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A Generalization capabilities of the multiplicative aug-
mentation structure

The multiplicative model augmentation structure can be interpreted as a generalization
of the additive case according to Theorem 1.

Theorem 1. There exists a neural network parametrization χ ∈ Rnϕ for the multiplicative
model augmentation structure (2.10) that realizes exactly the additive structure (2.7).

Proof. Let us assume we have a neural network parametrization χ ∈ Rnϕ that realizes the
following operation:

Fχ(xb, xa, u, ξ) =
 ξ

0na

 + F̃χ(xb, xa, u),

where F̃χ represents an arbitrary (possibly) nonlinear function. As ξ ≡ fθ(xb, u) by
definition, this augmentation form is equivalent to the additive structure in (2.7a).

B Analyzing the LFR-based model augmentation

B.1 Generalization capabilities of the approach

The LFR-based approach can be interpreted as a hybrid additive structure, however,
according to Theorem 2, the LFR-based structure is a direct generalization of the additive
approach.

Theorem 2. There exists a parametrization for the LFR-based model augmentation that
realizes exactly the additive structure (2.7).

Proof. Let us divide Fϕ into two parts, such thatx+
a

w

 = Fϕ(xa, z) =
Fa

ϕ(xa, z)
Fw

ϕ (xa, z)

 .

Then by substitution, the LFR-based augmentation form can be expressed asx+
b

x+
a

 =
fθ(xb, u) + BwFw

ϕ (xa, Czxb + Dzuu + Dzww)
Fa

ϕ(xa, Czxb + Dzuu + Dzww)

 ,

ŷ = hθ(xb, u) + DywFw
ϕ (xa, Czxb + Dzuu + Dzww).

Now let us set Bw = Inx , Dzw = 0, and Dyw = 0, furthermore select dim z = nx + nu,
dim w = nx. Furthermore if Cz =

[
I⊤

nx
0⊤

nu×nx

]⊤
and Dzu =

[
0⊤

nu×nx
I⊤

nu

]⊤
, then,

z[k] = Czxb[k] + Dzuu[k] + Dzww[k] =
xb[k]

u[k]

 ∀k ∈ N.
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Now, substituting all specifically set parameter values into the structure, we arrive tox+
b

x+
a

 =
fθ(xb, u)

0na

 +

Fw
ϕ (xa,

[
x⊤

b u⊤
]⊤

)
Fa

ϕ(xa,
[
x⊤

b u⊤
]⊤

)


︸ ︷︷ ︸

Fϕ(xa,[x⊤
b u⊤]⊤

)

,

ŷ = hθ(xb, u),

which form is equivalent to the additive model augmentation framework in (2.7).

B.2 Extension of the LFR-based model augmentation

The LFR-based approach can be converted into a serially connected structure by intro-
ducing τx ∈ [0, 1] and τy ∈ [0, 1] tunable parameters into Equations (2.15) and (2.17),
as

x+
b = τxfθ(xb, u) + Bww, (B.1)
ŷ = τyhθ(xb, u) + Dyww, (B.2)

and not modifying Equations (2.14) and (2.16). This is a promising direction for unifying
all model augmentation structures, however, further investigation and theoretical analysis
are necessary in the future.

C LTI state reconstruction with noise model

If a noise model is known for the system at hand, incorporating it into the LTI state-space
model in (4.5a) and (4.5b), the following innovation form of the resulting dynamics can
be given:

x[k + 1] = Ax[k] + Bu[k] + Ke[k], (C.1)
y[k] = Cx[k] + Du[k] + e[k], (C.2)

where e[k] ∈ Rny is an i.i.d. zero-mean white noise process with finite variance Σe and
K ∈ Rnx×ny is an adjustable “parameter” which determines how much the process noise
affects the state transition.

From (C.2), the noise realisation at time step k can be expressed as

e[k] = y[k] − Cx[k] − Du[k]. (C.3)

Then, the state transition can be expressed by substituting (C.3) into (C.1) as

x[k + 1] = (A − KC)︸ ︷︷ ︸
Ã

x[k] + (B − KD)︸ ︷︷ ︸
B̃

u[k] + Ky[k]. (C.4)
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Similarly to (4.8), y[k + 1], y[k + 2], . . . , y[k + n] can be derived recursively, and the
yk+n

k can be expressed as:

yk+n
k =



CÃn

CÃn−1

...
CÃ

C


︸ ︷︷ ︸

Õn

x[k] +



D CB̃ CÃB̃ · · · CÃn−1B̃

0 D CB̃ · · · CÃn−2B̃
... ... ... . . . ...
0 0 0 · · · CB̃

0 0 0 0 D


︸ ︷︷ ︸

Γ̃n

uk+n
k +



0 CK CÃK · · · CÃn−1K

0 0 CK · · · CÃn−2K
... ... ... . . . ...
0 0 0 · · · CK

0 0 0 0 0


︸ ︷︷ ︸

Λ̃n

yk+n
k + ek+n

k . (C.5)

In (C.5), it seems to be a contradiction that yk+n
k appears both on the left and right side

of the equation, but it can be seen, that for calculating yk+n, output values are needed
only up until yk+n−1.

As previously, the time invariance of the system can be utilized as

yk
k−n = Õnx[k − n] + Γ̃nuk

k−n + Λ̃nyk
k−n + ek

k−n, (C.6)

and then from (C.6), the state vector can be expressed as

x[k − n] = Õ−1
n

[(
I − Λ̃n

)
yk

k−n − Γ̃nuk
k−n − ek

k−n

]
, (C.7)

where, similarly to the noiseless scenario, Õn always has a left inverse if the (Ã, B̃, C, D)
LTI state-space representation is observable and n is chosen sufficiently large.

Similarly to the noiseless scenario, x[k + n] can be expressed in the same way, with the
addition of the noise structure as

x[k + n] = Ãnx[k] +
[
0 B̃ ÃB̃ · · · Ãn−1B̃

]
︸ ︷︷ ︸

γ̃n

uk+n
k +

[
0 K ÃK · · · Ãn−1K

]
︸ ︷︷ ︸

λ̃n

yk+n
k ,

(C.8)
then shifting back time:

x[k] = Ãnx[k − n] + γ̃nuk
k−n + λ̃nyk

k−n. (C.9)

Now we can take the same substitution as in the noiseless case to get

x[k] = ÃnÕ−1
n

[(
I − Λ̃n

)
yk

k−n − Γ̃nuk
k−n − ek

k−n

]
+ γ̃nuk

k−n + λ̃nyk
k−n. (C.10)
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However, compared to the noiseless case, we can not directly use (C.10) as the sample
path of the noise {e[τ ]}k

τ=k−n is unknown. However, we can take the conditional expec-
tation of x[k] w.r.t. the known samples of uk

k−n and yk
k−n, which, due to the assumption

that E{e[k]} = 0, gives

E{x[k] | yk
k−n, uk

k−n} = ÃnÕ−1
n

[(
I − Λ̃n

)
yk

k−n − Γ̃nuk
k−n

]
+ γ̃nuk

k−n + λ̃nyk
k−n, (C.11)

which is similar to the noiseless case (4.14) except the corrector terms γ̃n and λ̃n at the
end of the equation. Furthermore, if the generating noise has a Gaussian distribution,
i.e., e[k] ∼ N (0, Σe), then (C.11) is a Maximum Likelihood estimator of x[k].

Then finally, the parametrization of Pb,u, and Pb,y can be given as

Pb,u = −ÃnÕ−1
n Γ̃ + γ̃n, (C.12)

Pb,y = ÃnÕ−1
n

(
I − Λ̃n

)
+ λ̃n. (C.13)
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