.4 Assuming the conditions of Theorem 2.1

— dimg (JA)
e (See M) o (S ()T )
lim sup = lim sup .
50 —logé 5—0 —logé

(Eq. 3.2)

Proof:
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Remembering the previous Lemmas and Eq. 3.1:

log (Zsiesg N5(51(A))) log (ESiGSg c- (ﬁ)_dimB(‘A)—E)

li <1
a0 —logd = e “logs
5 \—dimp(|A)  e(pErmax2) )
) log . log (ZSﬁS% (W) . 55 (BECmin D) )
< limsup ———— + limsup
§—0 — 1og5 50 — 10g5
s \—dimg(|A)
. log (Zsiesﬁ (W) ) ( 108 (Fmax 2))
< lim sup o1 - lolmaxa)
50 —logd Tog(Tmin.1)
similarly
- —dimgp(|A)+e
.. log (ZsieS’;? N&(Si(A))) e log (Zsiesg 1. (‘Ti‘) B )
6_>0p —logd - 5_>0P “Togs
)
> liminf logc™! I log (ZSi€S§ (m) B .5 ¢\ Toetrmin, 1) )
R ~logo : lglj‘glp —logd
5 \—dims(|A)
i log (ZSi€S§ (m) ) 10g(7”max 2)
> lim sup (1 lo8(rmax2) |
5§—0 —logd 108 (Fmm1)

Observe that € was arbitrary and conclude Lemma 3.4. To see the first statements of Theorem 2.1
reorganise Lemma 3.4:

s\~ dims(|A) |7s,2] \ dimB (|A)
log (ZSiGS§ (m) " ) _ log#S§ N log (#Ls?s Zsiesg ( 52 ) ° )

—logd —logd —logd
~dimg(]A) | _1 . jdims(]A)
_ log #8§ N log (5 ? 757 Lsiesy 12| ™ ) (Eq. 3.3)
—logd —logd
log #S2 log M, {|r; 2| | S; €S2
_ 108 #53 | Giamp () (14 28 pdIrsel | i
—logd —logd

where we have the power mean

n 1

Mpy(z1,...,20) == (% fo)i

i=1

with exponent p = dimg(JA) € [0,1] and with n = #S%. To sum up: use Lemma 3.1, 3.2, 3.4 to
conclude

— log Ns(Ug, esz 5:(A))
dimgA = lim sup M = max { lim sup S €Sy

50 —logd  je{12y | s-0 —logd

log #S] 108 Metimg, proj, ()L Ir1,5] | Si € S}
= max {hmsup(0g#85+dim3projj(A)<1+ & Mdimp p JJ—(Al)o{g(S J | 5

je{12y | 550 —logé

(Eq. 3.4)
which is the first part of Theorem 2.1.
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3.4 Secondary formula

Now we can achieve a formula complimenting that Feng and Wang obtained (Eq. 1.1). For 6 > 0
define d}, d%,d!,d? with the following equations:

* ) *
. dimp(A)
1= Z <|7“1,1|> 75,2 d‘%, d, == lim sup d;
S.e8) |Ti,2| 6—0
. dimg (|A)
1 Z (|T1,2|> |riq d§, d? := limsup d3.
5;€82 Irs.1] "o
Then di (A)
) imp (A i i
1= (If’l:) raal® < 37 Iraa B - (@riggn )~ O 5%
SiESé b2 SiES};
( ) )—dimB(A) - dime(d) | sdl
< min,2
Siest rial

hence taking the logs—: of both sides, using techniques from Eq. 3.3

_ log #5} log Mampi{raa| | i € 53}

. IOg Tmin,2
d A1 e
—logd + dimg (4) ( + —logd

dl
log §

) + dimp(A)
and similarly

. dimp (A
1= Z (|T1,1|) B(7)|7’i,2|d‘1§ > Z |7‘i,1|dimB(A) . 5*dimB(A) . (5rmin,2)d§

S,esl 72| S,es!
5 _dimB(A) dt 1
LT ()
SZI ‘Ti)ll 72
1 €Sy
which implies
log #Sj . log Mgim (A){|Ti 1] ’ S; € S}g} log " min.2
dl > [ d A 1 B(A s _ d1 min,
02 “logs TAmBA){ 1+ “logd > Tog6
SO ’
log rminz2) _ log#S; . log Maimg(a) {17111 | S € S5}
dl(l : ) > S 4 dimg(A)| 1 CICORNLET )
s\t log 0 — —logd + dimp (A){ 1+ —logd

For S? and d? the same can be done. Both 10%;;‘;"'2 and loglgé“(‘;"’l goes to 0 as ¢ approaches 0, hence
remembering Eq. 3.4 we got:
dimp(A) = max{d}, d*}.

*9 W

3.5 Tertiary formula

The sets S} and S? are uncomfortable to compute, but we will show that a similar formula is true
with the level-n functions instead. Recall

Gn:={S:|iex"}
Gy, o= {S; €Cn | Irsa] = Iriol}
Gl = {81 € Gy | |rin] < rizl}.
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Then define

|T'71| dimp (A) =1 1 . 1
o Z (|7"172|) |7’i,2|d"7 d, = limsupd,

Si€GY n—00
oy dimp(|A) o B
1= |7“1,2|> [ri1]%, = limsupd,,.
5:€G2 71,1 n—oo

To see that they also give the Box-dimension, for any 7 € [rmax,2, 1) we have:
dims(A) 1/k
rs imp (A
dl =inf{a >0/ limsup Z (M) |rs 2]® <1
k—00 Sl est |Ti72|
iES"k

and

limp (A) 1/m
— . dimp (A
di = inf {a >0 | limsup < Z (M) ° |ri,2|°‘> < 1}.

n—oo ‘Ti,Q

S;€GL

(Eq. 3.5)

Indeed, the first equality holds by the following observations: For any a > d} there exists ¢ > 0,
there is a kg > 0 for which any k > kg satisfies a —e > d717,€ (we will have the hierarchy: @ > a—e >

d}]k), and therefore by the definition of d717k" and using: |r; 2| < n* we will have

1/k
. dimp proj; (A)
limsup<§ (Ll’l') o |Ti,2|a>

k— o0 SiESlk |7"i,2|
.
1/k
e ‘Ti,1| dimp proj; (A) o /
<7 ¢ -limsup Z (W) |71 2]
k— o0 SieS;k i,2
1/k
. |7»i1| dimp proj, (A) o —ck /
=tmaw (3 () il
— »
oo SiES;k i
1/k
. |Ti,1| dimg proj; (A) e /
< lim sup Z <m> 71 2]
k—o0 SiES;k i,2
di L) 1/k
. imp proj 1
< limsup ( Z (::1,1I) 1 |Ti’2|dnk> =1
k—oo SiES;k i,2

For the other way, let Voo < d}k we have that Vkg > 0 3k > kg such that o < drlﬂv and now

|Ti1‘ dimp proj, (A) o L/k
> () 2]

|7i2
1 s
SiES .

1/k
r; dimp proj, (A) at
= ( Z (Irl,;l) |52 "k> =1
17

Si eS}y "
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-1 -1 .
In the cases of a > d,, and a < d, one can do the same. Next, we show that these two sums differ
only by a subexponential amount. Observe

S; €Sy = Pl Slraal <0 < Jrio| <ol
1 ~ 1 x
— (i 8 Tmin2 o g (i) = 1) 2B max2 g
logn logn
lo lo
= 2k B i<k By
IOg Tmin,2 log Tmax,2

Therefore for any d

r; dimp proj; (A) s dimg proj; (A)
> (=) D S () ool
1,

|7 i,2
1 1
Si ESTIk ? Si EGk logn

log "min,2

r; dimp proj, (A)
-+ Z (7' 1’1|) 1 70|

S;€Gl 75.2]
k

+

logn 1
Tog Tmax,2

now

1/k
, 75 1|\ dimp projy (A)
lim sup ( E (:Tl:) |Ti,2|d>

k
— 00 Sieslk
n

k logn +1

. 1/k
. log Tmax,2 |T‘i,1| dimp proj, (A) J /
< limsup E E (7| |) |ri,2]
r
" i,2

k
oo —k_logm  S,eGL

TV log rmin,2

log Tmin.2 logr 2 _p_logmn Ti,2
k—o00 g min, g max, n_klongin,2 SjGG}L | 1, |

) ) losn 4 | | dimg proj; (A) 1/k
o8 Pmax 5 imp proj;
< lim sup (( —k 087 +k 087 + 1) max Z ( Ti,1 ) |Ti,2|d>

-1
remembering the definition of d,, and using that limg_, k/k =1 we can observe that the above
-1
equation is not greater than one, for any d > d,. Therefore,
d, > d.
For the opposite direction, we proceed similarly. Observe

1 k k
Si € Gn = N Tmin,2 < |ri,2| < rglax,Q? 7Arrrrllin,Z < |ri,2| < n

— k<n- log "max,2 log Tmin,Z’ E>n- log T'min,2 )
logn logn logn

Then for any d

r dimp proj, (A)
(= rial

S €Gy, |ri’2|

logn logn
> > (e
|7“1,2|

k= [n log 7'min,2“ Si€S,

|_" log max,2 108 "min,2 J
n

dimp proj, (A) d
) Ti,2|

IN

n



therefore

1
. |'I“j71| dimp projq (A) d /
lim sup E i |rs,2]
s r1,2|

nree 1€Gp

log rmax,2 108 "min,2 J

) \Jl Tog n Tog 1 |ri L | dimp proj; (A) . 1/n
< lim sup Z Z ( - ) |71,2]
|rs,2]

n—00
k=|(n logquﬂn’g'l SjGSTIk
ogn

log "max,2 198 "min,2 . . 1/n
. Ln Togn — —  Togn J |7ni,l | dimp projq (A) d
< limsup ( an - max E |rs,2]

n—o00 k:{n 1°g121;;n,2"| Si€s 4 |7"i,2|
n
P log Tmax,2 log Tmin,2 log Tmin,2 . : 1/n _ : 5 :
where a,, := Ln Toa 1 Tog J |— W]’ but still limsup,,_,., an’ = 1. Again assigning

any d > d!, we achieve that by the definition of d! the above equation is bounded by 1, and hence

d,>d}
whence .
d, = di

. . —2
as stated. A mirror computation shows the d, = d? case.

4 Box-counting dimension in the homogeneous case (thm
2.2)

Assume, as in the theorem, that for any ¢ € X: 7,1 = r1,7; 2 = ro. Suppose that |rq| < |ra2|. Now
from 2.1 with the use of |ri 1| <0 < |ri_ 1| < |riql -rr;ilml we can conclude
r1|\ —n dimg (|A)
- . IOg (ZSiGG" (‘T;l)
dimpg(A) = limsup
n—oo —nlog |r1]

log ((@) -n dimB(|A)#Gn>

[ra]

= lim sup
s o0 —nlog |r1|

m —dlmB(‘A)>
_ log (( |r2\) 4 Jim sup log (#Gn)
—log |r1] n—oo —nlog|ry|
1 Gn
> + lim sup %.
log || nooo —nlog|r]

log|rs|

= dimB(|A)(1

For the lim inf we will consider subsystems, define one n-th level strongly separated sub-self-affine
set (nothing stops us from abbreviating it by SSSSAS), G with the following algorithm:

e Factorise G,, :

G, = U R, ,where Rjg, := {Sj € G, ’ [S; = |Si}. (Eq. 4.1)
|S; €|Gn,

e For each Rg, let Rrsi be a maximal populous subset such that functions in it are cylinder-
disjoint.
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 Now define |G, C |Gy, iteratively: Order the elements of |G, with the values #R/s , then
continuously remove maximal elements (whose #Rg, are maximal) from |G,,, adding them

to |G? iff their respective |S; is cylinder-disjoint from those who correspond to the ones
added before to |G*.

e Finally

G= | R (Eq. 4.2)
|Ss€lG,

G} is another diagonal IF'S, we let A,, denote its attractor. Trivially (since G} C G,) A, C A for

any n, consequently
dimp(A) > dimp(Ar) (Eq. 4.3)

for any n € N\ {0}. We have that G}, is sufficiently large, since using twice Lemma 1.6 we have

#G;g#an#{ U R|S}§Q-#{ U R\"s}

|S€|Gn |Se|Grn
<le-c-#{ U Rsf=Ic-C-#6G; (50 19)

|selcs,

where the constants |C and C depend only on |A and on A. One particular reason why we needed
to construct G is that this IF'S satisfies the ROSC. Now using Theorem 1.1, we get that

dimg(A,,) = max{d;,d2} where Z |r1|”dimB(A)|r2|”d17"dimB(A) =1
SieGy

Z |,r,1|nd27ndimB(|A)‘TQ‘ndimB(M) - 1. (Eq. 4.5)

SLEG:L

Observe that we do not need to figure out whether d; or ds is larger, since from Eq. 4.5 we obtain:

_log \rg\)  1log (#G})

dy = da(n) = dlmB(M)(l log |r1] n log|r]

and now circling back with Eq. 4.3 and Eq. 4.4:
MB(A) > dimp(A) > dimg(A,,) = dimp(A,,) > da(n) — RB(A).

Finally utilizing Theorem 1.5 and Theorem 1.3

log (#/G,,
dimp(|A) = dimg(JA) = — lim 1 10g (#[Cn)
n—oon log|re|

from where one can conclude the statement of the theorem.

5 Hausdorff dimension in the homogeneous case (thm 2.3)

We again assume that for any ¢ € ¥ : r;1 = r1, r;2 = ro. Suppose |r1| < |ra| without loss of
generality. We will use the following pair of statements:
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Theorem 5.1 (L.S. Young, Theorem 1.4.20 in [3]) Let A be measurable with pu(A) > 0. Sup-
pose that

Vo e A: agliminfw

<b.
r—0 logr

Then
a < dimy(A4) <b.

Lemma 5.2 (Volume Lemma, Theorem 1.9.5 in [3]) Let pu be a Borel, probability measure
in RY, such that
1 B
d¥) z: a< lim 2BHBE@)

<b
r—0 logr -

then
a < dimg(p) < b,

log u(B(z,r)) _ d,

where u(V) x means: for p-almost all x. In particular, if u(¥v) © € A : lim,_o Tog

then dimy (1) = d.

The plan is the following:

e We will construct a series of measures supported inside the attractor, of whose Hausdorff
dimensions can be lower bounded by the Volume Lemma.

e We will use Young’s theorem to get an upper bound for the Hausdorff dimension of the
attractor.

e Finally, we will observe that the achieved series of lower bounds converge to the upper bound
with the use of the assumed weak separation condition.

5.0.1 Approximate squares

The value liminf, W is called local dimension, and it suggests to investigate how for

an arbitrary = € A a small neighbourhood surrounding it looks like. For this, we define, for § > 0,
the symbolic approzimate square: approximate, because we let k, ¢ be such that |ry|*¥ < § < [ry[F~?
and |rg|* <6 < |ro|“~". Explicitly k = k(6) := [logy,, 0] and £ = £(6) := [log|,, §]. Then

Bs(i) ::{j €N

101 = 3l () {3€ 5% | 1510, (0. 1)) = ISty ([0, 1) ]
:{ j ‘ i and j have the same letters untill k& steps}

ﬂ {j ’ S:([0,1]?), S;5([0,1]?) are in the same row in the ¢-th step}

is called a symbolic approximate square, its image trough 7 is to be called an approximate square.
The second set in the intersection can be characterized as the set of js such that Zf:k s tiacre]' =

Zf:kﬂ tj,2 - [r2|*, which means that from the k + 1-th to the ¢-th level their y coordinate wise
translation agrees with the one for i, we denote this by ¢ 2. Figure 9 depicts some
elements of this construction.

One similarly can define the n-symbolic approzimate squares, By (i), who take k and ¢ to be
multiples of n (k(0) := n[log, (6)/n],£(d) := n[log,,(d)/n]).

il(k,0,2 = t.il(k,e]
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Figure 9: A symbolic approximate square.

|ra| ¥

0
Zi:k+1

Sy, ([0, 1]%)

|ry ¥

5.1 Lower bound
Lemma 5.3 Let A be the attractor of a diagonal self-affine IFS, then

. 1 log|,.. | Ir2]
o d A > —=1 E " Iral
Vn img(A) > - 08y ( (#R‘Si) ,

ISi€lG,
where G, and R‘*S_ are defined in Eq. 4.2.

Proof:
The measures that will provide the lower bound in Lemma 5.3 will arise as self-affine measures of a
large enough separated subsystem. For this let G}, be an n-th level strongly separated sub-self-affine
set (defined in Eq. 4.2).

Define a self-affine measure on it: Let p,, be a probability vector of length m”, weighting the
elements of X" in a way that if S; ¢ G}, then p; := 0, and if S; = S then only the lexicographically

smallest can have weight. Define v, on ¥ := ], cy ({1, e ,m}n) sfor i € X let v, (1) =

lei1 pi,, then by Kolmogorov’s existence theorem we can extend this to a measure on X7°. Let
itn, be the push-forward measure of this extended measure: p, = pip, = TsVp, -
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We have that dimg(A,) > dimg(u,) for any particular choice of p,,, so we will use the Volume
Lemma (5.2) to lower bound dimpy (g, ), and then maximize the given formula in p,, to achieve the
sufficiently large lower bound.

To relate the measure of a Euclidean ball and of an approximate square we have the following
lemma:

Lemma 5.4 Assuming p, is not supported in a line segment, we have that
L (w(i) ’ B(w(i), 8|r [V B 6) NA, Cw(B3(i)) for all § sufficiently small ) =1.

The proof can be found in [15] with the address Lemma 3.2. The assumption restricting p, from
being supported in a line segment will be satisfied with the general assumption that the original
IFS fills [0, 1]?, and with the choice of p,, we will achieve from the maximization at the end of this
section.

In essence, the Lemma lets us to cover an Euclidean ball’s intersection with the attractor by
an approximate square, with only experiencing a subexponential price, which gets eliminated as
we take lim,._,q. Precisely: given that pu, is not supported only on a line segment, by the Lemma
5.4 we have that for r sufficiently small (i.e. v, (V)i 3r, = r,(i) Vr < 1)

po (B (i)l [V ) < g ((B7 (1))
for 11, (V) i, and by the separation of the cylinder rectangles in the constructed A,s we have that
i (7(BED) ) = v, (BL (D))

for i such that m(i) € A,, and for any § = |r2|V, N € N (the existence of the limit will reason the
ability to use a subsequence). Also

. log r
lim

r—0 IOg (7"‘7"1 ‘n, /logl,.l‘n r)

=1.

For i such that n(i) € A,, we have an explicit formula for the symbolic measure of a symbolic
approximate square

k(r) L(r)—k(r)
L okin) g

o (B2 (1)) = (le(]) (I ) ij)

i=0 JES™ b iy 2= (0

Finally |ro|¢ < 6 < |ro|~" means that £(r)log|rs| < logr < log(|ra|*") - %), and hence

72|

logr
im——— =
r—0 £(r) log |ra|

Out of all of these, we get that

o 80 (B0 7)) | Tog(0, (BF ()
r—=0 logr =0 {(r)log |ra
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Now calculate!

log(vy, (B (i) _
£(r) log [rs|
k()
log (Hi;O pil(i-n,(i+1)-n]>
£(r)log |ro
() —k(r) 4
+ o8 (Hi_on Zjezn: Bl (41) ml 2 Tl 0,m] 2 pj)

£(r)log |rs|

k(r) —1
B Zi:no log (pi\(i»n,(iﬂ)-n])
£(r)log |ra|

() —k() 4

i—o" lo v _ )
2170 & ZJEE”‘ til('ivn,(i+1)-n].27tj‘(0,n]’2 P;

+

£(r)log |ro]
1 B0y
1 /{3(7‘) @ Zi:o log (pi‘(i“n,(H»l)*n])
o d(r) log |rs|
L Z(T):‘km_ll
k@) > i=0 og | Xjezn. Bl i1y mp 2= 0 g2 D

+l(1— k(r))

or) log [ra|

Following by the Strong Law of Large Numbers, we have that:

. 1 :
lim (k() log (pﬂ(i,n,(m).n])) = > pilogps = A

n =0 iexn

() =k(r)

N
hg%<a)_k<) > o > Pj))

n =0 jexm: ti\(im,.(i{»l)vn]=2:tj|(0,n]’2

:Zpilog< > pj) =B

iexn JEXT: £y 0=ty 5

Lo (B0 _ loglrs|
o\ 7)) ~ Toglnl

also

Hence

lim log pu, (B(w (i), 7)) > 1< A N (1 B 10g|r2|) B )
=0 logr n \ log |r1] log |r1|/ log |r2]
for any i such that (i) is in A,,. This is still dependent on the choices of p;, but can be maximized
using, for example, the Lagrange multiplier method.
For a fix n let p; ; be p; iff S; € G7, is the j'th cylinder rectangle in the i’th row in A,, and i
is the lexicographically smallest among those, then
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122225 pij108pi;

n log [r1]
K2 1 2 ( ) K2
2 O i) 080 (g = ) + AT -
is our Lagrangian. Differentiate it to get

OF(p) 1 1 1
== log pr.; + 1 i.3)10g(> i ( ) +A
0Pk, nlog|r1\( gpri+ 1)+ n&pkl Zz: Zp 4)708 Zp 77 Nlogra|  log|ri]

_ lL(logka +1) + %( L1 )<8pk , ((Zpk,j)log(zpk,j))) + A

F(p) ==

n log |r1| log |2 10g|7~1|
1 1 1 1
- e+ e~ ) o 3
n log |7,1‘ ( 0g Pk, + ) + n \log |’I"2| log |Tl| apkl ;pkd og Zpk:,j
S )+
- Lt i ) (b s )
n log |1 (logpry +1) + n\log [ra] ~ Tog || og zj:pk,y +1)+
hence
o(F
(apl(f?l)) =0 <= logp +log, |r1|+ (log Y pr;)(l0g),, [r1| — 1) + Anlogr; =0

J
(55, )8t 2D
] ’
|7a1 |)\n+1/log |72|

< Dkl =

Now one can deduce that pj ¢ is the same for functions having cylinders rectangles in the same
row. Denote the measure on the i’th row by p;, and the number of cylinder rectangles in the i’th
row by n;, then

1-log, | |r _
_ . . (3, Pr N Irgl 1720) . (pi) L1081z I
Pk ‘= g Pk, = NkPk,1 = Nk |’I" |/\n+1/log|r2\ — Ik |r1‘>\n+1/10g|r2| )
4
using that >, pr =1
nbg\ﬁ\ 2] 1 nlog\rﬂ 72| 10gm| [r2|—1
k k Ny
Pk = = oz Tl Pri = = .
8)ry | 1721 ’ ny log\fl\ 2] log),. | |r2]
doemy dom D0y
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logy,. | Ir2]

Using these, and the notation: K :=3%",n,

i 08B (i),r) 1 <Zk 2gPrelogpre (1 log |7’2|) 2Pk logpk>

r—0 log r “n log |r1| B log || log |rs|

1 (Zk D 0Pkt ((logm‘ |ro| — 1) logng — 1ogK)

n log ||
] log |rq| 2k pk(10g|r1| |r2|log ny, — logK) )
(1= 1m)
log |71 log 2|
. 1((10g|7~1| [r2| — 1) >, pr log ny, _ log K
n log |r1| log |71]

N (1 log|r2\)zkpk log),,| |r2|log ny ( log|r2|) logK> 1 log K

B log |r1] log 72| - log |r1]/ log |r2| - _Elog\rg\

and then with the Volume Lemma (5.2) we obtain

5.2 Upper bound
Lemma 5.5 Let A be the attractor of a diagonal self-affine IFS, then

: 1 log,., | 2|
Vn dlmH(A)g—nlogT2|( Z (#R‘SJ izl

|S; €|Gn,
where G,, and Rys, are defined in Eq. 4.1.

Proof:

As mentioned before, we will use Young’s theorem to deduce the sufficient series of upper bounds.
This requires one to lower bound the measure of arbitrary small balls around ALL the points of
the attractor. This means the measures p,, are insufficient since they leave many functions, and
hence many points in A, measureless. To combat this, we only change them a little.

Let 1, = np, be defined with weight distribution on X", such that if for i,j € £" we have
that S; = Sj, then only the lexicographically smallest word can have weight, extended it by the
Kolmogorov extension theorem to infinite words. This again is a self-affine measure respective to
¥ which in general could not necessarily be derived from a measure defined on ¥, and then
extended to X" as a product measure. Denote ¢, = ¢p, = 7.7y, its push forward. Now we have
that for any j € X°° there is an i € ¥°° with 7(i) = 7(j) such that

0p, (B(n(§), V2r)) = 0, (B} (1))

k(r) L) =k(r) _q

n _1 n
= ( H pil(i-n,wl)-n])( H Z pj)'
=0 2

i=0  jexn: ¢

(i, (41)n] 2=l (0,m] ?

Now choose the weights exactly as in the lower bound: For a fix n let p; ; be p; ift S; € G, is the
j’th cylinder rectangle in the i’th row in A,,, and i is the lexicographically smallest among those,
then choose

1

log,., | |r2] log,. | Ir2|—1
Ly _ Ny
log|,.,| Ir2| log),., | [72]
n [r1l [l
>0y 20y

Pkl =
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where n; denotes the number of cylinder rectangles from G in the i’th row, and where the sum
1
den ;g‘”' Iral | is as in the lower bound. With this, we have that

U —k(m) 4

oy
< H pil(i-n,(i+1)‘"]>< H Z pj>
i=0 ' 2

=0 JEX™: By 141y om) 2= (0, m)

Dy log,. | Ir2|—1 o log,,| Ir2]
[T % n(1|(i~n,(i+1)<n}) Hi, . i, (i

M n(1|(1'n,(1+1)'n])
(Spmpee ™)

D)
where for j € X" we define n(j) the number of cylinder rectangles in the same row as Sj. Then

( )
log g5, (B (1) _ (bgm Iral =1

) Z log n(i] )+ ( il 2 )
0(r)log [r2] ((r)loglrs| ) “ NG 00050 Tog [
g
2 . o(r) Lo, | ]
: IOgn(l‘ i-n,(i+1)n ) - <7> IOg n "
l_zk:m (n,(i41)-n] nl(r)log|ra| ¢

14

70 ] 2 nlenn )

l(r) 1
1 log|,., | |r2| 1
== (108 ZZIW )

K g
1 n

- log n(i -n,(¢ n
log || ; g (|( J(i+1) ])]

)y
1083\”\ 72| 1 1
(10g\rz| Z” )

10 n n,(t n
log|r1| Z g |( (i+1)- ])

k(r)
log |ri| k(r) 1 5

—1

" log [ral €(r) k() 2=

log n(i|(i‘n,(i+1)‘n})‘|
finally we have that k(r)/¢(r) — log|r1|/log |r2| and

k(r)_l
1 n .
hmsup E log (i -n, (i41)n]) — k(r) E log n(i] (5., (i+1)-n])
T—>00 0

i=0
M_l . 1/“"")
] <Hi£0 n(1|(i'n,(i+1)~"])>
= log lim sup

=0. (Eq 5.1)
r—00 M—1 . 1/k(r)
- (Hi:ﬂo n(1|(i'n,(i+1)'n]))

Indeed, suppose that the right above limsup < 1, then use the following lemma

Lemma 5.6 Given {an}nen, a sequence of real numbers, and ¢ > 1 if imsup,, . arep)/an < 1
then liminf a, = 0
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One proves this by letting the fraction sequence be at most € € (0, 1) for all n after a sufficiently
large N, and then for a large M writing ap; as the product of ay and an increasing number of
elements in the fraction sequence who all can be bound by e-s. Then with

k(r) g

ak(r) :=< H n(i|(i-n,(i+l)-n])

=0

1/k(r)
)" e = loglrl/log]ral

the assumption that the limsup < 1 (i.e. in Eq. 5.1 we have < 0) forwarded by the Lemma gives
that for any i
liminf agy =0  while contrary to that:  agy > 1.
r—0

Hence the formula in Eq. 5.1 must hold with = 0. Therefore

. logo,, (Br())) 1 logy | |72
m\ T M~ 1 .
11£n 161f () Tog || - (log\m % n, )

Finally using Young’s theorem and reformulating it to match the style of the lower bound we
conclude Lemma 5.5.
Remark:

The reader may recognise that this method of just substituting the guessed measure would
have worked for the lower bound as well, but building up the proof like that would have left no
sign of how the sufficient measure may arise from the setup.

5.3 Assembling the bounds
We restate Lemma 1.6 as

e J|C<oo VreR Vé>0 we have that:
#{155 € 1Gus) | 1S5(0) N B(w,8) #0} < |C,
e IC<oo VxeR V>0 we have that:

#{8; € Gusy | 8,(0) N B(w6) £ 0} < C,

in particular

e J|C<oo VneN\{0} V|S;€|G, we have that:

#{1; € 1G.

155((0,1)) N [Ss([0, 1)) # 0} < [C.
e 3C <00 VYneN\{0} VS, €G, we have that:

#{s, €6,

S;([0. 1) NS, (0.1) £ 0} <C.

Finally using these as in the previous theorems

S #Rs) S T () s o S ()

|S:€|Gn |S:€|Gn |S;:€|Gx
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and hence using Lemmas 5.3 and 5.5 we have that

1 T
dimp(A) = lim _1°gr2|< 3 (#Rps) ! 2|>,

n—oo N
|S:i€|Gn

as stated in Theorem 2.3.
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