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A Generalization capabilities of the multiplicative aug-

mentation structure

The multiplicative model augmentation structure can be interpreted as a generalization

of the additive case according to Theorem 1.

Theorem 1. There exists a neural network parametrization x € R™ for the multiplicative

model augmentation structure (2.10) that realizes exactly the additive structure (2.7).

Proof. Let us assume we have a neural network parametrization y € R™® that realizes the
following operation:

§
On,

Fx(wbaxiwuaf) = +FX($b,xa,U),

where ﬁx represents an arbitrary (possibly) nonlinear function. As & = fy(zp,u) by
definition, this augmentation form is equivalent to the additive structure in (2.7a). ]

B Analyzing the LFR-based model augmentation

B.1 Generalization capabilities of the approach

The LFR-based approach can be interpreted as a hybrid additive structure, however,
according to Theorem 2, the LFR-based structure is a direct generalization of the additive

approach.

Theorem 2. There exists a parametrization for the LFR-based model augmentation that

realizes exactly the additive structure (2.7).

Proof. Let us divide F; into two parts, such that

o)

Then by substitution, the LFR-based augmentation form can be expressed as
ZL’{)’— o f@(l'ba U) + BwJT_;;V($aa szb + Dzuu + Dzww)
g Fi(xa, Coxp + Doy + Dyyw) ’
?j - hg(l’b, U) + Dwa;;,(xav szb + Dzuu + Dzww)'

Now let us set B, = I,,, D., = 0, and D,,, = 0, furthermore select dimz = n, + n,,
dim w = n,. Furthermore if C, = [IT 0! r and D, = [OT I }T, then,

Ng Ny XNy Ny XNy ~ Ny,

$b[/€]

2[k] = Cewp[k] + Doyulk] + Dayw[k] = [u[k]

] Vk € N.
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Now, substituting all specifically set parameter values into the structure, we arrive to

H B {fmb,u)] L P el

vt O, Falaa, 2] u’] )|

Fo(xa, [xg uT]T)

@ = h9($b7 ’U,),

which form is equivalent to the additive model augmentation framework in (2.7). O

B.2 Extension of the LFR-based model augmentation

The LFR-based approach can be converted into a serially connected structure by intro-
ducing 7, € [0,1] and 7, € [0,1] tunable parameters into Equations (2.15) and (2.17),
as

m]—; - Txf@(xknu) + wa> (Bl)
§ = 1yhe(wn,u) + Dy, (B.2)

and not modifying Equations (2.14) and (2.16). This is a promising direction for unifying
all model augmentation structures, however, further investigation and theoretical analysis

are necessary in the future.

C LTI state reconstruction with noise model

If a noise model is known for the system at hand, incorporating it into the LTI state-space
model in (4.5a) and (4.5b), the following innovation form of the resulting dynamics can
be given:

where e[k] € R™ is an i.i.d. zero-mean white noise process with finite variance ¥, and
K € R"*"™ is an adjustable “parameter” which determines how much the process noise

affects the state transition.

From (C.2), the noise realisation at time step k can be expressed as
elk] = ylk| — Cz[k] — Dulk]. (C.3)
Then, the state transition can be expressed by substituting (C.3) into (C.1) as

vk +1] = (A — KC) a[k] + (B — KD)u[k] + Kylk]. (C.4)

—_—— —_———
A B
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Similarly to (4.8), y[k + 1], y[k + 2], ..., y[k + n] can be derived recursively, and the

YT can be expressed as:

[ C A" D CB CAB --- CA"1B]
C A1 O D CB --- CA" 2B
= ekl A RTiass
CA 0 0 0 CB
- C 0 0 0 0 D
— »
On I'n
(0 CK CAK --- CA"'K]
0 0 CK ... CA?K
Lo : : : Yt et (CU5)
0 0 0o - CK
0 0 0 0 0
An

In (C.5), it seems to be a contradiction that yF ™™ appears both on the left and right side

of the equation, but it can be seen, that for calculating yx.,, output values are needed

only up until ygy,_1.

As previously, the time invariance of the system can be utilized as
Yk = Onzlk —n] +Toul  + Ay +eb (C.6)
and then from (C.6), the state vector can be expressed as
z[k —n] =0," {(I — /NXn> Yk —Touk - ei_n] , (C.7)
where, similarly to the noiseless scenario, O,, always has a left inverse if the ([1, B, C, D)

LTT state-space representation is observable and n is chosen sufficiently large.

Similarly to the noiseless scenario, z[k + n| can be expressed in the same way, with the

addition of the noise structure as

wlk+n) = Aalf] + [0 B AB - ABlut4 [0 K OAK - AK] e

Tn )\n
(C.8)
then shifting back time:

Now we can take the same substitution as in the noiseless case to get
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However, compared to the noiseless case, we can not directly use (C.10) as the sample
k

path of the noise {e[r]}7_, . is unknown. However, we can take the conditional expec-

tation of x[k] w.r.t. the known samples of uf__ and y¥ . which, due to the assumption
that E{e[k]} = 0, gives

E{alk] | g uf o} = A0  [(T = An) g — Tuttf | + Anuf + Augf s (CL11)

which is similar to the noiseless case (4.14) except the corrector terms 7, and S\H at the
end of the equation. Furthermore, if the generating noise has a Gaussian distribution,
ie., e[k] ~ N(0,%), then (C.11) is a Maximum Likelihood estimator of x[k].

Then finally, the parametrization of R, ,, and F,, can be given as
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