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Abstract

Time series forecasting and identification are crucial for real-world applications across

diverse domains, including traffic management, financial analysis, healthcare, and energy

systems. Although deep learning has gained prominence for its predictive power, tradi-

tional mathematical models continue to hold significance due to their interpretability and

ability to work with small datasets.

In this thesis, we introduce a novel model-driven neural network architecture,

VPNgbNET, which combines Variable Projection (VP) and the Nonlinear Grey Bernoulli

Model (Ngb) to enhance forecasting accuracy and interpretability. By leveraging VP op-

erators alongside the Ngb system, specifically tailored for time series forecasting, our

approach enables the neural network to learn meaningful features, maintain interpretable

parameters, and achieve a compact structure. This approach not only outperforms tradi-

tional mathematical models in terms of accuracy but also enhances the system’s reliability

and interpretability, making it more practical for real-world applications. This can be seen

as a new paradigm for time series forecasting where we can replace Ngb by any other

problem specific trajectory model. We discuss the underlying motivation, mathematical

foundations, and implementation details of VPNgbNET, concluding with a case study on

traffic pattern identification to illustrate its practical effectiveness and potential impact.
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Chapter 1

Introduction

Modern deep models have shown impressive performance in a variety of fields, but

they have major drawbacks, including a strong dependence on big datasets and poor gen-

eralization skills. The key reasons for these constraints are the models’ natural reliance

on data-driven approaches and their restricted capacity to appropriately exploit domain-

specific data [1]. Mathematical models have long been essential tools for describing and

predicting the behavior of expert systems across various fields. Grounded in domain

knowledge or physical laws, these models offer structured frameworks that help to un-

derstand and explain system dynamics. Through precise mathematical equations, they

provide clarity and accuracy, enabling scientists and engineers to accurately capture and

simulate real-world phenomena.

One widely-used approach for system identification and forecasting, especially in sce-

narios with limited data, is the nonlinear grey Bernoulli model (Ngb) [2]. This model,

part of grey system theory, excels at handling incomplete or low-quality data by captur-

ing nonlinear relationships and making forecasts based on limited information. It has been

successfully applied in a variety of fields such as economic forecasting [3], environmental

modeling [4], and energy demand prediction [5].

Despite advancements in simulating multiphysics problems, traditional mathematical

models struggle with scalability, integrating noisy data, and recognizing complex pat-

terns. They also face challenges in handling high-dimensional problems and complex

mesh generation, limiting their overall effectiveness. To overcome these limitations, a

knowledge-augmented deep learning paradigm has garnered increasing attention from

researchers [1]. This approach combines domain knowledge with observational data in

an effective way to provide data-efficient, generalizable, and interpretable deep learn-
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1. Introduction

ing algorithms. On the other hand, experienced knowledge is frequently expressed using

less formal frameworks like probabilistic correlations, knowledge networks, and logical

rules. Model-based deep learning techniques, sometimes referred to as model-driven AI,

integrate mathematical frameworks and partial domain knowledge to enhance learning

efficiency and performance, especially when working with small datasets [6].

For time series modeling to capture underlying patterns and relationships across

many scales and dynamics, it is essential to integrate domain knowledge, physical con-

straints, and advanced data-driven methodologies to enhance both accuracy and scalabil-

ity. Variable Projections Networks (VPNet) [7] offer a promising approach to addressing

the challenges of high-dimensional data. By combining the power of projection-based

methods with deep learning, VPNet efficiently reduces dimensionality and focuses the

learning process on the most relevant features of the data. This makes VPNet highly ef-

fective for tasks where dimensionality reduction is crucial, such as in signal processing.

Building on this capability, we integrate VPNet with the Ngb model, utilizing the VP

layer for parameter estimation and the layer inspried by the Ngb model for forecasting.

This integration, when applied to neural networks, enhances noise handling and complex

pattern recognition, significantly improving the accuracy and robustness of predictions in

time series applications.

The structure of this document is organized as follows. Chapter 2 provides an overview

of the VPNet architecture, along with its mathematical foundations. Chapter 3 offers a de-

tailed explanation of the nonlinear grey Bernoulli model and its application in identifying

traffic patterns. Chapter 4 introduces our proposed model, highlighting its interpretability

and accuracy. Chapter 5 presents an analysis of the experiments conducted, including a

case study on traffic flow pattern identification and a discussion of the results obtained

from applying our model. Chapter 6 concludes the work by comparing our model with

existing methodologies and discussing potential directions for future research.
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Chapter 2

VPNET: Variable Projection Networks

A traditional machine learning (ML) approach is to decompose the problem at hand

into separate feature extraction and learning steps [8]. In this approach, the data is pro-

cessed by selecting significant features based on domain knowledge, which are then

passed to conventional ML models. This reduces the size and complexity of the data.

Nevertheless, such manually chosen features are often ineffective for learning, as they

may miss important patterns or introduce biases [8]. However, deep learning provides an

alternative by automatically learning data representations, addressing some of the chal-

lenges of traditional methods . Features learned by neural networks networks can also be

transferred as inputs for other procedures [9], for example discriminant correlation filters

[10].

The increased number of hidden layers in Deep Neural Networks (DNNs) has en-

hanced their learning capabilities [11]. This layered architecture allows DNNs to work

in stages: the initial layers extract features from the input data, while subsequent layers

process these learned features. Among DNNs, Convolutional Neural Networks (CNNs)

represent a specialized architecture that has emerged as the leading machine learning ap-

proach for processing 2D and 3D images and solving computer vision tasks [12, 13, 14].

The feature extraction layers here perform multiple convolutional filtering and pooling

steps to reduce dimensions.

Despite their advantages, DNNs and CNNs present challenges, including increased

computational complexity and training issues like overfitting and divergence. Due to

numerous nonlinear interactions among parameters, these models are often considered

"black-box" methods with limited interpretability, as their parameters lack clear physical

significance. To address this limitation, the VPNet was designed to combine the expert
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2. VPNET: Variable Projection Networks

knowledge of traditional model-based approaches with the learning capabilities of neu-

ral networks. The proposed architecture is inspired by the so called model-driven NN

concept, which is an emerging trend in signal processing [7].

2.1 Variable projections

VP [15] offers a methodological framework for handling nonlinear modeling prob-

lems that can be represented as

x ≈
n−1

∑
k=0

ckΦk(θ) = Φ(θ)c, (2.1)

where x ∈ Rm and Φk ∈ Rm indicate the input data to be approximated and the para-

metric function system, respectively. The notation Φ(θ) denotes a matrix of size Rm×n

along with the function system itself. The function system Φ is composed of nonlinear

parameters θ ∈Rp and linear parameters c ∈Rn. The nonlinear function is minimized by

addressing the issue using the least-squares method, as described in the following equa-

tion
r(c,θ) := ∥x−Φ(θ)c∥2

2. (2.2)

The model’s coefficients are linear when there are no nonlinear parameters (i.e., if

θ is fixed). When r is minimized in relation to c, the well-known linear least-squares

approximation appears. Orthogonal projection operators PΦ(θ) and Fourier coefficients

can be used to express the ideal answer

c = Φ
+(θ)x (2.3)

x̂ = PΦ(θ)x = Φ(θ)Φ+(θ)x (2.4)

where Φ+(θ) denotes the Moore-Penrose pseudoinverse of matrix Φ(θ). The principle

is closely related to mathematical transformation techniques that can be read as orthogo-

nal projections by a specified function system with a predefined θ , including Fourier and

wavelet transforms. The coefficients c can be seen as features that VP extracted, whereas

x̂ is the outcome of dimension reduction and low-pass filtering. In the general case, min-

imizing r can be divided into two stages: first, minimizing with respect to the nonlinear

parameters θ , and then calculating the linear parameters c using orthogonal projection.
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2. VPNET: Variable Projection Networks

Therefore, minimizing r is equivalent to minimizing the following VP functional, through

the method of Golub and Pereyra [15]:

r2(θ) = ∥x−Φ(θ)Φ+(θ)x∥2
2. (2.5)

Mathematically, VP provides a framework for adaptive orthogonal transformations, en-

abling filtering and feature extraction through parametric function systems. Additionally,

VP can serve as a solver for nonlinear optimization problems that are separable into linear

and nonlinear parameters, expanding its potential applications [16, 17].

2.2 VPNet architecture

This architecture’s main concept is to build a network that creates a composite model

by combining the representation capabilities of VP and the prediction capabilities of NN

[7]. The fundamental VPNet architecture is a feedforward neural network, where the ini-

tial layer(s) apply a VP operator, which is then passed through a fully connected, poten-

tially DNN (see Figure 2.1). The structure is similar to that of CNNs in that the initial

layer(s) of the network can be viewed as an integrated feature extraction method.

Figure 2.1: VPNET architecture [7]

The VP layer can behave in one of two ways, depending on its intended application.

It performs either a filtering of the form [7]

f (vp)(x) := Φ(θ)Φ+(θ)x = x̂, (x ∈ Rm), (2.6)
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2. VPNET: Variable Projection Networks

or a feature extraction of the form

f (vp)(x) := Φ
+(θ)x = c, (x ∈ Rm), (2.7)

where θ ∈ Rp denotes the nonlinear system parameters of the given function system Φ,

as defined above.

These VP operators use the parametric system Φ(θ) to refer to the orthogonal projec-

tion and the generic Fourier coefficients of the input x, as shown in Eq. (2.3, 2.4). Though

feature extraction is appropriate for classification problems [7], our results in Chapter 4

demonstrate that feature extraction can also be used for parameters estimation for math-

ematical models, whereas the filtering method may be more appropriate for regression

problems. The learnable parameters of the VP layer are included in the nonlinear system

parameter vector θ .

The VPNet architecture introduces a model-driven approach for 1D signal-processing

problems [7]. It incorporates domain knowledge through parameterized function systems,

ensuring generality and interpretability, with VP layer parameters directly related to the

shape of the input data. VPNet offers simplicity by reducing the model size compared

to CNNs and DNNs, as the VP layer is governed by fewer parameters. Additionally, it

supports compatibility by seamlessly integrating layers representing physical processes,

enabling flexible model construction. Further details are provided in Chapter 4.

2.3 VP forward propagation

The low computational complexity comes from precomputing the nonlinearity and

storing it in the matrix Φ. As a result, during evaluation, the VP layer only needs to per-

form a simple matrix multiplication, making the process much faster and more efficient.

Furthermore, since the VP layer typically computes a relatively small number of features,

subsequent layers can operate with reduced complexity [7]. Specifically, the weight ma-

trix of a fully connected layer following the VP layer belongs to Rn×l , as opposed to Rm×l

without the VP layer. Here, n represents the number of coefficients, m denotes the length

of the input signal, and l is the number of neurons in the fully connected layer. Since n is

generally much smaller than m, the weight matrix size is significantly reduced for a fixed

number of neurons l.

Solving the least-squares issue during training is the main source of computational
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2. VPNET: Variable Projection Networks

bottleneck in shallow neural networks with few hidden layers linked to the VP layer.

This has an impact on VPNet’s numerical correctness and computing complexity [7].

Many function systems have been created to meet different application and analyti-

cal requirements. Notable examples include the Hermite System, which has been used

specifically for for medical signal processing [7], the Wavelet System [18], and the

Malmquist–Takenaka System [19] for system identification problems.

2.4 VP backpropagation

Supervised learning involves training a model using labeled data, where the dataset

consists of input-target pairs

(xi,yi) for i = 1,2, . . . ,N.

Here, xi ∈ Rm represents the input vector, and yi is the corresponding target. For regres-

sion tasks, the target is a continuous vector, yi ∈ Rs, while for classification tasks, it can

be represented as discrete labels, yi ∈ N, or as probabilities, yi ∈ [0,1]c. This labeled data

guides the model to learn the mapping from inputs to targets effectively. A general feed-

forward neural network can be described as a composition of layer functions, where each

layer applies a specific transformation to its input. This can be expressed mathematically

as
NNθ (x) = ( f (L)

θ
◦ · · · ◦ f (ℓ)

θ
◦ · · · ◦ f (2)

θ
◦ f (1)

θ
)(x),

where x ∈ Rm stands for the input samples, f (ℓ)
θ

(x) denotes the function and θ (ℓ) denotes

the parameters of the layer ℓ. Symbol θ denotes the set of parameters θ (ℓ). The layer func-

tions f (ℓ) can represent various operations, such as linear transformations, convolutional

filters, nonlinear activation functions, pooling mechanisms, VP operators, and more [7].

Let
ŷi = NNθ (xi) (i = 1,2, . . . ,N)

indicate each input’s expected values. To train the network, an appropriate loss (or cost)

function J is used to measure the error between predicted and target values, framing train-

ing as a minimization problem. Common loss functions include the Mean Squared Error

(MSE), also called the least-squares cost function, which is typically used for regres-

sion problems where yi ∈ Rs, and the Binary Cross Entropy (BCE) loss, used for binary

classification tasks where yk ∈ {0,1}. The following equations represent these two loss
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2. VPNET: Variable Projection Networks

functions

JMSE(θ) :=
1
N

N

∑
i=1

∥yi − ŷi∥2
2, (2.8)

JBCE(θ) :=− 1
N

N

∑
i=1

(yi log ŷi +(1− yi) log(1− ŷi)) . (2.9)

Backpropagation, the widely-used technique for training feedforward networks, uses

a stochastic gradient-descent optimization to minimize J (e.g. Adam [20], Adagrad [21],

RMSprop [22]). Each layer parameter’s gradient descent update formula is

θ(ℓ) := θ(ℓ)−η
∂J

∂θ(ℓ)
, (2.10)

where η > 0 is called the learning rate. Backpropagation offers a recursive method of

calculating the gradients using the chain rule, to put it simply

∂J
∂ f (ℓ−1)

=
∂J

∂ f (ℓ)
· ∂ f (ℓ)

∂ f (ℓ−1)
,

∂J
∂θ(ℓ)

=
∂J

∂ f (ℓ)
· ∂ f (ℓ)

∂θ(ℓ)
.

Thus, the only partial derivatives of the layer function f (ℓ) that need to be computed

are those that relate to its parameters ( ∂ f (ℓ)
∂θ(ℓ)) and its input ( ∂ f (ℓ)

∂ f (ℓ−1) ). For the common layer

types, these derivatives are typically well-known, and they can also be computed directly

for the VP layers. The partial derivatives of the VP operators can be expressed in terms

of their inputs and nonlinear parameters, providing a clear mathematical formulation for

their behavior [15]. Specifically, for a filtering-type VP layer, as shown in Eq. (2.6), we

have

f (vp)(x) = Φ(θ)Φ+(θ)x,
∂ f (vp)

∂x
= [Φ(θ)Φ+(θ)]⊤,

∂ f (VP)

∂θ j
=

∂ [Φ(θ)Φ+(θ)]

∂θ j
x,

where

∂
[
Φ(θ)Φ+(θ)

]
= (I −ΦΦ

+)∂ΦΦ
++

[
(I −ΦΦ

+)∂ΦΦ
+
]T

.

10



2. VPNET: Variable Projection Networks

In the case of a feature-extraction-type VP layer in Eq. (2.7)

f (vp)(x) = Φ
+(θ)x,

∂ f (vp)

∂x
= [Φ+(θ)]T ,

∂ f (vp)

∂θ j
=

∂Φ+

∂θ j
x, (2.11)

where

∂Φ
+ =−Φ

+
∂ΦΦ

++Φ
+
[
Φ

+
]T

∂Φ
T (I −ΦΦ

+)+(I −Φ
+

Φ)∂Φ
T [

Φ
+
]T

Φ
+.

Particularly in DNNs, a simple backpropagation implementation might result in nu-

merical issues like divergence and overfitting. An ℓ2 penalty on the weight parameters is

usually inserted as a regularization term in the loss function to solve these problems. The

resultant customized loss function is as follows

JVPNet(θ) := J(θ)+
α

N

N

∑
i=1

r2(xi;θ (VP))

∥xi∥2
2

= J(θ)+
α

N

N

∑
i=1

∥xi −Φ(θ (VP))Φ+(θ (VP))xi∥2
2

∥xi∥2
2

, (2.12)

where α ≥ 0 controls the penalty effect.

The reasoning behind this regularization has two key aspects. First, it builds on prior

findings that utilize VP as a feature extraction technique, indicating that precise VP ap-

proximations can yield meaningful features. Second, the optimal VPNet classifier is ex-

pected to capture the essential characteristics of the input signals, suggesting an effec-

tive approximation. Although this penalty term appears to challenge the backpropagation

framework, the original method can be adjusted with a bypass step tailored specifically for

the VP layer. The gradient with respect to the VP parameters is then updated as follows

∂JVPNet

∂θ (VP)
=

∂J(θ)
∂θ (VP)

+
α

N

N

∑
i=1

1
∥xi∥2

2
· ∂ r2

∂θ (VP)
, (2.13)

where
∂ r2 =−2xT

i (I −ΦΦ
+)∂ΦΦ

+xi. (2.14)

This approach enables the training of VPNet models in a manner similar to that of

convolutional and fully connected neural networks (FCNNs) [7], thereby enhancing their

scalability and applicability to a wide range of real-world problems. In Chapter 4, we
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2. VPNET: Variable Projection Networks

apply the same regularization technique to the output of a physics-based layer, ensuring

that the model approximates the predictions of the mathematical model.

2.5 Network architechture

VPNet is structured with a VP layer as its foundational component, which is followed

by fully connected neural networks (FCNNs). The outputs were understood as a probabil-

ity distribution over expected output classes, while the inputs were Rm samples. The FC

layers used nonlinear activation (SoftMax or ReLU) to carry out linear mappings. And

offline backpropagation with Adam optimizer [20] was used for learning. The VP layer

was of the feature-extraction type in Eq. (2.7).

In this thesis, we propose modifications to the basic architecture of VPNet to enhance

its capability for dynamic system modeling. The key contributions are as follows:

• We define a new function system in the VP layer, which is derived from the nonlin-

ear grey Bernoulli model (see Chapter 3).

• We introduced a physics-based component called the Trajectory layer, derived from

the Ngb model (see Chapter 3).

• The VP and Trajectory layers are designed to capture the dynamics of daily traffic

flow, while the connected deep neural network focuses on learning and modeling

the noise.

12



Chapter 3

Nonlinear Grey Bernoulli Model for

Daily Traffic Flow Pattern Identification

Time series data can display various patterns, with the inverted U-shape being a dis-

tinctive trend where values increase to a peak before subsequently declining [23]. This

pattern is commonly observed across different domains, from economic cycles to pop-

ulation dynamics, representing a natural progression of growth followed by decay [24,

25].

The nonlinear grey Bernoulli model (Ngb) [2] has become an important tool for study-

ing complex systems and has gained attention in areas like energy [26], traffic [27], and

economics [28]. It improves on earlier models, like the grey Verhulst model [29], which

was used to study patterns with an inverted U-shape over time. The Ngb model uses a

simple and clear method to work with data, focusing on cases where the total sum of

the data shows an S-shaped growth pattern. This makes it more flexible and accurate for

different kinds of problems.

The nonlinear grey Bernoulli (Ngb) model works through three main steps: first, it ac-

cumulates the original time series to create the Cusum image; second, it fits the Bernoulli

ordinary differential equation (ODE) to predict the Cusum values; and third, it restores

these predictions to the original scale for final forecasts.

The fractional Cusum operator, new information priority Cusum operator, probabilis-

tic Cusum operator, opposite direction Cusum operator, physics-preserving Cusum oper-

ator, and their combinations are some of the extensions of the Cusum operator that have

been created to improve accuracy [30, 31, 32]. Additionally, by generalizing the Bernoulli

ODE into more flexible forms, academics have broadened the whitening equation’s use,
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3. Nonlinear Grey Bernoulli Model for Daily Traffic Flow Pattern Identification

leading to a variety of extensions, including fractional-order, discrete-time, time-varying,

and time-delayed variations [32, 5, 4, 3].

An integral equation (IE)-based direct modeling paradigm is provided by the Cusum

operator, which is shown to be an Euler-based numerical approximation of an integral

operator in linear grey system models [33]. Undoubtedly, the direct modeling paradigm

offers a number of benefits, such as interpretability and uncertainty quantification. The

first nonlinear grey Bernoulli model based on IDE was introduced by Lu and Xie [34].

However, in their research, the first element of the integral operator was specified as the

observation at the initial time instant, which lacks theoretical support and introduces a

logical flaw in the modelling process [30]. Furthermore, these models were unable to si-

multaneously estimate the initial conditions and structural parameters, leading to a more

complex and inconsistent parameter estimation process. In this chapter, we will provide

you with an outline of the concepts behind ordinary differential equation (ODE) [32] and

integro-differential equation (IDE) [31], which were developed to address these limita-

tions. Section 3.1 provides an overview and the mathematical foundation of the ODE-

based model, while Section 3.2 introduces the IDE-based model as a solution to address

these parameter estimation challenges.

3.1 ODE-based nonlinear grey Bernoulli model

The physics-preserving Cusum series [32] is defined as follows, assuming that the

initial time series observations are {x(t1),x(t2), . . . ,x(tn)}

y(tk) =

{
ηy, k = 1
ηy +

1
2 ∑

k
i=2 hix(ti−1)+

1
2 ∑

k
i=2 hix(ti), k ≥ 2,

(3.1)

where ηy ∈R is an unknown parameter, and hk = tk − tk−1 with k ≥ 2 is the time interval.

Equation (3.1) provides a second-order accurate numerical approximation of the inte-

gral operator based on the trapezoid rule

y(t) = ηy +
∫ t

t1
x(s)ds, t ≥ t1, (3.2)

where ηy ∈R is an unknown parameter to guarantee the physics-preserving nature of this

operator.

The whitening equation of the nonlinear grey Bernoulli model for the physics-

preserving Cusum series {y(t1),y(t2), . . . ,y(tn)} is defined as
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3. Nonlinear Grey Bernoulli Model for Daily Traffic Flow Pattern Identification

dy(t)
dt

= a1y(t)+a2[y(t)]r, y(t1) = ηy, t ≥ t1 (3.3)

where a1, a2 and r ∈ R \ {0,1} are unknown structural parameters, ηy represents the

unknown initial condition.

3.1.1 SLS and NLS Approaches for Parameters Estimation

Separable Nonlinear Least Squares (SLS) and Nonlinear Least Squares (NLS) are

the two main approaches that can be used for parameter estimation in the model. While

NLS is better suited for more complicated, nonlinear models and offers more flexibility

in capturing complex interactions, SLS is frequently employed for linear models because

of its efficiency and simplicity.

SLS Method

When Eq. (3.3) is subjected to the trapezoid rule-based scheme, the basic form of the

nonlinear grey Bernoulli model is obtained as

y(tk)− y(tk−1)

hk
= a1

[
1
2

y(tk)+
1
2

y(tk−1)

]
+a2

{
1
2
[y(tk)]r +

1
2
[y(tk−1)]

r
}
+ ε(k), (3.4)

where ε(k) indicates the error in numerical discretization. By treating a1 and a2 as func-

tions of both the power coefficient r and the initial condition ηy , the pseudo regression in

Eq. (3.4) produces the objective function

L (r,ηy) =
n

∑
k=2

{
y(tk)− y(tk−1)

hk
−a1(r,ηy)

[
1
2

y(tk)+
1
2

y(tk−1)

]
−a2(r,ηy)

{
1
2
[y(tk)]r +

1
2
[y(tk−1)]

r
}}2

,

(3.5)

the minimization of which gives the estimates (r̂, η̂y) and subsequently, the estimates of

a1 and a2 are obtained as[
â1(r̂, η̂y)

â2(r̂, η̂y)

]
=
(
Θ(r̂, η̂y)

T
Θ(r̂, η̂y)

)−1
Θ(r̂, η̂y)

T z, (3.6)

where
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z =


y(t2)−y(t1)

h2

y(t3)−y(t2)
h3
...

y(tn)−y(tn−1)
hn

 , (3.7)

Θ(r̂, η̂y) =


1
2y(t2)+ 1

2y(t1) 1
2 [y(t2)]

r̂ + 1
2 [y(t1)]

r̂

1
2y(t3)+ 1

2y(t2) 1
2 [y(t3)]

r̂ + 1
2 [y(t2)]

r̂

...
...

1
2y(tn)+ 1

2y(tn−1)
1
2 [y(tn)]

r̂ + 1
2 [y(tn−1)]

r̂

 . (3.8)

NLS Method

Since the trajectory of the ODE (see Eq. (3.3)) defines the regression function, the

physics-preserving operator (see Eq. (3.1)) may be thought of as an implicit regression

problem, meaning that the objective function is reached by the nonlinear regression

L (a1,a2,r,ηy) =
n

∑
k=1

[y(tk)− y(tk;a1,a2,r,ηy)]
2 , (3.9)

where y(t;a1,a2,r,ηy) denotes the trajectory of the ODE. The estimates â1, â2, r̂, η̂y may

be obtained after using Eq. (3.9) is minimized using a traditional nonlinear optimizer.

Lastly, the temporal response function corresponding to the Cusum series is stated as

follows when the resulting estimations are plugged back into the trajectory

ŷ(t) =
[(

η̂
1−r̂
y +

â2

â1

)
exp(â1(1− r̂)(t − t1))−

â2

â1

] 1
1−r̂

, t ≥ t1; (3.10)

Applying Eq. (3.3) to the Cusum forecasts {ŷ(t1), ŷ(t2), · · · , ŷ(tn+p)}, we have the orig-

inal forecasts {x̂(t1), x̂(t2), · · · , x̂(tn+p)}, where {t1, t2, · · · , tn+p} is user-specified time in-

stants, and p ∈ N denotes the forecasting horizon. Later, in Chapter 4, we’ll introduce

this as the Trajectory-ODE layer (see Section 4.3.1). When we apply the inverse integral

operator, it gives us the time response function of the original series, which is expressed

as

16



3. Nonlinear Grey Bernoulli Model for Daily Traffic Flow Pattern Identification

x̂(t) =
d
dt

ŷ(t) = (1− r̂)
(
â1η̂

1−r̂
y + â2

)
exp(â1(1− r̂)(t − t1))

×
[(

η̂
1−r̂
y +

â2

â1

)
exp(â1(1− r̂)(t − t1))−

â2

â1

] r̂
1−r̂

, t ≥ t1.
(3.11)

and this can be apply as Trajectory - IDE layer (see Section 4.3.2).

According to Wei and Xie [35], the nonlinear grey Bernoulli model employs an indi-

rect modeling paradigm, which has drawbacks from a practical perspective. These include

difficulties in understanding the propagation of measurement noise and parameter uncer-

tainty. The following theorem helps adopt a direct modeling approach in order to handle

this.

Theorem 1. Under the condition (3.2), the ODE (3.3) is equivalent to the IDE

d
dt

x(t) = a1x(t)+ ra2x(t)
[

ηy +
∫ t

t1
x(s)ds

]r−1

, x(t1) = ηx, t ≥ t1, (3.12)

where
ηx = a1ηy +a2η

r
y

is the unknown initial condition.

Theorem 1 shows that given an ODE (Eq. 3.3), we can always find an IDE (see Eq.

3.12) and their trajectories satisfy Eq. (3.2).

3.2 IDE-based nonlinear grey Bernoulli model

The following equation illustrates the relationship between noise and the resulting

impact on the parameter estimation process

x̃(tk) = x(tk)+ e(k), (3.13)

where x(tk) and e(k) denote the true value and measurement noise, respectively.

As a state equation, the IDE (Theorem 1) with an initial condition constraint is em-

ployed. The objective is to create trajectory and multi-step-ahead predictions after esti-

mating the starting condition (ηy) and structural parameters (a1,a2,r) from noisy data.
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3.2.1 Parameters and Initial Condition Estimation by SLS

By performing the integration of IDE (see Eq. 3.12) over the interval [t1, t], an integral

equation is obtained

x(t) = a1

∫ t

t1
x(s)ds+a2

{[
ηy +

∫ t

t1
x(s)ds

]r

−η
r
y

}
+ηx, (3.14)

The integral term is quantitatively estimated using the linear interpolation quadrature as

∫ tk

t1
x(s)ds ≈ 1

2

k

∑
i=2

hix(ti−1)+
1
2

k

∑
i=2

hix(ti). (3.15)

Substituting Eq. (3.15) and the initial condition constraint ηx = a1ηy + a2(ηy)
r into

Eq. (3.14) yields

x(tk)≈a1

[
ηy +

1
2

k

∑
i=2

hix(ti−1)+
1
2

k

∑
i=2

hix(ti)

]

+a2

[
ηy +

1
2

k

∑
i=2

hix(ti−1)+
1
2

k

∑
i=2

hix(ti)

]r (3.16)

By considering the noisy observations in Eq. (3.13) as approximations of the true values,

leads to a pseudo regression

x̃(tk) =a1

[
ηy +

1
2

k

∑
i=2

hix̃(ti−1)+
1
2

k

∑
i=2

hix̃(ti)

]

+a2

[
ηy +

1
2

k

∑
i=2

hix̃(ti−1)+
1
2

k

∑
i=2

hix̃(ti)

]r

+ ε(k).

(3.17)

where ε(k) is the sum of the numerical discretization error and measurement noise.

Substituting k = 2, . . . ,n into Eq. (3.17) allows the objective function of the pseudo

regression to be written in the following matrix form

J(a1,a2,r,ηy) =

∥∥∥∥x̃−Ξ(x̃;r,ηy)

(
a1
a2

)∥∥∥∥2

2
(3.18)

where
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x̃ =


x̃(t2)
x̃(t3)

...
x̃(tn)

 ,

and

Ξ(x̃;r,ηy) =

ηy +
1
2 ∑

2
i=2 hix̃(ti−1)+

1
2 ∑

2
i=2 hix̃(ti)

[
ηy +

1
2 ∑

2
i=2 hix̃(ti−1)+

1
2 ∑

2
i=2 hix̃(ti)

]r

ηy +
1
2 ∑

3
i=2 hix̃(ti−1)+

1
2 ∑

3
i=2 hix̃(ti)

[
ηy +

1
2 ∑

3
i=2 hix̃(ti−1)+

1
2 ∑

3
i=2 hix̃(ti)

]r

...

ηy +
1
2 ∑

n
i=2 hix̃(ti−1)+

1
2 ∑

n
i=2 hix̃(ti)

[
ηy +

1
2 ∑

n
i=2 hix̃(ti−1)+

1
2 ∑

n
i=2 hix̃(ti)

]r


.

(3.19)

The application of SLS [36] is made possible by the linear separability of the param-

eters a1 and a2 before minimizing the objective function (see Eq. 3.18). There are three

phases in this process:

1. Parameters Estimation via SLS

From Eq. (3.18), it is easily derived that the least-squares estimates of the separable

parameters are a1, a2 as functions of both ηy and r

[
â1(r,ηy)
â2(r,ηy)

]
=
[
Ξ(x̃;r,ηy)

T Ξ(x̃;r,ηy)
]−1

Ξ(x̃;r,ηy)
T x̃ (3.20)

2. Parameters Estimation via NLS

J(r,ηy) =

∥∥∥∥x̃−Ξ(x̃;r,ηy)
[
Ξ(x̃;r,ηy)

T Ξ(x̃;r,ηy)
]−1

Ξ(x̃;r,ηy)
T x̃

∥∥∥∥2

2
(3.21)

Gradient-based algorithms such as Gauss-Newton or Levenberg–Marquardt [37]

may optimize r and ηy since J(r,ηy) is differentiable.

3. Final Estimates of Individual Parameters

Their final estimates are obtained by substituting the final estimates (r and ηy) into

the formula estimates of separable parameters in Eq. (3.20)
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[
â1(r,ηy)
â2(r,ηy)

]
=
[
Ξ(x̃;r,ηy)

T Ξ(x̃;r,ηy)
]−1

Ξ(x̃;r,ηy)
T x̃. (3.22)

3.2.2 Parameters and Initial Condition Estimation by NLS

When using SLS, the noisy observation x̃(tk) is treated as a substitute for the true

value x(tk). The pseudo regression in Eq. (3.17) is an errors-in-variables model, and if the

measurement noise is ignored, it can result in inaccurate estimates [35, 38].

Eq. (3.13) can be viewed as a nonlinear regression

x̃(tk) = x(tk;a1,a2,r,ηy)+ e(k), (3.23)

where x(tk;a1,a2,r,ηy) denotes the trajectory of IDE (see Eq. 3.11). Since the initial con-

dition is constrained, the closed-form trajectory is available. Then, the objective function

for parameter estimation can be obtained as

J (a1,a2,r,ηy) =
n

∑
k=1

[x̃(tk)− x(tk;a1,a2,r,ηy)]
2 , (3.24)

which is nonlinear in parameters and can be minimized by using a nonlinear optimization

technique such as Levenberg-Marquardt algorithm [31].

3.3 Applications on daily traffic flow pattern identifica-

tion

Traffic congestion, especially during rush hours, remains a pressing challenge for

cities and urban areas worldwide [39]. Addressing and effectively managing this issue

has become a critical priority in urban planning and transportation systems [40, 41].

The forecasts x̂(t1), x̂(t2), . . . , x̂(tn) are obtained by matching the times in the data with

the observation times, as estimating the state is an important step. The first statistic used

is the Mean Absolute Percentage Error (MAPE), which is defined as

MAPE =
1
n

n

∑
k=1

∣∣∣∣ x̂(tk)− x(tk)
x(tk)

∣∣∣∣×100%. (3.25)
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Table 3.1 shows the results of the nonlinear grey Bernoulli model (Ngb) applied to

IDE and ODE using the NLS and SLS methods. The MAPE is calculated as the average

performance across each day of the week.

In Chapter 5, we show that our proposed model outperforms all four approaches of

the Ngb model on the test set, even when the Ngb model is trained and tested on a single

example.

Day
ODE - SLS ODE - NLS IDE - SLS IDE - NLS

MAPE MAPE MAPE MAPE

Monday 6.92% 6.9% 6.85% 6.83%

Tuesday 6.80% 6.97% 6.83% 6.77 %

Wednesday 7.77% 7.80% 7.65% 7.60%

Thursday 7.08% 7.25% 7.09% 7.08 %

Friday 7.76% 7.91% 7.77% 7.77 %

Saturday 8.12% 8.11% 8.06% 8.05 %

Sunday 8.18% 8.18% 8.17% 8.17 %

Table 3.1: Result of 4 method of Nonlinear Grey Bernoulli Model

The model has only been trained and tested on one example, so the results give a

limited view of how well it works. While it is easy to interpret and offers insights into

how it functions, relying on a single example makes it harder to scale the model or ensure

it works reliably with different types of data. The key points are summarized below:

1. The nonlinear grey Bernoulli model can only be trained and assessed on a single

sample because it is essentially a mathematical framework with a small number of

parameters. Its scalability is hindered by this constraint, making it inappropriate for

use with more complicated systems or bigger datasets.

2. In real-world applications, all variants of the Ngb model demonstrate inherent lim-

itations. Both the ODE-based and IDE-based models are characterized by their in-

ability to achieve high accuracy. While they generate smooth trajectories, they fail

to effectively capture the fluctuations present in sample paths [30].
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Chapter 4

VPNgbNET: Variable Projection

Augmented Nonlinear Grey Bernoulli

Networks

Inspired by Variable Projection Networks (VPNet) [7], the nonlinear grey Bernoulli

model (Ngb) based IDE [31], and ODE [32], the Standard Least Squares (SLS) approach,

sometimes referred to as Variable Projection, may be applied to fit r and ηy and esti-

mate the parameters a1 and a2. This makes it simple to scale up the model by inte-

grating it into the VPNet framework. Variable Projection Augmented Nonlinear Grey

Bernoulli Networks (VPNgbNET) represent an innovative and advanced architecture that

integrates several powerful methodologies. It combines the strength of Variable Projection

(VP) techniques, the flexibility of nonlinear grey Bernoulli models (Ngb) when working

with limited data, and the efficiency of Fully Connected Neural Networks (FCNNs) and

Residual Networks (ResNet), resulting in a robust model designed to handle complex,

nonlinear relationships in data. This hybrid approach leverages the mathematical rigor

of VP for dimensionality reduction and optimization, the adaptability of Ngb for deal-

ing with uncertainty and incomplete information, and the deep learning capabilities of

FCNNs and ResNet to capture intricate patterns and make accurate predictions.

Time series forecasting involves predicting future values of target variables based on

patterns learned from past data. To make the problem manageable, learning methods typi-

cally use data from a fixed-length window of previous time points as explicit input. Many

useful temporal inferencing problems have been considered including filtering, smooth-

ing, predictions of unobserved past events or alternative histories. Efficient and accurate
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4. VPNgbNET: Variable Projection Augmented Nonlinear Grey Bernoulli Networks

predictions of the future have significant applications in many different domains: finance,

traffic, engineering, healthcare, weather, and more. Better predictions can lead to better

investments, better management of traffic anomalies, improved management of resources.

4.1 VPNgbNET architechture

The components of the VPNgbNET architecture are structured as follows:

VP Layer : Based on the Ngb System, designed to estimate precise parameters for the

Trajectory layer. This approach allows for accurate parameterization, making it eas-

ier to scale the basic mathematical model and improve its ability to capture complex

system dynamics.

Trajectory Layer : This approach can be based on either ODE or IDE. By predefining

the forecasting time frame, the Trajectory layer is capable of generating time-based

regression outputs. Additionally, this framework is flexible and can be adapted to

incorporate other time-based models or domain-specific physics-based models, de-

pending on the problem requirements.

Fully Connected Neural Networks : For managing noise and complex pattern recogni-

tion, a basic approach can involve one or two fully connected (FC) layers using ac-

tivation functions such as ReLU or Linear. For more complex problems, the model

can be expanded by incorporating the Recurrent Neural Networks (RNNs) family

or other architectures designed for sequence learning. Additionally, larger and more

sophisticated architectures can be developed to address more challenging tasks, of-

fering greater flexibility in capturing intricate patterns within the data.

Residual Connection : The output of the trajectory layer is passed forward and added

to the neural network’s output. While this resembles the residual connections in

ResNet [42], which help with training deep networks, here it enhances interpretabil-

ity by explicitly incorporating domain-driven patterns into the model’s predictions.

Figure 4.1 shows the VPNgbNET model architecture, explaining how it learns, makes

forecasts, and handles noise and complex patterns in the data.
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Trajectory - layerVP - layer

Input Approximation Forecasting

=

Complex Pattern / Noises Final Prediction

+

ODE - based

or

IDE - based

Residual Connection

Full Comparison

Fully Connected Neural Networks

Figure 4.1: VPNgbNET architecture

4.2 VP layer

The input x is time series data representing daily traffic flow. Each time frame can be

represented in units, such as minutes or hours

x =


x(t1)
x(t2)

...
x(tn)

 ,

The system matrix used in the VP layer, derived from the nonlinear grey Bernoulli

system, is defined as follows

Ξ(x;r,ηy) =
ηy +

1
2 ∑

2
i=2 hix(ti−1)+

1
2 ∑

2
i=2 hix(ti)

[
ηy +

1
2 ∑

2
i=2 hix(ti−1)+

1
2 ∑

2
i=2 hix(ti)

]r

ηy +
1
2 ∑

3
i=2 hix(ti−1)+

1
2 ∑

3
i=2 hix(ti)

[
ηy +

1
2 ∑

3
i=2 hix(ti−1)+

1
2 ∑

3
i=2 hix(ti)

]r

...

ηy +
1
2 ∑

n
i=2 hix(ti−1)+

1
2 ∑

n
i=2 hix(ti)

[
ηy +

1
2 ∑

n
i=2 hix(ti−1)+

1
2 ∑

n
i=2 hix(ti)

]r

 .

(4.1)
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We define

x̃ =


x(t2)
x(t3)

...
x(tn)

 ,

And the estimate parameters is define as[
â1(r,ηy)
â2(r,ηy)

]
=Ξ(x;r,ηy)

+ x̃, (4.2)

where Ξ(x;r,ηy)
+ denotes the Moore-Penrose pseudoinverse of the system matrix

Ξ(x;r,ηy).

The parameters r and ηy are learnable to optimize the VP layer. Features a1, a2, r, and

ηy are extracted and passed forward to the next layer. At this stage, a1, a2, r, and ηy serve

as refined parameter estimates for the Trajectory layer.

This approach can be seen as a new paradigm for parameter estimation in traditional

mathematical models. In classical models, such as the nonlinear grey Bernoulli model,

training and testing are typically limited to a single example of data. This limitation hin-

ders their ability to scale effectively, as they struggle to generalize well across varying

inputs. By incorporating Variable Projection (VP), the model’s scalability is significantly

improved. With VP, the model can handle different inputs and generate corresponding

outputs before proceeding to the trajectory layer. This enhances the model’s adaptability,

enabling it to scale efficiently. Furthermore, VP facilitates the integration of advanced

techniques like Fully Connected Neural Networks (FCNNs).

4.3 Trajectory layer

Two types of trajectory working specifically for daily particular traffic flow are intro-

duced in [31] (see Eq. (3.11, 3.10)). We provide two different kinds of layers that may be

used with our approach.

4.3.1 ODE - based

The trajectory of the Cusum series, as demonstrated in Chapter 3, is defined as

ŷ(t) =
[(

η̂
1−r̂
y +

â2

â1

)
exp(â1(1− r̂)(t − t1))−

â2

â1

] 1
1−r̂

, t ≥ t1, (4.3)
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then using inverse equation to transform the Cusum series into the original series, we

obtain

x̂(t) =
dy(t)

dt
= a1y(t)+a2[y(t)]r, y(t1) = ηy, t ≥ t1. (4.4)

The variable t represents any time step, which can correspond to daily, weekly, or other

intervals, with steps measured in hours, minutes, or seconds.

The ODE-based model uses two main functions: the first is the Cusum series tra-

jectory, which tracks cumulative changes over time, and the second is the inverse func-

tion, which transforms the Cusum series back to the original time series for forecasting.

However, in our experiment in Chapter 5, we see that the ODE-based approach, due to its

use of simpler functions, results in a time complexity similar to that of the IDE approach

of VPNgbNET (see Section 4.3.2).

4.3.2 IDE - based

In section 3.2, the trajectory of the original series is defined as

x̂(t) =
d
dt

ŷ(t) = (1− r̂)
(
â1η̂

1−r̂
y + â2

)
exp(â1(1− r̂)(t − t1))

×
[(

η̂
1−r̂
y +

â2

â1

)
exp(â1(1− r̂)(t − t1))−

â2

â1

] r̂
1−r̂

, t ≥ t1.
(4.5)

The approach of the Trajectory layer is take estimate parameters form VP layer and try

to fit with Trajectory. It can be seen as an NLS approach for parameters estimation. By

substituting the estimates of parameters into the continuous-time trajectory

x̂(t; â1, â2, r̂, η̂y)

with the initial time t ≥ t1. Subsequently, given the discrete time instants {tk1, tk2 , . . . , tks},

we have the corresponding forecasts{
x̂(tk1), x̂(tk2), . . . , x̂(tks)

}
,

where n ≤ ks ∈ N+.

This method is implemented as a layer, after which the resulting output is passed

forward to the neural network, incorporating residual connections for enhanced learning

and improved information flow.
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4.4 Neural Networks and Residual Connection

Noise frequently exhibits complex and recurrent patterns in real-world time series

data that are strongly related to certain temporal contexts, such as recurrent association

between last Friday and this Friday or pattern of weekend and weekday. Despite their

apparent random nature, these patterns usually include important information that can

greatly affect forecasting precision and system comprehension. These subtle noise pat-

terns are frequently overlooked by traditional mathematical models, which are mainly in-

tended to capture prevailing trends and larger system dynamics. Noise frequently exhibits

complex and recurrent patterns in real-world time series data that are strongly related to

certain temporal contexts, such a recurrent association between last Friday and this Friday

or pattern of weekend and dayweek. Despite their apparent random nature, these patterns

usually include important information that can greatly affect forecasting precision and

system comprehension. These subtle noise patterns are frequently overlooked by tradi-

tional mathematical models, which are mainly intended to capture prevailing trends and

larger system dynamics. The limitation comes from their inability to capture the complex

and frequently nonlinear relationships present in noise, which leads to worse prediction

accuracy in situations when these patterns are significant. On the other hand, neural net-

works offer a reliable framework for identifying the underlying complexity of noise pat-

terns as well as the main trends in time series data. They are ideal for managing the com-

plex structure of noise that conventional methods miss because of their ability to model

non-linear connections and learn directly from data. Using neural networks makes it fea-

sible to include noise as a crucial part of the forecasting process, improving the robustness

and performance of the model.

The proposed model formulates the output as y = ŷ+ ŷnoise, where y represents the

final prediction, ŷ is the output of the Trajectory layer, and ŷnoise accounts for the learned

noise component. This structure aligns conceptually with the ResNet architecture [42],

where residual learning is employed to enhance model performance by explicitly model-

ing deviations or finer details. The rationale behind employing this Residual Architecture

lies in its ability to effectively separate the main trend from the noise components in the

data. Specifically, the Trajectory layer is designed to capture and output the primary trend

associated with each specific day. This design leverages the inherent regularity in daily

patterns, where each day tends to exhibit a consistent overall shape.

By isolating the main trend within the Trajectory layer, the residual component, repre-
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senting the noise, is left for further modeling by subsequent layers. If the entire task were

directly assigned to Fully Connected Neural Networks (FCNNs) without the inclusion

of residual connections, it would result in an intractable problem. In our experiment, the

FCNNs would struggle to distinguish between noise and underlying patterns, leading to

overfitting. As a result, noise or overly complex patterns from the training set could be in-

advertently transferred to the test set, undermining the model’s ability to generalize effec-

tively. This not only reduces their performance but also compromises the interpretability

of the model. By employing a residual approach, the architecture ensures a more explain-

able and efficient solution, enabling the FCNNs to focus solely on fitting the residual noise

patterns while maintaining a clear separation of the trend and noise components.

A wide range of architectures could be explored to learn the sequence noise effec-

tively, including sophisticated models from the Recurrent Neural Network (RNN) family,

such as Long Short-Term Memory (LSTM) or Gated Recurrent Units (GRU), as well

as other advanced variants of ResNet. These architectures are particularly suited to cap-

turing temporal dependencies and intricate relationships in sequential data. However, for

the purposes of this study, we limit our exploration to a straightforward approach using

basic FCNNs. This choice provides a baseline to assess the feasibility of the proposed

framework without introducing the complexity of more advanced architectures.

4.5 VPNgbNET backpropagation

Common loss functions for time series problem are the Mean Squared Error (MSE),

that is, the least-squares cost function.

Here, we provide a general regularization that, in the case of a forecasting task, may

be applied to a single feature-extraction VP layer and Trajectory Layer. Our suggested

adjusted loss function is

JVPNgbNET(ŷ f inal,y) := JMSE(ŷ f inal,y)+
α

N
JMSE(ŷ,y) (4.6)

where α ≥ 0 controls the penalty effect and ŷ is the output of Trajectory layer.

By introducing the error back into the prediction ŷ, we ensure that the Trajectory

layer’s output closely approximates the forecasted time series. This approach enhances

the interpretability of the model, as the Trajectory layer focuses on providing a clear

representation of the forecast. Subsequently, the FCNNs refine the output by managing

noise and other complexities, thereby improving the overall accuracy of the model.
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4. VPNgbNET: Variable Projection Augmented Nonlinear Grey Bernoulli Networks

The backpropagation technique is used to update the parameters, as explained in

Section 2.4 for VPNet. This iterative optimization procedure uses gradient descent to

modify the model’s parameters in order to reduce the difference between expected and

actual results. The architecture makes use of backpropagation to make sure that every

layer of the model including those connected to the Variable Projections Networks is me-

thodically improved for overall accuracy and resilience. This method facilitates effective

learning and adaptability, especially when working with high dimensional inputs or com-

plicated data patterns.
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Chapter 5

Experiments and Results

Time series data often have two main problems: not enough data and older data be-

coming less useful for predicting future values as time passes [28]. Most deep learning

models need a lot of data to work well, but older data doesn’t help much when predicting

the next day or near future [43]. Our model is designed to handle small datasets and solve

both of these problems effectively.

To evaluate the model’s performance, we will conduct two separate experiments: sim-

ulation part and real traffic data. Simulation part is for testing the model ability to identify

the physical trajectory. Additional experiments show that the proposed model is explain-

able and more robust on real-world data.

5.1 Simulation Data

Numerical experiment are designed and conducted to evaluate both the VPNgbNET-

ODE and the VPNgbNET-IDE model. The noisy observations are generated by following

Eq. (3.13): {x(tk)}n
k=1 from the trajectory ODE (see Eq. (3.10)) and the trajectory IDE

(see Eq. (3.11)) and {e(k)}n
k=1 from a Gaussian white noise process with mean 0 and

standard deviation σ . Using noise-variance ratio (nvr) to measure noise level, the standard

deviation is
σ = nvr

√
Var

(
{x(tk)}n

k=1

)
. (5.1)

Here, the noise-free trajectory provides accurate information about the true system that

can serve as a reference, allowing us to measure the performance of diverse paradigms on

noisy observations.
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5. Experiments and Results
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Figure 5.1: Original Simulation based on Trajectory function
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Figure 5.2: Simulation data after adding noise
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5. Experiments and Results

Without loss of generality, we set the true parameter to a1, a2, r, ηy radomly and the

time interval to h = 0.7. The noise level nvr is set randomly between 10% and 20%.

Figure 5.1 show the original trajectory from the test set data. These datasets were

chosen for testing because of their variety of forms and attributes. We aim to assess the

model’s ability to recognize trends. Figure 5.2 illustrates the test data after noise has been

added. Figure 5.3 shows the complete data, separated into training and test sets.
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Figure 5.3: Full Data, split for training and testing

We trained a single model, VPNgbNET, using the complete training dataset and eval-

uated its performance on the test set. Table 5.1 reports a performance of MAPE equal to

9.5% on the test set. However, the accuracy results are lower when tested on real-world

data. One reason for this discrepancy is that the noise in the simulation is introduced

randomly. In contrast, as discussed later in Section 5.2, real-world data reveals that each

shape corresponds to non-random, periodic noise patterns.

32



5. Experiments and Results

Predicted
VPNgbNET - ODE VPNgbNET - IDE

MAPE MAPE

Average Mape 9.47% 9.47%

Test 1 10.56% 10.71%

Test 2 8.32% 8.28%

Test 3 9.73% 9.71%

Test 4 8.30% 8.19%

Table 5.1: Model performance results on the test set
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Figure 5.4: Test 1 Prediction by
VPNgbNET
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Figure 5.5: Test 2 Prediction by
VPNgbNET
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Figure 5.6: Test 3 Prediction by
VPNgbNET
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Figure 5.7: Test 4 Prediction by
VPNgbNET

5.2 Real Data: Daily traffic flow pattern identification

The traffic dataset is available at kaggle.com//traffic-prediction-dataset and comes

from the Kaggle community. Here, five weeks’ worth of data from October 16, 2016,
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5. Experiments and Results

to November 19, 2016 are chosen without losing generality. Figure 5.8 shows the real

data collected from one junction, with similar patterns seen at other junctions. The data

has a clear inverted U-shape pattern over a specific time frame, repeating daily.
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Figure 5.8: Real traffic flow dataset

The performance evaluation was conducted using a five-fold cross-validation frame-

work. Namely, the model is developed separately for each day of the week and evaluated

across five iterations. In each evaluation, data is divided into four weeks for training and

one week for testing. The outcomes are presented below.

Table 5.2 presents the results evaluated using MAPE (Eq. 3.25). The average MAPE

across all five weeks is reported in the table.

The figures below illustrate the performance of VPNgbNET-ODE and VPNgbNET-

IDE for each day of the week. The left side displays the ODE-based results of

VPNgbNET, while the right side shows the IDE-based results. Each figure clearly presents

the ground truth, the approximate forecast from the Trajectory layer, and the final predic-

tion from VPNgbNET.

The trajectory output closely matches the actual traffic volume patterns, making the

model easier to interpret. Furthermore, the use of neural networks to manage noise greatly

enhances the accuracy of the predictions.
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5. Experiments and Results

Predicted Day
VPNgbNET - ODE VPNgbNET - IDE

MAPE MAPE

Monday 4.96% 4.99%

Tuesday 4.79% 4.82%

Wednesday 5.65% 5.48%

Thursday 4.93% 4.96%

Friday 6.4% 6.51%

Saturday 5.31% 5.12%

Sunday 4.37% 4.33%

Table 5.2: Results of VPNgbNET specific for each day
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Figure 5.9: Prediction by
VPNbgNET-ODE
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Figure 5.10: Prediction by
VPNbgNET-IDE
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5. Experiments and Results
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Figure 5.11: Tuesday prediction by
VPNgbNET-ODE
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Figure 5.12: Tuesday prediction by
VPNgbNET-IDE
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Figure 5.13: Wednesday prediction
by VPNgbNET-ODE
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Figure 5.14: Wednesday prediction
by VPNgbNET-IDE
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Figure 5.15: Thursday prediction by
VPNgbNET-ODE
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Figure 5.16: Thursday prediction by
VPNgbNET-IDE
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Figure 5.17: Friday prediction by
VPNgbNET-ODE
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Figure 5.18: Friday prediction by
VPNgbNET-IDE
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Figure 5.19: Saturday prediction by
VPNgbNET-ODE
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Figure 5.20: Saturday prediction by
VPNgbNET-IDE
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Figure 5.21: Sunday prediction by
VPNgbNET-ODE
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Figure 5.22: Sunday prediction by
VPNgbNET-IDE
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5. Experiments and Results

5.3 Real Data: Weekly traffic flow pattern identification

In this configuration, we expanded both the training and testing datasets to cover a

broader range of time. The model was trained on data spanning an entire week, with four

weeks of data allocated for training and one week reserved for testing

Figure 5.23 illustrates the prediction performance on the test set, which consists of

data from a full week. The blue line represents the ground truth, while the red line shows

the predictions made by the VPNgbNET-ODE model. The green line represents the output

of the trajectory layer, which provides physics-based predictions derived from the Ngb

model. Similarly, in Figure 5.24, the blue line represents the ground truth, the yellow line

indicates the output of the trajectory layer, and the brown line shows the prediction from

VPNgbNET-IDE.
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Figure 5.23: Full Testing Prediction of VPNgbNET - ODE

Table 5.3 presents the performance of VPNgbNET on the test set. Following the rules

of five-fold cross-validation, the experiment was repeated five times, with each repeti-

tion involving selecting one specific week for testing and using the remaining weeks for

training. The Average MAPE was calculated by taking the mean of the results across all

five repetitions. For each day’s MAPE, we used data from a five-week period, with the
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5. Experiments and Results
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Figure 5.24: Full Testing Prediction of VPNgbNET - IDE

fifth week (the farthest in the timeline) selected as the test set. This approach ensures that

the model’s performance is evaluated on the most distant week, providing a robust and

reliable measure of its ability to forecast future data effectively.

The results indicate that the MAPE remains consistent with the initial configuration,

where the model was trained on data from specific days. This consistency underscores the

model’s robustness and scalability across various training scenarios.

The figures below show how the model performed on the test set. They include the ac-

tual data, the model’s predictions, and the approximate forecasts from the trajectory layer.

These results highlight how accurate and effective the model is at making predictions.
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5. Experiments and Results

Predicted Day
VPNgbNET - ODE VPNgbNET - IDE

MAPE MAPE

Average Mape 4.81% 4.83%

Monday 4.74% 4.79%

Tuesday 4.15% 4.17%

Wednesday 3.40% 3.55%

Thursday 4.44% 4.53%

Friday 6.27% 6.13%

Saturday 6.32% 6.16%

Sunday 4.45% 4.41%

Table 5.3: Result of the model produced in the Test set
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Figure 5.25: VPNgbNET - ODE
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Figure 5.26: VPNgbNET - IDE
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Figure 5.27: VPNgbNET - ODE
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Figure 5.28: VPNgbNET - IDE
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Figure 5.29: VPNgbNET - ODE
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Figure 5.30: VPNgbNET - IDE
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Figure 5.31: VPNgbNET - ODE
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Figure 5.32: VPNgbNET - IDE
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Figure 5.33: VPNgbNET - ODE
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Figure 5.34: VPNgbNET - IDE
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Figure 5.35: VPNgbNET - ODE
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Figure 5.36: VPNgbNET - IDE
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Figure 5.37: VPNgbNET - ODE
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Figure 5.38: VPNgbNET - IDE
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Chapter 6

Summary and Discussion

6.1 Comparison

6.1.1 Comparison with Nonlinear Grey Bernoulli Model

Note that in this comparison, VPNgbNET is specified for each day of the week, trained

on 80% of the data, and tested on the remaining 20%. The nonlinear grey Bernoulli model,

whether IDE-based or ODE-based, is trained and tested on the same data for each exam-

ple. The results in Table 6.1 demonstrate the accuracy and scalability of our model.

Predicted Day
VPNgbNET - ODE VPNgbNET - IDE ODE - SLS ODE - NLS IDE - SLS IDE - NLS

MAPE MAPE MAPE MAPE MAPE MAPE

Monday 4.96% 4.99% 6.92% 6.90% 6.85% 6.83%

Tuesday 4.79% 4.82% 6.80% 6.97% 6.83% 6.77 %

Wednesday 5.65% 5.48% 7.77% 7.80% 7.65% 7.60%

Thursday 4.93% 4.96% 7.08% 7.25% 7.09% 7.08 %

Friday 6.40% 6.51% 7.76% 7.91% 7.77% 7.77 %

Saturday 5.31% 5.12% 8.12% 8.11% 8.06% 8.05 %

Sunday 4.37% 4.33% 8.18% 8.18% 8.17% 8.17 %

Table 6.1: Full comparison of VPNgbNET with nonlinear grey Bernoulli model
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6. Summary and Discussion

6.1.2 Properties Comparison

Our findings show that our approach outperforms classical mathematical models

in several important areas, including consistency and adaptability accross different

datasets and training scenarios, in addition to achieving greater accuracy and resilience.

Furthermore, our approach is more scalable, meaning that it can manage bigger, more

complex datasets without significant performance drop. Together with its decent accu-

racy, its scalability makes it especially well-suited for use in real-world scenarios where a

flexible and reliable approach is needed due to changing conditions and a variety of data

inputs.

Model Accuracy Explainability Scalability

VPNgbNET ✓ ✓ ✓

IDE and ODE model × ✓ ×

Deep neural networks ✓ × ✓

Table 6.2: Comparison of model accuracy, explainability, and scalability

In the context of time series analysis, challenges such as limited data availability, un-

reliability of unseen data, and poor data quality are prevalent. While mathematical models

are still commonly employed, they often fall short in terms of accuracy and scalability.

Our model integrates the strengths of both deep learning and traditional mathematical

approaches, effectively addressing these challenges and providing a more reliable and

scalable solution.

6.2 Conclusion

In summary, this study has presented the background and motivation underpinning

the development of Variable Projection Augmented Nonlinear Grey Bernoulli Networks

(VPNgbNET). The findings demonstrate that VPNgbNET effectively captures the daily

trends in traffic flow, achieving high forecasting accuracy. Furthermore, the proposed

model outperforms traditional approaches, including the nonlinear grey Bernoulli model

(Ngb), as well as ordinary differential equation (ODE) and integral differential equation

(IDE)-based methods, highlighting its superior performance in this context.

Our primary findings are organized as follows:
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6. Summary and Discussion

• We have introduced an innovative method for parameter estimation by incorporat-

ing a nonlinear grey Bernoulli system into the VP layer inspried by VPNet archi-

tecture. This approach enhances the efficiency and accuracy of parameter inference,

particularly in the context of dynamic systems, enabling more reliable modeling and

prediction.

• We propose a novel Trajectory layer, derived from a time-step-defined trajectory

function, which serves as a physics-based layer representing the evolution of time

series for forecasting. This approach effectively captures temporal dynamics in

complex systems, enhancing the model’s robustness and interpretability.

• To address issues associated with noisy or fluctuating data, we have designed neu-

ral networks with integrated residual connections, which are specifically tailored to

effectively manage these challenges. Our network architecture is designed to main-

tain robustness and performance even when faced with major changes in the data

over time.

• Our model achieves high performance while remaining transparent, offering valu-

able insights into underlying processes. Additionally, it can be trained on relatively

small datasets, overcoming the data scarcity challenges typical of conventional

deep learning models. This makes it particularly suitable for real-world applica-

tions where data may be limited or costly to obtain.

• The performance of the proposed VPNgbNET was evaluated in a case-study of

daily traffic flow estimation using both simulated and real-world data. The proposed

method outperformed four state-of-the-art methods which are based on ODE/IDE

and NLS/SLS formulations of the nonlinear grey Bernoulli model.

6.3 Future Works

The VPNgbNET framework is highly flexible and may be used successfully in many

simple applications in several sectors. For instance, the structural features of VPNgbNET

are well suited for tasks like anticipating peak values, such as daily energy consumption,

web server traffic, financial market trends, or demand forecasting in supply chains, in the

context of time-series data. For these kinds of applications, the framework is especially

well-suited as it can model temporal relationships and spot patterns in data that fluctuates.
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6. Summary and Discussion

More precise forecasts and well-informed decision-making in various domains are made

possible by VPNgbNET capturing both short-term fluctuations and long-term trends.

Additionally, the system’s flexibility allows for the substitution of the Trajectory layer

with other models, such as the nonlinear grey Verhulst model (Ngv) [44]. This adaptability

extends its applicability to a wide range of dynamic systems. It can also be utilized in

conjunction with established approaches like Volterra series models [45] and nonlinear

autoregressive models, ARIMA and SARIMA, opening new avenues for research and

innovation.

The proposed framework could also benefit from the noise handling abilities of

advanced architectures, such as Convolutional Neural Networks (CNNs), Long Short-

Term Memory (LSTMs), and Residual Networks (ResNet) [42]. These architectures have

proven to be effective in managing complex data patterns and mitigating the effects of

noise in various domains. Interestingly, our experimental results highlight the efficacy of

a comparatively simple neural networks layer with ReLU activation, which shows good

performance even with its simple design.

Beyond standard neural network architectures, the integration of the Variable

Projection (VP) layer with Physics-Informed Neural Networks (PINNs) [46] introduces

a highly robust and versatile framework for modeling systems governed by physical

principles. Rather than replacing the physical trajectory, we can build a PINN follow-

ing the VP layer. This approach utilizes the intrinsic structure of physical laws to con-

strain the solution space, thereby enhancing the model’s ability to handle noisy or sparse

datasets. Moreover, it simultaneously ensures higher accuracy and interpretability, making

the model more robust and reliable in real-world applications. This combination bridges

the gap between data-driven and theory-driven modeling, enabling the system to ad-

dress a broader range of scientific and engineering challenges effectively. This integration

highlights the effectiveness of combining advanced deep learning methods with domain-

specific expertise, opening new pathways for research into dynamic systems and complex

phenomena characterized by uncertainty or incomplete data. The resulting framework is

powerful not only for theoretical exploration, but also for practical applications where

precision and insight are critical.
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Appendix A

Simulation Results

A.1 Experiment on Week identification

The implementation codes are available at https://github.com/Felixnguyen33/

VPNgbNET.

The detailed results of experiments in Section 5.3 on real data.

Set Up
VPNgbNET - ODE

Train Set Test Set MAPE

Experiment 1 Week 1,2,3,4 Week 5 5.00%

Experiment 2 Week 1,2,3,5 Week 4 5.80%

Experiment 3 Week 1,2,4,5 Week 3 5.91%

Experiment 4 Week 1,3,4,5 Week 2 6.75%

Experiment 5 Week 2,3,4,5 Week 1 5.53%

Table A.1: Result of experiment of VPNbgNET - ODE
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A. Simulation Results

Set Up
VPNgbNET - IDE

Train Set Test Set MAPE

Experiment 1 Week 1,2,3,4 Week 5 5.02%

Experiment 2 Week 1,2,3,5 Week 4 5.93%

Experiment 3 Week 1,2,4,5 Week 3 5.90%

Experiment 4 Week 1,3,4,5 Week 2 6.63%

Experiment 5 Week 2,3,4,5 Week 1 5.50%

Table A.2: Result of experiment of VPNbgNET - IDE
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