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1 Introduction

A vertex cover of a graph is a set of vertices such that each edge of the graph is incident
to at least one vertex of the set. Minimum vertex cover means that the size of the
vertex cover set is minimal. Finding the minimum vertex cover is a classical NP-complete
problem. As such, genetic algorithm (GA) is an ideal method for the minimum vertex
cover problem. Genetic algorithms are based on the idea of Charles Darwin’s evolution.
GA is a heuristic search algorithm, it finds a relatively good solution in a short amount
of time, and it can be stopped any time, it will always have a (relatively) good solution
[8, 9].

Every GA has a population of candidate solutions. For the sake of simplicity, from now
on we call these solutions, instead of candidate solutions. Each of these solutions have a
genome, the entirety of their hereditary information. The genome contains information
about the solution. The algorithm must calculate the fitness of the solutions, so the next
generation can inherit the genomes of the best solutions. A child can inherit genes from
one or more parents. There is also a small chance for mutation. The new generation builds
their own solutions based on their genomes, then the algorithm measures the fitness of
each solution again, and so on.

GAs give a lot of freedom to the programmer. Creating the structure of the genome
is the first step. The most obvious way to do this for the minimum vertex cover problem,
is to create a gene for every node. The gene can have two values: true or false. True
means that the corresponding node is in the vertex cover set, false means that the node
is not in the vertex cover set. We present a new idea, genotype and phenotype in GAs.
We adapt these concepts from biology, and it results a better variety of the gene pool. It
is possible that the vertex cover set is not covering the graph. In this case, the genotype
would not be a vertex cover, but the algorithm can add nodes to the vertex cover so the
phenotype becomes one. With the fast, and effective greedy algorithm, the phenotype
will be significantly better. Creating the phenotype can be viewed as a part of the
fitness function. The fitness function assigns fitness values to the genomes. Fitness value
indicates how good the solution is, i.e. how close it is to an ideal, or optimal solution.
Inheritance is an other main part of GAs, and there are lots of opportunities here as well.
We present a new idea, the interval fitness method. We apply to the GAs the idea of
intervals [5, 3]. It means that the child inherits gene sequences from one or more parents.
If a parent phenotype has a good fitness value on an interval, then the genes of the parent
on this interval will be added to the child’s genome. It is useful if it is easy to distinguish
the different characteristics of a solution, and these characteristics are independent, or
dependent subtly from each other. For the vertex cover problem, different characteristics
of a graph is not very straightforward, but we present some idea.

The rest of the paper is organized as follows: we first introduce the problem, the math-
ematical representation, and the structure of a genome. In Section III, we describe four
ideas for determining the partitions of a graph. In Section IV, we explain the Greedy error
correction, a method to repair invalid vertex covers. We present a GA for determining
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the partitions of a graph in Section V, then describe the new generation of the minimum
vertex cover GA in Section VI.

Figure 1: A graph with its minimum vertex cover

2 Minimum vertex cover, and the structure of a

genome

Graph G with n vertices consists of a set of vertices V . The order of the vertices in V is
arbitrary. The aim is to find the minimum vertex cover C, a set of vertices, where C is
a subset of V . Each edge of G is incident to at least one vertex in C. The size of C is
minimal. For an example of a simple graph and its minimum vertex cover see Figure 1.

The population of the GA consists of a set of genomes 〈F, I,K〉, where F is the fitness
of the genome, I = {I1, I2, ..., Im} is a set of interval fitness values of the genome, and
K = {K1, K2, ..., Kn} is the information set of the vertices.

The fitness F is a number, it is calculated by the fitness function, and it represents the
overall fitness of the solution. Some GAs make no difference between the genotypes and
phenotypes. Since the GA shown in this paper does make a difference, we must declare
that this fitness represents the fitness of the phenotype. In other words, first we use the
greedy error correction on the solution of a genome, then we execute the fitness function
on the modified solution. A simple fitness function would be: |C| + E ∗ x, where E is
the error, i.e. the number of edges that are not incident to any vertex of C, and x is the
weight of the error. With the greedy error correction however, E = 0, so the function is:
|C|.

Let P denote partitions of V , where Pj(j = 1, 2, ...,m). If Pj = a1, a2, ..., ak, then Ij
is the interval fitness of the solution on the subgraph of Va1 , Va2 , ..., Vak . P is the same
for every genome, and every generation. If Ki=true, then vertex Vi is in the cover set C
proposed by the genotype of this genome.

For an example, see Figure 2.
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Figure 2: A graph where P=[(a, b, c, d), (e, f, g, h, i), (j, k, l,m)], and one of the possible
solutions, where F=8(=|C|), I=[2,3,3], and K=[1,0,0,1,1,0,1,1,0,1,0,1,1]

3 Determining the partitions

The interval fitness function works the best if every Pj contains closely related vertices.
There are several methods to determine P .

• Random partitions.

• Divide by the time of creation of the vertices.

• Manually determine the partition of each vertex.

• GA, with a fitness function that calculates fitness by the dissimilarity of the neigh-
bors of each vertex.

The partitioning does not have to be optimal. It can help even if the partitioning is
random, since as it will be detailed later, for every generation, only one genom will be
created with the interval fitness method. For example, if the population size is constantly
200, then 199 child will evolve normally, only 1 child (super-child) will be created from the
best intervals. Even if the partitioning is random, there is a good chance that the super-
child will be successful. If that happens, the quality of the gene pool will significantly
increase. Dividing by the time of creation is an idea only slightly better than the random
partitioning. It is based on the assumption that there is a connection between the vertex
structure and the time of creation of the vertices. GA seems to be the best choice, since
this subproblem is hard, but the solution does not have to be optimal, only close to
optimal. Creating the partitions should not take much time from the actual work, so it
has to be fast too. Later in this paper, we will present the idea of such a GA in detail.

4 Greedy error correction

There is a problem with the simple GA approach: most of the time, it is not even covering
the graph. Finding only a cover set with pure natural selection and random mutations
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is difficult for a simple GA, but the aim is to find the minimal cover set, so the task is
even more complicated. Fortunately, there are easy methods to create a cover set from
an imperfect cover set.

The simplest, and fastest one is to check every edge. If an edge is not incident to any
vertex in C (unstable edges), then add one of the vertices of this edge to C. Some nodes
may be redundant, these unnecessary nodes can be removed [4].

We analyze the use of a greedy method, it checks every vertex that is not in C first
(unselected vertices), but adds them to C only if they have the highest number of unstable
edges incident to them. In the next cycle, it checks every unselected vertices again, until
there are no more unstable edges. This method is much slower, because it runs for every
genome in every generation, but our tests showed that the algorithm gets significantly
better with the greedy error correction.

This correction works if the genome selects too few vertices. It is possible to correct
those genomes that selects too many. Invert correction: if the neighbors of a selected
vertex X are all selected vertices, then X can be removed from C.

Combining these ideas, it is possible to further improve these methods. At the last
cycle of the greedy correction, there are no unselected vertices with multiple unstable
edges. In this cycle, the choice of which vertex of an unstable edge should be selected is
arbitrary. In some case however, this choice has an impact on the final solution, because
of the final invert correction.

Figure 3: A subgraph with the last cycle of the greedy algorithm where each vertex has
a maximum of one unstable edge

Take the subgraph shown in Figure 3.
Between vertices A and B, there is an unstable edge. Since the greedy correction is

at its last cycle, the algorithm can be sure that there are no vertices with more than
one unstable edges. Suppose the algorithm first discovers vertex A. Vertex A has one
unstable edge. The other vertex of this unstable edge is vertex B. It is granted that B
has no other unstable edges, only this one.

Let us introduce a new concept, the compatible neighbor.

Definition 1 Definition of compatible neighbor: if B and B2 are neighbor vertices in a
graph, B2 is selected, and beyond B, B2 has only selected neighbors, then B2 is a compatible
neighbor of B.

The algorithm should decide like this:
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If B has more compatible neighbors than A, then select B, else select A.
Compatible neighbors are good, because the invert correction will deselect them if all

their neighbors are selected. Since A has one compatible neighbor (A1), and B has one
compatible neighbor too (B2), in this case, the choice is truly arbitrary, the algorithm will
select A.

Lamarckian inheritance is the idea that characteristics developed during an organism’s
lifetime (the greedy error correction), can be inherited. The question is, should the
algorithm follow this idea, and pass through the genes reflecting the solution after the
correction, or not.

Since the greedy error correction is not a stochastic method, it creates the same pheno-
types for a given genotype. If the child inherits every gene of a parent’s genotype perfectly,
it will develop the same phenotype as the parent did. Furthermore, it is possible that
the algorithm creates the same phenotype for different genotypes. That is why, using the
Lamarckian inheritance could lead to a less varied gene pool, which is not desirable.

5 Genetic Algorithm for partitioning

The first step for both the genetic algorithm and the random method is to determine the
number of partitions. 10 partitions for a graph with 10 vertices would result the same as
there would not be groups at all, but little number of partitions for a big graph is not
ideal either. We use the following function:
|P | = (|V |0.7)/3
The GA for partitioning has to be fast, so the genome structure is not as straightfor-

ward as the genome structure of the main GA.
Number of genes = |P |. Every gene denotes the base vertex of the corresponding

partition. In the initial population, every gene gets a random value x, where 0 ≤ x < |V |.
The fitness function first simulates a vertex-conqueror game.
Rules of the vertex-conqueror game are:
Initially, every partition has one vertex, their base vertex, based on the genome. Every

partition has a set of conquered vertices (CV ), initially it is their base vertices. If a
partition has a base vertex already taken, then the new partition conquers the base vertex
of the previous partition, and the previous partition leaves the game.

In every round, each vertex of the CV of each partition expands, meaning that they
conquer every neighbor vertices, except those already conquered by any partition.

When no partition can expand anymore, the first partition conquers every non-
conquered vertices if there are any left (may happen in case of not connected graph).
The game ends here: the phenotype is ready.

The fitness value of a phenotype is as follows:
Let g be the number of neighbor vertices that belong to one group, and w is the

number of neighbor vertices that belong to different groups.
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Let a = [g/(g + w)], this is a number between 0 and 1, as g and w are both positive
numbers.

Let cmax = max(|CV |), the size of the largest partition.
Let cmin = min(|CV |).
Let b = cmin/cmax, a number between 0 and 1, as cmin <= cmax, and both are

positive numbers.
The fitness value is: (a ∗ b ∗ b) ∗ 10000.
For every new generation, the GA for partitioning uses elitism, fitness proportionate

selection, one-point crossover, and mutation, we talk about these as we detail them in the
next session.

6 Next generation of the minimum vertex cover al-

gorithm

The first x genomes of the next generation is x genomes of the first population with the
best F values. This is called elitism, it ensures that the best solutions will always stay in
the population, with elitism, there is no chance of loosing quality due to mutation.

The next genome of the next population is super-child S.
For every i = 1, 2, ...,m, where m = |P |, let genome B be the genome of the previous

generation with the best value Ii. The fitness function for Ii is the number of selected
vertices on partition Pi. KS

j = KB
j for every j = Pi1 , Pi2 , ..., Piq , where KS is the set K

of the super-child, KB is the set K of B, Pix is the xth member of Pi, and q = |Pi|.
In other words, the super-child inherits the best genes of the population for every

interval, from one, two, or more parents.
The rest of the population are created as follows:

• Two parent are selected from the previous population, using fitness proportionate
selection:

– Let A be the arithmetic mean of the F values of the population.

– If value F of a genome is better than A, then this genome will be a parent with
a probability depending on F − A

• Let O1 and O2 two genomes generated from the parents. O1 completely inherits
the genes of the first parent, or partially inherits the genes of the first parent to a
random point x. If O1 inherited partially, then it inherits the missing genes beyond
x from the other parent. O2 inherits the remaining genes of the parents. (One-point
crossover).

• Each genes of O1 and O2 has a chance to mutate. If a gene in K mutates,
then its value changes from false to true, or from true to false. For example:
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K = [0, 0, 0, 1, 1]. If the mutation chance is 100%, then after the mutation K is
[1, 1, 1, 0, 0].

The new generation has the same size of population as the previous one had. The old
generation dies, the next generation takes their place.

Naturally, after the next generation is ready, the algorithm updates the F and I values
of each genome.

7 Example

For the sake of this example, let’s assume that there is a population of 3 solutions for
a graph, and the partitions of the graph is known ([1, 2, 3, 4], [5, 6, 7]). The order of the
graph vertices is shown on Figure 4. The first generation is also known.

Figure 4: A simplified illustration of the algorithm

To repair the first solution, the algorithm has to complete the graph cover. The
algorithm is greedy, but there is only one edge without cover vertices. The edge is between
vertex 3 and 4. Selecting vertex 3 would result one unnecessary cover vertex, selecting
vertex 4 would result one unnecessary cover vertex too, the algorithm selects vertex 3.
Vertex 1 becomes unnecessary. Therefore this cover has 4 vertices.

Solution 2 has edges without cover vertices too. Since the algorithm is greedy, vertex
4 is selected, because it will cover 2 uncovered edges. Solution 3 is a cover set, but it has
one unnecessary vertex.
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The final cover set size of each solution in the first generation is 4. But on the black
interval solution 1 and 3 are better, and on the grey interval solution 2 is better.

The first solution of the new generation is the first best solution of the previous
generation. Since they all had the same fitness value, solution 1 is the elite.

The second solution is the super child, with the best intervals. It inherits the genes of
the black interval of solution 1, and the genes of the grey interval of solution 2. Vertex
4 is selected because it will cover 3 uncovered edges. Vertex 2 is unnecessary. Therefore
this cover has 3 vertices.

The third solution inherits genes from two parents randomly, then mutates. It has
one edge without cover vertices. The algorithm selects vertex 4, because it will result 3
unnecessary vertices. This cover has 3 vertices too.

8 Experimental Results

We compare our algorithm with a fast greedy algorithm, a normal GA with simple error
correction, and TVCA. TVCA of Ashay Dharwadker is a great algorithm for the vertex
cover problem [10]. It always finds the cover set with size of a given number k, if there
is any. TVCA first fills C (the cover set) with the members of V (vertices of the graph).
The algorithm then finds the elements it can take out from C. But this is not the only
difference between the two algorithms: TVCA is a non-stochastic algorithm.

Our algorithm (MGA) is fast and accurate in almost any cases, except the Witzel
Graph [10], where almost every node is connected to every node, making the intervals
meaningless.

Graph 1 (Vertices: 300, Edges: 354, M.V.C. Size: 132)
Algorithm Time 1 Size 1 Time 2 Size2

TVCA 6 132
Greedy 0 135

GA 1 132
MGA 1 132

Graph 2 (Vertices: 880, Edges: 1030, M.V.C. Size: 431 or less)
Algorithm Time 1 Size 1 Time 2 Size2

TVCA 600 431
Greedy 0 441

GA 10 436 120 433
MGA 5 433 20 432

Graph 3 (Vertices: 1000, Edges: 2000, M.V.C. Size: 558 or less)
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Algorithm Time 1 Size 1 Time 2 Size2
TVCA 480 559
Greedy 0 570

GA 10 564 100 560
MGA 5 563 20 559

Witzel Graph (Vertices: 450, Edges: 17827, M.V.C. Size: 420)
Algorithm Time 1 Size 1 Time 2 Size2

TVCA 60 420
Greedy 0 428

GA 40 425
MGA 50 425

9 Conclusions

Our modified GA always yields at least the same solution as a greedy algorithm, but most
of the time our algorithm is better. The reason is that the first generation has a blank
genome, so the greedy error correction is the same as a greedy algorithm. The modified
GA is a big improvement for the GA. In case of big graphs, it converges much faster with
the interval fitness method which can be viewed as a problem reduction approach. At the
same time, the algorithm focuses on the whole problem as well. With the error correction,
almost all member of the population has a better fitness, and the genetic variation is much
better too. But the biggest advantage of the error correction is obviously the fact that it
mixes the fast and efficient greedy method with the heuristic GA, keeping the advantage
of both approach. In case of a difficult graph, the basic GA can not approach the efficiency
of a simple greedy algorithm, not even with a lot of time given.

With greedy error correction, it is possible that the genome of the optimal solution is
blank, meaning every element of set K has false value. Since the greedy error correction
step itself is a good method for the problem as well, it is a good thing if the GA cooperates
with the greedy method, by only selecting genes that improve the fitness. For this, the
GA has to start with a blank genome. Because in the first step each genome is blank,
there is no need to calculate the fitness of each genome in the first generation, one is
enough.

GAs tend to converge towards local optimum. To avoid this, it is worth to experiment
with multiple populations. Since members of different populations have no chance to mix
their genetic information, multiple populations develop independently, and it is possible
that each population converges towards different local optimums. It is also means that
the different populations can use different processors.

An other idea to solve the problem of local optimum is to restart every generation after
a given time or generation. Obviously the algorithm has to save the best solution, but
the new population must not remember that genome, it has to start with blank genomes.
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10 Saját munka

Nagy Benedek intervallumos ötletét próbáltam ki a minimális lefedő csúcshalmaz al-
goritmusom jav́ıtására. Az algoritmus további jav́ıtásán gondolkozva rájöttem, hogy a
genetikus algoritmust seǵıteni kell egy jav́ıtó-eljárással, ı́gy kifejlesztettem a mohó-jav́ıtást
is a problémához. Később találtam egy cikket [4], melyben a szerzők hasonló ötlettel
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álltak elő, de ők úgy ı́télték meg, hogy elég egy egyszerűbb jav́ıtó további fejlesztések nem
jav́ıtanák jelentősen az eredményt, viszont számı́tásigényesebbé válna az algoritmus. A
tesztjeim során azonban nekem úgy tűnt, hogy érdemes bonyoĺıtani a jav́ıtó-algoritmust,
mert egyértelműen javul a jó megoldások megtalálásának gyorsasága.

Az intervallumok meghatározására több ötletem is volt, az egyik közülük a genetikus
algoritmus használata, tehát ehhez a problémához is késźıtettem egy genetikus algorit-
must. A témavezetőm javaslatára elkezdtem keresni mások által késźıtett algoritmusokat
a problémához, ekkor találtam meg a [4, 10] munkákat, és elkésźıtettem egy mohó algo-
ritmust is.

Az algoritmusommal később a párhuzamos programozást is teszteltem, amivel sikerült
gyorsabb eredményt elérni.
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