
TDK-dolgozat
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Introduction

In recent decades, elliptic partial differential equations (PDEs) defined on networks, often

called quantum graphs, were used in a wide range of applications involving quasi-one-

dimensional phenomena, such as modeling chemical contaminations in river systems [1],

biological neural networks [2], [3], structural analysis of elastic beam frames [4] and

estimation and prediction of urban air pollution [5]. Given a graph, we define a suitable

PDE on each edge and couple them with appropriate vertex conditions. In the simplest

case we require that the solution is continuous at the vertices and it satisfies a Neumann-

Kirchhoff condition similar to the well-known current law.

Gaussian random fields and, in particular, Matérn random fields play an important

role in the modeling and statistical analysis of spatial data, such as geostatistics [6],

engineering mechanics [7] and macroeconomics [8]. The classical approach of simulat-

ing an n-dimensional random field involves discretizing an appropriate expected value

function and covariance function to obtain an expected value vector and covariance ma-

trix. Then the required realization can be computed using a standard normal vector and

the Cholesky decomposition (or the square-root) of the covariance matrix. While there

are many suitable covariance kernel functions, arguably, the most important one is the

Matérn kernel; in [9] the author concludes the first chapter with the simple pratical sug-

gestion: "Use the Matérn kernel." However, the computational complexity and memory

requirement of this approach is quite extensive.

In [10] the authors show that random fields with a Matérn-type covariance satisfy a

fractional order elliptic PDE with white noise forcing. Since the numerical solution of

such a stochastic PDE (SPDE) usually requires less computational power, this approach

found many practical applications in the past decade [11]. When generating random fields

on more complicated spatial structures, such as manifolds (e.g. sphere) or networks, in

principle, we could follow the Cholesky-based approach. However, the natural distance

metrics in these cases do not produce positive definite covariance matrices, or only do so

for very restrictive parameter configurations [12], [13]. Instead, we define Matérn fields
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as the solutions of the appropriate fractional SPDE. The well-posedness and numerical

approximation of these equations was investigated in [14], [15].

While the theory of spectral numerical methods can be extended to PDEs on networks,

in general, the spectra of elliptic differential operators on networks is unknown. Thus,

we usually have to resort to the generalization of the well-known finite element method

(FEM), introduced in [16]. While the extension of FEM to networks is natural, the

stiffness matrix loses its banded structure, and thus the solution of the underlying matrix

equation is more computationally heavy. Moreover, the size of the stiffness matrix quickly

blows up for large graphs, and thus even the storage of the stiffness matrix can be

problematic. In [17] the authors design a Neumann-Neumann type domain decomposition

method, show that it is equivalent to the iterative solution of the preconditioned Schur

complement of the degrees of freedoms corresponding to the vertex nodes, and prove that

the iteration converges to the finite element solution with a rate that is independent of

the stepsize. The goal of this work is to generalize the Neumann-Neumann iteration to

the case of fractional SPDEs in order to efficiently generate realizations of Matérn fields.

The structure of the paper is as follows. In Chapter 2 I briefly introduce the necessary

background of stochastic calculus, quantum graphs and iterative linear solvers. Chapter 3

contains the variational formulation of the PDEs in question, their FEM-based numerical

solution, the Neumann-Neumann method, along with some implementation details. In

Chapter 4 I demonstrate the classical Cholesky decomposition-based approach of random

fields on domains. Then in Chapter 5 I introduce a numerical method for solving the

fractional SPDE. Finally, Chapter 6 contains some numerical examples.

4



Preliminaries

In this chapter, I briefly summarize the necessary background for simulating normal

random fields on metric graphs.

2.1. Fundamentals of Stochastic Calculus

In this section, I will present and explain some key concepts and theorems from stochastic

calculus that form the basis of this research project, based on [18], [19].

Stochastic calculus introduces numerous mathematical tools for examining different

types of experiments and random trials. The sample space, denoted by Ω, consists of

all possible outcomes of an experiment. An event is any subset of the sample space Ω.

If the outcome of the experiment lies in this subset, we say that the event has occurred.

To rigorously represent these subsets, we must introduce the concept of σ-fields.

Definition 1. A σ-field, also known as a σ-algebra, is a collection of subsets of Ω that

is closed under countable unions of its elements; that is, a σ-field F satisfies the following

properties:

1. ∅,Ω ∈ F .

2. If A ∈ F , then Ac ∈ F (i.e., the complement of A is also in F).

3. If A1, A2, A3, . . . ∈ F , then
∞⋃

n=1

An ∈ F .

The elements of F are called measurable sets. The pair (Ω,F) is referred to as a

measurable space.

In order to determine the size of measurable sets, we need to introduce the concept of

probability.
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Definition 2. A probability measure P on a measurable space (Ω,F) is a non-negative

function defined on the collection F , satisfying the following conditions:

1. P (Ω) = 1.

2. For any set A ∈ F , the probability of its complement is P (Ac) = 1− P (A).

3. If A1, A2, . . . are pairwise disjoint sets in F , then

P

( ∞⋃

n=1

An

)
=

∞∑

n=1

P (An),

which is the property of countable additivity, also called σ-additivity.

Note, that the property of σ-additivity is equivalent to finite additivity along with the

continuity condition of probability measures. This condition states that if A1 ⊇ A2 ⊇ · · ·
with A =

⋂∞
n=1An ∈ F , then

lim
n→∞

P (An) = P (A).

With the definition of a probability measure established, we can define probability spaces.

Definition 3. A probability space is a triplet (Ω,F , P ), where Ω denotes the sample

space, F represents a σ-algebra of events, and P is a probability measure defined on F .

An important σ-field in the theory of random variables and probability measures is the

Borel σ-field, defined as follows.

Definition 4. The Borel σ-field (or Borel σ-algebra) on the real line R, denoted as

B, is the smallest σ-field that contains all the open intervals in R.

The concept of measurable functions is fundamentally associated with the Borel σ-

algebra.

Definition 5. A function X : Ω→ R is defined as a measurable function with respect

to the σ-algebra F if, for every Borel set B ⊆ R, the preimage X−1(B) = {ω ∈ Ω :

X(ω) ∈ B} belongs to F . This condition ensures that the values of X on Ω align with

the structure of the probability space (Ω,F , P ), making it possible to assign probabilities

to the events defined by X.

Random variables are closely related to the concept of the Borel σ-field, and are the basic

building blocks of normal random fields. Random variables are measurable functions,

which means that they assign a numerical value to each outcome in a sample space in a

way that preserves the structure of the probability space. The precise definition can be

given as follows.
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Definition 6. A random variable X defined on the probability space (Ω,F , P ) is a

measurable function that maps from (Ω,F) to (R,B), where B is the Borel σ-algebra on

the real line. This implies that for every Borel set B ∈ B, the set {ω : X(ω) ∈ B} is an

element of F .

It is important to mention, that instead of verifying this condition for all Borel sets, it

suffices to check that for any real number x, the set {ω : X(ω) ≤ x} is contained in F . In

simpler terms, we can assign probabilities to sets of the form {X ≤ x} and {a < X ≤ b}.
A stochastic or random process refers to a set of random variables that are indexed by

a particular mathematical set D ⊂ R, known as the index set. A stochastic process can

produce multiple outcomes due to its randomness, and a single outcome from this process

is referred to, among other names, as a sample function or realization. Stochastic

processes are used to represent systems that change over time with built-in randomness,

such as stock market fluctuations, and weather changes.

Definition 7. Given a probability space (Ω,F , P ) and a measurable space (R,Σ), a

stochastic process is defined as a collection of R-valued random variables, expressed

as: {X(t) : t ∈ D}, D ⊂ R.

Here

1. t usually represents time (continuous or discrete),

2. Ω is the sample space (contains the possible outcomes),

3. F and Σ are σ-algebras,

4. P is the probability measure.

A random field generalizes the concept of a random process by allowing the index set,

denoted by D, to take more abstract forms. For instance, D may be a subset of Rn for

some n ∈ N, or it can represent a metric graph, which will be further specified later.

Definition 8. In a probability space (Ω,F , P ), an R-valued random field is defined as

a collection of R-valued random variables that are indexed by elements from a space D.

In particular, a random field X is expressed as {X(t) ∈ R : t ∈ D}.

A normal random field is a type of random field in which the relationships among random

variables are governed by multivariate, or more abstract normal distributions. To char-

acterize these distributions, it is important to define the expected value operator, and

the covariance matrix, which captures the dependency structure among the variables.
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Definition 9. The expected value of a random variable X is defined as:

E[X] =

∫

Ω
X dP ,

where Ω is the sample space and P is the probability measure.

1. If X is a discrete random variable with probability function pX(x) = P (X = x),

then the expectation becomes a sum:

E[X] =
∑

x

x pX(x).

2. If X is continuous with probability density function fX(x) = dP
dx , the expectation

is expressed as an integral:

E[X] =

∫ ∞

−∞
xfX(x) dx .

Definition 10. The covariance matrix, denoted as K, is a square matrix that describes

the covariance between pairs of elements in a vector X composed of random variables

X1, X2, . . . , Xn. The elements of the matrix are defined by

Ki,j = cov[Xi, Xj ] = E
[(
Xi − E[Xi]

)(
Xj − E[Xj ]

)]
, i, j ∈ {1, 2, . . . , n},

Note that if Xi and Xj are independent, then Ki,j = 0.

Definition 11. An n-dimensional vector of random variables X = (X1, X2, . . . , Xn) is

said to have a multivariate normal distribution if its probability density function can

be given by

fX(x) =
1

(2π)n/2|K|1/2 · exp
(
−1

2
(x− µ)⊤K−1(x− µ)

)
,

where K is the covariance matrix, |K| is the determinant of matrix K, and µ is the mean

vector.

An important special case is the standard normal distribution Z = (Z1, Z2, . . . , Zn),

the mean vector and covariance matrix of which is 0 and the identity matrix, respectively.

The importance of the standard normal distribution is that any normal distribution X

can be standardized as follows

Z = A−1(X − µ),

where the covariance matrix K of X can be expressed as K = AAT , for some n × n

matrix A. In the simulations we will use this property backwards, since Z is cheap to

sample, and thus if we know µ and A, then we can express X as

X = µ+AZ.
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Definition 12. A random field X(t) is called a Gaussian (normal) random field if,

for any finite collection of points t1, t2, . . . , tn ∈ D, the random vector

(X(t1), X(t2), . . . , X(tn))

has a multivariate normal distribution.

2.2. Quantum Graphs

In this section, I will explain the concept of quantum graphs based on [17] and [14], as

they are inherently tied to Gaussian random fields, as we will see later.

A quantum graph is a metric graph G equipped with an elliptic differential operator

on each edge, along with standard vertex conditions. A compact metric graph G is

composed of a finite set V of vertices and a finite set E of edges connecting these vertices

in pairs. We consider a simple graph without any loops or multiple edges between vertices.

Additionally, G is assumed to be directed, meaning each edge has an assigned orientation

with specified initial and terminal vertices. Each edge e ∈ E has an associated length

ℓe ∈ (0,∞) and a local coordinate x ∈ [0, ℓe]. A function u defined on the metric graph

G can then be represented as a vector of edge functions, which we denote as follows:

u = (ue)e∈E .

To specify the vertex conditions, let Ev denote the set of edges adjacent to a vertex v ∈ V.

We consider functions that are continuous on G and satisfy the Neumann-Kirchhoff (also

known as the standard) condition:

∑

e∈E
ce(v) · u′e(v) = 0, v ∈ V;

where the derivatives are assumed to be taken in directions pointing outward from the

vertex. To express the vertex conditions more compactly, we define the vector of function

values at each v ∈ V as

U(v) = (ue(v))e∈Ev ∈ R|Ev|,

and the bi-diagonal matrix

Iv =




1 −1
. . . . . .

1 −1


 ∈ R(|Ev|−1)×|Ev|.
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Then, the condition IvU(v) = 0 ∈ R|Ev|−1 implies that the function values along edges in

Ev are equal at the vertex v ∈ V. Similarly, we define

U ′(v) =
(
u′e(v)

)
e∈Ev
∈ R|Ev|,

the vector of function derivatives at v ∈ V, along with the row vector

C(v)⊤ = (ce(v))e∈Ev ∈ R|Ev|.

Then C(v)⊤U ′(v) = 0 ensures that u satisfies the Neumann-Kirchhoff conditions at each

v ∈ V. Thus, the quantum graph equations are formally written as




−(ce · u′e)′(x) + pe(x) · ue(x) = fe(x) x ∈ (0, ℓe), e ∈ E

0 = Iv · U(v) for v ∈ int(G),

0 = C(v)T · U ′(v) for v ∈ V,

(2.1)

where int(G) is the set of vertices v ∈ V such that |Ev| > 1.

In the following, I will define important function spaces containing functions defined

on the graph G. These spaces are essential for defining operators on G.

1. Hilbert space L2(a, b):

• The space of real-valued square-integrable functions, equipped with the norm:

∥f∥2L2(a,b) =

∫ b

a
|f(x)|2 dx, f ∈ L2(a, b).

2. Banach space L∞(a, b):

• The space of real-valued essentially bounded functions, endowed with the

norm:

∥f∥L∞(a,b) = ess supx∈(a,b) |f(x)| , f ∈ L∞(a, b).

3. Sobolev space Hk(a, b):

• The space of real-valued square-integrable functions, whose generalized deriva-

tives up to the k-th order are also square-integrable, with the norm:

∥f∥2Hk(a,b) =

k∑

j=0

∥f (j)∥2L2(a,b), f ∈ Hk(a, b).

4. Banach space C[a, b]:

• The space of real-valued continuous functions, equipped with the supremum

norm.
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5. Banach spaces associated with a graph G:

• L2(G) is defined as:

L2(G) =
⊕

e∈E
L2(0, ℓe).

• L∞(G) is defined as:

L∞(G) =
⊕

e∈E
L∞(0, ℓe).

• Hk(G) is defined as:

Hk(G) =
⊕

e∈E
Hk(0, ℓe).

• The norms for these spaces are given by:

∥u∥2L2(G) :=
∑

e∈E
∥ue∥2L2(0,ℓe)

, u = (ue)e∈E ∈ L2(G),

∥u∥2L∞(G) := max
e∈E
∥ue∥L∞(0,ℓe), u = (ue)e∈E ∈ L∞(G),

∥u∥2Hk(G) :=
∑

e∈E
∥ue∥2Hk(0,ℓe)

, u = (ue)e∈E ∈ Hk(G).

• Both L2(G) and Hk(G) are Hilbert spaces when equipped with their respective

inner products.

6. Space of continuous functions on G:

• The space C(G) is defined as:

C(G) :=
{
u = (ue)e∈E | IvU(v) = 0, ∀e ∈ E : ue ∈ C[0, ℓe]

}
.

Building on the function spaces defined above, we can rewrite (2.1) by defining the T

operator [16]. Let T : D(T ) ⊂ L2(G) 7→ L2(G) be the second-order elliptic operator that

acts on u ∈ D(T ) as

(Tu)(x) = −(ceu′e)′(x) + pe(x)ue(x). (2.2)

Here

• D(T ) = C(G) ∩
{
u ∈ H2(G) |∑e∈Ev

ce(v)u
′
e(v) = 0 for v ∈ V

}
,

• c = (ce)e∈E is a positive Lipschitz function,

• p = (pe)e∈E ∈ L∞(G) with ess infx∈Gp(x) ≥ p0 > 0.

Under these conditions T is a densely defined, self-adjoint, and positive definite operator

with a compact inverse [15].
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Many real-world phenomena exhibit random fluctuations in both time and space,

which motivates the extension of partial differential equations (PDEs) to situations where

functions are less smooth. Stochastic partial differential equations (SPDEs) merge the

concepts of PDEs with random fields, allowing for the analysis of systems influenced by

randomness. In particular, defining SPDEs on metric graphs, resulting in a stochastic

quantum graph, is a common approach across various applications. By introducing ran-

domness, SPDEs provide a robust framework for modeling complex phenomena, such as

the evolution of stock prices.

Let us consider the following fractional SPDE:

T βu(x) =W (x),

where W (x) is Gaussian white noise defined on G, and β ∈ R. The properties of T

combined with the fact that L2(G) is a separable Hilbert space implies that there exists

an orthonormal basis {ej}j∈N formed by the eigenvectors of T . The pairs of eigenvalues

and eigenvectors {(λj , ej)}j∈N can be organized such that the positive eigenvalues {λj}j∈N
are arranged in a nondecreasing sequence:

0 < λ1 ≤ λ2 ≤ · · · ≤ λj ≤ λj+1 ≤ · · · , lim
j→∞

λj =∞.

We assume that the growth rate of the eigenvalues is described by λj ∝ j2, meaning there

are constants cλ, Cλ > 0 such that

cλj
2 ≤ λj ≤ Cλj

2 ∀j ∈ N.

For β > 0 and ϕ ∈ D(T β) := {ψ ∈ L2(G) :
∑

j∈N
λ2βj (ψ, ej)

2
L2(G) < ∞}, the operation of

the fractional power operator T β : D(T β)→ L2(G) is defined by

T βϕ :=
∑

j∈N
λβj (ϕ, ej)L2(G)ej .

The white noise W can formally be represented by the Karhunen–Loève expansion (that

is, representing a random process/field as a series of orthogonal components) with respect

to the orthonormal eigenbasis {ej}j∈N ⊂ L2(G) of T ,

W =
∑

j∈N
ξjej ,

where {ξj}j∈N is a sequence of independent real-valued standard normally distributed

random variables.
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2.3. Iterative Linear Solvers

A system of linear equations Ax = b is called sparse, if only relatively small number of

its matrix elements are nonzero. In this section I will cover the basics of how iterative

sparse linear solvers work, based on [20].

For solving the Ax = b equation, two main methods are used:

1. Direct methods, like Gaussian elimination, are robust, but computationally expen-

sive with complexities of O(n3) for dense and O(n2) for sparse matrices. However,

O(n) can be achieved with the Thomas algorithm in special cases like tridiagonal

matrices arising form the finite element approximation of one-dimensional PDEs.

2. Iterative methods start with an initial guess and refine the solution through repeated

steps. They typically involve sparse matrix-vector multiplications, leading to lower

complexity of O(n) per iteration and overall complexity of O(kn), where k is the

number of iterations. If k is much smaller than n, iterative methods can efficiently

handle large-scale computations.

The general algorithm for solving sparse linear systems is as follows:

1. Input: nitial solution x(0), tolerance ϵ, maximum iteration number K.

2. Initialize the residual:

r(0) ←
(
b−Ax(0)

)
.

3. For k = 1 to K do:

(a) Update the solution with the formula

x(k) ←
(
G(k)x(k−1) + d(k)

)
,

where G(k) and d(k) denote the iteration matrix and vector at step k.

(b) Update the residual:

r(k) ←
(
b−Ax(k)

)
.

(c) Check for convergence:

if ∥r(k)∥ ≤ ϵ∥r(0)∥ then finish.

Different G(k) iteration matrices and d(k) iteration vectors correspond to different

iterative methods. For example, one of the simplest methods is the Richardson iteration,
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where G(k) is the identity matrix, and d(k) = ω
(
b−Ax(k−1)

)
with ω ∈ R. Therefore, in

this method, the solution is updated by adjusting in the direction of the residual, scaled

by a relaxation factor ω. The update rule is expressed as

x(k) = x(k−1) + ω
(
b−Ax(k−1)

)
.

The choice of ω is critical, because a well-chosen ω can greatly speed up convergence.

Small values of ω can result in slower convergence, while large values can cause divergence

or instability. If A has real, positive eigenvalues, the optimal ω, denoted by ωopt can be

given by

ωopt =
2

λmax + λmin
.

Currently, the most widely used iterative methods are Krylov subspace methods,

including Conjugate Gradient (CG), Minimal Residual Method (MINRES) and their

variations. The convergence rate of these methods is significantly influenced by the

condition number of the matrix κ(A), defined as the product of the matrix norm and the

norm of its inverse: κ(A) = ∥A∥∥A−1∥. The specific definition of the condition number

varies based on the chosen norm; for instance, in the case of a symmetric positive definite

matrix, the condition number can be expressed as the ratio of its largest eigenvalue to

its smallest eigenvalue: κ(A) = λmax/λmin. Different iterative methods are affected by

the matrix condition number to a different extent. For example, let us compare the

error estimate values for the conjugate gradient method and the Richardson iteration.

Let ||e0|| = x(0) − x∗, where x∗ represents the exact solution, and x(0) is the initial

approximation, with e0 denoting the error.

1. Richardson iteration

∥ek∥ ≈
(
κ(A)− 1

κ(A) + 1

)k

∥e0∥

2. Conjugate gradient method

∥ek∥ ≈ 2

(√
κ(A)− 1√
κ(A) + 1

)k

∥e0∥

Therefore, it is not hard to show that the conjugate gradient method is generally more

efficient than the Richardson iteration.

In large-scale ill-conditioned problems, where κ(A)≫ 1, convergence tends to be slow.

This slow convergence often requires the implementation of preconditioning techniques.

A preconditioning technique involves constructing a matrix M ∈ Rn×n such that M−1 ≈
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A−1. If the approximation is accurate enough, the following preconditioned system can

have a much better condition number:

M−1Ax =M−1b.

The challenge lies in constructing an effective preconditioner matrix. On one hand, it

is essential that the M−1 ≈ A−1 approximation is accurate; on the other hand, construct-

ing M−1 should not be computationally expensive. However, these two requirements can

often be contradictory. For instance, when M = A, the approximation is ideal, but

computing M−1 is really expensive. To balance these concerns, it is often necessary to

construct appropriate preconditioners based on the matrix properties and application

characteristics:

1. Jacobi Preconditioning: Also known as diagonal preconditioning, this is one of

the simplest forms, where:

M = D,

D being the diagonal matrix containing the diagonal entries of A. This precondi-

tioner is effective when A is diagonally dominant, meaning that for each row of the

matrix, the absolute value of the diagonal entry is greater than or equal to the sum

of the absolute values of all other (non-diagonal) entries in that row:

|aii| ≥
∑

j ̸=i

|aij | for all i.

2. LU Factorization: This method factors A into a product of a lower triangular

matrix L and an upper triangular matrix U :

A = LU.

Direct LU factorization can serve as a preconditioner but can be impractical for

very large, sparse systems due to the fact that L and U can have an increased

fill-in even if A is sparse. This increase in storage and computational requirements

motivates the use of the incomplete LU factorization.

3. Incomplete LU (ILU) Factorization: This method computes an approximate

factorization, where L̃ and Ũ are sparse lower and upper triangular matrices:

M = L̃Ũ ≈ A.

The ILU factorization is "incomplete" because it limits fill-in by only retaining

certain entries in L̃ and Ũ , making it a sparser approximation of A. This is done
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according to predefined rules, such as retaining entries within certain bands or

positions, which reduces memory usage and computational costs compared to full

LU factorization. Consequently, ILU is more efficient in sparse matrices that are

diagonally dominant, banded, or have low fill-in characteristics.

4. Incomplete Cholesky Factorization: For symmetric positive definite matrices:

M = L̃L̃T ≈ A,

where L̃ is a sparse lower triangular matrix. The most efficient sparse positive

definite matrix structures for Cholesky decomposition are those that exhibit banded

patterns, diagonal dominance, block structures, and a concentration of non-zero

elements near the diagonal.

The Jacobi preconditioner is constructed quickly, requiring only the diagonal elements of

the matrix A, resulting in a time complexity of O(n) for an n × n matrix. In contrast,

computing the factorized matrices for the other introduced preconditioning methods is

generally slower, with a worst-case scenario of O(n3) complexity. However, these methods

often give better estimates for M .
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Finite Element Method for

Quantum Graphs

In this chapter, I will introduce the finite element method (FEM), based on [16], [21],

[22]. The finite element method is a widely used technique for the numerical solution

of differential equations. The essence of the FEM is that the domain, on which the

differential equation is defined, is partitioned into smaller regions (e.g. intervals in the

case of one-dimensional problems), and the solution to the equation on these elements

is approximated using a low-order polynomial function. The major advantages of the

method:

1. It is robust w.r.t. the shape of the domain, and different types of boundary condi-

tions can be easily handled with it.

2. A more accurate estimate can be easily achieved by increasing the degree of the ap-

proximating polynomial, or refining the domain discretization; which is essentially

done with the help of a posteriori error estimation and adaptive mesh refinement.

3.1. Finite Element Method on One Edge

First, let us consider an elliptic equation on the interval [a, b]; that is, we consider the

equation

−(c · u′)′(x) + p(x) · u(x) = f(x), x ∈ [a, b], (3.3)

where u ∈ H2(a, b), f ∈ L2(a, b), c is a positive Lipschitz function, and p is essentially

bounded with ess infx∈[a,b]p(x) ≥ p0 > 0. Without the loss of generality, let us as-

sume that there is a Dirichlet boundary condition at point a and a Neumann boundary

condition at point b: 


u(a) = ua,

c(b) · u′(b) = qb.
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We need to determine the weak form of the differential equation. To achieve this, we

first have to multiply both sides of (3.3) by the test function v ∈ H1(a, b), which has the

property that it takes the value 0 at the locations of the Dirichlet boundary conditions.

After multiplying by v, we integrate both sides of the equation resulting in

−
∫ b

a
(c · u′)′(x) · v(x) dx+

∫ b

a
p(x) · v(x) · u(x) dx =

∫ b

a
f(x) · v(x) dx .

On the left side of the equation, the first term can be expressed using integration by parts

−
[
c(x)·u′(x)·v(x)

]b
a
+

∫ b

a
c(x)·u′(x)·v′(x) dx+

∫ b

a
p(x)·v(x)·u(x) dx =

∫ b

a
f(x)·v(x) dx .

Using the Neumann boundary condition we obtain
∫ b

a
c(x) · u′(x) · v′(x) dx+

∫ b

a
p(x) · v(x) · u(x) dx =

∫ b

a
f(x) · v(x) dx+ qb · v(b). (3.4)

Equation (3.4) is the weak or variational formulation of equation (3.3).

The main idea of the FEM is to divide the domain into smaller parts to approximate

the solution of the given differential equation. In one dimension, if the problem is defined

on the interval [a, b], we divide this interval into N subintervals using N + 1 division

points: a = x1 < x2 < · · · < xN+1 = b. Let the length of the j-th subinterval be denoted

by hj = xj+1−xj , where j = 1, 2, . . . , N . Using the division points x1, . . . , xN+1, we can

define the basis functions of the finite element method as follows:

ψj(x) =





x− xj−1

hj
if xj−1 ≤ x < xj ,

xj+1 − x
hj+1

if xj ≤ x < xj+1, j = 2, . . . , N,

0 otherwise.

(3.5)

Note, that ψ1(x) and ψN+1(x) can be defined similarly with omitting the left and right

subintervals, respectively. However, since we have a Dirichlet boundary condition at

x = a, ψ1(x) ≡ 0 (Figure 3.1).

Let us assume that U(x) is a continuous function, which is linear on the intervals

[xi, xi+1] for i = 1, 2, . . . , N . Then, U(x) can be expressed as the linear combination of

the basis functions {ψj(x)}j=1,2,...,N+1:

U(x) =

N+1∑

j=1

Ujψj(x). (3.6)

We seek a solution u ∈ H1(a, b) of (3.4), such that it satisfies the Dirichlet boundary

conditions. It is important to mention, that the weak formulation should hold for all

suitable v functions. Consequently, the weak formulation remains an infinite-dimensional
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problem, which we cannot solve directly. However, continuous piecewise linear functions

can be written as linear combinations of the FEM basis functions, so it is sufficient for

the equation to be satisfied only for the basis functions, rather than for all v. Therefore,

by substituting the functions {ψi}i=1,2,...,N+1 into v and approximating the function u(x)

with the continuous and piecewise linear function U(x), we obtain a finite-dimensional

problem that we can solve:
∫ b

a
c(x) · U ′(x) · ψ′

i(x) + p(x) · ψi(x) · U(x) dx =

∫ b

a
f(x) · ψi(x) dx+ qb · ψi(b).

By utilizing the linearity between the summation and the integral, we obtain
N+1∑

j=1

Uj

(∫ b

a
c(x) · ψ′

j(x) · ψ′
i(x) + p(x) · ψi(x) · ψj(x) dx

)
=

∫ b

a
f(x) ·ψi(x) dx+qb ·ψi(b).

Let us introduce the following notations:

aij =

∫ b

a
c(x) ·ψ′

j(x) ·ψ′
i(x)+p(x) ·ψi(x) ·ψj(x) dx and bi =

∫ b

a
f(x) ·ψi(x) dx . (3.7)

Using these definitions, we obtain a system of linear equations A · U = b, which is given

by
N+1∑

j=1

aij · Uj = bi + qb · ψi(b).

In the next steps of the solution, we will ignore the effects of the boundary conditions,

since it is sufficient to consider them only in the final steps of the derivation; instead, we

will focus on calculating the integrals defined in (3.7). Let us examine the term aij and

break the integral into the sum of integrals defined over the subintervals:

aij =
N∑

k=1

(∫ xk+1

xk

c(x) · ψ′
j(x) · ψ′

i(x) + p(x) · ψi(x) · ψj(x) dx

)
.

Since ψj(x) has the property that it is non-zero only on the interval (xj−1, xj+1), the

products ψi(x) ·ψj(x) and ψ′
i(x) ·ψ′

j(x) are only non-zero for i = j − 1, j, j +1. Hence, if

we arrange the aij values into a matrix, we would obtain a tridiagonal matrix as a result.

Calculating its elements:

aii =

∫ xi+1

xi−1

c(x) · ψ′
i(x) · ψ′

i(x) + p(x) · ψi(x) · ψi(x) dx i = 1, 2, . . . , N + 1

ai(i+1) = a(i+1)i =

∫ xi+1

xi

c(x) · ψ′
i(x) · ψ′

i+1(x) + p(x) · ψi(x) · ψi+1(x) dx i = 1, . . . , N

However, the values a11 and a(N+1)(N+1) need to be treated separately, since in this

case, the corresponding basis functions are non-zero only on the intervals [x1, x2) and

(xN , xN+1], respectively.

a11 =

∫ x2

x1

c(x) · ψ′
1(x) · ψ′

1(x) + p(x) · ψ1(x) · ψ1(x) dx
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a(N+1)(N+1) =

∫ xN+1

xN

c(x) · ψ′
N+1(x) · ψ′

N+1(x) + p(x) · ψN+1(x) · ψN+1(x) dx

By approximating the above integrals using numerical integration (the trapezoidal rule),

we obtain

ai(i+1) = a(i+1)i = −
c(xi) + c(xi+1)

2hi
,

aii =





c(x1) + c(x2)

2h1
+
p(x1)

2
· h1 i = 1

c(xi) + c(xi−1)

2hi−1
+
p(xi)

2
· hi−1 +

c(xi+1) + c(xi)

2hi
+
p(xi)

2
· hi i = 2, . . . , N

c(xN ) + c(xN+1)

2hN
+
p(xN+1)

2
· hN i = N + 1

.

The next step is to compute the values of bi:

bi =

N∑

k=1

(∫ xk+1

xk

f(x) · ψi(x) dx

)
⇒ bi =





h1 · f(x1)
2

i = 1

f(xi)

2
· (hi−1 + hi) i = 2 . . . , N

hN · f(xN+1)

2
i = N + 1

.

The final step of the derivation is to consider the effect of the boundary conditions.

The Neumann boundary condition only alters the previous results in that we need to

add the value qb to the right side of the (N + 1)-th equation in A · u = b. For the other

equations, qb ·Φi(b) is zero since Φi(b) = 0 for i ̸= N+1. Due to the Dirichlet condition at

point a, the following holds: U1 = ua. To represent this in the system of linear equations,

we must make the following adjustments: a11 = 1, a12 = 0, and b1 = ua.

After solving the linear system for U , we can approximate u(x) by computing U(x),

given by (3.6).

Figure 3.1: FEM basis functions defined on the [a,b] interval
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3.2. Extension for Quantum Graphs

In this section, I will extend the solution previously discussed for a single edge to the

entire quantum graph. Our goal is to solve the system of equations (2.1) defined in

Section 2.2.

The weak form of (2.1) can be defined by the sum of the weak forms on the edges:

a(u, v) =
∑

e∈E

(∫

e
ce(x) · u′e(x) · v′e(x) dx+

∫

e
pe(x) · ue(x) · ve(x) dx

)
, (3.8)

where D(a) =
(
H1(G) ∩ C(G)

)
×
(
H1(G) ∩ C(G)

)
. Let f(v) = ⟨f, v⟩L2(G) (the scalar

product of f , and v in the L2(G) function space). Then, the weak or variational form is

expressed as

a(u, v) = f(v), v ∈ D(a). (3.9)

Equation (3.9) is also well-posed and the unique solution of (3.9) coincides with that of

(2.1) [15]. To ensure continuity, the basis functions meeting at vertex v will be treated

as a single function. The location xev is either 0 or ℓe depending on the orientation of the

edge.

ϕv(x
e) =




1− |xe

v−xe|
h if xe ∈Wv

0 otherwise

ψe
j (x) =




1− |x−xe

j |
he

if x ∈ [xej−1, x
e
j+1]

0 otherwise

On the figure, the blue basis function corresponds to ϕv, while the red ones correspond

to ψe
j . The domain Wv is the union of the nearest subintervals of edges connected to the

vertex v ∈ V, given by

Wv =

( ⋃

e∈E:vea=v

[
v, xe1

]
)
∪
( ⋃

e∈E:veb=v

[
xene−1, v

]
)
. (3.10)

We search for the solution a(wh, v) = f(v) in the following form:

wh(x) =
∑

e∈E

ne−1∑

j=1

αe
j · ψe

j(x) +
∑

v∈V
βv · ϕv(x).

Finally, I would like to present the structure of the linear system that we need to solve.

Similarly as before, we substitute the basis functions into the weak formulation (3.9) and

observe that most basis functions do not interact. Thus, the system takes the form:

A · u = f
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u =


uE
uV


 , uE =




ue1

ue2

...

ue|E|



, ue =




ue1

ue2
...

ueN



, uV =




uv1

uv2
...

uv|V|




(3.11)

f =


fE
fV


 , fE =




f e1

f e2

...

f e|E|



, fV =




fv1

fv2
...

feN



, f e =




f e1

f e2
...

fv|V|




(3.12)

A =


 AE AEV

AVE AV


 . (3.13)

Here

1. The vectors f ek and fv are given by

f ek =

∫

e
fψe

kdx, fv =

∫

Wv

fϕvdx. (3.14)

2. The matrix AE = diag(Ae)e∈E is block diagonal, and the entries of the tridiagonal

matrix Ae are given by

[Ae]jk =

∫

e
ceψ

e
j
′ψe

k
′ dx+

∫

e
peψ

e
jψ

e
k dx, j, k = 1, 2, . . . , N − 1. (3.15)

3. The entries of the blocks of A⊤
EV = AVE = (Ae)e∈E are given by

[Ae]vk =

∫

Wv

ceϕv
′ψe

k
′ dx+

∫

Wv

peϕvψ
e
k dx, k = 1, 2, . . . , N − 1, v ∈ V. (3.16)

4. The entries of the diagonal matrix AV = diag(Av)v∈V are given by

Av =

∫

Wv

ceϕv
′ϕv′ dx+

∫

Wv

peϕvϕv dx. (3.17)

Explanation:

1. The block-diagonal matrix AE and the vector fE characterize the interactions be-

tween the basis functions within the edges.

2. The matrices AEV and AVE describe the connections between the edges and the

vertices.

3. The diagonal matrix AV and the vector fV represent the interactions between the

vertices.
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3.3. Implementation

I implemented the mathematical method described above in C++ to solve the system

defined in Section 2.2. Efficiency was key in this project, which is why I chose a C++ en-

vironment, allowing me to take advantage of the language’s flexibility. For fast execution

of mathematical operations, I chose the Eigen library, specifically I have worked with

sparse data structures - this is a reasonable choice, since the matrix A defined in (3.13)

contains a small number of nonzero elements for most of the graphs. But before going

into the details, I want to describe the general (abstract) algorithm of a FEM solver for

graphs:

1. Using the relationships discussed in Section 3.1 and Section 3.2, we calculate one

element of the matrix A or the vector f .

2. With an appropriate index function, we determine the location of the calculated

element in the matrix A or in the vector f .

3. The calculated element is additively inserted into the determined location, and if

there are more elements to be calculated, the process is repeated from step 1.

4. Using the filled matrix A and vector f , we compute the solution vector u defined

in (3.11) with a linear equation solver, which approximates the actual solution.

My implementation returns an Eigen::VectorXd vector corresponding to the u vector,

and requires the following input parameters:

1. std::function<double(double)> f, p, c - the functions c(x), p(x), and f(x),

which define the specific differential equation to be solved.

2. An std::vector<std::tuple<int,int>>. The vector contains std::tuple

elements, each representing an edge. The first element of the tuple is the source

vertex from which the edge points to the target vertex, which is the second element

of the tuple. I identified the vertices with integer values.

First, I implemented the basic recommendation of the Eigen library for computing the

sparse matrix A and the vector f . This approach collects the calculated matrix elements

into an Eigen triplet list, where each triplet represents the (x,y,value) tuple. Here, x

and y specify the position of value in the sparse matrix A. At the end of the process,

this list is used to create the sparse matrix A, with the vector f being constructed through
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direct insertion. From this point forward, we will refer to this approach as the general

triplet method. When prior knowledge about the structure or values of the matrix A is

unavailable, this is one of the most efficient approaches for sparse matrix construction.

However, if some useful knowledge about the structure of the matrix A is available, we

can make this process faster.

More specifically, when the number of elements in each column is known, then the

column-major sparse matrix A can be more efficiently constructed. In case of the stiffness

matrix A, the first |A| − |V| columns contain exactly 3 non-zero elements each, due to

the tridiagonal nature of the blocks corresponding to the edges; and the last |V| columns

each contain |Ev| + 1 non-zero elements. To see this: the matrix AEV has |Ev| non-zero

elements in its column corresponding to vertex v, while the matrix AVV contributes one

non-zero element per column, as it is diagonal. To understand why the AEV matrix con-

tains |Ev| non-zero elements per column, we must consider the role of this matrix. It

describes the interactions between vertices and edges. Each vertex v is connected by |Ev|
edges, indicating that there will be |Ev| non-zero elements in the corresponding column.

This observation is particularly useful because if the number of non-zero elements in

the columns of a sparse matrix is known in advance and insertions occur column-wise,

the cost of the insertion operations is O(1). This fact is clearly outlined in the documen-

tation of the Eigen library. From this point forward, we will refer to this approach as the

column-wise insertion method. It is important to note, that in a sense, this approach is a

special case of the general triplet method, where insertions are performed in an optimal

order.

Once the sparse matrix A and the vector f representing the linear system are con-

structed, the system is solved using the Eigen SimplicialLDLT solver. This solver takes

advantage of the special properties of the matrix A. It was noticeable that since Sim-

plicialLDLT uses sparse matrices, the solution time increased intensely as the matrix

density grew. This explains why solving a complete graph is much more computationally

expensive than solving a sparser graph with the same number of vertices but fewer edges,

as the matrix A becomes denser with the graph.

3.4. Results, Efficiency

To test the hypothesis that the column-wise insertion is indeed faster, I implemented both

method and measured their performance on graphs of various sizes. The measurements

showed that constructing the A matrix and the f vector using the column-wise insertion
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method was approximately 1.5 times faster compared to the general triplet method.

Below is a comparison table demonstrating this fact. The table contains two test cases:

I measured the execution times on a |V|× |V| square grid graph and on a complete graph

with |V| vertices.

Notations: N
(√
|V|
)

square grid graph, T
(
|V|
)

complete graph

Graph Measurements Intervals Triplet Column-wise Ratio

N(1000) 25 100 15.4986 s 10.0263 s 1.55

N(1000) 50 50 7.4007 s 5.0794 s 1.46

N(250) 75 100 0.9351 s 0.6585 s 1.42

T(500) 50 50 0.4891 s 0.3235 s 1.51

T(100) 1000 100 0.03877 s 0.0262 s 1.48

As the number of subintervals or vertices increases, both processing time and mem-

ory requirements become significant. While the column-wise insertion method is more

memory-efficient than the general triplet method, it still faces limitations with large-scale

graphs. For example, consider an extreme case in which solving a differential equation

on a large graph would require multiple terabytes of RAM. To illustrate this, imagine

modeling a biological neural network with approximately 108 neurons and 1014 synaptic

connections. This problem requires roughly 103 elements per edge for precision. This re-

sults in a stiffness matrix A of dimension 1017×1017, containing around 3×1017 nonzero

elements. Consequently, the memory requirement becomes approximately 3 exabytes

(EB). To manage memory more efficiently in such cases, the graph can be decomposed

and solved incrementally. In the following section, I introduce a solution based on this

principle: the Neumann–Neumann domain decomposition approach.

3.5. Neumann - Neumann Domain Decomposition

The core concept of this approach involves partitioning the graph G into disjoint sub-

graphs Gi = (Vi,Ei) for i = 1, 2, . . ., such that the subgraphs do not overlap in terms

of edges. Each Gi is a metric graph on its own, and a subgraph can consist of a single

edge. We define the set of vertices that lie on the boundary of more than one subgraph

as Γ, referring to it as the interface. The corresponding values of the function at these

vertices are denoted by uΓ. The Neumann-Neumann method is based on tracking the val-

ues at the interface and iteratively updating them by examining the deviations from the
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Neumann-Kirchhoff condition. Formally, the algorithm begins with an initial estimate

u0Γ = 0. Consider the linear equation Au = f derived from the finite element approxima-

tion of an elliptic problem on the quantum graph G = (V,E), where A is a symmetric,

positive definite matrix. To simplify the discussion, we assume that G is divided into

two non-overlapping subgraphs Gi = (Vi,Ei) for i = 1, 2. This implies that the edge set

satisfies E = E1 ∪ E2 with E1 ∩ E2 = ∅, and the interface is given by Γ = V1 ∩ V2. Then

the equation system takes the form

A =




A
(1)
II 0 A

(1)
IΓ

0 A
(2)
II A

(2)
IΓ

A
(1)
ΓI A

(2)
ΓI AΓΓ



, u =




u
(1)
I

u
(2)
I

uΓ



, f =




f
(1)
I

f
(2)
I

fΓ



,

where the A(i)
II , A(i)

IΓ, A(i)
ΓI , AΓΓ, f (i)I , and fΓ for i = 1, 2 can be obtained from the systems

defined on the subgraphs:





f (i) =



f
(i)
I

f
(i)
Γ


 , A(i) =



A

(i)
II A

(i)
IΓ

A
(i)
ΓI A

(i)
ΓΓ




AΓΓ = A
(1)
ΓΓ +A

(2)
ΓΓ

fΓ = f
(1)
Γ + f

(2)
Γ

.

Consequently, we would like to find the solution for the following coupled problem:




A
(i)
II u

(i)
I +A

(i)
IΓu

(i)
Γ = f

(i)
I , i = 1, 2

u
(1)
Γ = u

(2)
Γ =: uΓ

A
(1)
ΓI u

(1)
I +A

(1)
ΓΓu

(1)
Γ − f

(1)
Γ = −A(2)

ΓI u
(2)
I −A

(2)
ΓΓu

(2)
Γ + f

(2)
Γ =: λΓ

. (3.18)

If the boundary values uΓ are known, we can compute the approximate solution within

the domains by solving two independent Dirichlet problems. Since we compute the solu-

tion within the domain only in the last step of the algorithm, we need to eliminate the

unknowns u(i)I with a block factorization:

A =




I 0 0

0 I 0

A
(i)
ΓIA

(1)
II A

(2)
ΓIA

(2)
II I



·




A
(1)
II 0 A

(1)
IΓ

0 A
(2)
II A

(2)
IΓ

0 0 S



,
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where I is the identity matrix, and S = AΓΓ − A(1)
ΓIA

(1)−1

II A
(1)
IΓ − A

(2)
ΓIA

(2)−1

II A
(2)
IΓ is the

Schur complement of AΓΓ. The corresponding linear system is given by:



A
(1)
II 0 A

(1)
IΓ

0 A
(2)
II A

(2)
IΓ

0 0 S







u
(1)
I

u
(2)
I

uΓ



=




f
(1)
I

f
(2)
I

gΓ



,

where gΓ = fΓ − A(1)
ΓI · A

(1)−1

II · f (1)I − A(2)
ΓI · A

(2)−1

II · f (2)I . This can be further reduced to

the Schur complement system:

S · uΓ = gΓ. (3.19)

If we introduce the following notations for i = 1, 2

Si := A
(i)
ΓΓ −A

(i)
ΓIA

(i)−1

II A
(i)
IΓ and g

(i)
Γ := f

(i)
Γ −A

(i)
ΓI ·A

(i)−1

II · f (i)I ,

then we have that

S = S(1) + S(2) and gΓ = g
(1)
Γ + g

(2)
Γ .

We define the discrete version of the Neumann-Neumann iteration method as follows.

Starting with an initial guess u0Γ, the iteration proceeds by first solving the Dirichlet

problems for each subdomain i = 1, 2:

(Di) A
(i)
II u

(i),n+ 1
2

I +A
(i)
IΓu

n
Γ = f

(i)
I .

Next, using the approximate flux residual rΓ (as given by the third row of equation

(3.18)), we solve the Neumann problems for each subdomain:

(Ni)



A

(i)
II A

(i)
IΓ

A
(i)
ΓI A

(i)
ΓΓ






w

(i),n+1
I

w
(i),n+1
Γ


 =



0

rΓ


 .

Finally, the interface values are updated according to:

un+1
Γ = unΓ − θ

(
w

(1),n+1
Γ + w

(2),n+1
Γ

)
.

By eliminating the interior variables from both the Dirichlet and Neumann problems, we

obtain the relation:

un+1
Γ − unΓ = θ

(
S(1)−1

+ S(2)−1
)
(gΓ − SunΓ) ,

which shows that the Neumann-Neumann method is a preconditioned Richardson iter-

ation for the system in (3.19), using S(1)−1
+ S(2)−1 as the preconditioner. To improve
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convergence, a diagonal scaling based on the vertex degrees on the interface Γ is often

employed. This leads to a preconditioner of the form:

DΓ

(
S(1)−1

+ S(2)−1
)
DΓ,

where the diagonal entries of DΓ are given by d−1
v for each vertex v ∈ Γ. I emphasize that

the Richardson iteration is presented here primarily for historical reasons, and to avoid the

complexity of updating uΓ in the context of a more advanced iteration method. However,

in practice, it is generally recommended to use either a preconditioned conjugate gradient

method or a minimal residual method. Additionally, the matrices S(i), and particularly

their inverses, should typically not be explicitly computed. Instead, we are only concerned

with their effect when applied to a vector. Specifically, rather than performing matrix

multiplication with S(i), we solve a Dirichlet problem. Similarly, instead of multiplying

with S(i)−1 , we solve a Neumann problem.
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Gaussian Random Fields on

Domains

This chapter introduces the theoretical basis for generating random fields, a concept used

to model spatially correlated data. We start by defining a realization of a random field and

show how correlations between points are described by covariance matrices constructed

with kernel functions. These kernel functions help model the smoothness and scale of

variation in the field. We then discuss some common kernel functions and conclude with

methods for efficiently generating random field realizations, including Cholesky decom-

position and GPU accelerated methods. This chapter is based on [9].

4.1. Theoretical Background

As stated in Definition 8, a random field is a collection of random variables indexed by

the set D. One realization of this collection is generated by randomly selecting a value

for each random variable from its domain while also considering the covariance among

the random variables. The covariance matrix K can be computed using kernel functions,

which map pairs of elements from D ×D to real values R:

K =




k(x1, x1) k(x1, x2) · · · k(x1, xn)

k(x2, x1) k(x2, x2) · · · k(x2, xn)

...
...

. . .
...

k(xn, x1) k(xn, x2) · · · k(xn, xn)




,

where {x1, x2, . . . , xn} ⊆ D; and we assume, that k is a kernel function such that

k(xi, xj) = k(xj , xi) and that K is positive definite.

In the following, I will introduce a few well-known kernel functions, first briefly ex-
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plaining the notations used. Let x, y ∈ D, and let ∥x− y∥ denote the Euclidean distance:

∥x− y∥ =

√√√√
n∑

i=1

(xi − yi)2.

Furthermore, σ represents the signal variance, and l is the length scale parameter. The

length scale l determines how quickly the covariance (or correlation) between points

decreases.

1. Exponential kernel: The exponential kernel is defined the following way:

k(x, y) = σ2 · exp
(−∥x− y∥

l

)
.

In the formula, we observe a negative sign in front of the Euclidean distance within

the exponential function, indicating that this kernel returns small values for points

that are far apart in the input space. This is a common property of kernel functions.

2. RBF kernel: The RBF (radial basis function) kernel is given by:

k(x, y) = σ2 · exp
(−∥x− y∥2

2 · l2
)
.

3. Matérn kernel: The Matérn kernel is defined by:

k(x, y) =
21−ν · σ2
Γ(ν)

(κ · ∥x− y∥)ν Kν (κ · ∥x− y∥) ,

where ν is a positive parameter of the covariance, Γ is the gamma function, Kν

is the modified Bessel function of the second kind, and κ =
√
2ν/l. The modified

Bessel function of the second kind can be obtained for a complex parameter ν and a

real variable x (with x > 0) as part of the solution to the following modified Bessel

differential equation:

x2
d2y

dx2
+ x

dy

dx
− (x2 + ν2)y = 0.

For ν ∈ R, the general solution to this equation is given by a linear combination of

two linearly independent functions:

y(x) = C1Jν(x) + C2Kν(x),

where Iν(x) is the modified Bessel function of the first kind, defined by

Jν(x) =

∞∑

k=0

(−1)k
(
x
2

)ν+2k

k!Γ(1 + ν + k)!

and Kν(x) is the modified Bessel function of the second kind, given by

Yν(x) =
Jν(x) cos(νπ)− J−ν(x)

sin(νπ)
.
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C1 and C2 are constants determined by boundary conditions.

As we will see in a later chapter, this kernel function is fundamental, as it is closely

connected to Gaussian random fields on graphs.

The kernel functions mentioned above are all stationary, meaning they depend only on

the distance between points in the domain. Additionally, they are isotropic, meaning

that they treat all directions in the input space equally.

In the following, I will explain the algorithm of generating normal random fields on

domains D ⊂ Rm,m ∈ N.

1. Define the domain D ⊂ Rm. If |D| =∞, then sample it by selecting a set of points

{x1, x2, . . . , xn} ⊂ D where the random field will be evaluated.

2. Choose an appropriate kernel function k : D×D → R based on the desired proper-

ties of the random field (for example smoothness, range). Using this kernel function,

compute the covariance matrix K.

3. Motivated by Definition 11, perform the Cholesky decomposition on the covariance

matrix K such that K = LL⊤, where L is a lower triangular matrix. The Cholesky

decomposition is guaranteed to exist, since the covariance function creates a positive

definite covariance matrix K.

4. Sample a vector z = [z1, z2, . . . , zn]
⊤, where z is a standard Gaussian vector.

5. Multiply z by L to obtain correlated samples: y = Lz. The vector y = [y1, y2, . . . , yn]
⊤

represents a realization of the normal random field evaluated at the grid points

{x1, x2, . . . , xn} on the domain D.

4.2. Implementation in Python

For simplicity, I will explain the process of generating a realization of a normal random

field by selecting D = ([0, 1]× [0, 1]) ⊂ R2. We will sample from this space by creating a

meshgrid with a step size h = 1/n. Each point in this grid represents a random variable.

Assume that this grid contains n2 points. The steps of the algorithm:

1. Create the grid: Compute an equidistant grid consisting of n2 (x, y) points. In my

implementation, I use numpy.linspace for this task.
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2. Compute the covariance matrix: Iterate through the grid (with two for loops) cre-

ated in the previous step and compute the elements of the covariance matrix using

the Matérn kernel function.

3. Compute the Cholesky decomposition of the covariance matrix: we want to obtain

the L matrix - in Python, we can easily achieve this using the numpy.linalg.
cholesky function.

4. Generate a random vector: Create the random vector z, which contains n2 random values

sampled from the standard normal distribution. I use the numpy.random library for

this.

5. Compute L · z: The result of this expression is the Gaussian random field itself in

vector form.

6. Plotting: Visualize the result using Matplotlib.

A serious issue with the algorithm introduced above is that it can become quite slow when

the n2 factor is large. This is primarily due to the Cholesky decomposition’s complexity,

which is O(s3) in general, where s is the size of the square matrix K; that is, in our

case, O(n12). Since this complexity can cause random field generation to be really slow,

I implemented the algorith on GPU to speed up the process. While this method is

quite fast, even for larger grids, it requires a significant amount of GPU memory. In my

tests, I found that for n = 100, the algorithm used over 4 GB of GPU memory. The

PyTorch library provides the necessary functions to compute Gaussian random fields, so

my implementation mainly builds on this library.

4.3. Examples

In the following plots I highlight the effect of the various parameters on random fields

generated with the Matérn kernel. In particular:

• The parameter n determines the grid precision (Figures 4.2 and 4.3).

• The parameter σ represents the signal variance; a larger value will result in more

drastic changes in the normal random field (Figure 4.5).

• The parameter l denotes the length scale: increasing l will reduce local variations,

while decreasing it will increase the amount of local changes (Figure 4.4).

• The parameter ν indicates the smoothness of the field (Figures 4.6 and 4.7).
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Figure 4.2: Parameters: n = 10, σ = 1.0, l = 0.1, ν = 5.0

Figure 4.3: Parameters: n = 100, σ = 1.0, l = 0.1, ν = 5.0

Figure 4.4: Parameters: n = 100, σ = 1.0, l = 0.5, ν = 5.0
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Figure 4.5: Parameters: n = 100, σ = 10.0, l = 0.1, ν = 5.0

Figure 4.6: Parameters: n = 100, σ = 1.0, l = 0.1, ν = 3.0

Figure 4.7: Parameters: n = 100, σ = 1.0, l = 0.1, ν = 1.0
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Fractional Stochastic Partial

Differential Equations on Quantum

Graphs

In several applications, there is an increasing demand for statistical models defined over

network structures, such as connected rivers or road networks. Traditional approaches

based on Euclidean distances often perform poorly in these settings, where connectivity

follows non-Euclidean pathways. A common workaround is to use the geodesic or shortest-

path metric, yet the electrical resistance distance metric has also gained attention for

defining covariance structures on networks. In graph theory, the resistance distance

between two vertices of a simple, connected graph G is defined as the electrical resistance

between the corresponding vertices in an electrical network where each edge of the graph

is replaced by a 1-ohm resistor.

Recent studies, for instance, have shown that Gaussian fields can be constructed on

certain metric graphs using a Matérn-type covariance function, given by:

r(s, t) =
Γ(ν)

τ2Γ(ν + 1/2)
√
4πκ2ν

(κd(s, t))νKν(κd(s, t)),

where d(s, t) denotes the resistance distance; τ and κ are parameters that determine the

variance and correlation range, respectively; 0 < ν ≤ 1
2 controls path regularity; Kν

represents the modified Bessel function of the second kind; and Γ is the gamma func-

tion. However, due to the constraint ν ≤ 1
2 , this approach cannot produce differentiable

Gaussian fields on metric graphs. Furthermore, generating Matérn fields over Euclidean

spaces requires computing the Cholesky decomposition of large covariance matrices, which

is computationally expensive, and scales poorly with the size of the network.

In this chapter, I introduce a method for generating Gaussian random fields on com-

pact metric graphs by solving a fractional stochastic partial differential equation. This

approach avoids the limitations of traditional kernel-based models, which struggle to
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ensure positive definite covariance matrices on graphs, making Cholesky decomposition

and efficient field generation challenging. This approach also provides an alternative for

generating normal random fields on simpler domains. This chapter is based on [13], [15].

5.1. SPDE Approach of Gaussian Random Fields

A Gaussian Matérn field defined on the graph G with parameters σ, ν, and κ > 0 can be

viewed as the statistically stationary solution u to the following SPDE:

(κ2 −∆)βu(x) =W (x) x ∈ G,

where ∆ denotes the Laplacian with domain D(∆) consisting of H2(G) functions that

satisfy the vertex conditions; and the positive parameters σ, ν, and κ allow for the con-

trol of the most important characteristics of the random field u: its variance, smoothness,

and correlation range. In the context of Gaussian Matérn fields, the correlation range

represents the distance at which the field values remain significantly correlated. Essen-

tially, it determines how rapidly the correlations decrease as the distance in the spatial

domain increases. The parameter β can be calculated as β = (2ν +1)/4, and W denotes

Gaussian white noise. By introducing the operator L as L = κ2−∆, the above equation

can be rewritten as

Lβu(x) =W (x). (5.20)

We can formally solve this equation by multiplying both sides with the inverse of Lβ .

The L−β operator can be given as

L−β =
sin(πβ)

π

∫ ∞

0
λ−β (λI + L)−1 dλ =

2 sin(πβ)

π

∫ ∞

−∞

(
e2βyI + e2yL

)−1
dy . (5.21)

Similarly to Chapter 2.3, we can solve the above differential equation by applying the

finite element method.

Observe that (5.20) can be rewritten in the form of (2.2) if we set c = 1 and p = κ2.

Hence, the L operator is the same as the operator T in (2.2). This implies that, after

applying the finite element method to both equations, we obtain stiffness matrices of the

same form for each equation.

5.1.1 Integral Quadrature

In this subsection, we will approximate the solution of (5.20) using numerical methods.

First, we select a uniform grid given by {yl = l · k : l ∈ Z,−K− ≤ l ≤ K+} where

k > 0, and K− and K+ are positive integers. In the discrete solution the operator L
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is approximated with the Lh stiffness matrix. Then we approximate the integral (5.21)

with the quadrature

Qβ
h,k :=

2k sin(πβ)

π

K+∑

l=−K−
e2βyl

(
I + e2ylLh

)−1
,

where

• Lh is the stiffness matrix defined the same way as (3.13).

• An appropriate choice for the limits K− and K+ are

K− :=

⌈
π2

4βk2

⌉
, K+ :=

⌈
π2

4(1− β)k2
⌉
.

• I is the identity matrix.

Since this quadrature converges exponentially, a good choice for k is k ≤ −π2/(β ln(h))
[15]. After computing Qβ

h,k, the solution uQh,k of the stochastic partial differential equation

can be approximated by calculating the following:

uQh,k = Qβ
h,k ·Wh,

where Wh = R · ξ. Here ξ is a random vector sampled from the standard normal dis-

tribution, and R is the Cholesky decomposition of the so-called mass matrix M . The

structure and nonzero pattern of the mass matrix is the same as the structure of the

matrix A defined in (3.13):

M =



ME MEV

MVE MV




Consequently, the index function for the non-zero elements is exactly the same in the

case of the M and A matrices. However, the calculation of the elements of the matrices

is a bit different. Instead of integrating the ψ′
i ·ψ′

j product shown in section 3.1, we need

to integrate the ψi · ψj product. The calculations for one subinterval:




mii =

∫ xi+1

xi

ψ2
i dx

mi(i+1) = m(i+1)i =

∫ xi+1

xi

ψi · ψi+1 dx

Computing the integrals using Simpson’s quadrature rule (which in this case yields the

exact value of the integral with no error):



mii =

h

6
ψ2
i (xi) +

2h

3
ψ2
i (xmid) +

h

6
ψ2
i (xi+1)

mi(i+1) = m(i+1)i =
h

6
ψi(xi)ψi+1(xi) +

2h

3
ψi (xmid)ψi+1 (xmid) +

h

6
ψi(xi+1)ψi+1(xi+1),
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where xmid = (xi+1 + xi)/2. Substituting into the above expressions:




mii =
h

6
· 1 + 2h

3
· 1
4
+
h

6
· 0 =

h

3

mi(i+1) = m(i+1)i =
h

6
· 1 · 0 + 2h

3
· 1
2
· 1
2
+
h

6
· 0 · 1 =

h

6
.

In conclusion, the solution can be expressed as:

uQh,k = Qβ
h,k ·Wh =


2k sin(πβ)

π

K+∑

l=−K−
e2βyl

(
I + e2ylLh

)−1


 · (R · ξ) . (5.22)

5.1.2 Implementation

In this section, I will detail the implementation of the mathematical method previously

discussed in this chapter using C++. Essentially, I had to implement the calculation of

the formula (5.22).

Since computing the expression
(
I + e2ylLh

)−1 is computationally expensive, and we

have to do it (K+ + K− + 1) times, instead, we calculate the effect of the inverses on

the white noise individually and then sum the results. This means, that we solve the

equivalent problem




(
π

2k sin(πβ) · e−2βyl ·
(
I + e2ylLh

))
uQh,k(l) = R · ξ, l = −K−, (−K− + 1), . . . ,K+

uQh,k =
∑K+

l=−K− u
Q
h,k(l)

instead of (5.22). This way, we do not need to invert matrices, we just have to solve the

linear system

(
π

2k sin(πβ)
· e−2βyl ·

(
I + e2ylLh

))
uQh,k(l) = R · ξ, l = −K−, (−K− + 1), . . . ,K+

(K+ + K− + 1) times, and sum up the uQh,k(l) results, which is much cheaper compu-

tationally. With the theoretical background established, I will proceed to break down

the implementation steps in detail to demonstrate how the program efficiently computes

uQh,k:

1. Create an Eigen::VectorXd vector filled with zeros. This vector, denoted as s,

will represent the uQh,k vector in the program.

2. Compute R · ξ - this computation is performed only once to generate a random

field, as subsequent steps of the algorithm will use the same result:

38



(a) The matrix R is derived from the Cholesky decomposition of the mass ma-

trix M . The mass matrix is constructed using the column-wise insertion

method discussed in Section 3.3. For the Cholesky decomposition, I used

the Eigen::SimplicialLLT solver.

(b) The vector ξ, representing Gaussian white noise, is generated as follows:

the process starts with initializing a random number generator based on the

Mersenne Twister algorithm, implemented in C++ as std::mt19937. This

generator is seeded with a value from std::random_device. A normal dis-

tribution with a mean of 0 and a standard deviation of 1 is employed to create

the white noise, utilizing std::normal_distribution<>().

3. Compute the Eigen::VectorXd vector s_iterate representing uQh,k(l) by solving the

corresponding equation system. To obtain this linear system, we need some further

calculations:

(a) First, compute the coefficient π
2k sin(πβ) · e−2βyl . Note that the factor π

2k sin(πβ)

only needs to be computed once, as it does not depend on l.

(b) In the expression
(
I + e2ylLh

)
, compute the matrix Lh using the column-wise

insertion method. For the entire expression, multiply the Lh matrix by e2yl

and add the result to the identity matrix I to obtain the final matrix.

4. Add the vector s_iterate to the main solution vector s, accumulating the results.

5. If there are remaining uQh,k(l) values to compute, return to step 2 to repeat the

process until all values have been calculated.

As discussed in Section 3.4, there are situations where we need to solve differential equa-

tions on large graphs that exceed the computer’s memory capacity. To generate normal

random fields on these larger graphs, we must decompose the graphs into smaller sections

and solve the problem iteratively. To achieve this, I adapted a Neumann-Neumann do-

main decomposition implementation in C++ for generating normal random fields. This

implementation decomposes the graph into its edges, so essentially the subgraphs are

the edges themselves. After computing the R · ξ vector, we need to distribute its values

among the edges, and we need to use the decomposed version of the Lh matrix instead of

the original one. Unfortunately, since we need the entire mass matrix M to calculate the

R · ξ product, we encounter some memory efficiency issues. Addressing this limitation

will be part of our future work, where we aim to develop an approach to determine the

values of the R · ξ vector without explicitly computing the entire mass matrix.
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Examples

In this chapter, I present several results obtained using the implementation described in

Chapter 5. The adjacency matrices of the input graphs were generated with the Python

NetworkX library. These matrices were then processed using the C++ implementation

described in this paper, with results visualized in MATLAB for analysis.

When generating normal random fields on graphs, three key parameters directly in-

fluence the properties of the normal random field:

1. The parameter N determines the number of subintervals on each edge of the graph,

acting as a discretization parameter.

2. The parameter β serves as a smoothness parameter. It is related to the parameter

ν of the Matérn kernel and can be calculated as β =
2ν + 1

4
. The range of β is

restricted to the interval β ∈
(
1

4
, 1

)
.

3. The parameter κ controls the balance between the second derivative of the Gaussian

random field and the field itself. Higher values of κ lead to noisier outputs, while

lower values produce smoother results.

4× 4 Square Graph

N1 = 1000, β1 = 0.8, κ1 = 1.0 N2 = 1000, β2 = 0.8, κ2 = 10.0
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Barabasi Albert (Scale Free) Graph

N1 = 1000, β1 = 0.8, κ1 = 1.0 N2 = 1000, β2 = 0.3, κ2 = 10.0

Hexagonal Lattice Graph

N1 = 100, β1 = 0.8, κ1 = 0.1 N2 = 100, β2 = 0.5, κ2 = 0.1

Star Graph

N1 = 1000, β1 = 0.5, κ1 = 0.1 N2 = 1000, β2 = 0.99, κ2 = 0.1
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Conclusions

In this work the efficient simulation of Gaussian random fields on networks was investi-

gated using a fractional PDE with white noise forcing. The integral representation of the

fractional operator was discretized with an integral quadrature, which was solved with

FEM. To overcome the memory limitations of FEM, I used a Neumann-Neumann-type

domain decomposition method. Furthermore, I measured and optimized the creation of

the underlying sparse matrices by implementing a column-wise ordering. The only limi-

tation of the approach is that the white noise forcing need to be computed for the whole

network. In the future I wish to study white noise synthesis to overcome this restriction.
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