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Chapter 1

Introduction

This paper is about modeling unawareness. Unawareness seems like a notion, which can arise in our
everyday life. In a realistic situation we may often not consider all possibilities. Unawareness can be
looked at as a special kind of lack of information, an unaware player is not uncertain about an event,
but does not even think about it. It is plausible to suggest that players may be unaware of an event
of which others are not, this may give place to interesting situations.

If a player is unaware of an event, we think that she does not have any idea about that event. We
do not think that the player is uncertain, or has an unclear image about the event. We think that
the player does not even consider that event, cannot form any belief about the event on any level. By
this we mean, that the player does not form a belief about it, and does not form a belief about not
forming a belief, and so on. Interestingly enough, we have to take into account other players’ beliefs
as well. This means, that an unaware player should not think about other players’ opinion about the
event. By this, unawareness seems like a fascinating notion, and our intention is to take a closer look
at it.

The aim of this paper is to create a model, which can handle unawareness. The uniqueness of this
model could stand in the fact that the unawareness operator is not an axiom, but a derived operator.
According to (Dekel et all, [1998]) a nontrivial unawareness operator cannot be introduced in a standard
state space model. The first chapter will be about showing their findings, and arguing why they do
not apply on our model. After that, we will introduce our model. Obviously, we will start with the
axioms, and work our way through the derived operators till we get to the unawareness operator,
then we will show some of its properties. Because it is a derived operator, we cannot directly assume
its properties, but have to investigate them. Usually, in other models, because of the unawareness
operator’s axiom nature, they assume its properties. Finally, we will show an example, in which we
will check the possible properties of unawareness. We will argue why some of them are more plausible

than others.



Chapter 2

Impossibility theorem

In this section we present a result, which asserts that a standard state space model does not allow
nontrivial unawareness (Dekel et all [1998). It would seem that this contradicts our result, however,
this is not true, because the conditions in this and in our model are different.

Dekel et al (1998) bring forward a theorem, which shows that unawareness cannot be illustrated
in a standard state space model. They allege that in a standard state space model an acceptable
unawareness operator could only mean that a player is aware of everything or knows nothing.

As every theorem, this also depends on assumptions. Two of these assumptions are properties of
the knowledge operator. These properties are commonly agreed upon, so no problem arises from their
usage. The theorem also has assumptions of the unawareness operator. Some of the shown properties
are more acceptable than others. They prefer to define unawareness by multiple levels of not knowing.
This assumption has great bearing on the proof. So the allegation is that their proof is correct, but
it does not contradict the definition presented later on in this paper.

The following definitions are needed for discussing [Dekel et al| (1998))’s result.

Definition 2.1. Mapping P : Q — P(Q) is a possibility correspondence. P(w) consists of the states,

which the player considers possible, when she is at state w.

Definition 2.2. Knowledge operator K : P(Q) — P(Q), K(F) = {w € Q|P(w) C E}. K(E) consists
of the states, at which the player knows event E.

After these definitions they introduce some usually applied properties of the knowledge operator.
After that they demonstrate that these contradict the (according to them) reasonable notion of
unawareness.

Properties of knowledge operator K:
e Necessitation: K(Q) = Q,
e Monotonicity: E C F = K(E) C K(F).

Necessitation means that the player knows all tautologies. Monotonicity implies, that if E implies
F, then the knowledge of F implies the knowledge of F. These properties are commonly used in the
literature.

They introduce an unawareness operator as well, and they show that, if we assume some reasonable

properties about that operator, then it will be trivial in a standard state space model.

Definition 2.3. Unawareness operator U : P(2) — P(Q) is such that U(E) contains the states,

where the player is unaware of event E.



Properties of unawareness operator U:

e KU introspection: K(U(E)) = 0,

e AU introspection: U(E) C U(U(E)),

e (Knowledge) plausibility: U(FE) C CK(E)NCK(CK(E)).

KU introspection means that a player cannot know in any state that she is unaware of event
E. They assume K(U(E)) C U(E), based on a kind of nondelusion, which suggests that a player
cannot be deluded about own knowledge. Therefore, if a player knows that she is unaware of an
event, it must be so. But K(U(E)) C CU(E) should hold also, because, if a player knows she is
unaware of an event, then it would make her aware of that event. The preceding two statements can
hold simultaneously only if K(U(FE)) = (). Intuitively this is easy to see, because knowledge of own
unawareness contradicts the intuition behind unawareness.

AU introspection means that a player cannot be aware of being unaware of an event. If she was
aware of her unawareness of that event, then after all she is not unaware of that particular event.
That is why it seems reasonable to assume that she has to be unaware of her own unawareness. To
sum up, awareness of own unawareness does not seem compatible with the notion of unawareness.

Knowledge plausibility is the property, where this model and our model, discussed later on, differ.
The infallibility of the knowledge operator suggests that it should not be associated in any form with
the unawareness operator. Knowledge plausibility is essential in the proof. This means that this is
the property why this theorem does not apply on the subsequent model.

Dekel et al (1998) show that in an (2, K,U) state space model with the preceding properties,

there cannot be a nontrivial U operator.

Theorem 2.4 (Dekel et al (1998)). If (Q, K,U) is plausible and satisfies KU and AU introspection,
then the following statements hold:

1. If K satisfies necessitation, then U(E) =0, E C Q.
2. If K satisfies monotonicity, then U(E) C CK(F), E,F C Q.

The first part of the theorem means that necessitation implies no one ever being unaware of
anything. In this case the U operator would have no sense in any model, because there would be
no state in which the player is unaware of any event. The second part of the theorem means that
if monotonicity holds and the player is unaware of any event, then she cannot know any event. The

latter means that unawareness of anything implies the knowledge of nothing.

Proof. If we apply plausibility on event U(FE), then

UU(E)) CCK(CK(U(E)))

holds. Because of AU introspection:

U(E) C U(U(E)) C CK(CK(U(E)) .

KU introspection implies K(U(E)) = (), which is equivalent to CK(U(FE)) = Q. This implies the

following

U(E) CCK(Q) . (2.1)



Necessitation is equivalent to K(Q) = , so by (2.1) this implies U(F) = (), E C Q. Monotonicity
is equivalent to F C F = K(E) C K(F), so K(F) C K(Q), F C Q, holds. This means

CK(Q) CCK(F), FCQ.
By U(E) CCK(F). O

It is important to see that the proof breaks down without , which relies on knowledge plau-
sibility. So changing that property would mean that the theorem could not be applied.

The problem arises from inspecting the conditions. If we define unawareness in a different way,
then not all conditions hold, and the theorem breaks down. In any case our model does not contradict
this theorem because of the different definition of unawareness.

Maybe [Dekel et al| (1998)’s conclusion could be changed in a way that, not that the unawareness
cannot be modeled in a standard state space model, but if we assume certain properties of unaware-
ness, then it cannot be done. If we examine their assumptions, then it might seem obvious that, if
you want to weaken some of them, you cannot weaken the properties of knowledge, because they are
commonly accepted. So the only way to weaken the assumptions is to change the properties of the
unawareness operator.

In conclusion, the article was about certain properties of unawareness, which they find reasonable,
and what we can derive from them. If we do not assume the same properties, then their conclusion

does not apply.



Chapter 3

A model with unawareness

This chapter is about presenting our model, and its various properties. The main goal is to introduce a
proper unawareness operator. This will be done in a different way than in [Dekel et alf (1998), because
it will not be based on knowledge, but on belief. Unawareness will be presented as an operator, which
contains different kinds of states, where belief is not formed about the event. In this model we will
assume belief plausibility, and not knowledge plausibility.

The following model has many predecessors. It all began with |[Aumann| (1999a)), who compares
the semantic and syntactic approach. |Aumann| (1999a) is about a knowledge space, |Aumann| (1999b))
in turn is about a knowledge-belief space. [Meier| (2008)) can be considered as the next level, because
it shows the existence of a universal knowledge-belief space.

The introduction of types can be traced back to the renowned Harsanyi| (1967-68)) article. [Heifetz
and Samet| (1998)) show that a universal type space exists in a purely measurable setting. On the
other hand [Pintér| (2010)) shows that a universal topological type space does not exist. |[Pintér| (2012)
proves that the Harsanyi program stands in a purely measurably setting. The previous results suggest
that an appropriate model would be in a purely measurable setting.

We can take a look at those kind of predecessors of this model, which allow unawareness in them,
for example Heifetz et al (2011)). [Heinsalu| (2011) creates a universal type space with propositional
unawareness in a purely measurable setting. Pintér and Udvari| (2011) create a generalized type space,

which allows unawareness.

3.1 The model

This section shows the axioms of our model. In other models the unawareness operator is usually an
axiom. In this case it will be a derived operator. This can be considered as the novelty of our model.
The following definition will show the axioms of our model, the definitions presented later on, will be

derived from these axioms.

Definition 3.1. An extended knowledge-belief space based on parameter space S is a tuple
(S, {Q, Mi}ieng, { Ki}ien, {Ai}ien, 9, { fi}ien) such that

A S is the non-empty parameter set,
B ) is the non-empty set of the states of the world,

C (Q,M,;) is a measurable space, i € Ny,



D K;: M — M, is Player i’s knowledge operator, i € N, such that for each events A, A,, € M:

D1 K;(A) C A,

(

D2 K;(N,A,) = N, Ki(A,),

D3 K;(A) C K;(K;(A)),
Q)=

D4 K,;(©2

E g:Q— S is Mg-measurable,
F f,: Q— A(Q,9M), Player i’s type function, is such that

F1 For each p € [0,1]: {w € Q: f;(w)(A) > p} € M;,

F2 For each A e M, if w € K;(A), then fi(w)(A) =1,

F3 For each A€ M, if w € {w € Q: f;(w)(A) >0}, then fi(w)({w € Q: fi(w)(A) > 0}) >
F4 For each A, e M, Up{w € Q: fi(w)(4,) >0} ={w e Q: fi(w)(N,A4,) >0},

where N is the finite players set, No = N U {0}, M = Vien, M, M is a class of o-fields on set Q,
and A(Q2,0N) is a class of probability measures on the o-fields of M.

The difference between the sets S and 2 is that the set S consists of states of the nature, which
contain parameters that cannot be associated with any player. But the states of the world, the point
of €2, contain not only the parameters, but such properties that can be associated with players.

It was argued earlier why the purely measurable setting might be a more appropriate model setting.
The o-algebras are similar to the partitions in |[Aumann| (1999a), there a player cannot distinguish two
states of the world if they are in the same atom of their partition. In this case two states of the world
are indistinguishable if they are indistinguishable in the player’s o-field. An M, o-field is assigned to
every player, and M is their coarsest refinement. Practically, M contains all available information in
the model.

Property D1 of the knowledge operator is nondelusion. If a player knows an event, then it is true.
Property D2 means that knowing some events is equivalent to knowing their intersection. Property
D3 is positive introspection. If a player knows an event, then she knows her own knowledge. Property
D4 is necessitation, the players know the universal event 2 at every state of the world.

In this model negative introspection (CK;(A) C K;(CK;(A))) does not hold. Negative introspection
basically means that if a player does not know an event, then she knows that she does not know it.
This would mean that in every case, when a player does not know an event, for example she is
unaware, she would know that she does not know that event. This holding in every case would seem
odd in a model, where our goal is to model unawareness.

Property F defines the type function. Property F1 defines the partitions of all players, by making
fi M;-measurable. Property F2 means that if a player knows an event, then she believes it with
probability 1. Property F3 means that if at a state of the world a player assigns probability at least
0 to an event, then she assigns probability at least 0 to assigning probability at least 0 to that event.
Intuitively, if a player forms a belief about an event, then she forms a belief about forming a belief.
Property F4 means that at a state of the world assigning probability at least 0 to minimum one event

of a sequence of events is equivalent to assigning probability at least 0 to their intersection.

Proposition 3.2. If A C B, then K;(A) C K;(B), i € N.



Proof. A C B implies K;(A) = K;(AN B), and by Property D2 K,;(AN B) = K;(A) N K;(B) C
K;(B). O

If event A implies B, then the knowledge of A implies the knowledge of B.

3.2 Mutual and common knowledge

In this section we present some derived operators and their properties. Mutual and common knowledge
are usually applied operators in a knowledge-belief space. The following operators will be derived from

the knowledge operator.

Definition 3.3. The 1st order mutual knowledge operator K' : M — M is such that for each event

If at a state of the world an event is 1st order mutually known, then all players know that event.

Definition 3.4. K" : M — M (n > 2) is the nth order mutual knowledge operator, such that for
each event A € M: K"(A) = K}(K""1(A)).

At a state of the world an event is nth order mutually known, if it is 1st order mutually known

that it is (n — 1)th order mutually known.
Proposition 3.5. Properties of nth order mutual knowledge, for alln € N, A, B, A,,, € M:
1. K"(A) C A,
2. K"(NmAm) = N K™ (An),
3. If AC B, then K™"(A) C K™(B),
4. K™"(Q) = Q.

Proof. 1.: By Property D1 of Definition K;(A)CA,ie N, so

NienKi(A) C A,

and by Definition

KY(A) = NienK;(A) C A .

By Part 1. of Proposition 3.2

So

NienKi (K (A)) C NienKi(A) |

by Definitions [3.3] and [3.4]

K?*(A)C K'Y (A) CK;(A)CA.

If we go on, we get



K™(A)C A.

2.: By Property D2 of Definition [3.1

Ki(NmAm) = NmKi(Ap) , i€ N,

so by taking their intersection by 14

miGNKi(ﬁmAm) = m1'€N(mmf{i(f4m)) = mm(miGNKi(Am)) .

Because of Definition [3.3] this means
K'(NmAn) =N K (A .

Ki{(K*(NmAy)) = Ki(NmK'(Ay)), i €N .

By Part D2 of Definition

KO K (Am)) = O EG (K1 (A,)) L i€ N .

Taking their intersection by ¢

MieN Ki (K (N A)) = Nien N K (K (Ar)) -

So

K2(NmAp) = N K2(A) -

We can go on and get

K™ (O Am) = N K™ (A) -

3.: By Proposition [3.2]if A C B, then K;(A) C K;(B), i€ N. So

NienKi(A) € NienKi(B) ,

and because of Definition [3-3] this is equivalent to

K'(A) C K'(B) .

Again by Proposition

Ki(K'(A)) C K;(K*(B)), i € N .

So

Nien K (K'(A)) C Nien K;(K*(B))

by Definition [3.4

K?(A) C K*(B) .



And so forth

K™(A) C K™(B) .

4.: By Property D4 of Definition [3.1]

So

NienKi(Q2) =Q ,

by Definition

K'YA) = NienKi(Q) = Q .

Therefore

Ki(KN(Q)=K(Q)=Q, ieN,

hence

Nien Ki(K'(Q)) = 2,

by Definition [3.3] this is equivalent to

Using Definition

If we go on

K"Q)=Q, neN.

O

All these properties come from the properties of the knowledge operator. If a player knows an

event, then it is true, so if an event is nth order mutually known, then it is also true. The nth order

mutual knowledge of a sequence of events is equivalent to the mutual knowledge of their intersection.

Moreover, if event A implies event B, then the nth order mutual knowledge of A implies the nth

order mutual knowledge of event B. Finally, the universal event €2 is nth order mutually known at

every state of the world.

Definition 3.6. The common knowledge operator CK : M — M is such that for each event A € M:

CK(A) = N2 K™(A).

CK (A) consists of those states of the world, where all players know event A, and all players know

that all players know event A, and so on to infinity.

Proposition 3.7. Properties of the common knowledge operator, for alln € IN, for all A, B, A,, € M:



1. CK(A) C 4,

2. CK(NmAm) = NmCK(Ap),

3. If AC B, then CK(A) C CK(B),
4. CK(A) C K;(CK(4)),

5. CK(A) = CK(CK(A)),

6. CK(Q) = Q.

Proof. 1.: By Definitions and Property D1 of Definition

CK(A)CK'(A) CK;(A)CA.

2.: By Part 2. of Proposition [3.5

K'"(NmAp) =Ny K" (Ay), neN.
So

ﬂi’f’:l Kn<ﬁmAm) = ﬂ?’f’:l (mmKn<Am)) = mm(moolen<Am)) . (31)

n
By Definition (3.1)) is equivalent to

CK(NmAm) = NnCK(An) .
3.: By Part 3. of Proposition 3.5]if A C B, then K"(A) C K"(B), n € IN. So

MR K™ (A) € s, K7(B)

by Definition [3.6] this is equivalent to

CK(A) C CK(B) .
4.: By Definitions [3.3] and

K" (A) = KN (E™(A)) = Nien Ki(K"(A)) € Ki(K"(A4)) .

Taking their intersection by n

Maza K" (A) © 02, K (K7(4)) -

By Property D2 of Definition [3.1

M35y K™ (A) € Ki(nGe, K™ (A)) (32)
By Definition [3.6]

CK(A) =N, K™(A) C N2 K"T(A) .

Putting the last equation and (3.2]) together, we get
CK(A) C K;(Ny2,K™"(A)) .

10



By Definition [3.6] the last equation translates to

CK(A) C K;,(CK(A)) .
5.: We will first show the CK(A) C CK(CK(A)) direction.
By 4. we get
CK(A) C K;(CK(A)),ie N .

Taking their intersection by i and Definition [3.3] we get

CK(4) = NuenCK(A) € MiewKi(CK(A) = KNCK(4)) (33)
If we apply Proposition [3.2] on (3.3

K, (CK(A) € K;(KNCK(A).j € N .

Taking their intersection by j

N; Kj(CK(A)) € M K (K (CE(A))) -

The previous is equivalent (by Definitions [3.3] and to

K'(CK(A)) C KYKY(CK(A))) = K*(CK(A)) . (3.4)
By and
CK(A) C K*(CK(A)) . (3.5)

By applying Point 3. of Proposition on (3.5), and then Definition

K'(CK(A)) € K'(K*(CK(A))) = K*(CK(4))

so by the previous equation and (3.3)

CK(A) C K*(CK(A)) .

If we go on this way, we get

CK(A) C K"(CK(A)),n €N .

Taking their intersection by n gives

CK(A) CnN,K"(CK(A)) =CK(CK(A)) .
By this, one direction is proved, and now we have to show the the other one, CK( CK(A)) C
CK(A).
By Point 1. of Proposition[3.7C K (B) C Bholds. If B = CK (A), then it translates to CK (CK(A)) C
CK (A), which is exactly what we wanted to show.
6.: By Point 4. of Proposition [3.5

K'(Q)=Q, neN.

11



Taking the intersection of both sides means

Mo KM (Q) =Q,

finally by Definition [3.6]

CK(Q)=0Q.
O

The properties of the common knowledge operator are similar to those of the knowledge operator.
The difference is that the knowledge operator is assigned to players, but the common knowledge
operator is linked to all players, and not one in particular. If an event is commonly known, then it
is true. The common knowledge of a sequence of events is equivalent to the common knowledge of
their intersection. If event A implies event B, then the common knowledge of event A implies the
common knowledge of event B. Furthermore, the common knowledge of an event is equivalent to the
common knowledge of the common knowledge of that same event. The previous statement implies
positive introspection (CK(A) C CK(CK(A))). This property holds for the knowledge and common
knowledge operators, but does not hold for the mutual knowledge operator. Lastly, there is no state

of the world, where the universal event () is not common knowledge.

3.3 The belief, ignorance and unawareness operators

This section is about introducing some more operators. In this section we finally reach the unawareness
operator. First we introduce the belief operator, which is a derived operator as well. From the belief
operator we will derive the ignorance operator. Finally, we will derive the unawareness operator from
the ignorance operator. After introducing these operators, we will prove some properties concerning
the unawareness operator. This is important, because we would like our unawareness operator to
relate to its intuitive notion.

The belief operator will be derived from the type function, so all of these operators will be derived,
in a sense, from the type function, in contrast with the previous ones, which were derived from the

knowledge operator.

Definition 3.8. BY : M — M, is Player i’s belief operator, i € N, such that for each event A € M,
BY(A) ={w e Q: f;(w)(A) > 0}.

This definition is derived from Property F of Definition The following properties of the belief

operator come, of course, from the same place.

Proposition 3.9 (Properties of the belief operator). For alln € N, A, A,, € M:
1. BY(4) € BY(BY(4),
2. Uy BY(A,) = BY(N,A,),
3. BY(A) = BY(CA).

Proof. 1.: It comes directly from Part F3 of Definition [3.1}
2.: It comes directly from Part F4 of Definition [3.1

3.: If event A is an element of a o-field, then its complement is also an element of that o-field. O

12



The belief operator shows the states of the world in which the player believes the event with
probability at least 0. So if a state of the world is not in BY(A), then in that state of the world Player
i does not form any beliefs about event A. Usually in a model the players form beliefs about all events.
This means that every state of the world would be an element of BY(A), for all players and all events.
In this model this will not stand, because our goal is to model unawareness. We have to provide the
possibility for being outside of the set BY(A). If we did not provide this possibility, unawareness could
not be plausibly introduced in our model. So, in this model the type function maps into A(, M),
which is a class of probability measures on the o-fields of 9. 21 in turn is a class of o-fields on set
Q. Thus if an event is not in a o-algebra, then the type function may not be defined on that certain
event. This is what mathematically allows the specific situation of a player not assigning probability
at least 0 to an event. In other models 2t would contain only the finest o-algebra on §2, which would
mean that the type function is defined on every possible event, hence all players would form beliefs
about all events.

The first property of the belief operator means, that if Player ¢ has any kind of belief of an event,
then she has a belief about her own belief about that event. The second property represents the notion
that a player having beliefs about at least one event of a series of events is equivalent to having a
belief about their intersection. The third property means that having a belief about an event means
having a belief about its complement.

BY(A) contains the states of the world, where Player i believes with probability at least 0 that
event A is true. So the player may think this event has probability 0, hence she might not even think
it is true. In fact, in these states the player has a belief about the event. If a state of the world is
not an element of this set, then in that particular state of the world the player has no beliefs about
the event. The player does not even assign probability 0 to it. We will call these special kinds of
states ignorance of event A by Player i. When a player ignores an event, she has no beliefs about it.
This is important in our model, because our goal is to model unawareness. We will try to model it,
in a sense, as the fix point of the ignorance operator. This shows that in our model unawareness is
a derived operator, and is not just introduced as an axiom. The goal is to model unawareness as a
kind of operator, which contains a lot of levels of not forming beliefs. This seems more plausible, then
modeling it with knowledge. The infallibility of knowledge makes it unrealistic for being a modeling
device for unawareness. The subjectivity of beliefs make the belief operator a much more reasonable
modeling device.

So as previously stated, the ignorance operator will be derived from the belief operator.

Definition 3.10. Ignorance operator I; : M — M, is defined as for each event A € M:

I;(A) =CBY(A) .

The definition of ignorance suggests, that ignorance of an event means no kind of belief is formed

about that event. This will characterize the ignorance operator.

Proposition 3.11. Player i € N'’s ignorance operator I; meets the following points:
1 Ii(1;(A)) € Ii(4) ,

2 NpIi(An) = L(NRAR),

3 I;(A) = L;(CA).

Because ignorance is defined as the complement of the belief operator, all these properties come

from Definition [3.8] and Proposition [3.9] The first property says, that if a player is ignorant of her

13



own ignorance of an event, then she ignores that event. The second property suggests, that if a player
is ignorant of some events, it is equivalent to her ignorance of their intersection. The third property
of ignorance is symmetry. This means, that if a player is ignorant of an event, then she is ignorant of
the complement of that event as well.
Definition 3.12. I, I" : M — M are mutual ignorance operators, such that for each event A € M:
1 IY(A) = NienI;(A), 1st order mutual ignorance,
2 I"(A) = I*(I""1(A)), nth order mutual ignorance.

An event is 1st order mutually ignored if all players ignore that event. By definition the nth order

mutual ignorance means that all players ignore that the event is (n — 1)th order mutually ignored.

Proposition 3.13.
L;(B}(A)) = Li(I;(A)), for all j € N\{i}

Proof. This is because of Definition and Part 3. of Proposition [3.11 O

This means that ignoring an other player’s ignorance is the same as ignoring their belief about
that event. This seems intuitively plausible, because if a player ignores the belief of an other player,
it should not make a difference if the other player forms a belief about that particular event or not.

Here comes the operator, which was the purpose of this model. Unawareness will be derived from
the ignorance operator. For this, we will introduce the following notations: I2(A) = I;(I;(A)), and
IF(A) = LI 1(A)).

Definition 3.14. U; : M — M, is Player i’s unawareness operator, i € N, such that for each event
Ae M:
Ul(A) = ﬂklf(ﬂnfn(A))

The unawareness operator is derived by applying the ignorance operator countably infinitely many
times. In a sense, it is a fix point of the ignorance operator, unawareness implies ignorance on every
level. It is similar, in a way, to the common knowledge operator. Only, the common knowledge operator
is a fix point of the mutual knowledge operator, and not the ignorance operator. There is a difference
in that way also, that common knowledge applies to all players, but unawareness is assigned to only
one player.

The following proposition describes properties of the ignorance operator, which will be needed to

analyze the properties of the unawareness operator.
Proposition 3.15. Player i’s ignorance operator meets the following points:
1. If AC B, then I;(A) C I;(B).
2. MIY(A) CMiIL(A).
3. If AC B, then NiIF(A) C NpIF(B).
4. If A C B, then N, I"(A) C N, I"(B).

Proof. 1.: Because of Part 2. of Proposition and A C B,
Li(A)=1L(ANB)=IL(A)NILB) CLB).
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2.: Because of Part 1. of Definition [3.12) I*(A) C I;(A). From Part 1. of Proposition

L;(I'(A)) C Li(I;(A) = I}(A)

by Parts 1. and 2. of Definition [3.12]

I*(A) = I'(I'(A)) C L(I'(A)) € I7(A)

and so on:

I'(A) C IN(A) .

Hence

NI (A) € NiIL(A) .

3.: Because A C B and Part 1. of Proposition stand,

Using the same once more

this is equivalent to

and so on:

SO

NRIF(A) C N IF(B) .

4.: By A C B and Part 1. of Proposition [3.15

IL,(A)CLi(B), ie N,

therefore

NienIi(A) € NienI;(B) .

Because of Part 1. of Definition [3.12] this is equivalent to

I'(A) c 1'(B) .

Using Part 1. of Proposition [3.15]

L(I'(A) CL(I'(B)), i€ N,

SO
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NienTi(I'(A)) € Nien ;(I'(B)) .

By Part 1. of Definition [3.12

NI (4) € I'(1'(B))

by Part 2. of Definition [3:12]

and so on:

1"(A) c I'(B) ,

SO

Nnl™(A) C N I"(B) .

In conclusion if A C B, then

N, I"(A) C N, I"(B) .
|

The second part of the proposition means, that mutual ignorance of an event up till level [ implies
the ignorance of that same event by Player i, up till the same level. If event A implies event B, then
the ignorance of event A implies the ignorance of event B. Also if event A implies event B, then
Player i’s nth level of ignorance of event A implies the same level of ignorance of event B. Lastly,
if event A implies event B, then the nth order mutual ignorance of event A implies the nth order
mutual of ignorance of event B.

The following property constitutes of unawareness of own unawareness. This is an intuitively
required property of unawareness. If a player was aware of her own unawareness, we would think that
she could not be unaware after all. This is a property that is usually required from unawareness.

In short, we will prove, that if a player is unaware of an event in a state of the world, then she is

also unaware of her unawareness of that same event.
Lemma 3.16. AU introspection: U;(A) C U;(U;(A)).

Proof. Because of Definition [3.14]

V(UL (A)) = oI5 (O (U(A))) = (L < Ao " ( o If(mmfmm»)) |

If we apply Point 2. of Proposition on N, I™(A), then

M TN (N I™(A)) € O IH (N I™(A)) . (3.6)

By Point 2. of Proposition [3.11]

M N I (A) = I (N, I (A)) . (3.7)

If we put (3.6) and (3.7) together, then we get
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M N I (A) € N IHN R I (A)) (3.8)

If we apply Part 4. of Proposition on (3.8), then

A d™ (Mg Ny ™ (A)) C N IT ( ah If(nmfm(A))> 7

by Part 2. of Proposition [3.11]

NI (O Ny TH™(A)) = 04 O N IHFF(A)

To sum up

O N Ny T (A) € 0, I ( N If(mmlm(A))> . (3.9)

If we apply Part 3. of Proposition on (3.9), then

RIF (N Ny N I (A)) C N IF ( N, I™ < N If(mmI’”(A))>> .

By Definition [3.14 and Part 1. of Proposition [3.11]

Ui(A) CU;(Ui(A)) .
O

The following properties may clarify, why the previously given definition of unawareness seems

appropriate.
Proposition 3.17. The basic properties of U;:
1. Ui(A) C NIk (A),
2. Uj(A) C ﬂkIf(B?(A)), JjEN,
3. U;(A) Cn,N; ﬂin"(B?(Bg(A))).
Proof. 1.: Because of Part 2. of Proposition [3.15
ﬂlIl(A) C ﬁllzl(A) .
Using Part 8. of Proposition [3.15
NeIF(NIH(A)) C NeIF(NIL(A))
By Property 2. of Proposition [3.11
ﬂkfik(ﬁlff(A)) =Ng My Iik-H(A) .
Because of Definition and Part 1. of Proposition [3.11]

Ui(4) C NaIP(A) .

2.: By Definition [3.12]
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Because of Part 3. of Proposition [3.15

N IE (N ™ (A)) © MeIf (1;(A4)) - (3.10)

The left side of (3.10) is equivalent to U;(A), by Definition By Part 3. of Proposition
the right side of (3.10) is

Nel} (L1 (A)) = ML~ (1(CL;(A))) -

Finally, by Definition [3.10]

Nely (1L (A)) = I~ H(Li(BY(A)) -
3.: It goes as Part 2. of Proposition [3.17] ]

The first property means that if a player is unaware of an event, then she ignores it on every level.
The second property shows, that it is irrelevant whether the other player has a belief of that event or
ignores it, the unaware player ignores these alternatives. So if a player is unaware of an event, then
she does not just ignore it, but ignores others ignorance or belief. The fourth property means that if
a player is unaware of an event, then she ignores other players’ belief about other players’ beliefs of
that event.

With these properties we tried to prove, that this unawareness operator relates to the notion of
unawareness. An unaware player does not just ignore that event on every level, but ignores other
players ignorance (or belief). To go on, the player ignores, that other players may have any beliefs
about other players’ beliefs about the event. It is important that the unaware player does not just
ignore own ignorance, but ignores other players’ belief or ignorance. If we thought, that a player
did not ignore an other player’s belief, then we would not think that she is unaware. The intuitive
meaning of these properties is, that no one can show anything associated with the event of which the
player is unaware, which is not ignored.

For some properties of unawareness, we will need the following definition, which practically gives

back a subset of the belief operator.
Definition 3.18. B’ : M — M,, i€ N, for all Ae M, BY(A) ={w e Q: f;(w)(A) > p}.

Apparently, B is more restricting than BY. In the case of BY(A), Player i forms a belief about
event A. The player may ascribe probability 0 to it, but she does consider the event. However, if
p > 0, then BP(A) consists of a set of states of the world, where Player i assigns probability at least
p to event A. This is, of course, more restricting, because it contains less states of the world. For
example, the states of the world where Player i only forms a belief about event A, but finds it untrue,
will not be in this set. On the other hand, BY(A) contains all states of the world, which are in BY(A).
The cause if this is, that assigning probability at least p to an event implies assigning probability at
least O to it.

The following properties are based on |[Heifetz et al (2011). These properties are found to be

expected of an unawareness operator.

Proposition 3.19. Properties of U;:
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1. Plausibility: U;(A) C CBY(A) nCBY(CBY(A)),
2. Strong plausibility: U;(A) C N, (CBY)"(A),

3. Necessitation: B} (Q) = Q,

4. Ui(A) € CK(A),

5. Symmetry: U;(A) = U;(CA),

6. U conjunction: N,U;(A,) = U;(NnAy),

7. KU introspection: K;(U;(A)) = 0.

Proof. 1. and 2.: They come directly from Definition combined with Part 1. of Proposition [3.17]
3.: By Part D4 of Definition K;(©2) = Q, by Part F2 of Definition if w e K;(A), then
filw)(A) = 1. So if A =Q, then for each w € K;(2) = Q, then f;(w)(2) = 1. Because of Definition

BHQ) = 0.
4.: By Part 1. of Proposition U; € CBY(A), which is equivalent to B?(A) C CU;(A).
By Property F2 of Definition [3.1] and Definitions [3.8 and we get
Ki(A) € Bi(4) € B)(4) ,

putting the last two equations together means K;(A) C CU;(A), and then taking its complement

means

Ui(4) € CK,(A) .

5.: From Part 3. of Proposition I;(A) = I;(CA), i € N. Thus M;enI;(A) = NienI;(CA), this
is equivalent to (Definition I'(A) = 1'(CA).

L(I'(A)) = L(T'(CA)) , ie N,

SO

MienLi(I'(A)) = NienL;(I'(CA)) .

By Definition this means I?(A) = I?(CA). And going so forth

I"(A)=1"CA), neN.

So
M M (A) = M2, I (CA)
and
L;(Mpy IM(A)) = Li(np, I (CA))
and so on
IF (O, I (A)) = IF (N, 17 (CA))
Therefore
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Nelf (MR 17(A)) = M (M2, 17(CA))

which is equivalent to (by Definition [3.14)

Ui(A) = U;(CA) .

6.: By Part 2. of Proposition [3.11

Nnli(An) = Li(NnAn) , i€N .

So by taking their intersection by 4

Nien MNnp Iz(An) = ﬁiENIi(mnAn) )

by Definition [3.12] this is equivalent to

N (A,) = TN, A,) .

So

LN, I (Ay)) = L(IY(N,A,)), i €N .

By Part 2. of Proposition [3.11] the left hand side can be written in the following way

L(Na T (AR)) = Nu L (TH(AL)) -

Therefore

Nien Nn Li(I'(A4r)) = Nien Li(I'(NnAy))

and by Definition this is equivalent to

Nnl?(A,) = T2 (NpA,) .

And so on

Nl (An) =IN(N,A,) , TEN.

Taking the intersection of both sides gives

NN THAL) = NI (N, AL) -

Li(Nn i I'(AL)) = L(NI (NnAn))

by Part 2. of Proposition the left hand side is equivalent to

Ii(ﬂn ny Il(An)) = ﬂnfi(ﬂlIZ(An)) .

And so on

mn[z‘k(mlll(An)) = Iz'k(mlll(mnAn)) , kelN.
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Hence, taking their intersection by k

o N IF(MTH(AL)) = N IF (N TH (N, AL))

Because of Definition [3.14] this is equivalent to

ﬁnUZ(An) = Ul(ﬁnAn) .

7.: By Property D1 of Definition [3.1] and Point 1. of Proposition [3.19

K;(U;(A)) CUi(A) CCB}(CBY(4)) .

By Property F2 of Definition [3.1] and Point 1. of Proposition [3.19

Ki(Ui(A)) € B (Ui(4)) € B} (CBY(A)) -

Putting the last two equations together, where D = EB?(A), means

Ki(U;(A)) CCBY(D)NB}(D) =0 .
O

Plausibility means that being unaware of event A implies forming no belief about event A, and
forming no belief about forming no belief about event A. Strong plausibility is very similar to plau-
sibility, except that it goes on to infinity. This meets the requirement, that unawareness of an event
means forming no belief about it on any level. In conclusion, in this model belief, and not knowledge,
plausibility holds. So when a player is unaware, she does not form a belief of the event on any level.
This property was practically shown before, when we presented that unawareness implies countably
infinite levels of ignorance. Moreover, we showed, that unawareness implies ignorance of other players
belief.

Belief necessitation means that all players believe with probability 1 the universal event 2 at
every state of the world. The fourth property suggests, that unawareness of an event implies the
complement of knowing that event. If a player is unaware of an event, it would be unreasonable to
suggest, that she knows it.

Symmetry stands for unawareness of one event is equivalent to the unawareness of its complement.
Symmetry basically comes directly from the belief operator. If you can form a belief about an event,
then you can form a belief about its complement. The sixth property implies that being unaware of
a sequence of events is equivalent to unawareness of their intersection.

The last property is KU introspection. This means that the player does not ever know the state
of the world, where she is unaware. If the player knew that state of the world, she would be in it,
but then she would not be unaware. This is more plausible than belief introspection, because a player
could form a belief about being unaware in a different state of the world.

With this we concluded the presentation of our model. Our goal was to create axioms from which
we can derive an unawareness operator. The unawareness operator is indirectly derived from the type
function. In other models the unawareness operator is usually an axiom, so in a way, the innovation

of our model is that the unawareness operator is not an axiom.
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3.4 Example

In this section we will present an example, on which we can check the properties of unawareness, and

why they can be expected or not.

Ezample 3.20 (The knowledge plausibility does not hold). Let S = {x}, Q = {w1,w2}, N = {i},

Q, ifA=Q,
K(A) = {w2}a if A= {w2}a
1] otherwise.

f(wy) is defined on {0, Q},
f(ws) is defined on P(Q) such that f(ws)({wa}) =1,
0, fA=Qor A=,

a {w1}, otherwise.
In this example the player knows ws at state of the world ws. Also, the player is unaware at state

U(A)

of the world wy. At state of the world wy the player ascribes probability 0 to w;. We will check some
properties on this example. The properties come from (Dekel et al, [1998]) and (Heifetz et all, 2011)).

Before we check the properties, we will show a possible story, which can be put behind this
example. (Dekel et al, [1998) mention a situation, where the player contracts to have a home built
(including a driveway), which could be the universal event 2. wy is the state of the world, where
the player is told that city regulations preclude him from placing his driveway wherever he wants to.
Hence, in wy the player knows ws. If the player is told about that city regulations preclude him from
something, then he knows that he has been told that.

In turn, w; is the state of the world, where the player is not told the previous statement about
city regulations. In this state of the world the player is unaware of w; and wy as well. The player does
not form any kind of belief about these situations, because he does not think about city regulations
connected to his driveway. At that state of the world the player only knows, that he is building a
home. The player does not form a belief about being told or not being told, he does not consider this
kind of aspect of his home building.

On the other hand, at wy the player assigns probability 0 to w;. This means, that when the player
is told about the city regulations, he forms a belief about not being told about this information. If
the player is told about something, he is able to form a belief about not being told that very same
thing. Obviously, because he is told about the city regulations, he assigns exactly probability 0 to not
being told about them.

Properties:

e Knowledge necessitation holds: K(Q) = Q,

Belief necessitation holds: B!(Q) = Q,

Monotonicity holds: K ({ws}) = {w2} C Q = K(9),

Knowledge plausibility does not hold: U({w; }) = {w1} € CK ({w1 })NCK (CK ({w1})) = QN = 0,

Belief plausibility holds:
A BYA) CBY%4) CBLB'(A) U(A)
) 0 Q )
Q Q) 0 Q
{wi}  {wo}  {wi} {wi} {wi}
{wa}  {wa} {w1} {w1} {w1}

0
0
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e KU introspection holds: K(U({w1})) = K(U({w2})) =0,
e BU introspection does not hold: BY(U({w1})) = B®(U({w2})) = {w2},
e AU introspection holds: U({w1}) = U({ws}) CU(U(Hw1})) = U(U({w2})),

e U(A) C CBP(A) holds:
A Br(A) CBr(A) U(A)
0

0 Q 0
Q Q 0 0
{wl} @ Q {wl}

{wa}  {wa} {wi}  {wi}

e U(BI(A)) C CBP(A) holds,
A BYA) CBr(A) U(BYA)

0 0 Q 0
Q Q 0 0
{wl} @ Q @

fw2}  {wa}  A{wn} {wi}
e Symmetry holds: U(A) = U(CA),
A CA U) UCA
0 Q 0 0
0 0 0 0
fwr} {wa} A{wn}  A{wn}
w2} A{wi} {wn}  A{wi}
e U conjunction does not hold: U({w1}) NU({we}) = {w1} # U({w1} N{wa}) = U(D) =0,

e AB self reflection does not hold: U(BP({w1})) = U(0) =0 # U({w1}) = {w1},

e AA self reflection holds: U(CU(A)) = U(A),

A U4) CU4) UCuA))
] 0 Q 0
) 0 Q 0

{fwi} {wi}  {wo} {wi}
{wo}  {wi}  {wo} {wi}

{fwi} {wr}  {wo} {wa}
{wo}  {wi}  {wo} {wa}

Belief and knowledge necessitations hold in this example, these are commonly expected properties

of any model. (Dekel et all [1998) assume some properties of the unawareness operator, and from
those, which are associated with knowledge, only one holds. KU introspection holds, but knowledge
plausibility does not hold. This is not a problem in the sense, that we find belief plausibility more

important, which on the other hand, holds. We found, that it seems more reasonable to model
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unawareness with multiple levels of not forming a belief than multiple levels of not knowing. Belief
introspection not holding is, in a sense, reasonable, because at state of the world ws the player forms
a belief about being unaware at state of the world w;. KU introspection holds, because the player
is unaware at state of the world w;, and does not know that state of the world at any state of the
world. So BU introspection may not hold, because the player does form a belief about w; elsewhere,
she just does not know that state of the world anywhere.

In this example AU introspection holds. This is important, because this is the property, which
is a commonly expected property of unawareness. This is a property, which even (Dekel et al| [1998)
demand from an unawareness operator, and the only one in their case, which is not connected to the
knowledge operator. AU introspection means, that if a player is unaware of an event at a state of the
world, then she is also unaware of being unaware.

U(A) C CBP(A) holds, which means that being unaware of an event implies not assigning prob-
ability at least p to it. We already know that if a player is unaware of an event, then she does not
even assign probability at least 0 to it. Assigning probability at least 0 to an event obviously contains
more states of the world, then assigning at least probability p to it. So if we take the complement
of these sets, not assigning probability at least p to an event will be the larger one. To sum up, not
forming a belief about an event is more restricting, then not assigning probability at least p to it.
Because we already know (belief plausibility) that unawareness implies the former, it has to imply
the latter also.

U(B%(A)) C CBP(A) holds. This means that being unaware of assigning probability at least ¢
to an event implies not assigning probability at least p to it. The intuitive meaning of this property
could be that if a player is unaware of assigning probability at least ¢ to that event, then she does
not form a belief about it. Because if the player formed a belief about that event, she would form a
belief about forming a belief. But in the case of unawareness that cannot happen because of belief
plausibility. According to belief plausibility if a player is unaware of an event, then she cannot form
a belief about that event.

Symmetry holds, which is an important property, because it is a basic property of the belief
operator. We did not define a property for the type function to satisfy this property. U conjunction
does not hold in this model, which is not a major problem. If U conjunction would hold, then being
unaware of a sequence of events would be equivalent to being unaware of their intersection.

AB self reflection does not hold. AB self reflection would mean that being unaware of an event is
equivalent to being unaware of assigning probability at least p to it. This is not unusual, if we assume
that if a player forms a belief about an event, she has to form a belief about forming a belief. AA self
reflection holds, which states that being unaware of an event is equivalent to being unaware of being
not unaware of that same event.

BP(CU(A)) = CU(A) holds, which means not being unaware of an event is equivalent to assigning
probability at least p to not being unaware. So if a player assigns probability at least p to being not
unaware, then she is not unaware indeed. The last sentence seems plausible, because if the player
formed some kind of a belief about that event, she cannot be unaware. Also, if a player is not unaware

of an event, then she forms a belief about not being unaware.
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Chapter 4

Conclusions

The accomplishment of this paper is the nature of the unawareness operator. We have built a special
kind of model, which allows unawareness, and we introduced it as a derived operator. For this, it was
important to allow the possibility in this model, that players are able not to form beliefs about an
event. In models, normally, players form beliefs about all events, they may just assign probability 0
to them, if they believe them to be untrue. However, in this case we had to allow an other scenario,
in which the previous statement does not hold. This is because unawareness is about not forming
beliefs about an event on any level. Furthermore, the player cannot form a belief about other players’
belief about the event.

It may seem as a problem, that (Dekel et al, [1998) allege that in a standard state space model
a nontrivial unawareness operator cannot be introduced. We have shown, that this does not apply
on our model, because we did not define unawareness as multiple levels of not knowing an event.
We find that it is more plausible to define unawareness with belief. We have shown an extended
knowledge-belief space, from which we derived our unawareness operator. It is an intriguing property
of our model, that the unawareness operator’s properties are given in that sense, that they come from

the axioms. This means, that we do not assume them, as it is done in other models.
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