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ABSTRACT. We will use a method developed by Duke, Imamoglu, and Téth to treat positive
definite binary Hermitian forms with entries in the Eisenstein ring R = Z + Zw, where w is a
primitive third root of unity. Such forms may also be interpreted as 4-dimensional lattices with
extra symmetries coming from R. We will construct a smooth partition of unity with respect to
the group S Ly (R), which is in fact rational in terms of the entries of the form. We will use this
partition of unity to derive analytic class number formulas for positive definite R-integral binary
hermitian forms of a fixed discriminant.

1. INTRODUCTION

In this paper, we use the method introduced by [1] to establish an analytic formula for cal-
culating the class number of both positive definite symmetric matrices over the integers, Z, and
positive definite Hermitian matrices over the Eisenstein ring, R = Z + Zw, where w represents
a primitive cube root of unity. By employing algebraic techniques, we define a fundamental
domain and construct an isomorphic mapping from this domain for symmetric positive definite
matrices over Z to a tetrahedron. Similarly, we create an isomorphism from the fundamental
domain of positive definite Hermitian matrices over R to a four-dimensional convex polytope.
For both types of positive definite matrices, we define an isomorphism that maps each matrix to
a unique point, with these points collectively forming a convex cone. Using volume formulas,
we define an equivariant partition of unity and apply Theorem 3.2 to determine the class num-
bers. We let Hp denote the Hurwitz class number, the number of S Ly(R)-orbits weighted by
their stabilizers, and show that

D? 2a + by + 2d
o= 33
3T d(a+d)(a+b1+d)(a—|—b2+d)(a+b1 —b2+d)

where the sum is over (¢ ) positive definite Hermitian matrices over R of determinant D.

2. BACKGROUND AND MOTIVATION
Definition 2.1. Let’s define the quadratic forms of n variable in the following way:

Q:=4Q ‘ Q:R" =R, Qx1,x9,...,x,) = Z oz, oy € R

1<i<j<n

Lemma 2.2. Q is a vector space, further
O~8
Where S stands for the symmetric n X n matrices over R

Proof. Let’s define a ¢ function (later will be shown: an isomorphism) that maps from S to Q:
Satisfying that if ¢(M) = @, then

(21, T2, ...,xn)TM(xl,x2, ey Tp) = Q(x1, ooy )
1
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Equivalently

n

Z 2Mi]’$il’j + Z Mzzwz = Z Q5T y,

1<i<j<n i=1 1<i<j<n
It is identical to
a;j = 2M;j for @ # j
and
ai; = M
Where M;; stands for the ¢-th row’s j-th element in M.
It means ¢ is an isomorphism, consequently Q ~ S

Definition 2.3. Let’s define the inner product on the vector space S the following way:
(A, B) = tr(AB)
We verify the properties of an inner product:
Bilinearity:
(A+ B,C) =tr((A+ B)C) =tr(AC) + tr(BC) = (A, C) + (B, C)
(M, B) = tr((M)B) = Mr(AB) = XA, B)
Symmetry:
(A,B) =tr(AB) =tr(BA) = (B, A)
Positive-Definiteness:
(A, 4) =u(A%) =) A% >0
ij=1

and (A, A) = 0 if and only if A;; = 0 forall 1 <, j < n, equivalently if and only if A =0

Thus, (A, B) = tr(AB) is an inner product on S.

Definition 2.4. The following is a group action of GL,,(R) on S:

olg): §— S
Fora g € GL,(R), let
p(9)X = gXg"

Let’s verify that ¢ is a group action:

¢:GL,(R) xS =S8
Identity property:

ple)X =eXel =X
for all X € S, where e stands for the identity element of the group GL,,(R), which is I,,, the
n X n identity matrix.
Associativity:
p(gh)X = (gh)X (gh)" = ghXh'g" =
= g(hXn")g" = @(9)(p(M)X) = p(g)p(h)X
forall g,h € GL,(R) and X € S. It means ¢ is in fact a group action.
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Definition 2.5. The orthogonal group on R”, O(n) is defined as:
O(n) :={g € GL.(R) | 99" =g"g = I.}
The elements of O(n) are said to be orthogonal.

Lemma 2.6. If g is orthogonal, then ¢(g) preserves the inner product on S

Proof. We want to show, that tr(AB) =tr((¢(g9)A)(v(g9)B))
Rewrite it using the definition of ¢(g)X:

tr((¢(9)A)((9)B)) = tr(gAg" gBg")
If g is orthogonal g% ¢ = I,,, therefore
tr((2(9)A)(p(9)B)) = tr(gABg") = tr(ABg" g)
Because tr(XY) =tr(Y X). Using g” g = I,, again:

tr((¢(9)A)(0(9)B)) = tr(AB)

Lemma 2.7. ©(g) is a linear transformation

n+1 n+1
S:R(Z)—HR(Q)

with an ("1) x (") transformation matrix M*, satisfying det(M*) = det(g)"**

Proof. To prove linearity, note that
p(O)(X+Y) =g(X +Y)g" = gXg" +9gYg" = 0(9)X + 9(9)Y
and
p(g)AX) = g(AX)g" = AgXg" = Ap(g)X, VAER
The claim about the determinant will only be used for n = 2. Since ¢(g) is a linear transfor-
mation from a vector-space to itself there exists a transformation matrix M*, satisfying

M*v = ¢(9)X Vv e R?

Where X is the matrix corresponding to v vector.
Denote
_(aB
9= (7 4 )

Note that a0 — 3y # 0. To determine M* in the standard basis, one need to calculate
©(9) (60): ¢(9)(T5)and p(g) (5 7)

Which yields:
N (a2 2a3 52>
M* = | ay By+ad 88
~v2 2v8 8
Therefore
det(p(g)) = det M* = a*3° — 3a°By6% + 3a3°7%0 — B4* = (ad — By)? = det(g)*.
U

Definition 2.8. Let’s use the following notation:
PD,(R) :={Q € Q| v"Qu >0, Yo € R"\ {0} }

Where PD,,(R) stands for n x n positive definite symmetric matrices over R. As we have

n;l)

previously shown, Q ~ ]R( , therefore there’s an isomorphism ¢ mapping PD,(R) into

(")

some P, C R )
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Lemma 2.9. P, is a convex cone.

Proof. Because
vT(Q + P)v = v Qu +v" Pu
ifQ,P € PD,(R),then Q@ + P € PD,(R) as well.
vT(AQ)v = 2T Qu, YA € R
Consequently, if X € PD,(R), then AX € PD,(R) for all A\ > 0. Equivalently, if z € P,,
then \x € P,, for all A\ > 0, so P, is in fact a cone.

If 0 < A < 1, then for all X, Y € PD,(R) AX,(1 —\)Y € PD,(R) as well. And it was
previously shown, that A\X + (1 — \)Y" € PD,,(R) too.

Therefore for all z,y € P, and 0 < A < 1, \x + (1 — A\)y € P, so P, is a convex cone.
O

For example P is the infinite cone given by the inequalities
a>0,ac—b*>0.

Definition 2.10. We will now restrict the group action, to SL,,(Z), and define an equivalence.
We say that X ~ Y, if there exists g € SL,(Z) such that

p(g)X =Y

Lemma 2.11. The relation ~ defined above is an equivalence relation.

Proof. Reflexive: ¢(1,)X = X so X ~ X
Symmetric: X ~ Y < there exists g € SL,,(Z) satisfying

()X =gXg" =Y

This means that .

_ ~1 _ _
X=gY(g") =gY()
Therefore Y ~ X
Transitive: If X ~ Y < there exists g € SL,(Z) satisfying

p(g)X =gXg' =Y
and Y ~ Z < there exists h € SL,(Z) satistying
o(h)Y =hYh! = Z
Then

(hg)X = @(h)(p(9)X) = p(h)Y = Z
so X ~Y O

Lemma 2.12. Every Q € ‘P can be written as
AAT = Q
For A € GLy(R)
Proof. Because of the spectral theorem, () can be diagonalized by an orthogonal matrix:

Q=1 (3
For h € O(2) and A\, u € R* the eigen-values of Q).

Therefore .
2= (n(6%)) (1 (4 )
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n+1

When we observe the positive definite quadratic forms as points of P,, C ]R< ’ ) there exists
a fundamental domain, respect to the above group action. The fundamental domains we will
observe are convex polyhedra given as an intersection of half-spaces, by certain inequalities
among the entries of the matrix.

We wll see below that for n = 2 the fundamental domain is given by the following inequali-
ties:

{(52) 126l <c<a}.

The fundamental nature of this will be demonstrated later in 4.5.

Theorem 2.13. Let D > 0 be fixed. The class number of symmetric positive definite matrices
with integer entries and determinant D is finite.

Proof. Using 2|b| < ¢ < a:

2
02§ac:D—|—b2§D—|—c—

4
So
3
102 S D
There are finitely many options for ¢ and consequently for b as well. Since
D —[bf*
a=—-
c

There are finitely many possibility for a as well.

Our goal is to find formulae for these class numbers.

3. AN IMPORTANT LEMMA

A practical approach to prove Hurwitz-type formulas is simplifying them by constructing
equivariant partitions of unity.

Definition 3.1. Assume that I" is a countable group acting on a space X and pisan X — C
mapping, such that

Zp(vx) =1, Vx € X.

yel’

If this property holds, we will say that p induces a I'-equivariant partition of unity. In the case
of |T'| = oo, we require the series to be absolute convergent.

Lemma 3.2. Assume that I" acts on X, and Y C X is a finite union of h orbits

h
Y = JTy;.
j=1

Forally; j € {1,2, ..., h} denote the stabilizer of y; the following way:

Ly={veT [vy; =y}
If|ITj| < coforall j € {1,2,...,h}, and p induces an equivariant partition of unity then

(3.1) > = 2P

j=1 yey
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Proof. Given that Y is the union of the orbits I'y;, the sum may be rearranged as shown below::

D opw) =Y oy

yey Jj=1 yel'y;

Every y € I'y; can be written as gy; for some g € I'. But for all v € I'; gvy; = gy;, therefore:

h h
YD oly) = Z > ()

J=1 yel'y; vyer

Since p induces an equivariant partition of unity:

h
Yoty =
Jj=1 yer J=1

O

4. EXAMPLE: CONSTRUCTION OF AN EQUIVARIANT PARTITION OF UNITY FOR BINARY
QUADRATIC FORMS

In this section, we will find an analytic expression for the class number of the symmetric
positive definite 2 X 2 matrices over Z, with a certain determinant. Firstly, let’s observe the
matrices over R. A general representor of these matrices is:

a b
Let’s observe the linear transformation

e(g): RP = R? X +— p(9)X

Let M be the set of points, representing reduced symmetric positive definite matrices, such
that

2| <c<a

As introduced in the first section, P, is the set of points representing symmetric positive
definite matrices in R3.

Lemma 4.1 (Lagrange reduction, [S]). P, has the following polyhedral decomposition:

U oM.

gEPSLy(Z)

Here by a polyhedral decomposition, we mean that the polyhedrons p(g) M are either disjoint
or meet at a common face.

Proof. Using the following steps, we can reduce any positive definite matrix to one in M.

Stepl:
P (51 (52) = (4 ")
Where 2|b'| = 2|b + nc| < ¢ = c¢ for a suitable n.
Step2: If ¢ > a use
p(Y )5 =(57)
If we do these steps iteratively since the absolute value of each entry decreases after a finite
number of steps the reduced matrix satisfies 2|b| < ¢ < a.



CLASS NUMBERS 7

Therefore

P | elgM

9EPSLy(Z)
A direct calculation (see e.g. [5]), shows that if x,y € intM and ¢(g)x = ¢(h)y then g = h
and z = y.
O
For y € P, let’s introduce the following half-space:
F,={x ¢ 732| (x,y) <1}

Lemma 4.2. The following holds for all y € Ps:

vol(P, N F,) = Z vol(p(g)M N F)
9EPSL(Z)

Proof. Since P, has the above polyhedral decomposition, the equality holds. U

Lemma 4.3. Forall y € Py, g € PSLy(R) and S C R? measurable set (it will be only used
for M and Ps):

vol(p(g)S N F,) = vol(SN Fw(gT)y)

Proof. Because
p(9)S = {¢(g)z]z € 5}

we can get the following set equality:
Fy09(9)S = {x € p(9)S(x,y) <1} = {p(g)z]z € 5, (p(9)2,y) < 1}
Due to the determinant volume scaling theorem, for all measurable set H C R3

vol(p(g)H) = det((g)) vol(H) = vol(H)

Holds for all g € PSLy(R), because det(p(g)) = det(g)® = 1.
Therefore

vol(p(g)S N F,) =vol({z € S| (p(g)z,y) <1})
Recalling the definition of inner product:

(p(9)z,y) = tr(gzg"y) = tr(29"yg)
The second equality holds, because tr(ab) = tr(ba). Note that (g7 )y = g7yg. Rewriting
the inner product:

(0(9)2,y) = (z.0(9")y)
Therefore

vol(p(g)S N F,) = vol({z € S‘ (z,0(g")y) < 1}) = vol(SN Fogmyy)

Note that since g € PSLy(Z) < g € PSLy(Z) the previous two lemmas show that

vol(PaNE) = Y vol(M N Fy,).
gEPSLo(Z)
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P, cone

A tetrahedron

The boundary of the half-space £,

On the left hand side vol(P, N F),) only depends on the determinant of y. In fact we have the
following.

Lemma 4.4.
T

12 det(y)?
Proof. Because of the spectral theorem every y € P, can be written as
A O, 7
05 p)n

Where h is an orthogonal matrix over R of determinant 1, and A and p are positive real numbers.
Since det h = 1, we can apply 4.3, yielding:

VOI(PQ N Fy) =

vol(Py N F,) = vol(P2 N Fw(hT)y) =vol({z € P|{z, go(hT)y) <1})

Note, that:
. (A0
= (5

Reintroducing it into the original equality.:

vol(P, N E,) = vol ({(a,b,c)|]Aa+ pc < 1,a > 0,ac —b* > 0})
Let’s use the substitution:

(l‘,y,Z) = ()\(I, V >‘:ub7 H’C)
(a,b,c) — (x,y, z) is an affine transformation, so the following holds for the volume:
vol ({(a,b,c)[Aa+ pc < 1,a>0,ac—b* > 0}) =
1
= Wvol ({(z,y,2)|lz+y <1l,z>0,2z —y* > 0})

2
This can be readily computed using the following integral:

1 11—z Vxz T
/ / / ldydz der = —
o Jo Joym 12
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We know that det(y) = Au, therefore:

T
vol(P,NE,) = —
(P ) 12 det(y)%
O
Lemma 4.5. ]
(MNE,) =
vol( v) 6c(a+b+c)(a—b+c)
Where

_f(a b
Y=1\b ¢
Proof. Define the vectors

1 1
2}1:(070,1),1)2: 17571 , U3 = 1a_§71

It’s easy to see they define M. By define I mean that

M = {\v; + Avg + Azus|\; € RT}
Therefore M N F, is a tetrahedron spanned by v, asvs, aizvs, where o; € R™ such that
{(ayv;, y) = 1 By span I mean that
MNF, = {ajv; + agvy + azvz | a; € RTJag + g + a3 < 1}
Let’s solve these equations:

tr((6a)(52) =ac=1

1 Qy (67 a

St (5 o) (4h) =ailatb+c)=1
Where i = 2, 3 and there’s a +, when i = 2 and a —, when ¢ = 3.
Therefore

1 1 1

L I STEDL R e

Using the determinant tetrahedron volume formula:

vol(M N F,) = é ‘det (%g%)’ = %
Since
a+c>2vac > 2|b| > |b|
holds, all of the above values for «; are positive.

Theorem 4.6. Fory = (¢°) let

B 2 det(y)? 1

py) 7 clat+tb+c)a—b+c)
Then p induces a partition of unity as in 3.2.

Proof. As we saw in 4.2:

vol(P, N F,) = Z vol(¢(g)M N Fy)
9EPSLy(Z)
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Because 4.3:

vol(PaNE,) = Y vol(M N Fygy,)
gEPSLy(Z)

And finally, because of 4.4 and 4.5:

> vol(M N Fygy) — > po(g)y) = ———

gEPSLa(Z) 12 det(y)
Therefore

N

> plelgy) =1

gEPSLy(Z)

4.1. Application to class numbers. Fix a determinant D > (. To apply Lemma 3.2 we need
to show that positive definite integral binary quadratic forms of determinant DD have finitely

many ' = PS L, (Z)-orbits and that each representative have finite stabilizer group.

That for a fix D = det(y) the class number is finite over PS Ly (Z), as established in Theorem

2.13 We denote this class number by h.

We introduce the following notation:

Mp={ye M| det(y) =D, y € My(Z) NS}
Can be expressed as:
Mp={y;|j=1,..h}
Also

Pp = U L'y,

Where Pp stands for the subset of P, with D determinant and integer entries. This follows

from the fundamental nature of M.
Therefore, applying 3.2, we can conclude that:

"1
;m: ZP(ZJ)

y€Pp

We now make a remark about the stabilizer groups I';. As we have previously shown in 2.12,

y; can be written as

— 4.7
Yj = a;4q

for a; € GLy(R)

Lemma 4.7.
[; = PSLy(Z) Na;O2)a;"

j
is a finite group.

Proof.
T;={g € PSL:(Z) | gy;9" = y;}
We know that
9yi9" = (9;)(9a;)" = a;a]
Equivalently,

(aj_lgaj)(aj_lgaj)T =1
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So it means
(a;'g9a;) € O(2)
It’s the same as
g€ ajO(Q)aj_l
Since the intersection of a compact set (ajO(Q)ajfl) and a discrete set (SLs(Z)) is finite the
results is proved. U

Denote o = a; 'ga; € O(2), and let k() represent the characteristic polynomial of g. Since
g € PSLy(Z), k’s coefficients are integers.

k(z) = 2% — tr(g)z + det(g)
We know that
tr(g) = tr(a; 'oa;) = tr(oa;a; ') = tr(o)

Since o is orthogonal, 0%, + 03, = 1 = 03, + 03,, which implies | tr(0)| < 2.

If tr(o) = 42, then 0 = £15, which leads to g = +15. Since only I, € PSLy(Z), this gives
us one possibility for g for each y € Ps.

This reduces the problem to the case where the characteristic polynomial of ¢ is either 22 +
Lz’ 4+z+1lora? —x+ 1.

In each case g can be written as
1

g =5js"
because of the Jordan Canonical form Theorem, where
i=(%a)

with k(z) = (v — x1)(z — x3), for 1,29 € C
If we are able to find a ¢’ matrix over real numbers such that k£(¢’) = 0, then g can be

expressed as:

g=sg's"

Where s~! € GLy(R).
Recalling the original equation:
(sg'sy(sg's™)" =y
Equivalently
_ _I\T _ _I\T
gl(s y (s7) )g’T:S y (s7)
At this point, it becomes straightforward to compute s~y (s‘l)T, which in turn allows us to

determine s and subsequently reveals the only possible g in each case.
Case 1, g is the root of 2% + 1:

g=07)
Therefore
sy (s_l)T = aly
So
y = (Vas)(Vas)"
And

9= Was)(}7") (Vas)™!
By expressing both y and g in the aforementioned manner leads to the conclusion that g is

over integers if and only if — Y isover integers.
det(y)



12 SZTRANYAK GABRIELLA

If \/det(y) isn’t rational, g ¢ P.SLy(Z). Therefore if det(y) isn’t a perfect square, this case
yields no solutions.

The Case 2-3 when g is the root of 22 & x + 1 is treated similarly, such stablizers can only
arise when det y = 3n2.

Therefore for D # n?,3n?: |T;| = 1 so in this case

2D? 1
B =
T Z cla+b+c)a—b+c)
ac—b20:D7
a>

5. THE GEOMETRY OF BINARY HERMITIAN FORMS

5.1. Hermitian forms. Use the following notation:

0= {X: (% Z) ‘a,deR,beC}

Similarly to the positive definite symmetric quadratic forms, the elements of Q can be repre-
sented as a vector, but now in R
For instance

X — (CL, d, bl, b2)

is a bijection, where b = by + bai.
Definition 5.1. Let’s define the inner product similarly. On the vector space Q:
(A, B) = tr(AB)

We verify the properties of an inner product:
Bilinearity:
(A+ B,C) =tr((A+ B)C) = tr(AC) + tr(BC) = (A, C) + (B, C)

(M, B) = tr((M)B) = Mr(AB) = A(A, B)
Symmetry:
(A,B) =tr(AB) =tr(BA) = (B, A)
Positive-Definiteness:
(A, A) = wr(A%) = a® + d* +2[b]* > 0

and (A, A) = O ifand only if a = |b| = d = 0, therefore b = 0, so A = 0.
Thus, (A, B) = tr(AB) is an inner product on S.

Definition 5.2. Let’s define the group action on Q. Let’s say G Lo(C) acts on Q the following
way:

p(9)X = gXg"
And
plg) : X — o(g)X
Proposition 5.3. ©(g) is a Q — Q linear mapping, with a transformation matrix M, such that

det(M) = det(g)*
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Proof. We need to verify that o(g)X € Q, equivalently:

T
(gX §T> = gX7"
It can be shown in the following way:

—\" —~ T\T ~ 1T
(ng > = (9Xg") =9X'g
Since YT = X, the to be proven is true.
To prove linearity, note that

P()(X +Y)=g(X+Y)g" =9Xg" +9Y7" =0(9)X +¢(9)Y

and

e(9)(AX) = g(AX)g" = A\gXg" = Xp(9)X, VAER

13

Since ¢(g) is a linear mapping from Q ~ R* to itself, so there exists a 4 x 4 transformation

matrix, M, such that
Mv = p(g)X

whenever v and X are corresponding. We will show that det(M) = det(g)*.

Since Cartan decomposition g can be written in the following form:

g = lekQ

Where k1, ko are unitary matrices over C, and D is a diagonal matrix over R, containing ¢’s two

eigenvalues \ and p.
Since ¢ is a group action (and consequently associative):

©(g9) = p(k1)(D)e(ks)
Therefore

det(p(g)) = det(p(k1)) det(p(k2)) det(p(D))
Since k; is unitary det(p(k;)) is 1, therefore

det(ip(g)) = det(p(D))
A0
b= (0 u)

roy\ [Nz Ay
/@ 2)- (s )

Writing p(D)’s M’ transformation matrix in the identity basis:

Where

M = (%QAOM 8 8)
=1 0 0xo0
0 0 0 p?
Therefore
det(M') = det(D)*
Consequently

det(p(g)) = det(M) = det(g)*

Definition 5.4. Let S be the set of 2 x 2 positive definite Hermitian forms:

S={Xe€Q|v"Xv>0vveC\{0}}
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Definition 5.5. We define P* C R* as

P = {(a,bl,bg,d) | a-+d> O7ad_b% _bg = 0}
Lemma 5.6. The following property holds:

S~ P

a b
<= )
is positive definite if and only if its eigenvalues are positive real numbers.
They are roots of the characteristic polynomial:

Proof. A matrix

E(X) =X\ —(a+d)X+ (ac— |b]?)
Therefore both a + d and ac — |b|*> must be positive, since they are the sum and product of

the roots, respectively.
If the discriminant of k:

(a+d)* — 4(ad — |b)

is non-negative as well, both roots are positive real numbers. A(k) > 0 holds, since:

(a+d)? - 4(ad — o]?) = (a— d)? + 4P

Lemma 5.7. P* is a convex cone in R*

Proof. Since 5.6 P* ~ §, so it is sufficient to see that if X € &, then AX € S as well, for
A e R,

o (AX)v =\’ Xv

for all v € C?, therefore X € S & A\X € S for A € RT.
Again because of 5.6 it is enough to show that if

X, Ye§ then A X+ (1-NY €S
for 0 < A < 1. We already saw that AX and (1 — \)Y are positive definite, so we want to show
thatif X, Y € S,then X +Y € S.
(X 4+Y)o=7"Xv+7Yv>0

for all v € C? \ {0}, consequently P* is a convex cone.

Lemma 5.8. Every X € S ~ P* can be decomposed the following way:

X = AA"
Where A € GLy(C).

Proof. Due to the spectral theorem, a X Hermitian matrix can be diagonalized by a unitary
matrix:
—T
X =UJU
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We also know that X’s all eigenvalues are positive real numbers, because it’s positive definite,

A2 0

so J can be written as: J = ( N u2> , where \2, ;1% are the the eigenvalues of X . Then

AU )
satisfies the above criteria. U
5.2. Some volume calculations. For a vector y € Q let:

Fy={z € Q(x,y) <1}
Lemma 5.9. Foreveryy € P*, g € PSLy(R) and S C R* measurable set the following holds:

vol(p(g)S N F,) = vol(S N F,gry,)

Proof. Because

p(9)S = {p(g)z]z € 5}
the following set equality can be established:

EyNp(9)S ={z € p(9)S|{(z,y) <1} = {p(g)z]z € S, {p(9)z,y) < 1}
Due to the determinant volume scaling theorem, for all measurable H C R*:
vol(gH ) = det(¢(g)) vol(H) = vol(H)

holds for all g € PSLy(R), because det(¢(g)) = det(g)* = 1.
Therefore

vol(p(g)S N Fy) = vol({z € S| (2(g)2,y) < 1})
Recalling the definition of inner product:

(p(9)z,y) = tr(g27"y) = tr(z7" yg)
The second equality holds, because tr(ab) = tr(ba). Note that (g )y = g’ yg. Rewriting
the inner products:

(0(9)z,9) = (2,0@")y)
Therefore

vol(¢(g)S N F,) =vol({z € S‘ (z,0(G")y) < 1}) = vol(S N F¢(§T)y)

Lemma 5.10. Forall y € P*:

vol(P* N F,) = vol(P* N F qr),)
Where vol stands for the 4-dimensional Lebesgue measure.

Since 5.9:

vol(p(g)P* N F,) = vol(P* N F,(;r),)
P* = p(g)P*, because = = p(g) (p(g~")x).
Lemma 5.11. Forall y € P*:

. m
vol(P*NF,) = B det(y)?
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Proof. Using spectral theorem for every y € P* there exists a i unitary matrix, such that:

eh) (d7) =v.

Since | det(h)| = 1, there exists a matrix  in form of 7 = (¥ 9) such that det(hr) = 1, and

p(r) (5p)=(07)

. Therefore:
o(hr) (35) =y
Additionally,
e(G2)@n =09
For

= \/_ {4/_

Therefore there exists a matrix g, with 1 determinant, such that:

©(9) (35) =y, equivalently (3°) =o(g")y.
Because of 5.10:
vol(P* (1 F,) = vol (P* 1 F ), ) = vol({z € P*I(z (5" )y} < 1})

Since

We can calculate the volume:

1
vol({z € P*|(z,0(7" )y) < 1}) = 5 vol({(a, b1, by, d) € RYad—bi—b3 > 0, 1 > ya+vyd > 0})

Since the volume of the parallelepiped formed by the vectors (1,0,0,0),(0,1,0,0),(0,0,1,0)
and (0,0,0,1) is 2.
Using substitution:
r=7a,y = Pyblaz = 7b27w = Pyd
The above volume is

1
ﬁvol({(x,y,z,w) eRYow—y*—22>0, 1 >x+w>0})
g

It can be calculated using the integral:

1 1 1-z  pzw \ zw—y? T
—/ / / / 1dz dy dw dx = —
2 z=0 Jw=0 Jy=—y/zw J2z=—1/zWw—Yy? 48

. s T
vol(P M Fy) = 48~4 R det(y)?

Therefore
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6. CONSTRUCTION OF A PARTITION OF UNITY

6.1. Hermitian forms and the Eisenstein ring. Let

R:{a—l—bw a,beZ,w=

—1+\/§z}

2

be the ring of Eisenstein integers. (It is commutative and a Euclidean domain.)
Definition 6.1. Let
PSLy(R) :={(2%) ‘ a,b,c,d € R,ad — bc =1} /{£L}
Let
QO ={X=(%")]adeZbeR}.
The group PSLy(R) acts on binary hermitian forms via ¢. Q* is an analogue of the positive
definite integral binary forms over Z. Our goal is to derive a class number formula for these

forms when the determinant is fixed. We start with determining a polyhedral decomposition of
Q with respect to the group PSLy(R).

Definition 6.2. We define P C R* the following way:
P = {(a,b1,b,d) | a+d > 0,ad — b3 — b3 + byby > 0}
Lemma 6.3. P ~ P*, moreover P = T P*, for

10
T 01
“loo
00

¢: (ab) L <a7b17b27d)T

bd
Is an isomorphism where b = b; + bow for by, by € R. Therefore it is also equivalent to P* ~ S,
where the corresponding vector to the above matrix is (a, b}, b, d)”, where b} + byi = b for
by, b, € R.
Since by + bow = b} + bhi, by = b} + b and by = % This implicates the above transition

) V3’
matrix. O

oo
= O OO

Proof. P ~ S, because

Let’s use the notations in the figure.

2N

FIGURE 2. F' and the Eisenstein integers

The blue points represent the Eisenstein integers the axises are the real and the imaginary
axis, and the hexagons are the Dirichlet-Voronoi cell of each Eisenstein integer.

We let F' = F} U F5. Explicit descriptions of the planar domains F3, F5 will be given in the
next section.
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Definition 6.4. Let 1M/ be the following domain:
b
M:{(Zg)‘ogagd,and—eF}.
a

Clearly M = M; U* M, where M; and M, are defined the following way:

Mi:{(zg)‘Ogagd,andSEE}

Theorem 6.5. M is a fundamental domain for the action of S Ly(R) on Q.
This means that P has the following polyhedral decomposition:

P= UJ eoM= | (@M UpgMy)

gEPSLy(R) gePSLy(R)

Proof. We propose a method to transform a fixed positive definite Hermitian form, H, into
a reduced form, H' € M. Let a be the smallest number that can be expressed in the form
(zr=) H (Z), where 21,25 € R. Consequently, the greatest common divisor of z; and 2, in
the Eisenstein ring is 1. Therefore there exists wy,wy € R, such that det (Z} i} ) = 1. Denote

g="(%us)
p(g)H = <gf)

: o : b
We will now follow similar steps as in the real case to obtain — € F'.
a

( 1 0) aB\ a B+(z1+z2w)a
Ploi—aw 1)\ 54 ) = B+(z1+z2w)a '

Since the above illustrated hexagonal Dirichlet-Voronoi cells partition C, é is in one of them.

a
ey . .. . + (21 + x2w)a .
If it’s in the Dirichlet-Voronoi cell of —x; — xow, then B+ (1 ) = ﬁ + 1 + Tow 18

a a
inside 0’s Dirichlet Voronoi cell. So it’s either in F' or in the image of F' rotated by 120° or
240°. Denote b’ = 5 + (z1 + xow)a and d' = o/

2 b\ 4
o (58) (o) = (o)
This rotates % by 120°, so after at most two applications, a form
H = (a b)

b d
can be achieved, where g e F.
Since a’s minimality, (0 1) H' (9) =d > a.
The final step, that ¢(g)x = @(h)y for x,y € int(M) if and only if ¢ = h and z = y can be
found in [2]. O

6.2. Explicit description of the polyhedron )/. Using the description via matrices the condi-
tion x € Fj or F, can be expressed as a set of inequalities. The same holds for the property that
a matrix is positive definite. For example we will use the fact that for such matrices a,d > 0.

b
— € Fj if and only if
a

0 < R(b)
()= (-

| S
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2(2)= 5= ()
a) — 3 a
It will be convenient to use a different description, via a change of basis. Use the following
correspondence between Q and R*:

(ab) L (aabl7b27d>

bd
Where b = by + bow, where by, by € R.
Define the set of points corresponding to matrices in M; as M, and to matrices in M as M.
Rewriting the above inequalities:

My = { (@ b1, b2, d) [bo < 201, by < 2, by +b; <o, d<a}

Since it’s defined as the intersection of 4 hyper-half-spaces, it’s a(n infinite) simplex. There-
fore, we may notice that M; can be expressed the following way:

M1 = {a1’01 + QU2 + Qi3U3 + Oé4U4|Oéi c R+}

o\ 7T I\ T 3\ 7
_ _ _ 2 _
1 1 3

We can do similar calculations for M, and get:

For

y

LN =W

My = {oqw; + asws + azws + agwy|o; € RT}
For

0 T 1 T 3 T 3 T
vy =w; = | g , Vg =ws = | g , V3 =wsg = | 1 and wy = |
1 1 3 3

So the fundamental domain, M can be written as M = M, U* M,, where M, and M, are
4-dimensional infinite simplexes, with a common facet.

6.3. Construction of a partition of unity. Recall that by Theorem 6.5 the following lemma
holds:

Lemma 6.6. Forall y € P:

vol(PNF,) = > vol(p(gMNE) = Y (vol(p(g)MiNF,)+vol(p(g) M2NE,))

geSLy(C) geSL2(C)

Where vol stands for the 4-dimensional Lebesgue measure.

If T" is a simplex:

4 4
T .= {v} v = Zawi,ai > O,ZO% < 1}
i=1 i=1

For given, linearly independent 4 dimensional vectors vy, v, V3, V4.
And T, is the following infinite simplex:

4
Ty = {v‘ V= Zaivi,ai > O}
i=1
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Now we present a lemma:

Lemma 6.7. For every 4 dimensional y vector which isn’t orthogonal to either of the vectors
(N

B vol(T)
vol(Ts N Fy) = | tr(v1y) tr(vay) tr(vsy) tr(vey)|

Proof. Let S, be the hyper-plane defining F}, hyper-half-space:

Sy = {vl (v,y) = 1}
Denote the intersection of the lines A\v; and the hyper-plane S, as follows:

av; € Sy & (au;,y) =1
Since «; € R scalar, and the inner-product is linear:

<Ui7 y> B <Ui7 y> - <Ui7 y)
Recalling the definition of the inner product:

1 (Qivi, y) - ai(vi, y) _

i

1

" o)
Because of the simplex volume formula, and the fact that the identity basis’s vectors forms a
parallelepiped with volume 2:

1 uL
(T) = — |det | »2
vol(T) 13 |de (vi) ‘
And
1 o202
vol(Too N Fy) = 5 det ais || = |y anagay| vol(T)
Substituting the above results into «; gives the expression we aimed to prove. U

Proposition 6.8.

1 1 1 1
I(MNE,)=—":
M E) =77 (d(a+d)(a+b1+d)) (a+b2+d+a+b1—b2+d)
Proof. Due to 6.7 it is sufficient to compute tr(vy), where v is one of the spanning vector of M

or Ms:

(89), (69), (285 75%), andeither (475, "5*) or (1% '5%)
These can be calculated easily:

o (89) (b " Fa™) =d

(D) (e " 5%) = a
tr (2iw 2J§w) (blfbgw b1+z+2w) =3(a+b; +d)

tr (1556 ) (5, 4o b2 ) = 3(a + by + d)

tr (1 %515%) (5,5 "5 ™) =3(a+ by — by + d)
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v1 1
det | 22 || = —:
Vi 16

1
(M N F,) =
VMO ) = T e v b T e b+ d)

1
© 48

By substituting these values, and vol(M;)

And for Ms:
(M1 F)) !
O —_=
VORI T T d(a + d)(a+ b1+ d)(a + by — by + d)
Adding these up, because M = M; U* M, we get the desired result. OJ

Theorem 6.9. For y = (b1 . b1+db2W) let

_ det(y)? 2a+ by + 2d

p(y) 3 d(a+d)(a+b1+d)(a+bg+d)(a+b1—b2+d)

Then p induces an equivariant partition of unity as in 3.2

Proof. As we saw in 6.6:

vol(PNF,) = Z vol(p(g)M N EF)

gePSL2(R)
Using 5.9:
vol(PAF,) = > vol(Mn Fyy,)
gEPSLa(R)
Since 5.11
m
5 det(y)? = Z vol(M N Fig)y)
9EPSLa(R)
According to the lemma 6.8, we have:
48 det(¢(9)y)?
VOl(M N Fog)y) = ple(9)y) - =
Since det(y) = det(¢(g)y), p induces a P.SLy(R)-equivariant partition. O

6.4. Summary: the class number formula. Let’s fix D = det(y). To apply Lemma 3.2 we
need to show that the number of P.SLy(R) orbits on Qf, = {y € Q* | det(y) = D} is finite,
that each y has a finite stabilizer. We start with the finiteness of the class number.

Theorem 6.10. For a fixed determinant, D, the class number is finite.

b
Proof. Since — € F'.
a

\/§|b| <a
And as it was previously stated:
a<d

Analogously to the real case:
2

a2§ad:D+|b|2§D+%



22 SZTRANYAK GABRIELLA

Consequently,
2 5
—a° <D
30 =
So there are finitely many options for a and there are finitely many options for b as well, using

the fact that the set of points representing an Eisenstein integer forms a nowhere dense set in
C. U

Now, I turn to the proof of the finiteness of the stabilizer.

Lemma 6.11.

F]‘ == CLjU(Q)CLj_l N PSLQ(R)
Where y; = a;a;", such decomposition exist due to 5.8. And U(2) stands for the group of
unitary matrices over C.

Proof. We can do the exact same thing as in 4.7

g€l (9a;)(g9a;) =a;a;
Multiplying by aj’l the right and by (a_jT) " the left:

T

(65" 90,) (a5 90) = I
Equivalently,
a;'ga; € U(2)
So
g € a;U (2)aj_1
And since g € PSLy(R), it’s equivalent with
g € a;U(2)a;' N PSLy(R)
0
Since I'; is the intersection of a compact and a discrete set, |I';| is finite.

When PSLy(R) acts on P, with p(y) = C vol(M N F,), since 6.9, p induces an PSLy(R)-
equivariant partition of unity. Let’s use the following notations:

M,(D) ={y € M;|det(y) =D,z € Q*}
Mp = {y € M|det(y) = D,z € 9*} = M{P ur M
Pp ={y € P|det(y) =D,z € Q*}
Since M p is a fundamental domain, M p can be written as:
Mp = {y1, Y2, -, Yn}
And
PD - UFy]

Definition 6.12. The Hurwitz class number of positive definite binary hermitian forms over the
Eisenstein ring is

where I'; is the stabilizer group of y;:
Iy ={g € PSLy(R) | v(g9)y; = v}
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It was shown by Hurwitz that this is a more natural constant than the number of orbits h.
Among others this (and not /) appears in many analytic number theory results. Using 3.2 and
our Theorem 6.9 we have the following corollary

Theorem 6.13. Let D > 0 be given and let Hp be the Hurwitz class number of Q7,, the set of
positive definite binary Hermitian forms over the Eisensten ring R of discriminan D. Then
D? 2a + by + 2d
DS
3T d(a—l—d)(a—l—bl+d)(a+b2+d)(a+bl—bg—i—d)

where the sum is over (% Z) € 9p.
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