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1 Introduction

The main goal of this paper is to extend the limit theorem known for primitive multi-type
branching processes to the class of irreducible ones in the critical case. (I. e. where the expectation
matrixmξ is irreducible and the spectral radius ρ(mξ) = 1.) In this section we are going to shortly
review the most important concepts and the known limit theorems. We start with the notion of
a branching process.

1.1. De�nition. Let (ξn,k)n,k∈N be independent identically distributed (from now on, we abbre-
viate it as iid) random variables, all of them are nonnegative and integer valued. (Xn)n∈N is a
Galton-Watson type branching process, if

Xn =

Xn−1∑
k=1

ξn,k, n ∈ {1, 2, . . . }.

Let (εn)n∈N be iid nonnegative random variables independent from (ξn,k)n,k∈N. Then (Xn)n∈N is
a Galton-Watson type branching process with immigration, if

Xn =

Xn−1∑
k=1

ξn,k + εn, n ∈ {1, 2, . . . }.

The process is called critical, if mξ := E[ξ1,1] = 1.

The quantity Xn often denotes the number of individuals in the n-th generation of some
population. Wei and Winnicki proved the following important theorem in [14]:

1.2. Theorem. Let (Xn)∞n=0 be a critical Galton-Watson type branching process with X0 = 0.
Then

X (n) D−→ X (n→∞)

in the Skorokhod space, where X (n)
t := n−1Xbntc is a continuous time stochastic process and X

is the unique strong solution of

dXt = mεdt+
√
VξX+

t dWt, , t ∈ R+, X0 = 0,

where (Wt)t∈R+ is a standard Wiener process and Vξ := Var[ξ1,1].

1.3. Remark. From now on, when stating a theorem about convergence of processes in distribu-
tion, we always mean convergence in the Skorokhod space.

When dealing with multi-type branching processes, things get more complicated. In that
case, if we go along with the population analogue, the population is not homogeneous, but
heterogeneous. First, let us introduce the precise de�nition of a multi-type branching process.

1.4. De�nition. Let p ∈ {1, 2, . . . }, and for any �xed i, j ∈ {1, 2, . . . , p} let (ξn,k,i,j)n,k∈N be
integer valued nonnegative iid random variables, and �nally let (εn,k)n,k∈N be integer valued
nonnegative iid random variables independent from (ξn,k,i,j)n,k∈N. (ξn,k,i,j denotes the number
of j-type o�springs from the k-th i-type individuals in the n-th generation and εn,k denotes the
number of immigrating k-type individuals in the n-th generation.) With the introduction of the
following notation:

ξn,k,i =


ξn,k,i,1
ξn,k,i,2

...
ξn,k,i,p

 , εn =


εn,1
εn,2
...

εn,p

 , Xn =


Xn,1

Xn,2
...

Xn,p

 ,
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where

Xn =

p∑
i=1

Xn−1,i∑
k=1

ξn,k,i ∈ Rp, X0 = 0 ∈ Rp,

we call Xn a p-type branching process. If

Xn =

p∑
i=1

Xn−1,i∑
k=1

ξn,k,i + εn ∈ Rp, X0 = 0 ∈ Rp,

we call Xn a p-type branching process with immigration. We denote

mξi := E[ξ1,1,i] ∈ Rp+, mξ := [mξ1 ,mξ2 , . . . ,mξp ] ∈ Rp×p+ ,

Vξi := Var(ξ1,1,i) ∈ Rp×p+ , mε := E[ε1] ∈ Rp+,

and we call mξ the o�spring expectation matrix. We say that the process is critical, if ρ(mξ) = 1,
where ρ(mξ) denotes the spectral radius of mξ.

Similarly to the single-type process, the expectation of the o�spring distribution plays a
crucial role. With multi-type processes, instead of a real number, we have the matrix mξ. De-
pending on the structure of mξ, we can say di�erent things about the limit distributions. The
next de�nition (as seen in [3]) covers the most important ones.

De�nition 1.5. Let A ∈ Rp×p be a nonnegative matrix. We say that
(i) A is primitive, if there exists an m ∈ N such that Am is positive.
(ii) A is reducible, if either p = 1 and A = 0 or p ≥ 2 and there exists a P ∈ Rp×p permutation
matrix and k ∈ N such that

P TAP =

[
B C
0 D

]
,

where B ∈ Rk×k, C ∈ Rk×p−k, C ∈ Rp−k×p−k, 0 ∈ Rp−k×k.
(iii) A is irreducible, if it is not reducible.

In the case where mξ is primitive or irreducible, we call the corresponding processes primitive
and indecomposable, respectively. The following theorem has been proven by Ispány and Pap in
[5]:

1.6. Theorem. Let (Xn)n∈N be a critical p-type primitive branching process with immigration

and with initial value X0 = 0. Let us assume that for all i ∈ {1, 2, . . . , p} the following conditions
are true: E[‖ξ1,1,i‖2] <∞ and E[‖ε1‖2] <∞. Then

X (n) D−→ Xumξ
(n→∞)

where X (n)
t := n−1Xbntc is a continuous time stochastic process and Xt is the unique strong

solution of

dXt = vTmξ
mεdt+

√
vTmξ

(umξ
�Vξ)vmξ

X+
t dWt

with initial value X0 = 0, where for every x = (x1, x2, . . . , xp)
T ∈ Rp, the � denotes the operation

x � Vξ =
∑p

i=1 xiVξi and vmξ
and umξ

is the unique left and right Perron-vector of mξ,

respectively. (I. e. vmξ
and umξ

are respectively left and right positive eigenvectors of mξ with

maximum modulus and uTmξ
1 = 1, uTmξ

vmξ
= 1.)

One interesting property of the limit distribution of X (n) is that it is concentrated to the ray
generated by the right Perron-vector. We will see that this property also holds for the indecom-
posable case. It is important to note that the unique left and right Perron-vectors mentioned
above do exists. It is also worth mentioning that several limit theorems have been proven by
Kesten and Stigum in the supercritical case as can be seen in [11, 12, 13]. Our main goal is to
prove an analogue of the preceeding theorem to the case where mξ is irreducible.
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2 Preparation

In this section we will review the tools that we are going to use for stating and proving the
main result.

2.1 Structure of primitive and irreducible matrices

The purpose of this subsection is to highlight the di�erences between the primitive and the
irreducible cases and to introduce the necessary tools for handling the o�spring expectation
matrix. For that, �rst we shall de�ne the directed graph corresponding to a matrix.

2.1. De�nition. Let A = (ai,j)
p
i,j=1 ∈ Rp×p be a nonnegative matrix. We call Γ(A) = (V,E) the

directed graph of A, if V = {P1, P2, . . . , Pp} and (Pi, Pj) ∈ E if and only if ai,j > 0.

If we have a multi-type branching process, looking at the directed graph of the o�spring
expectation matrix can give us a lot of useful information. When studying the dynamics of such
a process, the directed paths and cycles in this graph are especially important, because they
represent the genealogy of a given specimen. One can easily prove the following theorem (or look
up the proof in [3], Theorem 6.2.16):

2.2. Theorem. Let A ∈ Rp×p be a nonnegative matrix and let Pi, Pj be two vertices from Γ(A).
Then there exists a directed path of length m ∈ N in Γ(A) from Pi to Pj if and only if (Am)i,j > 0.

If A ∈ Rp×p is a primitive matrix with Ak > 0, this means that for any two Pi, Pj vertices of
Γ(A), there is a k steps long directed path from Pi to Pj . There is no such thing for irreducible
matrices. Regarding them, we can only say that if B ∈ Rp×p is an irreducible matrix, then
(I+B)p−1 > 0. (For proof, see [3], Theorem 6.2.23.) In other words, Γ(B) is strongly connected,
i. e. for any two Pi, Pj vertices of Γ(B), there is a directed path from Pi to Pj . We cannot say
anything about the length of this path. If we examine the spectral structure of such matrices,
we see where this di�erence leads to. First, let us state the famous Perron-Frobenius theorem for
irreducible matrices. (For proof see [3], Theorem 8.4.4.)

2.3. Theorem. Let A ∈ Rp×p be a nonnegative irreducible matrix. Then the following statements

are true:

(i) ρ(A) > 0.
(ii) ρ(A) is an eigenvalue of A.
(iii) There is a positive vector x such that Ax = ρ(A)x.
(iv) ρ(A) is a simple eigenvalue.

For positive or primitive matrices, there can be only one eigenvalue with maximum modulus.
However, this is not true for irreducible matrices. If an irreducible matrix has r eigenvalues with
maximum modulus, we can state the following (see [2], Theorem 8.2.4):

2.4. Theorem. Let A ∈ Rp×p be an irreducible matrix with r di�erent eigenvalues of maximum

modulus. Then there exists a permutation matrix P such that

P TAP =


0 A1,2 . . . 0
0 0 . . . 0
...

...
. . .

...

0 0 . . . Ar−1,r

Ar,1 0 . . . 0


where Ai,i+1 ∈ Rdi×di+1 for some di-s.
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Regarding the directed graph Γ(A), this means that we can partition its nodes into sets
D1, D2, . . . , Dr with |Di| = di such that there is a directed edge from Pi to Pj if and only if
j = i + 1 modulo r. Examining this quantity r can give us a useful way to look at irreducible
matrices.

2.5. De�nition. Let A ∈ Rp×p be an irreducible matrix with its directed graph Γ(A). The
greatest common divisor of the lengths of the cycles in Γ(A) is called the index of imprimitivity
of A.

This index of imprimitivity can be easily connected with the number of eigenvalues of maxi-
mum modulus. In fact, the following theorem is true (for details, see [2], Theorem 8.3.4 (iv)):

2.6. Theorem. Let A ∈ Rp×p be an irreducible matrix with index of imprimitivity r and spectral

radius ρ(A). Then A has exactly r eigenvalues of maximum modulus and these eigenvalues are

the roots of the equation λr − ρ(A)r = 0, i. e., the eigenvalues of maximum modulus are

ρ(A)e2πij/r (j ∈ {0, 1, . . . , r − 1})

Also, we can characterize the primitive matrices with this concept.

2.7. Proposition. Let A ∈ Rp×p be an irreducible matrix. Then A is primitive if and only if its

index of imprimitivity is 1.

In other words, if A ∈ Rp×p is an irreducible matrix with index of imprimitivity r > 1,
than there is some kind of periodicity present with period r and it will heavily a�ect the limit
distributions.

2.2 Limit theorems and convergence

Before saying anything about convergence, we shall precisely de�ne what kind of objects
converge in what sense. Since every trajectory of the step process created from a branching
process is right continous with left limits, it makes sense to consider the space of càdlàg functions.
The D(R+,Rp) Skorokhod space is de�ned by the space of all càdlàg functions from R+ to Rp
and a metric, which makes the space complete and separable. Let us de�ne

Λ :=
{
λ ∈ C(R+,R+) : λ is a bijection

}
and

kN (t) :=


1 if t ≤ N
N + 1− t if N < t < N + 1

0 if N + 1 ≤ t

and for every λ ∈ Λ,

‖λ‖ := sup
0≤s<t

∣∣∣∣∣ log
λ(t)− λ(s)

t− s

∣∣∣∣∣.
The functions in Λ are sometimes called "wiggles in time". Then for every α, β ∈ D(R+,Rp),
de�ne

δN (α, β) := inf
λ∈Λ

(
‖λ‖+ ‖(kNα) ◦ λ− kNβ‖∞

)
and

δ(α, β) :=
∞∑
N=1

2−N min{1, δN (α, β)}. (2.1)

Then D(R+,Rp) is a complete metric space with δ. (For details, see [8], Theorem 1.14.) Let

D∞(R+,Rp) denote the Borel sets by this metric. If (Y t)t∈R+ and (Y(n)
t )t∈R+ are Rp-valued
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stochastic processes with càdlàg paths, then we say thatY(n)
t

D−→ Y t if and only if the distributions

of Y(n)
t converge weakly to the distribution of Y(n)

t in (D(R+,Rp),D∞(R+,Rp)).
For proving the desired limit theorem for indecomposable multi-type branching processes, we

need an important result. The following theorem is the frame which we will build upon. (See [4],
Corollary 2.2 for proof.)

2.8. Theorem. Let β : R+ × Rp → Rp and γ : R+ × Rp → Rp×q be continuous functions and

assume that for the SDE

dU t = β(t,U t)dt+ γ(t,U t)dW t,

where (W t)t∈R+ is a standard q-dimensional Wiener process, has a unique weak solution for

every initial value U0 = u0. Assume that the process (U t)t∈R+ is the solution of the SDE above

with initial value U0 = 0. For each �xed n ∈ N, let (U
(n)
k )k∈N a sequence of random variables with

values in Rp adapted to a �ltration (F (n)
k )k∈N and suppose that for all n, k ∈ N E[‖U(n)

k ‖
2] <∞.

Let

U (n)
t =

bntc∑
k=1

U
(n)
k , t ∈ R+, n ∈ N

If for every T > 0 the following are true:

(i) supt∈[0,T ]

∥∥∥∑bntck=1 E[U
(n)
k |F

(n)
k−1]−

∫ t
0 β(s,U (n)

s ds)
∥∥∥ P−→ 0,

(ii) supt∈[0,T ]

∥∥∥∑bntck=1 Var[U
(n)
k |F

(n)
k−1]−

∫ t
0 γ(s,U (n)

s )γ(s,U (n)
s )Tds

∥∥∥ P−→ 0,

(iii)
∑bntc

k=1 E[‖U(n)
k ‖

2χ{‖U(n)
k ‖>θ}

|F (n)
k−1]

P−→ 0 for every θ > 0,

then U (n) D−→ U as n→∞.

In case of martingale di�erences, this theorem becomes simpler. The following corollary easily
follows from the propeties of martingale di�erences:

2.9. Corollary. Let γ : R+ × Rp → Rp×q be a continuous function and assume that the SDE

dU t = γ(t,U t)dW t,

where (W t)t∈R+ is a standard q-dimensional Wiener process, has a unique weak solution for

every initial value U0 = u0. Assume that the process (U t)t∈R+ is the solution of the SDE above

with initial value U0 = 0. Let (U
(n)
k )k∈N be a sequence of p-dimensional martingale di�erences

with respect to the �ltration (Fk)k∈N and suppose that for all n, k ∈ N, E[‖U(n)
k ‖

2] ≤ ∞. Let

U (n)
t =

bntc∑
k=1

U
(n)
k , t ∈ R+, n ∈ N.

If for each T ∈ R++ the following are true:

(i) supt∈[0,T ]

∥∥∥∑bntck=1 E[U
(n)
k (U

(n)
k )T |Fk−1]−

∫ t
0 γ(s,U (n)

s )γ(s,U (n)
s )Tds

∥∥∥ P−→ 0,

(ii)
∑bntc

k=1 E[‖U(n)
k ‖

2χ{‖U(n)
k ‖>θ}

|Fk−1]
P−→ 0 for every θ > 0,

then U (n) D−→ U as n→∞.

6



3 The main result

Let (Xk)k∈N be a critical p-type branching process with immigration and initial value X0 = 0.
Suppose that mξ is irreducible with index of imprimitivity r and the types are partitioned into
subsets D1, D2, . . . , Dr with |Dk| = dk such that ξ1,1,i,j 6= 0 if and only if there exists a k ∈ N
with i ∈ Dk, j ∈ Dk−1, all subscripts considered modulo r.

3.1. Remark. From now on, subscripts are considered modulo the subscript's range.

Because of this, we can assume by enumerating the types in an order according to this
partition that mξ has the following form:

mξ =


0 m1,2 0 . . . 0
0 0 m2,3 . . . 0
...

...
. . .

. . .
...

0 0 0 . . . mr−1,r

mr,1 0 0 . . . 0

 ,

where mk,k+1 ∈ Rdk×dk+1 and
∑r

k=1 dk = p. With the notation m̃i,j := mi,i+1 . . .mj−1,j , for
every k ∈ {1, . . . , r − 1}, the k-th power of mξ has the following form:

mk
ξ =



0 . . . 0 m̃1,k+1 0 . . . 0
0 . . . 0 0 m̃2,k+2 . . . 0
...

. . .
...

. . .
...

. . .
...

m̃r−k+1,r+1 . . . 0 0 0 . . . 0
...

. . .
...

. . .
...

. . .
...

0 . . . m̃r,r+k 0 0 . . . 0


. (3.1)

When k = r, we get

mr
ξ =


m̃1,r+1 0 . . . 0

0 m̃2,r+2 . . . 0
...

...
. . .

...

0 0
... m̃r,2r

 = m̃1,r+1 ⊕ · · · ⊕ m̃r,2r,

where ⊕ denotes the orthogonal sum of matrices. From the Perron-Frobenius theory for irre-
ducible matrices, we know that there exists two unique positive vectors v,u ∈ Rp such that they
are respectively left and right eigenvectors of mξ for the eigenvalue ρ(mξ) = 1 with uT1 = 1
and uTv = 1. (From now on, we abbreviate them as the left and right Perron-vectors of mξ.) If
we partition u and v according the subsets D1, D2, . . . , Dr and introduce the notation

u =


u1

u2
...

ur

 , v =


v1

v2
...

vr

 , ui,vi ∈ Rdi ,

by the Perron-Frobenius theory, we have a few important observations, which we summarize
next. (The matrix-theoretic facts are not discussed in the most general setting. For details, see
[2] and [3].)

(i) For every i ∈ {1, 2, . . . , r}, the matrix m̃i,i+r ∈ Rdi×di is primitive.

(ii) ũi = rui and ṽi = vi are the left and right Perron-vectors of m̃i,i+r
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(iii) For Πi = ũiṽ
T
i we have

m̃n
i,i+r → Πi as n→∞.

(iv) Because of (iii), for Π = Π1 ⊕ · · · ⊕Πr we have

mnr
ξ → Π as n→∞.

(v) There are constants c ∈ R++ and κ ∈ (0, 1) such that for all n we have

‖mnr
ξ −Π‖ ≤ cκn, (3.2)

where ‖A‖ denotes the operator norm for every A ∈ Rp×p.

(vi) The matrix Π has some important properties. In fact, for every l ∈ {0, 1, . . . , r}, we have
the following identities:

mξΠ = Πmξ, (3.3)

mr
ξΠ = lim

n→∞
m

(n+1)r
ξ = Π, (3.4)

Πml
ξ

r∑
j=1

mj−1
ξ = Π

r∑
j=1

mj−1
ξ . (3.5)

(vii) Since mnr
ξ → Π as n → ∞, the norms of mj

ξ are bounded, because if j = rk + j′, where

j′ ∈ {0, 1, . . . , r − 1} and c∗ = supk∈N ‖mrk
ξ ‖ ≤ ‖Π‖+ supk∈N ‖mrk

ξ −Π‖ <∞, then

‖mj
ξ‖ ≤ ‖m

rk
ξ ‖‖m

j′

ξ ‖ ≤ c
∗max{‖m1

ξ‖, ‖m2
ξ‖, . . . , ‖mr−1

ξ ‖} =: c′ <∞. (3.6)

(viii) About the covariance matrices Vξj = Var(ξ1,1,j), we can say that

Vξj =


0⊕ 0⊕ · · · ⊕ 0⊕V1,j if j ∈ D1

V2,j ⊕ 0⊕ · · · ⊕ 0⊕ 0 if j ∈ D2

...

0⊕ 0⊕ · · · ⊕Vr,j ⊕ 0 if j ∈ Dr

, (3.7)

where Vi,j ∈ Rdi−1×di−1 denotes the covariance matrix of the (ξ1,1,j,l)l∈Di−1
. For convenience, we

introduce the � operator: for every x = (x1, x2, . . . , xp)
T ∈ Rp+, de�ne x �Vξ :=

∑p
j=1 xjVξj

and x�Vi :=
∑

j∈Di xjVi,j .

Our main purpose is to prove the following limit theorem.

3.2. Theorem. Let (Xk)k∈N be a critical p-type indecomposable branching process with immigra-

tion, index of imprimitivity r and initial value X0 = 0. Suppose that for every i ∈ {1, 2, . . . , p},
E(‖ξ1,1,i‖4) < ∞ and E(‖ε1‖4) < ∞. For every n ∈ N, de�ne the rp-dimensional random step

process (X (n)
t )t∈R+ with

X (n)
t =

1

n


Xrbntc

Xrbntc−1
...

Xrbntc−r+1

 . (3.8)

Then

X (n) D−→ X , (3.9)

where, for every t ∈ R+,

X t =


Y t

mr−1
ξ Y t

...

mξY t

 , Y t =


Y t,1

Y t,2
...

Y t,r

 ,
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where, for every i ∈ {1, 2, . . . , r} and t ∈ R+, we have Y t,i = Zt,iui ∈ Rdi , where (Zt,i)t∈R+ is a

real valued stochastic process and given by the unique strong solution of the SDE

dZt,i = rvTi

i+r−1∑
l=i

m̃i,lmε,ldt

+ r

√√√√vTi

r∑
j=1

m̃i,i+j−1

[
(m̃i+j,i+rui)�Vi+j

]
m̃T
i,i+j−1viZ

+
t,i dWt,i.

Moreover, for every j ∈ {0, 1, . . . , r − 1}, we have (Y t)t∈R+

D
= (mj

ξY t)t∈R+.

3.3. Remark. The moment conditions in the theorem can be weakened. If we only assume �nite
second moments, the theorem remains true, but checking condition (ii) in Corollary 2.9 gets
much more complicated. In applications, it is reasonable to assume �nite fourth moments.

It would be impossible to apply Theorem 2.8 directly. Our strategy is to introduce a new
process formed by a sum of martingale di�erences, apply Corollary 2.9 to this new process and

deduce the convergence of X (n)
t by the continous mapping theorem. Let us de�ne

M0 := 0, Mk =


Mk,1

Mk,2
...

Mk,r

 :=


Xrk − E[Xrk|Frk−1]

Xrk−1 − E[Xrk−1|Frk−2]
...

Xrk−r+1 − E[Xrk−r+1|Frk−r]

 , (3.10)

where (Fk)k∈N is the natural �ltration of our process (Xk)k∈N. Note that

E[Xk|Fk−1] = mξXk−1 + mε. (3.11)

From this, it follows that

Mk =


Xrk −mξXrk−1 −mε

Xrk−1 −mξXrk−2 −mε
...

Xrk−r+1 −mξXrk−r −mε

 . (3.12)

The process (Xn)n∈N can be easily reconstructed from this. With the application of (3.12), we
get

Xrk−i+1 = mr
ξXrk−r−i+1 +

r∑
l=i

ml−i
ξ (Mk,l + mε) +

i−1∑
l=1

ml−i+r
ξ (Mk−1,l + mε) (3.13)

and hence

Xrk−i+1 =
k∑
j=1

m
(k−j)r
ξ

[
r∑
l=i

ml−i
ξ (Mj,l + mε) +

i−1∑
l=1

ml−i+r
ξ (Mj−1,l + mε)

]
(3.14)

for every k ∈ N and i ∈ {1, 2, . . . , r}. Now we examine the limit process of (Mk)k∈N. The next
theorem is an important stepping stone for proving Theorem 3.2.

3.4. Theorem. For every n ∈ N, let (M(n)
t )t∈R+ be the rp-dimensional continous time random

step process with the following de�nition:

M(n)
t =

1

n

bntc∑
k=1

Mk. (3.15)

9



Then we have

M(n) D−→M, (3.16)

where for every t ∈ R+

Mt =


Mt,1

Mt,2
...

Mt,r

 ,
is the unique strong solution of the SDE

dMt,i =

√√√√[mr−i
ξ Π

r∑
j=1

mj−1
ξ (Mt,j + tmε)

]+
�Vξ dW t,i (3.17)

with initial value M0,i = 0, where (W t,i)t∈R+ , i ∈ {1, 2, . . . , r}, are independent p-dimensional

Wiener processes.

Proof. The proof consists of two parts. In the �rst part, we will prove that the SDE (3.17) has a

unique strong solution (M(y0)
t )t∈R+ with initial value M(y0)

0 = y0 for every y0 ∈ Rp, as required
in Corollary 2.9. We will prove the actual convergence in the second part.
Handling the SDE-s (3.17) separately is di�cult, since they all depend on each other. For solving
this issue, we introduce the p-dimensional process

N t := Mt,1 + mξMt,2 + · · ·+ mr−1
ξ Mt,r, t ∈ R+. (3.18)

The corresponding SDE of the (N t)R+ process is

dN t =

r∑
i=1

mi−1
ξ

√√√√[mr−i
ξ Π

(
N t + t

r∑
l=1

ml−1
ξ mε

)]+
�VξdW t,i. (3.19)

In this (N t)t∈R+ process we have all the information about the Mt,i-s "rolled up" into one
process. This information can be extracted easily: if (N t)t∈R+ is the unique strong solution of
(3.19) with initial value N 0 = 0, then (3.17) takes the form

dM(y0)
t,i =

√√√√[mr−i
ξ Π

(
N t + t

r∑
j=1

mj−1
ξ mε

)]+
�VξdW t,i.

Since the right side does not depend on M(y0)
t , the solution can be written in the form of

M(y0)
t,i = y0 +

∫ t

0

√√√√[mr−i
ξ Π

(
N s + s

r∑
j=1

mj−1
ξ mε

)]+
�Vξ dWs,i.

Thus it follows that it is enough to prove the existence of a unique strong solution to the SDE
(3.19) with initial value N 0 = 0. Using the special forms of mξ and Vξi (see (3.1) and (3.7)),
we can simplify (3.19). Since this is not trivial, we state it in a separate lemma.

3.5. Lemma. For the above de�ned (N t)t∈R+ process with N t = [N t,1, . . . ,N t,r]
T , N t,i ∈ Rdi ,

we have

dN t,i =

√√√√r
[
vTi

(
N t,i + t

i+r−1∑
l=i

m̃i,lmε,l

)]+
d
˜̃W t,i, (3.20)

where (
˜̃W t,i)t∈R+ are a di-dimensional Wiener process.
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Proof. The proof is based on two observations:
(i) If u,v,x ∈ Rp+, M ∈ Rp×p+ , then√

MuvTx�Vi =
√

vTx
√

Mu�Vi. (3.21)

(ii) If A = (Al,m)rl,m=1 ∈ Rp×p+ , where the Al,m-s are suitably sized blocks, then for every
j ∈ {1, 2, . . . , r}, we have

mj−1
ξ A = (m̃l,l+j−1Al+j−1,m)rl,m=1.

From this, we get
r∑
j=1

mj−1
ξ A =

( r∑
j=1

m̃l,l+j−1Al+j−1,m

)r
l,m=1

. (3.22)

With the choice

A =

√√√√[mr−i
ξ Π

(
N t + t

r∑
j=1

mj−1
ξ mε

)]+
�Vξ,

we see that

A =

2r−j+1⊕
i=r−j+2

√√√√[m̃i−r+j,iΠi

(
N t,i + t

r+i−1∑
l=i

m̃i,lmε,l

)]+
�Vi−r+j . (3.23)

Combining(3.22) and (3.23), we can conclude that

dN t,i =
r∑
j=1

m̃i,i+j

√√√√[m̃i−r+j,iΠi

(
N t,i + t

i+r−1∑
l=i

m̃i,lmε,l

)]+
�Vi−r+jdW t,j,i+j .

Using Πi = ruiv
T
i , with the application of (3.21) the previous equation can be written in the

form

dN t,i =

√√√√r
[
vTi

(
N t,i + t

i+r−1∑
l=i

m̃i,lmε,l

)]+
d
˜̃W t,i,

where

˜̃W t,i :=
r∑
j=1

m̃i,i+j−1

√
(m̃i−r+j,iui)�Vi−r+jW t,j,i+j√√√√ r∑

j=1

m̃i,i+j−1[(m̃i−r+j,iui)�Vi−r+j ]m̃T
i,i+j−1W̃ t,i,

where (W̃ t,i)t∈R+ are di-dimensional independent standard Wiener processes. This is what we
had to prove.

Now let us de�ne the process (Pt,i,Qt,i)t∈R+ for every i ∈ {1, 2, . . . , r} with

Pt,i := rvTi

(
N t,i + t

i+r−1∑
l=i

m̃i,lmε,l

)
, Qt,i := N t,i − Pt,iui.

11



With the application of Itô's lemma, we see that this process is a strong solution of the SDE

dPt,i = rvTi
∑i+r−1

l=1 m̃i,lmε,ldt

+
√
P+
t,irv

T
i

√∑r
j=1 m̃i,i+j−1[(m̃i+j,i+rui)�Vi+j ]m̃T

i,i+j−1dW̃ t,i

dQt,i = −Πi
∑i+r−1

l=1 m̃i,lmε,ldt

+
√
P+
t,i(I−Πi)

√∑r
j=1 m̃i,i+j−1[(m̃i+j,i+rui)�Vi+j ]m̃T

i,i+j−1dW̃ t,i

(3.24)

with initial value (P0,i,Q0,i) = (0,0). With the choice

bi := rvTi

i+r−1∑
l=i

m̃i,lmε,l ∈ R+,

W̃t,i := r

√√√√vTi

r∑
j=1

m̃i,i+j−1[(m̃i+j,i+rui)�Vi+j ]m̃T
i,i+j−1W̃ t,i ∈ R+,

we can write the �rst equation in the form

dPt,i = bidt+
√
P+
t,i dW̃t,i. (3.25)

The SDE (3.25) is the so-called Cox-Ingersoll-Ross model, which is used extensively in math-
ematical �nance for modelling interest rates. This equation has a strong solution according to
[10], Chapter 5.2, Theorem 2.9. Moreover, from a theorem of Yamada and Watanabe (see [15],
Theorem 1 for this), it follows that this solution is also unique. It is also worth to note that
applying a comparison theorem due to Ikeda and Watanabe (see [7], Theorem 1.1) yields that if
a solution of (3.25) has positive initial value, it is positive everywhere. This is not unexpected,
since our Galton-Watson process is positive. The second equation in (3.24) does not depend on
Qt,i and can be solved if Pt,i is known. Therefore, because N t,i = Qt,i +Pt,iui, we have proven
that the strong solution of (3.17) exists.

Now we wish to apply Corollary 2.6 with U = M and U (n) = M(n) with �ltration (Frk)k∈N.
For this, we have to check conditions (i) and (ii). It is easy to see that E[M(n)

t ] = 0 and M(n)
t

is a martingale with respect to (Frk)k∈N. For checking condition (i), �rst we prove two lemmas.

3.6. Lemma. For all k ∈ N, we have

E[Mk(Mk)
T |Frk−r] =

r⊕
l=1

{[
mr−l
ξ Xrk−r +

r−l∑
j=1

mj−1
ξ mε

]
�Vξ + Vε

}
.

Consequently, we have

1

n2

bntc∑
k=1

E[Mk(Mk)
T |Frk−r] =

r⊕
l=1

{
1

n2

bntc∑
k=1

[
mr−l
ξ Xrk−r +

r−l∑
j=1

mj−1
ξ mε

]
�Vξ +

bntc
n2

Vε

}
.

Proof. From the de�nition of Mk, it easily follows that

Mk,l = Xrk−l+1 −mξXrk−l −mε =
(
εrk−l+1 − E[εrk−l+1]

)
+

p∑
i=1

Xrk−l,i∑
j=1

(
ξrk−l,j,i − E[ξrk−l,j,i]

)
.

(3.26)
Since, by de�nition, the random variables {ξrk−l+1,j,i, εk : k, j ∈ N, i ∈ {1, 2, . . . , p}} are inde-
pendent from each other and from Frk−l, we have

E[Mk,i(Mk,i)
T |Frk−l] =

p∑
i=1

Xrk−l,iVξi + Vε = (Xrk−l �Vξ) + Vε

12



With the repeated application of the equality (3.11) and the tower rule, we have

E[Mk,i(Mk,i)
T |Frk−r] =

(
E[Xrk−l|Frk−r]�Vξ

)
+ Vε

=
[
mr−l
ξ Xrk−r +

r−l∑
j=1

mj−1
ξ mε

]
�Vξ + Vε.

For i 6= j, we have

E[Mk,i(Mk,j)
T |Frk−r] = E[Mk,i(E[Mk,j |Frk−j ]︸ ︷︷ ︸

=0

)T |Frk−r] = 0.

Combining these two observations, we can conclude our proof.

3.7. Lemma. Regarding the order of the absolute moments of the processes (Xk)k∈N and (Mk)k∈N,
we have

E[‖Xk‖] = O(k) (3.27)

E[‖Xk‖2] = O(k2) (3.28)

E[‖Mk‖] = O(k1/2) (3.29)

E[‖Mk‖4] = O(k2) (3.30)

Proof. From (3.11), we see that E[Xk] = mξE[Xk−1]+mε. With the repeated application of this

identity and the fact that E[X0] = 0 we get E[Xk] =
∑k−1

j=0 mj
ξmε. Using this, we have

E[‖Xk‖] ≤ ‖mε‖
k−1∑
j=0

‖mj
ξ‖

Because the ‖mj
ξ‖ norms are bounded (see (3.6)), we get E[‖Xk‖] ≤ kc′ = O(k).

The proof of (3.28) can be found in [6]. We proceed to prove (3.30). It is enough to show that
for every l ∈ {1, 2, . . . , r}, E[‖Mk,l‖4] = O(k2). From (3.26), it is clear that

‖Mk,l‖ ≤
∥∥∥εrk−l+1 − E[εrk−l+1]

∥∥∥+

p∑
i=1

∥∥∥∥∥
Xrk−l,i∑
j=1

(
ξrk−l,j,i − E[ξrk−l,j,i]

)∥∥∥∥∥,
so by using the generalized power mean inequality( p∑

k=1

1

p
aαk

)1/α
≤
( p∑
k=1

1

p
aβk

)1/β
(0 < α < β)

with α = 1, β = 4, we get

E[‖Mk,l‖4] ≤(p+ 1)3E[‖εrk−l+1 − E[εrk−l+1]‖4]+

(p+ 1)3
p∑
i=1

E

[∥∥∥∥∥
Xrk−l,i∑
j=1

ξrk−l,j,i − E[ξrk−l,j,i]

∥∥∥∥∥
4]
.

It is enough to show that the last part is O(k2). For that, we have

E

[∥∥∥∥∥
Xrk−l,i∑
j=1

ξrk−l,j,i − E[ξrk−l,j,i]

∥∥∥∥∥
4]

= E

[(
p∑

m=1

(Xrk−l,i∑
j=1

ξrk−l,j,i,m − E[ξrk−l,j,i,m]

)2)2]

≤ p
p∑

m=1

E

[(Xrk−l,i∑
j=1

ξrk−l,j,i,m − E[ξrk−l,j,i,m]

)4]
.
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Since

E

[(Xrk−l,i∑
j=1

ξrk−l,j,i,m − E[ξrk−l,j,i,m]

)4∣∣∣∣∣Fkr−l
]

= Xrk−l,iE
[
(ξ1,1,i,m − E[ξ1,1,i,m])4

]
+Xrk−l,i(Xrk−l,i − 1)

(
E
[
(ξ1,1,i,m − E[ξ1,1,i,m])2

]2)
≤ (Xrk−l,i)

2E
[
(ξ1,1,i,m − E[ξ1,1,i,m])4

]
,

we have

E

[(Xrk−l,i∑
j=1

ξrk−l,j,i,m − E[ξrk−l,j,i,m]

)4]
≤ E[(ξ1,1,i,m − E[ξ1,1,i,m])4]E[(Xrk−l,i)

2].

Because E[‖Xk‖2] = O(k2), it follows easily that E[‖Mk‖4] = O(k2) and thus we have concluded
our proof.

For every n ∈ N, let us de�ne the process (R(n)
t )t∈R+ with

R(n)
t =

r⊕
l=1

{[
mr−l
ξ Π

r∑
j=1

mj−1
ξ (M(n)

t,j + tmε)
]
�Vξ

}
.

Using (3.3), (3.4), (3.5)

Π

r∑
j=1

mj−1
ξ (M(n)

t,j + tmε) = Π

r∑
j=1

mj−1
ξ

(
1

n

bntc∑
k=1

(Xrk−j+1 −mξXrk−j −mε) + tmε

)

=
1

n

bntc∑
k=1

Π

(
r∑
j=1

(
mj−1
ξ Xrk−j+1 −mj

ξXrk−j

)
−

r∑
j=1

mj−1
ξ mε

)

+ tΠ
r∑
j=1

mj−1
ξ mε

=
1

n

bntc∑
k=1

Π

(
Xrk −mr

ξXrk−r −
r∑
j=1

mj−1
ξ mε

)
+ tΠ

r∑
j=1

mj−1
ξ mε

=
1

n
ΠXrbntc +

(
t− bntc

n

)
Π

r∑
j=1

mj−1
ξ mε.

From this, we get

R(n)
t =

r⊕
l=1

{[
1

n
mr−l
ξ ΠXrbntc +

(
t− bntc

n

)
Π

r∑
j=1

mj−1
ξ mε

]
�Vξ

}
.

It immediately follows that (R(n)
t )+ = R(n)

t . Since

∫ t

0
Xrbnscds =

1

n

∫ nt

0
Xrbucdu =

1

n

(
Xrbntc(nt− bntc) +

bntc∑
k=0

Xrk

)
,

and ∫ t

0

(
s− bnsc

n

)
ds =

t2

2
− 1

n2

(
bntc(nt− bntc) +

bntc−1∑
k=0

k
)

=
bntc+ (nt− bntc)2

2n2
,
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we have∫ t

0
(R(n)

s )+ds =

∫ t

0
R(n)
s ds =

r⊕
l=1

{[
1

n2
mr−l
ξ Π

bntc−1∑
k=0

Xrk +
nt− bntc

n2
mr−l
ξ ΠXrbntc+

bntc+ (nt− bntc)2

2n2
Π

r∑
j=1

mj−1
ξ mε

]
�Vξ

}
.

Now we proceed to check condition (i), i.e. for every T ∈ R+,

sup
0≤t≤T

∥∥∥∥∥ 1

n2

bntc∑
k=1

E[Mk(Mk)
T |Frk−r]−

∫ t

0
(R(n)

s )+ds

∥∥∥∥∥ P−→ 0 (n→∞).

We see it immediately that for any l ∈ {1, 2, . . . , r},

sup
0≤t≤T

bntc
n2
‖Vε‖

P−→ 0, sup
0≤t≤T

bntc
n2

∥∥∥ r−l∑
j=1

mj−1
ξ mε

∥∥∥ P−→ 0,

sup
0≤t≤T

bntc+ (nt− bntc)2

n2

∥∥∥Π r−l∑
j=1

mj−1
ξ mε

∥∥∥ P−→ 0,

as n→∞. It remains to show that for any l ∈ {1, 2, . . . , r},

sup
0≤t≤T

1

n2

∥∥∥mr−l
ξ

bntc∑
k=1

Xrk−r −mr−l
ξ Π

bntc∑
k=1

Xrk

∥∥∥ P−→ 0 (3.31)

and

sup
0≤t≤T

∥∥∥nt− bntc
n2

mr−l
ξ ΠXrbntc

∥∥∥ P−→ 0 (3.32)

as n→∞.

3.8. Lemma. For any �xed T > 0, we have

sup
0≤t≤T

1

n2

bntc∑
k=0

‖(I−Π)Xrk‖
P−→ 0 (3.33)

and

sup
0≤t≤T

1

n2
‖Xrbntc‖

P−→ 0, (3.34)

where I ∈ Rp×p is the unit matrix.

Proof. We note immediately that the supremum in (3.33) is attained at t = T . Using (3.13), we
see that

Xrk = mr
ξXrk−r +

r∑
j=1

mj−1
ξ (Mk,j + mε).

Applying this recursion for (Xrk)k∈N, we get

Xrk =

k∑
i=1

m
(k−i)r
ξ

r∑
j=1

mj−1
ξ (Mi,j + mε).
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With (3.4), we have

(I−Π)Xrk =

k∑
i=1

(m
(k−i)r
ξ −Π)

r∑
j=1

mj−1
ξ (Mi,j + mε).

Using this and (3.2) with the boundedness of the ‖mj
ξ‖ norms, we get

bnT c∑
k=1

‖(I−Π)Xrk‖ ≤
bnT c∑
k=1

k∑
i=1

cκk−i
r∑
j=1

‖mj−1
ξ ‖

(
‖Mi,j‖+ ‖mε‖

)

≤ cc′
(
bnT c r

1− κ
+

bnT c∑
i=1

r∑
j=1

‖Mi,j‖
bnT c∑
k=i

κk−j︸ ︷︷ ︸
≤ 1

1−κ

)
.

Because of Lemma 3.7, we see that

1

n2

bnT c∑
j=1

‖Mi,j‖
P−→ 0.

In fact, we have convergence in L1, but stochastic convergence is enough for us. Combining these
observations, we note that we proved (3.33). From this, (3.34) immediately follows.

Applying our previous lemma, we see easily that (3.31) and (3.32) is true, so we can conclude
that condition (i) holds.
Checking condition (ii) is simple in the light of Lemma 3.7. Applying basic inequalities, we get

1

n2

bntc∑
k=1

E[‖Mk‖2χ{‖Mk‖>nθ}|Fk−1] ≤ 1

n2

bntc∑
k=1

E[‖Mk‖4|Fk−1]

n2θ
=

1

n4θ

bntc∑
k=1

E[‖Mk‖4|Fk−1].

Because of E[‖Mk‖4] = O(k2), we have 1
n4θ

∑bntc
k=1 E[‖Mk‖4|Fk−1]

P−→ 0. Thus we have concluded
the proof of Theorem 3.4.

Now we can prove Theorem 3.2, our main theorem. To deduce this from Theorem 3.4, we
wish to apply the theorem of continous mappings, which we state below. (For proof, see [9],
Theorem 3.27.)

3.9. Theorem. Let S and T be two metric spaces and let ξ, ξ1, ξ2, . . . be random variables in S

with ξn
D−→ ξ. Let f, f1, f2, · · · : S → T be measurable mapping with a measurable set C ⊂ S with

P (ξ ∈ C) = 1 such that fn(sn)→ f(s) if sn → s. Then fn(ξn)
D−→ f(ξ).

Now we de�ne the mappings Ψ, (Ψ(n))n∈N where

Ψ(n) =


Ψ

(n)
1

Ψ
(n)
2
...

Ψ
(n)
r

 : D(R+, (Rp)r)→ D(R+, (Rp)r) (3.35)

16



is de�ned by

Ψ
(n)
i (f)(t) :=m

bntcr
ξ

[
r∑
l=i

ml−i
ξ fl(0) +

i−1∑
l=1

ml−i+r
ξ fl(0)

]

+

bntc∑
j=1

m
(bntc−j)r
ξ

[
r∑
l=i

ml−i
ξ

(
fl

(
j

n

)
− fl

(
j − 1

n

)
+

1

n
mε

)

+

i−1∑
l=1

ml−i+r
ξ

(
fl

(
j − 1

n

)
− fl

(
j − 2

n

)
+

1

n
mε

)]

for every

f =


f1

f2
...
fr

 ∈ D(R+, (Rp)r), t ∈ R+, n ∈ N, i ∈ {1, 2, . . . , r}.

The mapping Ψ is de�ned by

Ψ(f)(t) :=


Π
∑r

l=1 ml−1
ξ (fl(t) + tmε)

Π
∑r

l=1 ml+r−2
ξ (fl(t) + tmε)

...
Π
∑r

l=1 ml
ξ(fl(t) + tmε)

 , f ∈ D(R+, (Rp)r), t ∈ R+. (3.36)

Using (3.14), one can easily check that Ψ(n)(M(n)) = X (n). From (3.14) and (3.16) we have

Ψ(M)
D
= X .The mappings Ψ, (Ψ(n))n∈N are measurable, as it can be seen in Lemma 5.1 at the

Appendix. Now we de�ne the sets C, CΨ,(Ψ(n))n∈N
with

CΨ,(Ψ(n))n∈N
:= {f ∈ D(R+, (Rp)r) : Ψn(fn)

lu−→ Ψ(f) whenever fn
lu−→ f},

C :=

{
f ∈ C(R+, (Rp)r) : (I−Π)

[
r∑
l=i

ml−i
ξ fl(0) +

i−1∑
l=1

ml−i+r
ξ fl(0)

]
= 0, i ∈ {1, 2, . . . , r}

}
,

where fn
lu−→ f denotes the locally uniform convergence. The C set is measurable, as it can be

seen in Lemma 5.2 at the Appendix. We must show that C ∈ D∞(R+, (Rp)r), C ⊂ CΨ,(Ψ(n))n∈N
and P (M ∈ C) = 1.

3.10. Lemma. C ⊂ CΨ,(Ψ(n))n∈N
.

Proof. Let f ∈ C, and let (f (n))n∈N a sequence in D∞(R+, (Rp)r) such that f (n) lu−→ f . We will

17



show that ψn(f (n))
lo−→ ψ(f). Adding and subtracting the same member, we can write

Ψ
(n)
i (f (n))(t) = Π

r∑
l=i

ml−i
ξ

[
f

(n)
l

(
bntc
n

)
+
bntc
n

mε

]

+ Π
i−1∑
l=1

ml−i+r
ξ

[
f

(n)
l

(
bntc − 1

n

)
+
bntc
n

mε

]

+
(
m
bntcr
ξ −Π

)[ r∑
l=i

ml−i
ξ f

(n)
l (0) +

i−1∑
l=1

ml−i+r
ξ fl(0)

]

+

bntc∑
j=1

(
m

(bntc−j)r
ξ −Π

)[ r∑
l=i

ml−i
ξ

(
f

(n)
l

(
j

n

)
− f (n)

l

(
j − 1

n

)
+

1

n
mε

)

+

i−1∑
l=1

ml−i+r
ξ

(
f

(n)
l

(
j − 1

n

)
− f (n)

l

(
j − 2

n

)
+

1

n
mε

)]
.

Now let T > 0 �xed and let t ∈ [0, T ]. We will prove that supt∈[0,T ] ‖Ψ
(n)
i (f (n))(t)−Ψi(f)(t)‖ → 0.

‖Ψ(n)
i (f (n))(t)−Ψi(f)(t)‖ ≤ c′‖Π‖

r−i+1∑
l=1

(∥∥∥∥∥f (n)
l

(
bntc
n

)
− fl(t)

∥∥∥∥∥+
1

n
‖mε‖

)

+ c′‖Π‖
r−i+1∑
l=1

(∥∥∥∥∥f (n)
l

(
bntc − 1

n

)
− fl(t)

∥∥∥∥∥+
1

n
‖mε‖

)

+

∥∥∥∥∥(m
bntcr
ξ −Π

)[ r∑
l=i

ml−i
ξ f

(n)
l (0) +

i−1∑
l=1

ml−i+r
ξ f

(n)
l (0)

]∥∥∥∥∥
+ c′

bntc∑
j=1

‖m(bntc−j)r
ξ −Π‖

[(
r∑
l=i

∥∥∥∥∥f (n)
l

(
j

n

)
− f (n)

l

(
j − 1

n

)∥∥∥∥∥+
1

n
‖mε‖

)

+

(
i−1∑
l=1

∥∥∥∥∥f (n)
l

(
j

n

)
− f (n)

l

(
j − 1

n

)∥∥∥∥∥+
1

n
‖mε‖

)]

With the de�nition ωT (f, I) := supt1,t2∈I ‖f(t1)− f(t2)‖, we have∥∥∥∥∥f (n)

(
bntc
n

)
− f(t)

∥∥∥∥∥ ≤
∥∥∥∥∥f (n)

(
bntc
n

)
− f

(
bntc
n

)∥∥∥∥∥+

∥∥∥∥∥f
(
bntc
n

)
− f(t)

∥∥∥∥∥
≤ ωT (f, [t, t+ n−1]) + sup

t∈[0,T ]
‖f (n)(t)− f(t)‖.

Since f is continous, it is known that ωT (f, [t, t+ n−1])→ 0 as n→∞. Similarly,∥∥∥∥∥f (n)
l

(
j

n

)
− f (n)

l

(
j − 1

n

)∥∥∥∥∥ ≤ ωT (f, [(j − 1)n−1, (j − 1)n−1 + n−1]) + 2 sup
t∈[0,T ]

‖f (n)(t)− f(t)‖.

With (3.2), we get that

c′
bntc∑
j=1

‖m(bntc−j)r
ξ −Π‖ ≤ c′

1− κ
.
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Finally, we have∥∥∥∥∥(m
bntcr
ξ −Π

)[ r∑
l=i

ml−i
ξ f

(n)
l (0) +

i−1∑
l=1

ml−i+r
ξ f

(n)
l (0)

]∥∥∥∥∥
≤

∥∥∥∥∥(m
bntcr
ξ −Π

)[ r∑
l=i

ml−i
ξ (f

(n)
l (0)− fl(0)) +

i−1∑
l=1

ml−i+r
ξ (f

(n)
l (0)− fl(0))

]∥∥∥∥∥
+

∥∥∥∥∥(m
bntcr
ξ −Π

)[ r∑
l=i

ml−i
ξ fl(0) +

i−1∑
l=1

ml−i+r
ξ fl(0)

]∥∥∥∥∥︸ ︷︷ ︸
=0, since f∈C

≤ cc′
r∑
l=1

‖f (n)
l (0)− fl(0)‖.

Combining these, we have that

‖Ψ(n)
i (f (n))(t)−Ψi(f)(t)‖

≤ c′‖Π‖(r − i+ 1)
(
ωT (f, [t, t+ n−1]) + sup

t∈[0,T ]
‖f (n)(t)− f(t)‖+

1

n
mε

)
+ c′‖Π‖(r − i+ 1)

(
ωT (f, [t− n−1, t]) + sup

t∈[0,T ]
‖f (n)(t)− f(t)‖+

1

n
mε

)
+ cc′

r∑
l=1

‖f (n)
l (0)− fl(0)‖

+
c′

1− κ
r
(
ωT (f, [(j − 1)n−1, (j − 1)n−1 + n−1]) + 2 sup

t∈[0,T ]
‖f (n)(t)− f(t)‖+

2

n
mε

)
.

Because the right side does not depend on t, with using f (n) lu−→ f we can conclude that

ψn(f (n))
lu−→ ψ(f). Thus we have proved our lemma.

Now, because M is the unique strong solution of the SDE (3.17) with initial value M0 = 0,
it is trivial that P (M ∈ C) = 1. Applying Theorem 3.9 yields that

X (n) = Ψ(n)(M(n))
D−→ Ψ(X )

D
= X .

Now we prove the distributional equality (Y t)t∈R+

D
= (mj

ξY t)t∈R+ . From (3.14), (3.16) and (3.18),
we know that

X t =


Y t

mr−1
ξ Y t

...
mξY t

 =


Π
∑r

l=1 ml−1
ξ (Mt,l + tmε)

Π
∑r

l=1 ml+r−2
ξ (Mt,l + tmε)

...
Π
∑r

l=1 ml
ξ(Mt,l + tmε)

 =


Π(N t + t

∑r
l=1 ml−1

ξ mε)

mr−1
ξ Π(N t + t

∑r
l=1 ml−1

ξ mε)
...

mξΠ(N t + t
∑r

l=1 ml−1
ξ mε)

 .
From the SDE (3.19) of N t, we have

dY t = Π

r∑
l=1

ml−1
ξ mεdt+ Π

r∑
j=1

mj−1
ξ

√
[mr−j

ξ Y t]�VξdW t,i.
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With the transformation U t = mξY t and with the application of the special properties (3.3),
(3.4), (3.5) of Π, we have

dU t = Π
r∑
l=1

ml
ξmεdt+ mξΠ

r−1∑
j=1

mj−1
ξ

√
[mr−j−1

ξ U t]�VξdW t,i

+ mξΠmr−1
ξ

√
Y t �VξdW t,j

= Π
r∑
l=1

ml−1
ξ mεdt+ Π

r∑
j=2

mj−1
ξ

√
[mr−j

ξ U t]�VξdW t,j−1

+ Π
√

[mr−1
ξ U t]�VξdW t,r

= Π

r∑
l=1

ml−1
ξ mεdt+ Π

r∑
j=0

mj−1
ξ

√
[mr−j

ξ U t]�VξdW t,j−1.

From this, it follows that Y t
D
= mξY t. By induction, we have Y t

D
= mj

ξY t for every
j ∈ {1, 2, . . . , r − 1}. This proves Theorem 3.2.

4 Conclusion

4.1 Applications

Multi-type branching processes are often used in biology to model population dynamics with
genetic e�ects. For example, types can represent di�erent genotypes which can interact with
each other in various ways. When dealing with real experimental data, it is important to obtain
some knowledge about the o�spring expectation matrix mξ, because it describes the underlying
dynamics of the process. The limit distributions of the process can be used to estimate this
matrix.

Another useful application can be found in di�usion approximations. Simulating trajectories
of various stochastic di�erential equations can be di�cult. If the solution of a given SDE can be
approximated with a process that can be simulated easily, we can �x this problem. In our case,
we can approximate the so-called Feller-type di�usions, which are used extensively for example,
in genetics and in mathematical �nance.

4.2 Research plans

After describing the limit processes for indecomposable and critical multi-type branching
processes, the next step is to deal with the decomposable and critical case. We call a multi-type
branching process decomposable, if mξ is reducible. This means that the directed graph Γ(mξ)
is not strongly connected. There are several complications in this case. For one, there are no
Perron-Frobenius theory for reducible matrices. This makes it di�cult to handle the powers of
mξ. Another problem is, as suspected, the limit processes are very complex, even more than in
the indecomposable case. To picture this, let us examine the structure of a reducible matrix.
Let mξ be a reducible matrix. Then Γ(mξ) is connected, but not strongly connected. Then,
by elementary graph theory, its nodes can be partitiones into strongly connected components.
There are two classes of strongly connected components: those that you can exit, and those that
you cannot. Let us call the former class transient and the latter class essential. It can easily be
seen that if we start a population without immigration and with one specimen from a type that
belongs to a transient class, after long enough time, the population will only consist of types
from the essential class. But, as far as we can tell, the limit distribution is a�ected by the number
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of transient classes the population passes through. Currently, there are only partial results in
this case. So far, we have succeded to describe the limit processes when the o�spring expectation
matrix has the form

mξ =

[
1 α
0 1

]
.

5 Appendix

5.1. Lemma. (i) Ψ is continous, therefore measurable.

(ii) For every n ∈ N, Ψ(n) is measurable.

Proof. (i): Let (fn)n∈N sequence which converges to f in D(R+, (Rp)r). Then it is enough to show
(Ψ(fn))n∈N converges to Ψ(f) in D(R+, (Rp)r). According to [8], Chapter VI Theorem 1.14 (a),
the convergence can be characterized in a way that an (fn)n∈N sequence converges to f if and
only if there is a sequence (λn)n∈N ⊂ Λ such that

sup
s∈R+

|λn(s)− s| → 0,

sup
s≤T
‖fn ◦ λn(s)− f(s)‖ → 0, for every T ∈ R+.

Now we have

‖Ψ(fn)(λn(s)−Ψ(f)(s)‖ ≤
r−1∑
i=0

‖Π‖
r∑
l=1

‖ml+i−1
ξ

(
|λn(s)− s|‖mε‖+ ‖fn,l(λn(s))− fl(t)‖

)
This implies that sups≤T ‖Ψ(fn)(λn(s)−Ψ(f)(s)‖ → 0, from which continuity follows.

(ii): To prove the measurability of Ψ(n), it is enough to prove that for every N ∈ N, the mapping

Ψ
(n)
N (f)(t) := Ψ(n)(f)(t ∧ N) is measurable, because then for every f ∈ D(R+, (Rp)r), we have

Ψ
(n)
N (f) → Ψ(n)(f) in D(R+, (Rp)r). Now we split up Ψ

(n)
N into two separate mappings Ψ

(n)
N,1 :

D(R+, (Rp)r)→ Rrp(nN+1) and Ψ
(n)
N,2 : Rrp(nN+1) → D(R+, (Rp)r) such that Ψ

(n)
N = Ψ

(n)
N,2 ◦Ψ

(n)
N,1.

We de�ne these with

Ψ
(n)
N,1(f) :=

(
f(0), f(1/n), f(2/n), . . . , f(N)

)
and

Ψ
(n)
N,2 :=


Ψ

(n)
N,2,1

Ψ
(n)
N,2,2
...

Ψ
(n)
N,2,r

 , ,Ψ
(n)
N,2,i : Rrp(nN+1) → D(R+, (Rp)r), i ∈ {1, 2, . . . , r}

with

Ψ
(n)
N,2,i(x)(t) :=m

bn(t∧N)cr
ξ

[
r∑
l=i

ml−i
ξ x0,l +

i−1∑
l=1

ml−i+r
ξ x0,l

]

+

bn(t∧N)c∑
j=1

m
(bn(t∧N)c−j)r
ξ

[
r∑
l=i

ml−i
ξ

(
xj,l − xj−1,l +

1

n
mε

)

+

i−1∑
l=1

ml−i+r
ξ

(
xj−1,l − xj−2,l +

1

n
mε

)]
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for every

x = (x0, x2, . . . , xnN ) ∈ (Rrp)(nN+1), xi = (xi,1, xi,2, . . . , xi,rp) ∈ Rrp.

The measurability of Ψ
(n)
N,1 is obvious, because the projections actually generate the σ-�eld

D∞(R+,Rp). (See [8], Chapter VI, Theorem 1.14 for details.) It can also be seen easily that

for every i ∈ {1, 2, . . . , r}, Ψ
(n)
N,2,i is a continous function. It follows that Ψ

(n)
N is measurable, and

this is what we had to show.

5.2. Lemma. (i) C(R+, (Rp)r) is closed in the topology generated by (2.1), therefore we have

C(R+, (Rp)p) ∈ D∞(R+, (Rp)r).
(ii) The linear mapping (I−Π⊕r circr(mξ)) : (Rp)r → (Rp)r is measurable.

(iii) π0 : C(R+, (Rp)r)→ (Rp)r is measurable.

Therefore, C = C(R+, (Rp)r) ∩ π−1
0

(
(I−Π⊕r circr(mξ))

−1({0}))
)
is measurable.

Proof. Before we prove any of the assertions, we note that with the de�nition

circr(mξ) :=


I mξ . . . mr−2

ξ mr−1
ξ

mr−1
ξ I . . . mr−3

ξ mr−2
ξ

...
...

. . .
...

...
m2
ξ m3

ξ . . . I mξ

mξ m2
ξ . . . mr−1

ξ I

 ,

C can be written in the form

C = C(R+, (Rp)r) ∩ π−1
0

(
(I−Π⊕r circr(mξ))

−1({0}))
)
,

where Π⊕r = Π⊕ · · · ⊕Π and π0 : C(R+, (Rp)r)→ (Rp)r denotes the projection π0(f) = f(0).
(i): To prove that C(R+, (Rp)p) is closed, it is enough to show that its complement is open. Let
β ∈ (C(R+, (Rp)r))c. This means that there exists a t0 ∈ R+ such that ‖β(t0) − β(t0−)‖ > 0.
Suppose that N ≤ t0 < N + 1 for some N ∈ N. Then from the de�nition of (2.1), it is obvious
that for any α ∈ C(R+, (Rp)p) continous function,

δN+1(α, β) ≥ ‖β(t0)− β(t0−)‖
2

> 0

and because of this,

δ(α, β) ≥ 2−(N+1) min{1, 2−1‖β(t0)− β(t0−)‖} =: ε(β) > 0.

This means that no continous function can be closer to β than ε(β). With this, we have

(C(R+, (Rp)r))c =
⋂

β∈(C(R+,(Rp)r))c

B(β, 2−1ε(β)),

where B(β, ε) is the open ball centered at β with radius ε. Thus (C(R+, (Rp)r))c is the union of
open sets, therefore it is open. The proposition (ii) is trivial.
(iii): From [8], Chapter VI, Theorem 1.14, we have that the Borel σ-�eld D∞(R+, (Rp)r) is the
σ-�eld generated by projections. From this, (iii) immediately follows.
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List of notations

• N := {0, 1, 2, . . . }
• R+ := [0,∞)

• C(R+,Rp) is the space of continous functions from R+ to Rp

• D(R+,Rp) is the space of cádlág functions from R+ to Rp

• D∞(R+,Rp) is the Borel σ-�eld of D(R+,Rp)

• D−→ and
lu−→ respectively denotes convergence in distribution and locally uniform

convergence

• (Xn)n∈N is our critical, indecomposable p-type Galton-Watson process with immigration

• mξ is the o�spring expectation matrix of Xn with r eigenvalues of maximum modulus

• Vξi is the covariance matrix of the i-th type

• x�Vξ :=
∑p

j=1 xiVξi , where x = (x1, x2, . . . , xp)
T

• u,v are the left and right Perron-vectors of mξ

• Π := uvT ∈ Rp×p+

• The c ∈ R+ and κ ∈ (0, 1) constants are de�ned such that ‖mnr
ξ −Π‖ ≤ cκn

• The c′ ∈ R+ constant is the upper bound of the (‖mn
ξ ‖)n∈N sequence

• (X (n)
t )t∈R+ is the n-th step process created from (Xn)n∈N, see (3.8)

• (X t)t∈R+ is the limit process of (X (n)
t )t∈R+ , see Theorem 3.2

• (Mk)k∈N are the martingale di�erences created from (Xn)n∈N, see (3.10)

• (M(n)
t )t∈R+ is the n-th step process created from (Mk)k∈N, see (3.15)

• (Mt)t∈R+ is the limit process of (M(n)
t )t∈R+ , see Theorem 3.4

• Ψ and Ψ(n) are the mappings which we use to reconstruct (X t)t∈R+ and (X (n)
t )t∈R+ from

(Mt)t∈R+ and (M(n)
t )t∈R+ , see (3.36) and (3.35)
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