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Chaos in a model of El Niño – a computer-assisted proof

The general theory of chaos in dynamical systems cannot be easily applied to concrete systems of differential equations. The difficulty is to check whether a sufficient, abstract condition for chaos is satisfied by the solution dynamics induced.
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Existence of chaos is ensured by locating a subset of the phase portrait with certain geometric properties. The practical task is to look for a distinguished collection of approximate trajectories, i.e., for a distinguished collection of solutions provided by the computer. In order to exclude numerical artefacts and thus to arrive at a rigorous, mathematically sound proof for chaos, a worst--case analysis of truncation and rounding errors is indispensable. Standard differential equation solvers cannot be used for this purpose. One has to use interval solvers instead, solvers that result in interval envelopes of exact solution trajectories. Please see the accompanying Figure.
As for the classical Lorenz system, the prototype for differential equations with chaotic behaviour from the late sixties onward, the first actual proof for chaos---more precisely, for the embeddability of a Smale horseshoe in a suitable Poincaré return map of the solution dynamics---was given only thirty years later by Mischaikow and Mrozek in 1995--1998. Their proof was computer--assisted and used interval computation.
Our aim is to apply the Mischaikow-Mrozek approach to the Vallis system, an affine equivalent version of the Lorenz system. The Vallis system is one of the simplest models of the El Niño phenomenon, an anomalous, large-scale warming of the upper ocean layer in the eastern equatorial Pacific.
In our computer program we have used procedures from the 2010 Literate Programming version of the "Validated Numerical Ordinary Differential Equation" package prepared by Ned Nedialkov. The actual conditions for chaos to be checked were found by interactive MATLAB experimentation. The checking program was run on an Intel Core i7; 3.4GHz computer. The running time was sligthly longer than two days.
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