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Abstract

Discrete time growth optimal investment in stock markets with proportional

transactions costs is considered. The market process is modeled by a discrete

valued stationary and ergodic process. Without the knowledge of the underlying

distribution of the process, we show an empirical investment strategy such that,

in the long run, the growth rate on trajectories achieves the maximum with

probability 1.

1. Introduction

The purpose of this paper is to investigate sequential investment strategies for
�nancial markets in which at the beginning of each trading period a portfolio selection
has to be chosen for investing the current capital in the available assets. After buying
and selling transaction cost has to be paid proportionally to the amount of money
moved. The sequence of price relatives is supposed to form a stationary and ergodic
process with discrete values. The strategies are allowed to use the data collected from
the past, however, the underlying distribution of the market process is unknown. The
investor's aim is to �nd a strategy selecting scheme such that his wealth grows on
average as fast as for any other strategy with probability 1. In particular, such
optimal strategy will perform at least as well as any strategy that is even allowed to
use knowledge of the distribution of the market vectors.

In case no transaction cost is involved, a number of empirical optimal strategies
are known, for a comprehensive survey see Györ� et al. [4]. The problem of growth
optimal investment with proportional transaction costs was studied by Cover and
Iyengar [7] in horse markets, where in every market period one of the assets has
positive payo� and all the others pay nothing. Iyengar [6] investigated growth opti-
mal investment with several assets assuming independent and identically distributed
sequence of market returns. The most far reaching study was Schäfer [8] who consid-
ered the maximization of expected growth rate when the asset returns are Markovian.
Györ� and Vajda [5] extended it to almost sure optimality. These results, however,
are based on the knowledge of the underlying distribution.

The rest of the paper is organized as follows. In Section 2, we describe the market
model with transaction costs. In Section 3, we formulate the problem of short-term
optimization and show its equivalence with the average growth rate maximization.
The portfolio strategies are introduced and their optimality is stated. In Section 4,
some technical results are derived. These show that, in a sense, short-term optimiza-
tion is not very di�erent from the one-step optimization, which corresponds to the
well-examined problem of log-optimal portfolios. In Section 5, the optimality of the
introduced strategies is proven and Section 6 concludes the paper.
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2. Mathematical setup

Consider a market consisting of d assets. The evolution of the market in time is
represented by a sequence of market vectors s1, s2, . . . ∈ Rd

+, where si = (si,1, . . . , si,d)
such that the j-th component si,j of si denotes the price of the j-th asset at the end
of the i-th period.

In order to apply the usual prediction techniques for time series analysis one has
to transform the sequence {si} into a more or less stationary sequence of return
vectors {xi} as follows: xi = (xi,1, . . . , xi,d) such that xi,j =

si,j
si−1,j

, where s0,j = 1 by

de�nition. Thus, the j-th component xi,j of xi denotes the amount obtained after
investing a unit capital in the j-th asset on the i-th trading period.

The investor is allowed to diversify his capital at the beginning of each trading
period according to a portfolio vector b = (b1, . . . , bd). The j-th component bj of
b denotes the proportion of the investor's capital invested in asset j. Throughout
the paper we assume that the portfolio vector b has nonnegative components with∑d

j=1 b
j = 1. The fact that

∑d
j=1 b

j = 1 means that the investment strategy is
self �nancing and consumption of the capital is excluded. The nonnegativity of the
components means that short selling and buying stocks on margin are excluded. To
make the analysis feasible, some simplifying assumptions are made. We assume that
assets are arbitrarily divisible and all assets are available in unbounded quantities at
the current price at any given trading period. We also assume that the behavior of
the market is not a�ected by the actions of the investor using the strategies under
investigation.

For j ≤ i we abbreviate by xi
j the array of return vectors (xj, . . . , xi). Denote by

∆d the simplex of all vectors b ∈ Rd with nonnegative components summing up to 1.
An investment strategy is a sequence B of functions

bi : (Rd
+)

i−1 → ∆d, i = 1, 2, . . .

so that bi(x
i−1
1 ) denotes the portfolio vector chosen by the investor on the i-th trading

period, upon observing the past behavior of the market. We write b(xi−1
1 ) = bi(x

i−1
1 )

to ease the notation.

Let Sn denote the gross wealth at the end of trading period n, n = 0, 1, 2, . . .,
where without loss of generality let the investor's initial capital S0 be 1 dollar, while
Nn stands for the net wealth at the end of trading period n. Using the notations
above, for the trading period n, the net wealth Nn−1 can be invested according to
portfolio bn, therefore the gross wealth Sn at the end of trading period n is

Sn = Nn−1

d∑
j=1

bn,jxn,j = Nn−1⟨bn, xn⟩,

where ⟨·, ·⟩ denotes the inner product.
At the beginning of a new market day n+1, the investor sets up his new portfolio,

i.e. buys/sells stocks according to the actual portfolio vector bn+1. During this
rearrangement, he has to pay transaction cost, therefore at the beginning of a new
market day n+1, the net wealth Nn in the portfolio vector bn+1 is less than Sn. The
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rate of proportional transaction costs levied on one asset are denoted by 0 < cs < 1
and 0 < cp < 1, i.e the sale of 1 dollar worth of asset nets only 1 − cs dollars and
the purchase of 1 dollar worth of asset costs an extra cp dollars. We consider the
special case when these rates of costs are constants over the assets. Let's calculate
the transaction cost to be paid after selecting the portfolio bn+1. Before rearranging
the capitals, at the j-th asset there are bn,jxn,jNn−1 dollars, while after rearranging
we need bn+1,jNn dollars. If bn,jxn,jNn−1 > bn+1,jNn, then we have to sell and the
transaction cost is cs (bn,jxn,jNn−1 − bn+1,jNn), otherwise we have to buy and the
transaction cost is cp (bn+1,jNn − bn,jxn,jNn−1).

Let x+ denote the positive part of x. Thus, the gross wealth Sn decomposes to
the sum of net wealth and cost in the following way

Sn = Nn +
d∑

j=1

cs (bn,jxn,jNn−1 − bn+1,jNn)
+ +

d∑
j=1

cp (bn+1,jNn − bn,jxn,jNn−1)
+ .

Dividing both sides by Sn and introducing the ratio wn = Nn

Sn
, we get

1 = wn + cs

d∑
j=1

(
bn,jxn,j

⟨bn, xn⟩
− bn+1,jwn

)+

+ cp

d∑
j=1

(
bn+1,jwn −

bn,jxn,j

⟨bn, xn⟩

)+

.

The equation above always has a unique solution wn ∈ (0, 1]. This ratio only depends
on bn, bn+1, and xn, i.e. wn = w(bn, bn+1, xn). This function w is continuous, and has
the bounds 1−cs

1+cp
≤ w ≤ 1.

In the sequel xi will be a random variable and is denoted by Xi. Assume that the
sequence X1, X2, . . . form a stationary and ergodic process. Furthermore, we assume
that Xi takes values in a countable set S ⊂ (δ,K)d for some 0 < δ < K < ∞.

De�ne the asymptotic growth rate of a strategy B by

W (B) = lim inf
n→∞

1

n
lnSn(B),

i.e. the number for which Sn ≈ enW for large n. Our aim is to maximize this rate
without the knowledge of the distribution of X, that is, to �nd a strategy whose
average growth rate is almost surely (a.s.) as large as the average growth rate of any
other investment strategy.

To construct an optimal strategy we will use the concept of expert mixing. Sup-
pose that we have a �nite or countably in�nite array of strategies, the so-called
experts, {Bk|k ∈ I} and a strictly positive distribution {qk|k ∈ I} on the set of
indices. Consider two types of aggregations. In the �rst case (AG1), distribute the
initial wealth S0 = 1 among the experts according to the distribution {qk}, and let
them perform their actions individually. Clearly,

Sn(B
AG1) =

∑
k∈I

qkSn(Bk).

However, strictly speaking BAG1 is not an investment strategy, since it may buy and
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sell from the same stock at the same time. In the second case (AG2) therefore the
aggregated portfolio pays for the transaction cost. The cost paid obviously can only
decrease with this change, hence

Sn(B
AG2) ≥

∑
k∈I

qkSn(Bk). (1)

3. Short-term optimization

Temporarily suppose that after every m trading period we don't have to pay the
transaction cost. Let S̃n note the wealth after nm steps in this model, and suppose
we have an empirical strategy Hm which is optimal, i.e.

lim inf
n→∞

1

n
(ln S̃n(H

m)− ln S̃n(H
′)) ≥ 0 a.s. (2)

for any other strategy H′. Since wn is bounded below by a nonzero constant C, we
have

ln S̃⌊n/m⌋+(lnSn− lnSm⌊n/m⌋) ≥ lnSn ≥ ln S̃⌊n/m⌋+(lnSn− lnSm⌊n/m⌋)+⌊n/m⌋ lnC,

and thus

lim inf
n→∞

1

n
(lnSn(H

m)− lnSn(H
′)) ≥ 1

m
lnC a.s.

Therefore Hm is almost optimal for large m, and optimal strategy can be obtained by
mixing these strategies as experts for all m. From now on we focus on constructing
H = Hm for a �xed m. This can be interpreted as short-term optimization: in each
period of m, we try to �nd a strategy that maximizes the growth in that period,
but the choices of these strategies do not e�ect each other. The previous argument
shows that to obtain a growth optimal strategy, it su�ces to construct the short-term
optimal strategies Hm.

Introduce the notation B = {b = (b1, . . . , bm)|bi is an S i−1 → ∆d function}, the
set of the short-term strategies. At the start of every period of m days, we choose a
b ∈ B, which determines our strategy for that period: on the �rst day our portfolio
is b1, on the second day b2(X1), on the third day b3(X1, X2), etc. Obviously, every
investment strategy can be described with the sequence of these short-term strategies.
For arbitrary z = (x1, . . . , xm) ∈ Sm and b = (b1, . . . bm) ∈ B de�ne

G(b, z) = ln(⟨b1, x1⟩w(b1, b2(x1), x1)⟨b2(x1), x2⟩ × · · ·

· · · × w(bm−1(x1, . . . , xm−2), bm(x1, . . . , xm−1), xm−1)⟨bm(x1, . . . , xm−1), xm⟩).

That is, the doubling rate of a period if our strategy is b and the return vectors are
(x1, . . . , xm) = z. Note that there exists a universal bound |G(b, z)| ≤ M for all
b ∈ B and z ∈ Sm.

Also introduce the notations Zi = (Xim+1, . . . , X(i+1)m) and X
(j)
i = Xim+j for

i ≥ 0, 1 ≤ j ≤ m. We can summarize all the notations regarding the sequence
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X1, X2, . . . in the following way

X1 = X
(1)
0 , . . . , Xm = X

(m)
0︸ ︷︷ ︸

Z0

, Xm+1 = X
(1)
1 , . . . , X2m︸ ︷︷ ︸
Z1

, . . . , Xim+1, . . . , X(i+1)m︸ ︷︷ ︸
Zi︸ ︷︷ ︸

Zi
0

, . . .

We can now introduce the optimal strategy for a �xed m. First we de�ne an
in�nite array of experts. To this end, �rst set for any s ∈ (Sm)k

b(k)(Zn
0 , s) = argmax

b=(b1,...,bm)

bj :{X
(1)
i ,...,X

(j−1)
i |Zi−1

i−k=s,k≤i≤n−1}→∆d

∑
k≤i≤n−1:Zi−1

i−k=s

G(b, Zi).

That is, we search the past for appearances of s, and design a short term strategy
optimizing the return for the trading periods following each occurrence. So far this
de�nition only de�nes bj on the points of Sj−1 which occurred as (X

(1)
i , . . . , X

(j−1)
i )

after a matching Zi−1
i−k = s. On the remaining points set bj = (1/d, . . . , 1/d). Also, if

there is no i such that Z i−1
i−k = s, set bj = (1/d, . . . , 1/d) for all j. De�ne the expert

h(k)(·) with
h(k)(Zn

0 ) = b(k)(Zn
0 , Z

n
n−k+1).

These experts are mixed according to (AG2) with the use of a strictly positive prob-
ability distribution {qk} on the positive integers, so from (1) we get

S̃n(H) ≥
∑
k

qkS̃n(H
(k)).

Theorem 3.1 The strategy H = Hm de�ned above satis�es (2).

The proof of the theorem is given in Section 5. Combined with the earlier argu-
ments this theorem provides an empirical growth-optimal strategy.

Note that the growth rate to be maximized can be expressed as

1

n
ln S̃n =

1

n

n−1∑
i=0

G(bi(Z
i−1
0 ), Zi),

where bi(Z
i−1
0 ) ∈ B.

This leads to the following de�nition: let us call b∗ ∈ B m-logoptimal with respect
to (w.r.t.) Z - or its distribution P - if

E{G(b∗, Z)} = max
b∈B

E{G(b, Z)}.

The set of m-logoptimal portfolio strategies is denoted by B∗(P )

Before moving on to the proof, we will need some technical results.
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4. Continuity properties

The results presented in this section are about how some quantities related to
G(b, Z) depend on the distribution P of Z. These are mainly generalizations of
Section 3 and 4 of Algoet and Cover [1], which corresponds to the case m = 1, that
is, when we ignore all transactions costs.

Introduce the notations v(b, P ) = E{G(b, Z)} and v∗(P ) = supb∈B v(b, P ). Also,
let P denote the space of probability measures on Sm with the weak topology.

Proposition 4.1 The function v∗ is continuous on P.

Proof. Since G(b, z) is continuous in z, for any b∗ ∈ B ∗ (P ) and any sequence
Pn → P

lim inf v∗(Pn) ≥ lim inf v(b∗, Pn) = v(b∗, P ) = v∗(P ),

so v∗ is lower semi-continuous. On the other hand, v(b, P ) is continuous on B×P as
well, and since B is compact, it follows (Bertsekas and Shreve [3], Proposition 7.33)
that v∗ is upper semi-continuous on P , too.

Proposition 4.2 If b0 and b1 are both m-logoptimal strategies with respect to P ,
then G(b0, z) = G(b1, z) for P -almost every z.

Proof. Let bλ denote the following strategy. Aggregate the strategies b1 and b0

according to (AG2), with the weights λ and 1− λ, respectively. From (1),

exp{G(bλ, z)} ≥ λ exp{G(b1, z)}+ (1− λ) exp{G(b0, z)},

and thus
G(bλ, z) ≥ λG(b1, z) + (1− λ)G(b0, z).

Taking expectations gives

v(bλ, P ) ≥ λv(b1, P ) + (1− λ)v(b0, P ) = v∗(P ),

where equality has the necessary condition that G(b0, z) = G(b1, z) almost every-
where.

Proposition 4.3 The set {(P,b)|P ∈ P ,b ∈ B∗(P )} is closed in P × B.

Proof. We need to show that if (Pn,bn) → (P∞,b∞) and bn ∈ B∗(Pn), then
b∞ ∈ B∗(P∞). Since v∗(P ) is continuous in P and v(b, P ) is continuous in both
coordinates,

v(b∞, P∞) = lim
n→∞

v(bn, Pn) = lim
n→∞

v∗(Pn) = v∗(P∞).

Lemma 4.4 If Pn → P∞ weakly and bi ∈ B∗(Pi) for i = 1, . . . ,∞, then G(bn, z) →
G(b∞, z) for P∞-almost every z.
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Proof. Since B is sequentially compact, every subsequence of {bn} has a convergent
subsequence. The previeous proposition yields that the limit of such a subsequence
is m-logoptimal w.r.t. P∞. Therefore every subsequence of {G(bn, z)} also has a
convergent subsequence, with the limit G(b′

∞, z) for some b′
∞ ∈ B∗(P∞). These

limits coincide, therefore {G(bn, z)} is convergent, too.

Lemma 4.5 Let Z be an Sm-valued random market vector de�ned on a probability
space (Ω,F ,P). If Fk is an increasing sequence of σ-�elds with the limiting �eld
F∞ ⊂ F , then

E{max
b

E{G(b, Z)|Fk}} ↗ E{max
b

E{G(b, Z)|F∞}} a.s. (3)

as k → ∞ where the maximum on the left-hand side is taken over all Fk-measurable
B-valued functions and the maximum on the right-hand side is taken over all F∞-
measurable B-valued functions.

Proof. Let Pk denote a regular conditional distribution of Z given Fk. Lévy's
martingale convergence theorem implies that

Pk → P∞ weakly a.s.

There exists a selector b∗ of m-logoptimal strategies such that b∗(P ) is measurable
in P by the measurable selection theorem of Kuratowski and Ryll-Nardzewski. With
such a selector, b∗(Pk) is Fk-measurable and therefore the expression inside the ex-
pectation on the left-hand side of (3) is v∗(Pk). For l < k, b∗(Pl) is Fk-measurable
and thus

E{G(b∗(Pl), Z)|Fk} ≤ max
b

E{G(b, Z)|Fk} = v∗(Pk).

Taking Fl-conditional expectations yields that

v∗(Pl) = E{G(b∗(Pl), Z)|Fl} ≤ E{v∗(Pk)|Fl}

and hence {v∗(Pk),Fk} is a submartingale. Therefore, the sequence E{v∗(Pk)} is
monotonically increasing. On the other hand, from the continuity and boundedness
and of v∗(·) we get that v∗(Pk) → v∗(P∞) a.s. and in L1, too. Thus,

E{v∗(Pk)} ↗ E{v∗(P∞)}.

Remark. The countability of S provided the �rst countability and the compact-
ness of B which latter turned out to be the key properties for this section. If one
wants to drop the countability condition, these properties of B have to be ensured
some other way, for example by considering only Lipschitz-continuous coordinate
functions bi with a �xed Lipschitz-constant.
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5. Proof of Theorem 3.1

Besides the results of Section 4, the proof uses the following result due to Breiman
[2].

Lemma 5.1 Let Z = {Zi}∞−∞ be a stationary and ergodic process. For each positive
integer i, let T i denote the operator that shifts any sequence {. . . , z−1, z0, z1, . . .}
by i digits to the left. Let f0, f1, f2, . . . be a sequence of real-valued functions
such that limn→∞ fn(Z) = f(Z) almost surely for some function f. Assume that
E{supn |fn(Z)|} < ∞. Then almost surely

lim
n→∞

1

n

n−1∑
i=0

fi(T
iZ) = Ef(Z).

An upper bound for the average growth rate can be easily calculated. Let b∗(Zi−1
−∞)

be m-logoptimal w.r.t. the conditional distribution PZi|Zi−1
−∞

, i.e.

b∗(Zi−1
−∞) = argmax

b(·)
E{G(b(Zi−1

−∞), Zi)|Zi−1
−∞}.

For any strategy H′ = {b′
i(Z

i−1
0 )}∞0 the sum

1

n

n−1∑
i=0

G(b′
i(Z

i−1
0 ), Zi)−G(b∗(Zi−1

−∞), Zi)

is an average of supermartingale di�erences w.r.t. the sequence of sigma algebras
σ(Z i−1

−∞). Indeed,

E{G(b′
i(Z

i−1
0 ), Zi)−G(b∗(Zi−1

−∞), Zi)|Zi−1
−∞} ≤ 0 a.s.

by the de�nition of b∗. The limit of the average of bounded supermartingale di�er-
ences is non-positive, therefore by the ergodic theorem

lim inf
n→∞

1

n
ln S̃n(H

′) ≤ lim
n→∞

1

n

n−1∑
i=0

G(b∗(Zi−1
−∞), Zi) =

= E{max
b(·)

E{G(b(Z−1
−∞), Z0)|Z−1

−∞}} def
= W ∗ a.s. (4)

Hence, if a strategy achieves the growth rate W ∗, it is necessarily optimal in the sense
of (2).

We have that

1

n
ln S̃n(H) ≥ 1

n
ln

(∑
k

qkS̃n(H
(k))

)
≥ 1

n
ln

(
sup
k

qkS̃n(H
(k))

)
,

and thus

lim inf
n→∞

1

n
ln S̃n(H) ≥ lim inf

n→∞
sup
k

1

n
ln
(
qkS̃n(H

(k))
)
≥
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sup
k

lim inf
n→∞

1

n
ln
(
qkS̃n(H

(k))
)
= sup

k
lim inf
n→∞

1

n
ln S̃(H(k)).

This shows that the asymptotic growth rate of the strategy H is at least as large as
the supremum of the growth rate of the elementary strategies H(k). Thus it su�ces
to examine the performance of the individual experts.

Introducing the set

Jk
j,s = {−j + k ≤ i ≤ 0|Zi−1

i−k = s},

and the probability measure

P k
j,s(A) =


∑

i∈Jk
j,s

I{Zi∈A}

|Jk
j,s|

if Jk
j,s ̸= ∅,

δ(1,...,1) if Jk
j,s = ∅,

where δ(1,...,1) is the Dirac-δ concentrated on (1, . . . , 1), b(k)(Z−1
−j , s) is m-logoptimal

w.r.t. P k
j,s by de�nition. We have the weak convergence

P k
j,s →

j→∞

{
PZ0|Z−1

−k=s if P (Z−1
−k = s) > 0,

δ(1,...,1) if P (Z−1
−k = s) = 0

a.s. Indeed, the P (Z−1
−k = s) = 0 case is trivial, and if P (Z−1

−k = s) > 0, the ergodic
theorem implies that∫

f(z)dP k
j,s(z) =

1
1+j−k

∑
i∈Jk

j,s
f(Zi)

1
1+j−k

|Jk
j,s|

−→
j→∞

E{f(Z0)IZ−1
−k=s}

P (Z−1
−k = s)

=

∫
f(z)dPZ0|Z−1

−k=s(z)

a.s.

Denote the limit distribution by P ∗k
s , and let b∗k(s) be an m-logoptimal strategy

w.r.t. P ∗k
s . Lemma 4.4 yields that a.s.

G(b(k)(Z−1
−j , s), z) → G(b∗k(s), z)

for P ∗k
s -a.e. and hence PZ0-a.e. z. Since s was arbitrary, we obtain

G(b(k)(Z−1
−j , Z

−1
−k), z) → G(b∗k(Z−1

−k), z) a.s.

Next we apply the Lemma 5.1 for the functions

fi(Z
∞
−∞) = G(b(k)(Z−1

−i , Z
−1
−k), Z0) = G(h(k)(Z−1

−i ), Z0).

It is easy to see that this sequence satis�es the conditions with the limiting function

fi(Z
∞
−∞) −→

i→∞
G(b∗k(Z−1

−k), Z0).
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We get

1

n
S̃n(H

(k)) =
1

n

n−1∑
i=0

G(h(k)(Zi−1
0 ), Zi) =

1

n

n−1∑
i=0

fi(T
iZ∞

−∞) → E{G(b∗k(Z−1
−k), Z0)},

and by our previous argument

lim inf
n→∞

1

n
ln S̃n(H) ≥ sup

k
E{G(b∗k(Z−1

−k), Z0)}. (5)

b∗k(Z−1
−k) is m-logoptimal w.r.t. PZ0|Z−1

−k
, and therefore

E{G(b∗k(Z−1
−k), Z0)} = E{E{G(b∗k(Z−1

−k), Z0)|Z−1
−k}} = E{max

b(·)
E{G(b(Z−1

−k), Z0)|Z−1
−k}}.

Application of Lemma 4.5 to the σ-algebras σ(Z−1
−k) ↗ σ(Z−1

−∞) yields that the supre-
mum in (5) is in fact a limit, and

E{max
b(·)

E{G(b(Z−1
−k), Z0)|Z−1

−k}} ↗ E{max
b(·)

E{G(b(Z−1
−∞), Z0)|Z−1

−∞}} = W ∗

and by (4) and (5) the proof is �nished.

6. Summary

We constructed an empirical strategy that is optimal under quite general condi-
tions but it has to be noted that the result is primarily theoretical. Since we mix
in�nity number of experts, it cannot be directly implemented. Also, because of this
generality no reasonable convergence bounds can be expected. However, experiments
in the model without transaction costs - see Györ� et al. [4] - suggest that strategies
modi�ed for easier implementation also provide good results in practice, even though
mathematically they would not necessarily need to.
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