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1 Introduction

The main goal of this paper is to extend the limit theorem known for primitive multi-type
branching processes to the class of irreducible ones in the critical case. (1. e. where the expectation
matrix myg is irreducible and the spectral radius p(m¢) = 1.) In this section we are going to shortly
review the most important concepts and the known limit theorems. We start with the notion of
a branching process.

1.1. Definition. Let (&, %)n ken be independent identically distributed (from now on, we abbre-
viate it as iid) random variables, all of them are nonnegative and integer valued. (X, )nen is a
Galton-Watson type branching process, if

Xn—l

X, = Z Enks ne{1,2,...}.
k=1

Let (e)nen be iid nonnegative random variables independent from (&, x)n ken. Then (X, )nen is
a Galton-Watson type branching process with immigration, if

anl
Xn:zgn,k"i‘en, nE{l,Q,...}.
k=1

The process is called critical, if m¢ :=E[§,1] = 1.

The quantity X,, often denotes the number of individuals in the n-th generation of some
population. Wei and Winnicki proved the following important theorem in [14]:

1.2. Theorem. Let (X,,)02 be a critical Galton-Watson type branching process with Xy = 0.
Then
xm 2y (n — o0)

in the Skorokhod space, where Xt(n) = n_lXLmJ 18 a continuous time stochastic process and X
18 the unique strong solution of

dX; = medt +\/VeXFdWy, teRy, Xy=0,

where Wi)ier, is a standard Wiener process and Ve := Var[{y 1].

1.3. Remark. From now on, when stating a theorem about convergence of processes in distribu-
tion, we always mean convergence in the Skorokhod space.

When dealing with multi-type branching processes, things get more complicated. In that
case, if we go along with the population analogue, the population is not homogeneous, but
heterogeneous. First, let us introduce the precise definition of a multi-type branching process.

1.4. Definition. Let p € {1,2,...}, and for any fixed i,j € {1,2,...,p} let (&, k4j)nken be
integer valued nonnegative iid random variables, and finally let (e, x)nren be integer valued
nonnegative iid random variables independent from (§n7k7i7j)n7keN. (£n7k7i7j denotes the number
of j-type offsprings from the k-th i-type individuals in the n-th generation and ¢,, ;, denotes the
number of immigrating k-type individuals in the n-th generation.) With the introduction of the
following notation:

gn,k,i,l &n,1 Xn,l

Enk.i,2 €n,2 Xn2
fn,k,i = . ) En = . I Xn = . )

&n kyip En,p Xnp



where
Xn—1,i

X, =) Enki ERP, Xog=0€R?,
i=1 k=1
we call X,, a p-type branching process. If

p Xn-1,

Xo=Y > buriten€RP, Xg=0€cR?,
i=1 k=1
we call X,, a p-type branching process with immigration. We denote

me, = E[SLLZ'} € Rﬁ, me = [mfl,m&, ceey mgp] S R[:(p,

Ve, == Var(&11,) € REP, m. :=E[e1] € RE,

and we call m¢ the offspring expectation matrix. We say that the process is critical, if p(mg¢) =1,
where p(mg) denotes the spectral radius of mg.

Similarly to the single-type process, the expectation of the offspring distribution plays a
crucial role. With multi-type processes, instead of a real number, we have the matrix me. De-
pending on the structure of m¢, we can say different things about the limit distributions. The
next definition (as seen in [3]) covers the most important ones.

Definition 1.5. Let A € RP*P be a nonnegative matrix. We say that

(i) A is primitive, if there exists an m € N such that A™ is positive.

(ii) A is reducible, if either p =1 and A =0 or p > 2 and there exists a P € RP*P permutation
matrix and k£ € N such that

0 D

where B € RF*¥k ¢ ¢ Rkxp—k ¢ ¢ Rp—kxp—k () ¢ RP—Fxk,
(iii) A is irreducible, if it is not reducible.

ﬂM—Fcy

In the case where mg is primitive or irreducible, we call the corresponding processes primitive
and indecomposable, respectively. The following theorem has been proven by Ispany and Pap in
[5]:

1.6. Theorem. Let (X, )nen be a critical p-type primitive branching process with immigration

and with initial value Xo = 0. Let us assume that for alli € {1,2,...,p} the following conditions
are true: E[||&11,4]%] < oo and E[|le1]|?] < oo. Then

xm 2 Xup, (n— 00)

where XE") = n—lxw 15 a continuous time stochastic process and Xy is the unique strong
solution of

dX; = vﬂgmgdt + \/vgé(umg ® VE)Vm5Xt+th

with initial value Xy = 0, where for every x = (x1,x9, . .. ,xp)T € RP, the ® denotes the operation
x©® Ve =3P 2, Ve, and Vm, and Um, s the unique left and right Perron-vector of my,
respectively. (I e. v, and um, are respectively left and right positive eigenvectors of mg with
mazimum modulus and uITngl =1, ug;ngvmg =1.)

One interesting property of the limit distribution of X (") is that it is concentrated to the ray
generated by the right Perron-vector. We will see that this property also holds for the indecom-
posable case. It is important to note that the unique left and right Perron-vectors mentioned
above do exists. It is also worth mentioning that several limit theorems have been proven by
Kesten and Stigum in the supercritical case as can be seen in [11, 12, 13]. Our main goal is to
prove an analogue of the preceeding theorem to the case where my is irreducible.



2 Preparation

In this section we will review the tools that we are going to use for stating and proving the
main result.

2.1 Structure of primitive and irreducible matrices

The purpose of this subsection is to highlight the differences between the primitive and the
irreducible cases and to introduce the necessary tools for handling the offspring expectation
matrix. For that, first we shall define the directed graph corresponding to a matrix.

2.1. Definition. Let A = (a; ;) ;—; € RP*? be a nonnegative matrix. We call T'(4) = (V, E) the
directed graph of A, if V. ={Py, P,,..., Py} and (P;, P;) € E if and only if a; ; > 0.

If we have a multi-type branching process, looking at the directed graph of the offspring
expectation matrix can give us a lot of useful information. When studying the dynamics of such
a process, the directed paths and cycles in this graph are especially important, because they
represent the genealogy of a given specimen. One can easily prove the following theorem (or look
up the proof in [3], Theorem 6.2.16):

2.2, Theorem. Let A € RP*P be a nonnegative matriz and let P;, P; be two vertices from I'(A).
Then there ezists a directed path of length m € N in I'(A) from P; to P; if and only if (A™); ; > 0.

If A € RP*P ig a primitive matrix with A¥ > 0, this means that for any two P, P; vertices of
I'(A), there is a k steps long directed path from P; to P;. There is no such thing for irreducible
matrices. Regarding them, we can only say that if B € RP*P is an irreducible matrix, then
(I+ B)P~! > 0. (For proof, see [3], Theorem 6.2.23.) In other words, I'(B) is strongly connected,
i. e. for any two P;, P; vertices of I'(B), there is a directed path from P; to P;. We cannot say
anything about the length of this path. If we examine the spectral structure of such matrices,
we see where this difference leads to. First, let us state the famous Perron-Frobenius theorem for
irreducible matrices. (For proof see [3], Theorem 8.4.4.)

2.3. Theorem. Let A € RP*P be a nonnegative irreducible matriz. Then the following statements
are true:

(i) p(4) > 0.

(ii) p(A) is an eigenvalue of A.

(iii) There is a positive vector x such that Ax = p(A)z.

(iv) p(A) is a simple eigenvalue.

For positive or primitive matrices, there can be only one eigenvalue with maximum modulus.
However, this is not true for irreducible matrices. If an irreducible matrix has r eigenvalues with
maximum modulus, we can state the following (see [2], Theorem 8.2.4):

2.4. Theorem. Let A € RP*P be an irreducible matriz with r different eigenvalues of mazimum
modulus. Then there exists a permutation matriz P such that

0 Ao 0

0 0 0

PTAP = :
0 0 Ar—l,r
(A1 O 0 |

where A; ;11 € R%Xdit1 for some d;-s.



Regarding the directed graph I'(A), this means that we can partition its nodes into sets
D1, Ds, ..., D, with |D;| = d; such that there is a directed edge from P; to P; if and only if
j =1+ 1 modulo r. Examining this quantity r can give us a useful way to look at irreducible
matrices.

2.5. Definition. Let A € RP*P be an irreducible matrix with its directed graph I'(A). The
greatest common divisor of the lengths of the cycles in T'(A) is called the index of imprimitivity
of A.

This index of imprimitivity can be easily connected with the number of eigenvalues of maxi-
mum modulus. In fact, the following theorem is true (for details, see [2], Theorem 8.3.4 (iv)):

2.6. Theorem. Let A € RP*P be an irreducible matriz with index of imprimitivity r and spectral
radius p(A). Then A has ezxactly r eigenvalues of mazimum modulus and these eigenvalues are
the roots of the equation \" — p(A)" =0, i. e., the eigenvalues of mazimum modulus are

p(A)e*™IIT (j €{0,1,...,r —1})
Also, we can characterize the primitive matrices with this concept.

2.7. Proposition. Let A € RP*P be an irreducible matriz. Then A is primitive if and only if its
index of imprimitivity is 1.

In other words, if A € RP*P ig an irreducible matrix with index of imprimitivity r > 1,
than there is some kind of periodicity present with period r and it will heavily affect the limit
distributions.

2.2 Limit theorems and convergence

Before saying anything about convergence, we shall precisely define what kind of objects
converge in what sense. Since every trajectory of the step process created from a branching
process is right continous with left limits, it makes sense to consider the space of cadlag functions.
The D(R4,RP) Skorokhod space is defined by the space of all cadlag functions from Ry to RP
and a metric, which makes the space complete and separable. Let us define

A= {)\ € C(Ry, R, ) : A is a bijection }

and
1 ift<N
En(t) =¢N+1—-t f N<t<N+1
0 tN+1<t
and for every A € A,
Alt) — A(s
IIN|| ;== sup log(i().
0<s<t ]

The functions in A are sometimes called "wiggles in time". Then for every «, 5 € D(R,RP),
define

ow(ar B) = inf (1IN +11kna) o A = kv Blloc)

inf
AEA
and
o0
(e, B) =" 27N min{1, 6n (e, B)}. (2.1)
N=1
Then D(R;,RP) is a complete metric space with 0. (For details, see [8], Theorem 1.14.) Let
Do (R, RP) denote the Borel sets by this metric. If (Y¢)icr, and ()ﬁgn))teRJr are RP-valued



stochastic processes with cadlag paths, then we say that yﬁ") o, Y, if and only if the distributions
of yﬁ”) converge weakly to the distribution of yi") in (D(R4+,RP), Do (R4, RP)).

For proving the desired limit theorem for indecomposable multi-type branching processes, we
need an important result. The following theorem is the frame which we will build upon. (See [4],
Corollary 2.2 for proof.)

2.8. Theorem. Let f: Ry X RP — RP and v : Ry X RP — RPX? he continuous functions and
assume that for the SDE
dut == 5(t7ut)dt + ’Y(t,ut)th,

where (Wp)ier, is a standard q-dimensional Wiener process, has a unique weak solution for
every initial value Uy = ug. Assume that the process (th)teR+ 1s the solution of the SDE above

with initial value Uy = 0. For each fized n € N, let (U,(Cn))keN a sequence of random variables with

values in RP adapted to a filtration (}—;in))keN and suppose that for all n,k € N ]E[||U,(€”)||2] < 0.

Let
[nt]
U™ = ZUI(:L)’ teR,, neN
=1

If for every T > 0 the following are true:

. n n n n P

(i) SUP¢e(o,T] H Zl&:t{ E[Ué )‘Flgf)l] - fot 5(37112 )dS)H — 0,

.. n n n n n P
(i) suprepor || SR VarTURIF] = fi (s, U)o (s, U ds| | 25 0,

P n n n P
(iii) ;E:tf E[HU;&@ )”2X{‘|Ul<€n)||>9}|]:,g_)1] — 0 for every 6 > 0,

then U™ 2) U as n — oo.

In case of martingale differences, this theorem becomes simpler. The following corollary easily
follows from the propeties of martingale differences:

2.9. Corollary. Let v : Ry x RP — RP*? be a continuous function and assume that the SDE
dUy = ~(t,Ur)dWr,

where (Wp)ier, s a standard q-dimensional Wiener process, has a unique weak solution for
every initial value Uy = ug. Assume that the process (ut)teR+ 1s the solution of the SDE above

with nitial value Uy = 0. Let (U;n))keN be a sequence of p-dimensional martingale differences
with respect to the filtration (Fi)gen and suppose that for all n,k € N, IE[HU,({")Hz] < oco. Let

[nt]
u”=3"u", teR;, neN
k=1

If for each T € Ry the following are true:
. n n n n n P
() suprepor || SEA EUL U |Fe] = Jy 2, U )y (5,8 s | £ o,
.. n n P
(i) S BIOE Xy 0 gy Fia] = 0 for every 0> 0,

then U™ g U asn — oco.



3 The main result

Let (Xj)ken be a critical p-type branching process with immigration and initial value X = 0.
Suppose that mg is irreducible with index of imprimitivity » and the types are partitioned into
subsets Dy, Da, ..., D, with |Dy| = dj, such that &1, # 0 if and only if there exists a k € N
with ¢ € Dy, j € Dy_1, all subscripts considered modulo 7.

3.1. Remark. From now on, subscripts are considered modulo the subscript’s range.

Because of this, we can assume by enumerating the types in an order according to this
partition that mg has the following form:

0 mj 2 0 N 0
0 0 mas3 ... 0
me=| : : : ;
0 0 0 P 1 s S
| m,.; 0 0 ... 0 |
where my, 41 € R%*de+1 and Z’,;Zl di = p. With the notation m;; := m;; ;... m;_y;, for

every k € {1,...,r — 1}, the k-th power of m¢ has the following form:

0 o0 My, 0 0
0 .0 0  Mgjpp ... O
k . .
me = | o 3.1
S RS PR R 0 0 0 ... 0 (8.1)
i 0 m, ik 0 0 0]
When £k =r, we get
[my 41 0 0
0 my ;o 0 N B
mz = : =My, D DMy 2p,
0 0 DMy

where @ denotes the orthogonal sum of matrices. From the Perron-Frobenius theory for irre-
ducible matrices, we know that there exists two unique positive vectors v, u € RP such that they
are respectively left and right eigenvectors of m¢ for the eigenvalue p(m¢) = 1 with ull1 =1
and u’v = 1. (From now on, we abbreviate them as the left and right Perron-vectors of mg.) If

we partition u and v according the subsets Dy, Ds, ..., D, and introduce the notation
up V1
uz V2 d
u= . ) vV = . ) u;,Vv; € R ‘
u, Vi

by the Perron-Frobenius theory, we have a few important observations, which we summarize

next. (The matrix-theoretic facts are not discussed in the most general setting. For details, see
[2] and [3].)

i) For every i € {1,2,...,r}, the matrix m; ;., € R%*% ig primitive.
y ) 4y ) ) i+ p

(ii) u; = ru; and v; = v; are the left and right Perron-vectors of my; ;4



(iii) For IT; = u;v! we have

m;,., —II; asn— oo
(iv) Because of (iii), for II =111 @ - - - & II, we have
mg" —II  asn — oo.

(v) There are constants ¢ € R4 and x € (0,1) such that for all n we have

m — T < en™, (32)
where ||A| denotes the operator norm for every A € RP*P.
(vi) The matrix IT has some important properties. In fact, for every [ € {0,1,...,r}, we have
the following identities:
mgl_[ = ng, (3.3)
rer o 1 (n+1)r
m Il = nh_{I;O m, =1II, (3.4)
T T
i—1 i—1
HméZmé = HZmé : (3.5)
j=1 j=1

(vii) Since m?’” — IT as n — oo, the norms of mé are bounded, because if j = rk + 5/, where
7 €{0,1,...,7 =1} and ¢* = supgey [[mg*|| < [[TI]| + suppey lmg* — II|| < oo, then

. k -/ —
I || < [lmg® ][ [mf || < c* max{[mg|, [mg]l,... [mg~"|} =: ¢ < oo. (3.6)
(viii) About the covariance matrices V¢, = Var({1,1,7), we can say that

000d---®0dV,y,; ifjeD
Vo, ©0@ - @00 ifj Dy
Ve =<

J

: (3.7)

060 @V, ;00 ifjeD,

where V; ; € Ré-1%di-1 denotes the covariance matrix of the (51,17j7l)l€Di71. For convenience, we
introduce the ® operator: for every x = (z1,22,...,7,)7 € RE, define x ® V¢ := > xi Ve,
and x®V; = ZjeDi iL'sz‘,j.

Our main purpose is to prove the following limit theorem.

3.2. Theorem. Let (Xj)ken be a critical p-type indecomposable branching process with immigra-
tion, indez of imprimitivity r and initial value Xy = 0. Suppose that for every i € {1,2,...,p},
E([|€1,14]|*) < 0o and E(||e1]|*) < oo. For every n € N, define the rp-dimensional random step
process (Xgn))teRJr with

XXT\_ntJ
n 1 r|nt|—1
xlm = = , (3.8)
Xantj —r+1

Then

xm 2 x (3.9)
where, for every t € Ry,

Vi Vi1

X, =

mg_lyt 3 Yi2

mgyt yt,r



where, for every i € {1,2,...,r} and t € Ry, we have Yi; = Z4u; € R%, where (Zt,i)ter, is a
real valued stochastic process and given by the unique strong solution of the SDE
i+r—1
dZm = T‘VlT Z I’Yli,lme’ldt
=i

+r szzH—J 1[(mz+11+ruz)®vz+1] sz+3 1V%ththz'
7=1

Moreover, for every j € {0,1,...,7 — 1}, we have (Y¢)ier, 2 (mgyt)teR+.

3.3. Remark. The moment conditions in the theorem can be weakened. If we only assume finite
second moments, the theorem remains true, but checking condition (ii) in Corollary 2.9 gets
much more complicated. In applications, it is reasonable to assume finite fourth moments.

It would be impossible to apply Theorem 2.8 directly. Our strategy is to introduce a new
process formed by a sum of martingale differences, apply Corollary 2.9 to this new process and

n)

deduce the convergence of X E by the continous mapping theorem. Let us define

\Y P Xoiw — E[X k| Fri—1]
\Y P Xoyk—1 — E[Xpk—1|Fri—2]

My:=0, M; = ) = _ , (3.10)
Mk’,r er—r—i—l - E[er—r—i-l‘]:rk—r]

where (Fk)gen is the natural filtration of our process (Xg)ren. Note that
E[X|Fr-1] = meXy1 + m.. (3.11)
From this, it follows that
Xpp —meX, 1 — m,
Xrg—1 —meX;p o —m,
M, = , . (3.12)

er—r-l—l - mEer:—r — me

The process (X, )nen can be easily reconstructed from this. With the application of (3.12), we
get

i—1
Xrk—itl = mngk: r—i+1 + Z m Mkl +m.)+ Z ml H_r(l\/Ik; 1,0+ m,) (3.13)

=i =1

and hence
L r ' i—1 ‘
Xph—it1 = Z m( - Z mg (M +m.) + > my (M + m,) (3.14)
=1

for every k € Nand i € {1,2,...,r}. Now we examine the limit process of (My)xen. The next

theorem is an important stepping stone for proving Theorem 3.2.

3.4. Theorem. For every n € N, let (Mgn))teR+ be the rp-dimensional continous time random
step process with the following definition:

| nt)
M = Z M;.. (3.15)



Then we have

M® By A, (3.16)
where for every t € Ry
M
Mo
Mt — . 9
Mt,r
is the unique strong solution of the SDE
.
_ r—i j—1 +
dM,,; = [mé Iy m (M + tms)] ® Ve dW, (3.17)
j=1
with initial value Mo; = 0, where Wy;)ier, i € {1,2,...,7}, are independent p-dimensional

Wiener processes.

Proof. The proof consists of two parts. In the first part, we will prove that the SDE (3.17) has a

unique strong solution (ngO))teR . with initial value M(()yo) =y for every yg € RP, as required
in Corollary 2.9. We will prove the actual convergence in the second part.

Handling the SDE-s (3.17) separately is difficult, since they all depend on each other. For solving
this issue, we introduce the p-dimensional process

Ny=Mygi+meMyo+-- + mg_lMt,h teRy. (3.18)

The corresponding SDE of the (N)r, process is

AN = Z mi~! [mg—in(m +t Z mg—lms)} T O VedW,, (3.19)
=1 =1

In this (AVy)ier, process we have all the information about the M, ;-s "rolled up" into one
process. This information can be extracted easily: if (N¢);er, is the unique strong solution of
(3.19) with initial value Ng = 0, then (3.17) takes the form

dME?;O) = [mgfil_[ (J\ft +t i mgflmg)} i O VedWy ;.

j=1

Since the right side does not depend on Mﬁyo), the solution can be written in the form of

M) = yo + /0 t [ (A 4 s Z m'm.)]" o Veaw,.;
j=1

Thus it follows that it is enough to prove the existence of a unique strong solution to the SDE
(3.19) with initial value My = 0. Using the special forms of m¢ and Vg, (see (3.1) and (3.7)),
we can simplify (3.19). Since this is not trivial, we state it in a separate lemma.

3.5. Lemma. For the above defined (./\/t),geR+ process with Ny = (Ngq, ... ,./\/'t,T]T, N € R%
we have

i+r—1 —
+ =
dN; = T[V;‘F (Nt,i +t E ﬁli,lms,l>] AWy, (3.20)
=i

where (Wt,i)te]R+ are a d;-dimensional Wiener process.

10



Proof. The proof is based on two observations:
(i) fu,v,x € R, M € REP| then

VMuvTx 6 V; = VvIixy/Mu 6 V. (3.21)

(ii) T A = (Apm)] ey € RE*P| where the Aj,,-s are suitably sized blocks, then for every
je{1,2,...,r}, we have

1A _ (o
my A= (M 1AL 1m) et

From this, we get
T

ngilA = (Zfﬁl,l—&—j—lAl—i-j—l,m) . (3.22)

l,m=1
=1 =1 -

With the choice

A= | fmrm(v+ Y m )] o v

j=1
we see that
2r—j+1 ri—1 N
A= GB [IYIFTJFJ',@'H@' (Nt,z‘ +t Z ﬁli,lma,l)} O Vi (3.23)
i=r—j+2 =i

Combining(3.22) and (3.23), we can conclude that

r i+r—1
N _ N +
dNt; = Z m; ;i [mi—r—I—j,iHi (Nt,i +1 Z mi,lms,l)} O Vir1jdWh it
j=1 =i
Using IT; = ru;v!, with the application of (3.21) the previous equation can be written in the
form
itr—1 Lo~
dNt,i = r [VZT (Nt,i +1 Z ﬁl@lms’l)] th,i,
=i

where

—~ T
Wi = Z m; ;i 1 \/(ﬁli—r-i-j,iui) O Vi i Whjitj

Jj=1

'
Z Wy i1 (W, W) © Vipglml o W,
=

where (Wt,i)teR ., are d;-dimensional independent standard Wiener processes. This is what we
had to prove. O
Now let us define the process (P ;, Qy,i)icr, for every i € {1,2,...,r} with

i+r—1
e T ~ o
Pri=rv; (Nt,z' +1 Z mi,lme,l)a Qi =N — P

l=t

11



With the application of Ité’s lemma, we see that this process is a strong solution of the SDE

dpt,i = TVZT Z;i;il I’Yli,lme’ldt
/Pl \/ Do My (Wi ) © Vi lm], o dWhy (3.24)
dQ; =1L Y15 mym, dt .
+y/ P - Hz’)\/ D W1 (M igr0) © Vigglmi o dWy;
with initial value (Pg;, Qo) = (0,0). With the choice
i+r—1
bi = TViT Z rYl“mE,l c R+,
I=i
—_— r —_—
Wii=r, |v] Z Wy 1 (M) © Vigglml o Wy € Ry,
j=1
we can write the first equation in the form
APy = bidt + /Pl AWy (3.25)

The SDE (3.25) is the so-called Cox-Ingersoll-Ross model, which is used extensively in math-
ematical finance for modelling interest rates. This equation has a strong solution according to
[10], Chapter 5.2, Theorem 2.9. Moreover, from a theorem of Yamada and Watanabe (see [15],
Theorem 1 for this), it follows that this solution is also unique. It is also worth to note that
applying a comparison theorem due to Ikeda and Watanabe (see [7], Theorem 1.1) yields that if
a solution of (3.25) has positive initial value, it is positive everywhere. This is not unexpected,
since our Galton-Watson process is positive. The second equation in (3.24) does not depend on
Q;; and can be solved if P;; is known. Therefore, because N ti = Qi + Priu;, we have proven
that the strong solution of (3.17) exists.

Now we wish to apply Corollary 2.6 with U = M and U™ = M with filtration (Frk)keN-
For this, we have to check conditions (7) and (7). It is easy to see that E[Mgn)] =0 and M,En)
is a martingale with respect to (Fx)ren. For checking condition (7), first we prove two lemmas.

3.6. Lemma. For all k € N, we have

r r—l
E[Mk(Mk)T|frk—'r] = @ { [mgilx'rk—r + Z méilma} O] Vg + Va}

=1 j=1

Consequently, we have

[nt] r [nt] r—l '
% > EM (M) [ Fre—r] = P {n12 > [mgilxrk—r +) méflmg} ® Ve + LZ;JVE}-

k=1 =1 k=1 j=1
Proof. From the definition of My, it easily follows that

p Xrk—1,i

My = Xpp—i41 —me Xy —me = (5rkfl+1 - E[grkal]) + Z (frk—l,j,i - E[érkfl,jyiD'
i=1 j=1
(3.26)
Since, by definition, the random variables {&x—i141j4.€x : k,j € Nyi € {1,2,...,p}} are inde-
pendent from each other and from F,;_;, we have

p
E[M;y,;(My. )" | Fret] = Z Xk—1,iVe, + Ve = (Xpk—1 © V) + V.
=1

12



With the repeated application of the equality (3.11) and the tower rule, we have

E[My;(Myi) " | Frp—r] = (E[er—”]:rk—r] © V£> + Ve
oo+ S ] v

For i # j, we have
E[Mpi(My ;)" | Frrer] = E[My i (E[Myj | Fri—s])) " [ Frr—r] = 0.
—_———
=0

Combining these two observations, we can conclude our proof. O

3.7. Lemma. Regarding the order of the absolute moments of the processes (Xi)ren and (Mp)ken,

we have
E[[IXk[]] = O(k) (3.27)
E[|X]*] = O(k?) (3.28)
E[|Mg]]] = O(k"/?) (3.29)
E[[|M '] = O(%?) (3.30)

Proof. From (3.11), we see that E[X}] = m¢E[X;,_1]+m.. With the repeated application of this
identity and the fact that E[Xq] = 0 we get E[Xy] = Zf ém%mg Using this, we have

k-1
B[ Xll] < [lm]| ) ml]
§=0

Because the ||mé|| norms are bounded (see (3.6)), we get E[||Xy||] < kd = O(k).
The proof of (3.28) can be found in [6]. We proceed to prove (3.30). It is enough to show that
for every | € {1,2,...,7}, E[|My,]|*] = O(k?). From (3.26), it is clear that

p || Xrk—1,i
Mgl < ||erk—i+1 — E[Erk—l—l—l]H +> 00 Y (ﬁrk—l,j,i - E[&k-l,j,i]) :
i=1 1 j=1
so by using the generalized power mean inequality
P P
1 )1/a 1 5\1/8
—a < ( —a ) O<a<p
() = (X4) « )

k=1

with a = 1,8 = 4, we get

E[[IMy|Y] <(p + 1°Elllers—1+1 — Elerk—r] ]+
(p+1)>» ZE [
i=1

4]
It is enough to show that the last part is O(k?). For that, we have

4 p rh—1,i 2\ 2
[ ] =E (Z ( Z grk lj,z,m_E[érk—l,j,i,m]> > ]

p rk—1,i 4
ZE ( Z grk l,],z,m_E[grk—l,j,i,m]> ]

m=1

k=1

Xrk— 1,

Z g’/‘k’ 1,40 — grk l,]z]

Xrk— l,i

Z érk 1,7, — ‘Srk’ l,]z]

13



Since

fkrz]

rk—1,1 4
( Z grk l,j,z,m_E[érkl,j,i,m]>

= Xkt E[(&,1,0m — El€110m)) ] + Xoweri(Xpp—ri — 1) (E[(fl,u,m - E[§1,17i,m])2}2>
< (Xh—10)’E[(&1,1,6m — E[é115m)) ]

we have

rh—1Li 4
( Z Erk—Ljim — E[érkl,j,i,m]) ] < El(é1,6m — Elé116m)) TE(Xrk—1,)?]-

Because E[||Xy||?] = O(k?), it follows easily that E[||Mg||*] = O(k?) and thus we have concluded
our proof. O

For every n € N, let us define the process (’Rgn))teR . with

r

RE"):@{[ . lHZm M(n +tm5)] @Vg}.

=1

Using (3.3), (3.4), (3.5)

r [nt]
1
II E m —i—tme) =1II E m (n E Xh—jr1 — meXppj ma)—i—tme)

>_A

It immediately follows that (R\")* = R\™). Since

t 1 [nt 1 [nt]
/0 X, s s = = /0 X, g = — (X ey (1t = Lnt]) + 3 X,
k=0

and
/Ot (s — LT:LSJ )ds = t22 - % (Lntj (nt — |nt]) + LT§:_1 k) — [nt] + (;:ﬂ_ Wﬂ)i
k=0



we have
¢ |nt|—
n T nt— [nt| ,_
/O(Rg >)+ds_/ @{[ m oy er‘i‘nLng X, )+

1 k=0
@Vg}.

o (n — 00).

it + (ot = [t) Py 5

—1
12 ¢ Me

j=1
Now we proceed to check condition (i), i.e. for every T' € Ry,

[nt)

t
— Y EM(Mg)" | Frs] —/ (RM)*ds
k=1 0

sup

o<t<T || T

We see it immediately that for any [ € {1,2,...,7},

|nt| P H
sup ——||V¢|| = 0, su m 'm O7
ogth n? IVl 0<t£T n? Z :
t t— |nt])? -
sup [nt] + (n2 nt)) HHZmé 'm.| & 0,
0<t<T n =
as n — oo. It remains to show that for any [ € {1,2,...,r},
[nt] [nt]
su mT ! X, 5 — mi I X H 20 3.31
0<t£)T n? H Z e € ; rk (3:31)
and . "
sup Hn — [nt] g_lHXTLntJ ‘ o (3.32)
0<t<T
as n — oo.
3.8. Lemma. For any fired T > 0, we have
[nt]
P
sup — (I- —0 3.33
508, 3 1= T X (3.33)
and )
P
sup — || X — 0, 3.34
Ogth n2 || r|nt| || ( )

where I € RP*P 45 the unit matriz.

Proof. We note immediately that the supremum in (3.33) is attained at ¢ = T". Using (3.13), we
see that

Xk —mgxrk 7"+Zm Mk] +m5)
j=1

Applying this recursion for (X, )ken, we get

r

k
i -
X, p = Zmé or Z mé I(Mm +m.).
i=1 j=1

15



With (3.4), we have

k r

I-I)X, = > (™ )Y m! (M, + m.).
i=1 j=1

Using this and (3.2) with the boundedness of the ||m§\| norms, we get

[nT| InT| k
SIE-IXy] < 30 et ’ZHm (I + )
k=1 k=1 i=1
InT]| ¢ [T
< e (|nT) —+ZZ||M,J|ZM 7).
=1 j=1
<ok

Because of Lemma 3.7, we see that

[nT]

2 Z M| = 0.

In fact, we have convergence in L', but stochastic convergence is enough for us. Combining these
observations, we note that we proved (3.33). From this, (3.34) immediately follows. O

Applying our previous lemma, we see easily that (3.31) and (3.32) is true, so we can conclude
that condition (i) holds.
Checking condition (ii) is simple in the light of Lemma 3.7. Applying basic inequalities, we get

[nt]
Mg ||*|Fr-1 1
E[| n@e! I _ = 5 > ElIM[| " Fie-i].
1 k=1

1
n2

M_

[nt]

1

ﬁi E[||Ml* X (gm0} Fr-1] <
s

e
Il

Because of E[||My[[*] = O(k?), we have —; >, L] L E[||My |4 Fr-1] %5 0. Thus we have concluded
the proof of Theorem 3.4. OJ

Now we can prove Theorem 3.2, our main theorem. To deduce this from Theorem 3.4, we
wish to apply the theorem of continous mappings, which we state below. (For proof, see [9],
Theorem 3.27.)

3.9. Theorem. Let S and T be two metric spaces and let £,&1,&o, ... be random variables in S
with &, o, £ Let f, f1, fo, -1 S = T be measurable mapping with a measurable set C C S with

P& € C) =1 such that fn(sn) — f(s) if s, — s. Then fn(&,) o, f(&).

Now we define the mappings W, (\I/("))neN where
ol

‘Ilén)

g = : D(R,, (RP)") — D(Ry, (RP)") (3.35)

o

16



is defined by

v ()(@) ““”T[Zml A0 +Zml (0 ]
o (ot l j i—1) 1
) o)
A

b)) )
fa

f=1.] DRy, (R, teRy, neN, ie{l,2,...,7}.
fr
The mapping ¥ is defined by

I3 mg ' (fi(t) + tm.)

r ml+r72 m
Wi = | :(ﬁ(tm | rep@.@®)). ter,. (3.36)

TS, ml(fi(t) + tm.)

for every

Using (3.14), one can easily check that ¥ (M) = X From (3.14) and (3.16) we have

U(M) 2 X The mappings ¥, (U(™), .y are measurable, as it can be seen in Lemma 5.1 at the
Appendix. Now we define the sets C, C\I,7(\I;('n)) with

Cy,(gm)y, ey = {f € DRy, (RP)") : Wp(fn) e, U(f) whenever f, LN f1,
{feC(R+,(Rp Zmz ‘(0 +Zmz £ =0,ie{1,2,...,7~}},

where f, lu, f denotes the locally uniform convergence. The C' set is measurable, as it can be
seen in Lemma 5.2 at the Appendix. We must show that C' € Do (R4, (RP)"), C C Cy (), cn
and PM e C) =1.

3.10. Lemma C C C\va(\lj(n))nGN

Proof. Let f € C, and let (f(™),cn a sequence in Dy (R, (RP)") such that f( Luy f. We will

17



show that 1, (f() lo, ¥(f). Adding and subtracting the same member, we can write

\I/(n =1II Z rn (LntJ) + Lntngl
1—1
+ HZ ml{HT [fl(n) ( [t Jn_ 1) + LT:J ma]

=1

+( lnt)r _ g )[Zmz zfl +Zml 10 ]

[nt] ' ' . .
+ Z (mgn”i])r — H) Zmél< ( ) fl (j n 1) + :Lm8>
j=1 i
-1
+Zml z—i—r(fl (]n )
Now let T > 0 fixed and let ¢ € [0, T]. We will prove that sup,efo 71 [ 2" () () =¥ (£)(1)]| — 0.
r—i+1 J 1
1w (£ (1) — Ti(f) ()] < || Z ( ( )—fz(t) +nlmell>
r—i+1 J 1
+J||II| Z ( <n> — filt) +HmeH>
(i) [ om0+ S 00|
[nt] r
(>

+c Z [[m, (Int]=g)r — 11|
=

+imu0
\- j j-1
(le()-o()
=1

‘+Qma”
With the definition wr(f, ) := supy, 7 [|f(t1) — f(t2)|l, we have
fw<fﬂ>—ﬂw fm(ﬁ?>—f<ﬁﬂ>-+f(fﬂ>—f@

<wr(f,[tt+n71) + sup [[F(@) — F@)]I-
Since f is continous, it is known that wr(f,[t,t +n~!]) — 0 as n — oco. Similarly,

te[0,T
n ‘ n —1
5 ><J> 4 )(J )
n n

With (3.2), we get that

+

<

<wr(f[G=Dn (G =Dt 407 +2 sup [|F@) = FO))-

te[0,7)

[nt)

J Z ”mé[mﬂ —jr
J=1

18



Finally, we have

||(m§LntJr > [Zml zfl + Zml z+rfln )] H
(m™ — ) [Zm ol —~ /i(0)) +§m§”r<f;"><o> - fl<o>>] H
( lntlr _ g )[Zmz (0 +Zmz =10 ”|

=0, since feC
< e SNAM(0) - f(O)].
=1

Combining these, we have that

1w (PO () — () ()]

< TG — i+ 1) (wr (£ £+ 07D+ sup [70() — £+ -m.)
t€[0,T] n

G =i+ 1) or(F = i)+ sup (170 - F))+ m.)

t€[0,T

<

+

+ed Z 1£7(0) = £(0)]

C/

r(wT(f, (G—Dn LG —Dn +n ) +2 sup ||F™@) — f@) + %mg).

+
1 t€(0,7]

Because the right side does not depend on ¢, with using f) LN f we can conclude that
Y (f(M) Ly ¥(f). Thus we have proved our lemma. O

Now, because M is the unique strong solution of the SDE (3.17) with initial value Mgy = 0,
it is trivial that P(M € C) = 1. Applying Theorem 3.9 yields that

xm = vmMmm) B g 2 x

19

Now we prove the distributional equality (Y¢)icr. (méyt)t@h. From (3.14), (3.16) and (3.18),

we know that

Vi Y mE (Mg + tm.) TI(N; +t3_, m ms)
X mg_lyt I3 - m l+r *(My +tm.) m;~ "IN + tZl ,m, 'm,)
t= _ = _ _
meY; MY, my (M + tm,) m (N +t Zyzl mé_lme)

From the SDE (3.19) of Ay, we have

dy; =11 Z mé—ilmgdt + 11 Z mgil \/[mgfj‘yt] © VEthﬂ"
=1 j=1
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With the transformation U; = m¢Y; and with the application of the special properties (3.3),
(3.4), (3.5) of I, we have

T r—1
U =Ty mim.dt+ mely ml ™\ /[ml 7' U] © VedW,
=1 j=1

+ mgﬂmgflv RZXO; VEthJ

T

=TI Z ml{lmgdt +1II Z mg_l [mg_jut] O VedWy i1

=1 =2

+ H\/[mg_lut] © VedWy

T T
_ —1 —J
—II E mlE Y dt + 11 E my [m; U] © VedWy 1.
=1 Jj=0

From this, it follows that Y, 2 m¢Y;. By induction, we have Y, 2 mgyt for every
j€{1,2,...,r —1}. This proves Theorem 3.2.

4 Conclusion

4.1 Applications

Multi-type branching processes are often used in biology to model population dynamics with
genetic effects. For example, types can represent different genotypes which can interact with
each other in various ways. When dealing with real experimental data, it is important to obtain
some knowledge about the offspring expectation matrix m¢, because it describes the underlying
dynamics of the process. The limit distributions of the process can be used to estimate this
matrix.

Another useful application can be found in diffusion approximations. Simulating trajectories
of various stochastic differential equations can be difficult. If the solution of a given SDE can be
approximated with a process that can be simulated easily, we can fix this problem. In our case,
we can approximate the so-called Feller-type diffusions, which are used extensively for example,
in genetics and in mathematical finance.

4.2 Research plans

After describing the limit processes for indecomposable and critical multi-type branching
processes, the next step is to deal with the decomposable and critical case. We call a multi-type
branching process decomposable, if m¢ is reducible. This means that the directed graph I'(my)
is not strongly connected. There are several complications in this case. For one, there are no
Perron-Frobenius theory for reducible matrices. This makes it difficult to handle the powers of
m¢. Another problem is, as suspected, the limit processes are very complex, even more than in
the indecomposable case. To picture this, let us examine the structure of a reducible matrix.
Let m¢ be a reducible matrix. Then I'(m¢) is connected, but not strongly connected. Then,
by elementary graph theory, its nodes can be partitiones into strongly connected components.
There are two classes of strongly connected components: those that you can exit, and those that
you cannot. Let us call the former class transient and the latter class essential. It can easily be
seen that if we start a population without immigration and with one specimen from a type that
belongs to a transient class, after long enough time, the population will only consist of types
from the essential class. But, as far as we can tell, the limit distribution is affected by the number
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of transient classes the population passes through. Currently, there are only partial results in
this case. So far, we have succeded to describe the limit processes when the offspring expectation
matrix has the form
e — [1 a]
7o 1)

5 Appendix

5.1. Lemma. (i) ¥ is continous, therefore measurable.
(ii) For every n € N, U™ is measurable.

Proof. (i): Let (fn)nen sequence which converges to f in D(R4, (RP)"). Then it is enough to show
(¥(fn))nen converges to W(f) in D(Ry, (RP)"). According to [8], Chapter VI Theorem 1.14 (a),
the convergence can be characterized in a way that an (f,,)nen sequence converges to f if and
only if there is a sequence (A\,)nen C A such that

sup |An(s) —s| — 0,

S€R+

sup || frn o An(s) — f(s)]| = 0, for every T € Ry.
s<T

Now we have

r—1 r
() An(s) = L)) < D ITL| Y flmgh! (IAn(S) = slllmel + [ fri(An(s)) — fz(t)ll)
1=0 =1

This implies that sups<p [[¥(fn)(An(s) — ¥(f)(s)|| = 0, from which continuity follows.

(ii): To prove the measurability of ¥(") | it is enough to prove that for every N € N, the mapping
\Ilgg)(f)(t) = W) (f)(t A N) is measurable, because then for every f € D(R,, (RP)"), we have
\Ifg\?)(f) — U (f) in D(R,, (RP)"). Now we split up \115\7;) into two separate mappings \115\7;7)1 :
D(R., (RP)") — RPN+ and W, : R7P("N+D — D(Ry., (RP)") such that i = W, o 0.
We define these with

UL () = (F0), £ /), F2/m), . F(N))

)

and ®)
\IJN,2,1
Ui = | VL el RPONED L DRy, (RP)), ie {1,2,...,1)
v,
with
N r ‘ i—1 '
=1 =1

P neami—)
n —j)r
+ ) m,
=1

. 1
Zml_i Tl — Tj—1] + —Mg
“ 5 ]7 ] b n
l=t
i—1 1
+ Z ml{err (I‘j_Ll —Xj-2] + nmg>]

=1
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for every

z = (20, T2, ..., Tyy) € (RP)NFTD g — (i1, Ti2s ... Tigp) € R,
The measurability of \PS\% is obvious, because the projections actually generate the o-field
Doo (R4, RP). (See [8], Chapter VI, Theorem 1.14 for details.) It can also be seen easily that
for every i € {1,2,...,71}, \115\7;)21 is a continous function. It follows that \IIE\Y,L) is measurable, and
this is what we had to show. O

5.2. Lemma. (i) C(Ry, (RP)") is closed in the topology generated by (2.1), therefore we have
C(R,, (R")P) € Doo(R,, (RY)').

(ii) The linear mapping (I — II®7 circ, (mg)) : (RP)" — (RP)" is measurable.

(iii) mo : C(R4, (RP)") — (RP)" is measurable.

Therefore, C = C(Ry, (RP)") Nyt ((I — II%r circr(mg))*l({O}))) is measurable.

Proof. Before we prove any of the assertions, we note that with the definition

B r—2 r—17]
A P
3 3 3
cire(mg):= | 115,
2 3
m; my | X mg
| me g oomgm T

C can be written in the form
C = C(Ry, (R?)) Ny (1= T1¥" cire, (mg)) 1 ({0})))

where IT®?" =TI & --- & II and 7 : C(Ry, (RP)") — (RP)" denotes the projection mo(f) = f(0).
(i): To prove that C(Ry, (RP)P) is closed, it is enough to show that its complement is open. Let
B € (C(R4, (RP)"))¢. This means that there exists a t9 € Ry such that ||3(to) — S(to—)| > 0.
Suppose that N < tg < N + 1 for some N € N. Then from the definition of (2.1), it is obvious
that for any o € C(R, (RP)P) continous function,

_ 18(t) = B(to-)|

5 >0

5N+1 (a7 B)

and because of this,

6(ar, ) = 27NV min{1,271|6(to) — Blto—) |} =: £(8) > 0.
This means that no continous function can be closer to 8 than (). With this, we have
(CR+, ®))) = (]  B(B2 '),
BE(C(R,(RP)"))¢

where B(f3, €) is the open ball centered at 8 with radius . Thus (C(Ry, (RP)"))¢ is the union of
open sets, therefore it is open. The proposition (ii) is trivial.

(iii): From [8], Chapter VI, Theorem 1.14, we have that the Borel o-field Do (R, (RP)") is the
o-field generated by projections. From this, (iii) immediately follows. O
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List of notations

e C(Ry,RRP) is the space of continous functions from R to RP

e D(R4,RP) is the space of cadlag functions from Ry to RP

o Dy (R4, RP) is the Borel o-field of D(R,RP)

o Diand respectively denotes convergence in distribution and locally uniform
convergence

e (X, )nen is our critical, indecomposable p-type Galton-Watson process with immigration

e myg is the offspring expectation matrix of X,, with r eigenvalues of maximum modulus

e Vg, is the covariance matrix of the i-th type

o xOVe:=3"_ 2V, where x = (z1,29,...,2p)"

e u,v are the left and right Perron-vectors of m¢

o II:=uvl eRE?

e TheceRy and k € (0,1) constants are defined such that [[mg" — II|| < ck”

e The ¢’ € Ry constant is the upper bound of the (|/m¢||)nen sequence

)t€R+ is the n-th step process created from (X, )nen, see (3.8)

(X
(Xt)t€R+ is the limit process of (X x" ))t€R+, see Theorem 3.2
o (M )kzeN are the martingale dlfferences created from (X, )nen, see (3.10)
(M )te]R+ is the n-th step process created from (My)xen, see (3.15)
My)er, is the limit process of (Mt )teﬂh, see Theorem 3.4

(
e Tand U™ are the mappings which we use to reconstruct (X;);er, and (Xgn))teR+ from
(My)ier, and (M§”))teR+, see (3.36) and (3.35)
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