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1 Introduction

In this section, we sketch the basic concepts used throughout the paper. We assume
some knowledge of basic mathematical concepts. A binary relation p C A x A is said to be
a partial order on the set A if it is reflexive, antisymmetric and transitive. Partial orders
are often denoted by <. We call the pair (A, <) a partially ordered set (poset) if < is a
partial order on the set A. An n-ary relation on a set A is just a subset of the Cartesian
product

A=A X A X -+ x A,

n times

S0 it consists of n-tuples whose components are from the set A. Specifically, the 2-ary rela-
tions are the well-known binary relations and the 1-ary relations called unary relations are
just subsets of the set A. Let (A, <) be an arbitrary partially ordered set. An n-ary relation
R is said to be definable in (A, <) if there exists a first-order formula ¥ (z1,x9,...,zy)
with free variables x1,x9,..., 2, in the language of partially ordered sets such that for
any ai,ag,...,a, € A, ¥(ay,az,...,a,) holds in (A, <) if and only if (a1, as,...,a,) € R.
A subset of A is definable if it is definable as a unary relation. An element a € A is said
to be definable if the set {a} is definable.

Example 1.1. Let us consider the poset (Dgp, |), where Dgy denotes the positive divisors
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Figure 1: The Hasse diagram of (Dgy, |).

The elements 1 and 60 are definable in this poset, for
{1} ={z: (vy)(x <)}, {60} = {2 : (Vy)(y < 2)}.
The set {2,3,5} is definable as well, because
{235 ={z:1<a}={a:~@e{IHYA(y<2) = (y=2) V(e {1}))}

We can distinguish between the element 2 and the elements 3 and 5 in {2, 3,5}, for 2 has
three covers, while 3 and 5 have only two. Thus we can define the sets {2} and {3,5}. The



question we may now ask is whether we can define the set {3} or equivalently distinguish
between 3 and 5 with first-order formulas. We might feel that we can not do this. How
can we prove such a conjecture? Checking all the first-order formulas is obviously not an
option. It is easy to see that if there exists an automorphism of the poset (A, <) that maps
the element a € A to b € A then a and b are indistinguishable in (A, <) with first-order
formulas. Now the map 1 — 1,2 — 2, 4+— 4, 3—5,5+— 3, 6 — 10, 10 — 6, 15 — 15,
30 — 30, 12 — 20, 20 — 12, 60 — 60 is an automorphism of (Dgo, |), which verifies our

conjecture.

Let us denote the isomorphism types of finite groups by G. We can define a partial
order < on G with G < G’ for G,G’ € G if and only if G is isomorphic to some subgroup
of G'. In this way (G, <) becomes a poset. More generally let S be the set of isomorphism
types of all finite structures of a given type (for example lattices, posets or—as we have just
seen—groups, etc.). We define the binary relation < on S: for all S,5" € S, S < 5’ if and
only if S is isomorphic to some substructure of S”. With this definition (S, <) turns out to
be a poset, which we call substructure ordering. In 2009-2010 J. Jezek and R. McKenzie
published a series of papers ([1], [2], [3], [4]) in which they have examined (among other
things) the first-order definability in such substructure orderings of finite mathematical
structures with a given type and determined the automorphism groups of these orderings.
They considered finite semilattices [1], ordered sets [2], distributive lattices [3] and lattices
[4].

In this paper we consider (the isomorphism types of) finite directed graphs. Let us
consider a nonempty set V and a binary relation £ C V2 We call the pair G = (V, E)
a directed graph or just digraph. The elements of V(= V(G)) and E(= E(G)) are called
the wvertices and edges of G, respectively. The directed graph G := (V,E~!) is called
the transpose of G, where E~! denotes the inverse of the relation E. A directed graph is
finite if the number of its vertices is finite. We use an embeddability definition different
from the substructure ordering explained above and used in the papers [1], [2], [3], [4].
We say that the directed graph G is embeddable into G’ if there exists an injective map
¢ : V(G) = V(G') such that (v1,v2) € E(G) implies (¢(v1),p(v2)) € E(G'). We denote
this fact by G < G’. Let D denote the set of isomorphism types of finite digraphs. For
arbitrary digraphs G,H € D let G < H mean that G # H, G < H and G < X < H
implies X = G or X = H for every digraph X € D.

Lemma 1.2. (D, <) is a poset and the map G — GT is a non-trivial automorphism of it.

Proof. Transitivity and reflexivity is obvious. Antisimmetry can be checked the following
way. Let G and G’ be finite digraphs embeddable into each other and let the maps showing
the mutual embeddability be

01: V(G) = V(G), ¢a:V(G) = V(G).
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Figure 2: An example of our digraph embeddability concept.

Since G, G’ are finite and ¢1, 2 are injective, we have |V(G)| = [V (G’)| so ¢ is bijective.

It is easy to see that the maps
¢1: E(G) = E(G), (v1,v2) = (p1(v1), 01(v2)),

¢2 1 BE(G') = E(G), (v1,v5) = (p2(v1), p2(v5))

are injective too, so ¢1 is bijective and this implies that ¢ is an isomorphism between the
digraphs G and G’. The fact that G — G is an automorphism of (D, <) is obvious, and

it is non-trivial, for one can easily find a digraph not isomorphic to its transpose. O

This lemma tells us that the strongest claim one can conjecture is that all sets of
the form {G,GT} are definable with first-order formulas in the poset (D, <). This is the
main result of this paper. We will prove—using this result—that there is no non-trivial
automorphism of (D, <) different from G +— G7, which implies that the automorphism
group of (D, <) is isomorphic to Zs.

We will use the notation G := {G, GT} in the rest of the paper. Our proof requires a lot of
notations to be introduced, maybe too many to keep in mind, so Section 4 collects them

to help the reader search their definitions in the paper.

2 The definability of sets {G, G}
Definition 2.1. Let us introduce the following digraphs:

Ey: V(E) ={wn}, E(E) =1,
Ly: V(L) = {vi}, E(L1) = {(v1,v1)},
Ey: V(E3) = {v1,v2}, E(E2) =10,
Iy 2 V(I2) = {v1,va}, E(I2) = {(v1,v2)}
Lemma 2.2. The digraphs E1, L1, Es, Is are definable.
Proof. Ej is the unique digraph X € D for which X < G holds for every G € D. There
are two elements covering Ey, namely Li(= L) and Ey(= EI), hence the set {L1, Eo} is

definable. In this set only L; has a unique cover so L; and Es are distinguishable, which
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Figure 3: The “bottom” part of the Hasse diagram of (D, <).

implies that L; = {L1} is definable and so is Fy = {Ey}. I is the the unique element

among the covers of Eo which has 4 covers and does not cover L; (see Fig. 3.). O

Definition 2.3. For a positive integer n, we say that G € D is on level n if |V(G)| +
|E(G)| = n. Let S, denote the set of all digraphs on level n.

It is an easy observation that if G < G’ then G’ is exactly one level above G, so our

definition corresponds to the levels of our Hasse diagram (see Fig. 3.).
Lemma 2.4. The set S, is definable.

Proof. &1 was already defined in Lemma 2.2. 5,11 can be defined recursively: Sp4+1 is the
set of digraphs X € D for which Z < X for some Z € S,,. O

Definition 2.5. Let E,, (n =1,2,...) be the “empty” digraph with n vertices: V(E,) =
{v1,v9,... 0.}, E(E,) = 0. Let F,, (n =1,2,...) be the “full” digraph with n vertexes:
V(F,) = {v1,v2,...,vn}, E(F,) =V(F,)? Let T,, = {G € D : |[V(G)| = n} be the set of

all digraphs having n vertices.
Lemma 2.6. The digraphs E,,, F,, and the set T, are definable for every positive integer n.

Proof. The set T = {E,, : n € {1,2,...}} is definable, because its elements are those
digraphs X € D for which Ly £ X and I £ X. In Z we have E; < Ey < E3 < ...
therefore E,, (= ET) is definable for every n. 7, contains exactly those digraphs X € D for
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which F, < X and E,11 f X, so it is definable. F,, is the digraph X € D which has n
vertices and X < Z implies that Z has n + 1 vertices. O

Definition 2.7. Let us set notations for the following digraphs:

Oz : V(02) = {v1,v2}, E(O2) = {(v1,v2), (v2,v1)},
A: V(A) =A{v1,v2,v3}, E(A) = {(v1,v3), (v2,03)},
I3+ V(I3) = {v1,v2,v3}, E(I3) = {(v1,v2), (v2,v3)},
Ly : V(L2) = {v1,va}, E(L2) = {(v1,v1), (v2,02)},

Lot 0 V(Lay) = {v1,v2}, E(Ley) = {(v1,v1), (v2,02), (v1,v2)}.

(A

WA .
0, A Iy

Loy Loy

Figure 4: The digraphs Os, A, I3, Lo, Lo, .

Lemma 2.8. The digraphs Oa, Is, La, Loy and the set A are definable.

Proof. Oz(= OF) is the maximal digraph X that has 2 vertices and Ly £ X.

Let G € D be the following digraph: V(G) = {v1,v2,v3}, E(G) = {(v1,v2)}. Then G(=
GT) is definable since it is the only element covering both I and Es.

Now the set AU I3 turns out to be definable, for it contains exactly those digraphs X € D
for which G < X, Oy £ X, By £ X and L1 £ X holds. Now I3 = {I3} is the unique
digraph X € AU I3 for which there exists X < Z such that W < Z implies X = W (with
the notation to be introduced in Definition 2.9, Z = O3), meaning Z covers only X. From
this we also get that A is definable because A = (AU I3) \ I.

The digraph Lo is the maximal X € D that has 2 vertices and for which I, £ X. Finally,
the digraph Lo, is the only X € D having 2 vertices, being on level 5 for which L, < X. O

Definition 2.9. Let I,,, O,, L, (n =2,3,...) denote the following digraphs:
V(I,) =V(0,) =V(L,) = {v1,v2,...,0,},

E(I,) = {(v1,v2), (v2,v3),..., (vp—1,0pn)},
E(Oy,) = {(v1,v2), (v2,v3), ..., (Vn—1,vn), (Un,v1)},

E(Ln) = {(1}1,1)1), (Ug, UQ), ey (vn,vn)}.
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Figure 5: The digraphs I5, Og and Ig.

Lemma 2.10. The digraphs Ly, Oy, I, (n=2,3,...) are definable.

Proof. L,(= L) is the unique digraph X on level 2n that has n vertices and for which
I £ X.

We define the digraphs O,(= OI) and I,(= I!) together, recursively. Oy and I were
already defined in Lemma 2.8 and Lemma 2.2, respectively. Suppose that Os, I, ..., Oy,
I, have already been defined. Then O,,41 is the unique digraph X that:

e has n + 1 vertices,
1 IVLSX) LlﬁXa OQﬁXa On£X7
e is on level 2n + 2, and

e there exists no Z € A for which Z < X.
Finally, the digraph I, 41 is the only element X for which X < O,41. O

Definition 2.11. Let G be an arbitrary finite directed graph with no loops. Let L(G)
denote the digraph that we get from G by adding loops to every vertex. For a set G C D
of finite digraphs with no loops let £(G) := {L(G) : G € G}.

Definition 2.12. We say that the digraph X is n level under Z if there exist Z1,..., 7, €
D such that Z > Z; = --- = Z, = X. Similarly, we say that the digraph X is n level above
Y if there exist Y7,...,Y, € Dsuch that Y <Y <--- <Y, = X.

Lemma 2.13. Let G C D be a finite definable set of finite digraphs with no loops. Then
the set L(G) is definable.

Proof. Let N = max{ |V (G)|: G € G}. Then L£(G) consists of those X € D for which:

e for every 1 < n < N, if X has n vertices then L, < X, and

e for every 1 < n < N, if X has n vertices, Z < X is n level under X and Ly £ Z,
then Z € G. O



Definition 2.14. For an arbitrary G € D let M(G) denote the digraph we get by leaving
all the loops out from G. For a set G C D of finite digraphs put M(G) := {M(G) : G € G}.

Lemma 2.15. Let G be an arbitrary finite subset of D that is definable. Then the set M(G)
1s definable.

Proof. Let us consider N = max{ |V(G)| : G € G} again. Then M(G) is the set of those
digraphs X € D for which either

oLleandXeg
or

e L; £ X and there exists Z € G such that forall 1 <n < N, L, < Z and L1 £ Z
together imply that X is n level under Z. O

Definition 2.16. Let O,, 1, be the following digraph: V/(O,, 1) = {v1,v2, ..., 00}, E(On,1) =
E(Oy) U{(v1,v1)}, which means that

E(On,1) = {(v1,v1), (v1,v2), (v2,03), ..., (Un-1,Vn), (Un,v1)}.

Figure 6: The digraph Os ..

Lemma 2.17. The digraphs O, (n =2,3,...) are definable.

Proof. Oy (= O;‘Z ;) is the unique digraph X on level 2n + 1 for which O, < X and
L < X. O

Definition 2.18. For arbitrary finite directed graphs G1, G, ..., G, let us denote their
disjoint uniun by Gy UG U ... UG, = U?ZlGi, as usual.

Definition 2.19. Let nji,ng,...,n; be pairwise distinct integers greater than 1. Let
-k -k
O(ni,n2,...,n) = U;—10n, and Or(n1,n2,...,nk) = J;—1On,,L-

Lemma 2.20. The digraphs O(ny,na,...,ng) and Or(n1,na,...,ng) are definable.

Proof. O(ny,na,...,n;)(= (O(n1,na,...,nx))T) is the unique digraph X having nj +mng+

-+ + ny, vertices, being on level 2(ny 4+ ng + - -+ + nyg) for which O,, < X (i =1,2,...,k)

and there exists no Z € A such that Z < X.

Or(n1,na,...,n%)(= (Orp(ny,na,...,ng))7T) is the unique digraph X being on level 2(n; +

ng+---+ng)+k for which O(ny,ng,...,ng) < X, Ly < Xand O,, 1 <X (1 =1,2,...,k).
Ul



Figure 7: The digraph Or(3,4,5).

Definition 2.21. Let us define the digraph O; ;1 the following way (see Fig. 8). Let
V(Oz) = {Ul, ey ’Ui} and V(OJ) = {’Ull, e ,’U}}. Now let V(Oi,j,Ll) = V(OlUOj),

E(Oijr1) = E(0; U O;) U {(v1,v1), (v1,v}), (v1,v7)}.

Let Oi,j,L2: V(Oi7]‘7L2) = V(Oi,j,Ll); E(Oz"j’LQ) = E(Oi,j,Ll) U {(v’l,vl)} and ﬁnally let
O;j1 = M(O;j11), Oij2 = M(O;j12).

In words, O; j 1 consists of two circles which are connected by an Lo (see Fig. 8).

O3.4.11 O3.4.12

Figure 8: O34,11, O3.4.12

Lemma 2.22. Let i and j be different positive integers both bigger than 2. Then the sets

Oi 11, Oi,j,Lz, Oi,j,l and O~i,j72 are definable.
Proof. Oi,j,Ll is the set of those digraphs X that:

e have i 4 j vertices,
e are on level 2(i + j) + 3, and
® Op(i,j) <X, Loy <X, L3 £ X.

O; ;12 consists of those digraphs X that:

e are on level 2(i + j) + 4,
) F2 < )(7 and

e there exists Z € Om-,m such that Z < X.

Finally, the definability of the digraphs O; j 1, O; ;2 follows from Lemma 2.15. O



Definition 2.23. Let O;rjl denote the set of those digraphs Z < X which we can get by
adding an edge to Z that is not a loop, where Z € Oi,jyl. Similarly let (’)17272 denote the
set of those digraphs Z < X which we can get by adding an edge to Z that is not a loop,

where Z € O; j2. (see Fig. 9).

X w

Figure 9: A digraph X € (92"571 and a digraph W € (92:572.

Lemma 2.24. The sets O

Y Oifjﬁ are definable for every distinct positive integers i, j

both bigger than two.

Proof. O;rj 1 consists of those digraphs X for which Z < X for some Z € ONi,j,l, Ly £ X

and F;i ;11 £ X. Similarly, (’)Zj’2 is the set of those digraphs X for which Z < X for some

Z € O~i7j727 Ly ﬁ X and Ei+j+1 ﬁ X. ]
Definition 2.25. For a finite directed graph G € D let

AG) ={X eD:V(X) =V(G), (Vo,y € V(X))([{(z,y) € E(X)} U{(y,z) € E(X)}|

the number of edges between x and y in X

==y € E(G)} Uiy @) € E(G)}])}-

the number of edges between z and y in G

In words, A(G) is the set of those digraphs that can be obtained from G by reversing

some edges.

Definition 2.26. Let u, v, w be 3 distinct vertices of a directed graph G € D. Let (u, v, w)
denote the fact that in the digraph G exactly the following edges lie between the vertices
u, v, w (and there are no loops on them): exactly one of (u,v), (v,u) and exactly one of
(v,w), (w,v). In case of (u,v,w) let [u,v, w]e denote the subgraph of G induced by the

vertices u, v, w.

It is easy to see that either [u,v,w]g = I or [u,v,w]g € A holds. We say that the
digraph [u, v, w]q is determined if it is known that which of the previous two relations hold.
The following lemma states that for a weakly connected finite digraph Oy ¢ G if A(G) is
definable and [u, v, w]q is determined for all (u,v,w), then the subset {G,GT} C A(G) is
also definable.

10



Lemma 2.27. Let G € D be a weakly connected digraph for which Oy & G. Let v1,. .., vy
be the vertices of G. Then

{X S .A(G) : ([vi,vj,vk]x = IQ) = ([vi,vj,vk}g = IQ)} = {G, GT} (1)

Proof. We can suppose that GG has an edge because otherwise G must have a single vertex
which is a trivial case. We can also suppose that (v1,v2) € E(G), for it is only a matter of
notation. Let H denote the left-hand side of (1). It is clear that for any X € H, there is
exactly 1 edge between the vertices v1 and vy since H C A(G) and Oz £ G. Let us suppose
first that for an X € H, similarly to G, (v1,v2) € E(X) holds. We claim that X = G. Let
us consider an arbitrary pair of vertices v’,v” € V(X) that are connected by an edge in

X. Since G is weakly connected there exists a series

U1 = Wy, V2 = W2, W3, ..., Wg-2, v = Wk—1, V" = Wi
of pairwise distinct vertices such that for all j € {1,2,...,k — 1} there is exactly one edge
between the edges wj, w;jy1. Let us consider the neighbouring vertices in this series. We

know that (wi,w2) € E(G), E(X). Observe that the direction of the edge between the

vertices wo, ws in X is determined by the condition
([w1, wa, w3]x = I2) & ([w1, w2, ws]c = I2),

moreover it has the same direction in X as in G and so on, the direction of the edge

between the vertices wj, w41 is determined by the condition
([wj—1, wj, wim]x = I2) & ([Wj—1, wj, wit]e = ).

and it has the same direction in X and G. We proved that the direction of the edge
connecting vertices v/, v” is the same in X as in G, therefore we proved X = G. If we

suppose the converse: (vg,v1) € F(X) then X7 = G by the previous case. O

Definition 2.28. For pairwise distinct positive integers i, j, k greater than 2 we define the
digraph O;_, ;) the following way. Let V(O;) = {v1,va,...,vi}, V(O;) = {v],v5,...,v
and V(Oy) = {vf, 05, ..., vl }. Now let V(O;——k) = V(0; U O; U Oy) and

,,
J

E<Oz—>]—>k) = E(Ol U Oj U Ok) U {(Ulyvl)v (’Ui,’Ui), (Ulllv Ulll)v (Ubvll)v (’Ui,’Ui’)}.

Oi—jr is defined similarly, by modifying the definition of O;_,;_,; naturally by replacing

(05, o) with (o], v}).

In words, O, and O;_, ., consist of three disjoint circles O;, O;, O, with one loop
on each that are connected in the way ¢ — 7 — k and ¢ — j < k according to the sizes of

the circles they are on (see Fig. 10).
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Figure 10: The digraphs Os_4,5 and O34, 5.

Lemma 2.29. Let, j, k be parrwise distinct positive integers bigger than 2. Then the sets

Oi_>j_>k and Oz‘—>j<—k are definable.
Proof. Oiﬁjﬁk is the set of those digraphs X that:

e have i 4+ j + k vertices,

e O(i,j,k) < X,

e areon level 2(i +j + k) + 5,

e there exist Z € Omm and W € OM’Ll such that Z, W < X, and

o L(I5) < X.

We can define O~i_>j<_k almost the same way as O~Z-_>j_>k, the difference is that we replace
the condition L(I3) < X by: there exists Z € £(A) for which Z < X. O

Definition 2.30. Let G be a finite directed graph with no loops and v = (v1,v2,...,vy)
be a vector containing all the vertices of G in some fixed order. Let us define the digraph
K(G,v) the following way. Let us consider the circles {O;}1, with V(O;) = {v;; : 1 <
j <n-+i}. Now let '

V(E(G.v)=V( J 0.

1<i<n

E(K(G,Q)) = E( U Oz) U {(1)1‘71,1)]'71) : (vi,vj) € E(G)} U {(viyl,vu) 1< < n}

1<i<n

In words we get K(G,v) from G by adding loops and big, differently sized circles to all

the vertices of G.
Example 2.31. Figure 11 shows K (I3,v) as an example (with v = (v, v9,v3)).

This type of graph will be useful because in this graph—thanks to the big circles—we
can distinguish the vertices of G which will allow us to define which pair of vertices are

connected with how many edges, so we will be able to define the set A(G).

12
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Figure 11: I3 and a corresponding K (I3, v).

Lemma 2.32. For an arbitrary weakly connected finite digraph G € D with no loops the
set G = {G,GT} is definable.

Proof. First we consider all pairs of vertices that have edges in both directions between
them and we clear one of the two edges for each such pair. We may get different digraphs
clearing different edges but as for the proof it does not matter which one we take so let us
fix one such digraph Oy £ G for the rest of the proof.

Let v = (v1,v2,...,v,) be a fixed vector of the vertices of G. Let us define the set
Hi = {K(G',0), K(G)",v)}.
This set contains exactly those digraphs X that:

1) have (n+ 1)+ (n+2)+---+ (n+n) (: %) vertices,

2) Op(n+1,n+2,...,n+n) <X,

Ly £ X,
if there is no edge between the vertices v;, v; in G’ then for all Z ¢ O~n+i’n+j71, A ﬁ X
holds,

3

(
(
(
(4

)
)
)
)

(5) if there is an edge between the vertices v, v; in G’ then there is an Z € Opiintjr1

for which Z < X but for all W € O:+i,n+j,17 W £ X holds,
(6) if [vs,vj,vg]qr = I, there exists a Z € O(nﬂ)ﬁ(nﬂ-)ﬁ(wrk) for which Z < X, and
(7) if [, Vj, vklar € A there exists a Z € O(n+i)ﬁ(n+j)e(n+k) for which Z < X.

The conditions (1)-(3) ensure the structure of “big” circles, determine the number of
loops. The conditions (4)-(5) tell how many and what kind of edges are to be drawn
between the “big circles”. The conditions (1)—(5) define the set

{K(Z.v): Z € A(G')}

while the conditions (6)-(7), by Lemma 2.27, choose the set H; from it.
It is easy to see that the conditions (1)—(5) can similarly define the set

Ho :={K(Z,v): Z € AG)}

with the condition

13



(8) if there are edges between the vertices v;, v; in both directions then there exists a
digraph Z € Opin4j.12 for which Z < X but for any W € O, .o W £ X holds

added (and writing G instead of G’ in every other condition, naturally). Now the set
My = {K(G,v), K(G)",v)}
can be defined the following way. It consists of those digraphs X that:

(9) X € Ha, and
(10) there exists a digraph Z € H; for which Z < X.

Finally the set H4 = {L(G), L(GT)} consists of those X that:

11

have n vertices,

12) L, < X,

13) X < Z for some Z € Hg, and

(11)
(12)
(13)
(14) X is maximal with the previous properties.

Finally, we prove the definability of G using Lemma 2.15, for M(H4) = {G,GT}. O

Let G1, Go, ..., G, be the weekly connected components of an arbitrary G € D. Let
v1 € G1, vy € Ga, ..., v, € G, be arbitrary but fixed vertices. Let N = |V(G)|. Let us
build the digraph H the following way. We add the vertices v}, v5, ..., vy to the digraph G
so that they constitute an Oy circle. We make this digraph, having n+ 1 weakly connected
components, weakly connected by adding the edges (v}, v1), (v5,v2), ..., (v}, vn). It is clear

that this contruction depends only on the choice of the v;’s.

Definition 2.33. Let us denote by O(G) the set of all digraphs H that can be created
this way.

Example 2.34. In Figure 12 we can see a digraph G having 2 weakly connected compo-
nents and an H € O(G).

G H e O(G)

Figure 12: A digraph G and a corresponding H € O(G).
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Lemma 2.35. For every finite directed graph G € D with no loops the set {G,G*} is
definable.

Proof. We only need to deal with those G € D that have more than one weakly independent
components, for we have dealt with the other case before. Let us consider a digraph H €
O(@G). Since H is weakly connected and does not have loops, we know that H is definable
by Lemma 2.32. Let H' be the digraph that we get from H by adding loops to all the
vertices corresponding to G (that does not belong to the “big circle”).

Let |V(G)| = m. H' is the set of those digraphs X € D that

e there exists Z € H such that Z is m level under X, and

o [, <X, Om7L$X.

In H’ there are loops exactly on those vertices that correspond to G which allows us to

define £(G)-t: it is the set of those digraphs X that:

e X < Z for some Z € H',
e X has m vertices and L,, < X, and

e maximal with the previous properties.
We are done since G = M(L(G)) is definable by Lemma 2.15. O

Definition 2.36. Let &, denote the following digraph. Let V(O,,) = {v1,...,v,} and let
us define &, with V(d',) = V(O0,) U {v} and E(d,) = E(O,) U {(v1,v)}. Let 3L denote
the digraph that is obtained from &', by the modification

E(OZL) = E(Ozn) U {(U, U)}

n

ds o’é

Figure 13: 9'g and &'§.

Since ', is weakly connected and has no loops, J'y, is definable by Lemma 2.32.
Lemma 2.37. The digraphs c}i (n=2,3,...) are definable.
Proof. oN’ﬁ is the set of those digraphs X that:

e / < X for some Z € 5””, and

15



e [; <X and O, £ X. O

Lemma 2.38. For an arbitrary weakly connected finite directed graph G € D the set
{G,GT} is definable.

Proof. Let vy, v, ..., v, be the vertices of G. Let us consider the circles {Oy;}7_; so that
V(Onti) = {vns1;: 1 < j <n+i}. We define the digraph G, with

V(Gy) =V <G 0 (Uj10n+i)>

B(G,)=E <G 0 <U;0n+i>> U {(vnrin,00) s 1< i <n}

In words, we add big circles to G and connect them to the vertices of G with edges pointing
in G’s direction. (G ; depends on the order of v1, v2, ..., v,, we do not emphasize this
in the notation because we need this structure only once and here it is enough to think of
any fixed order of the vertices.) An example of the construction is shown in Figure 14.

V1 U2 U3

D
G

Ga

Figure 14: G 4 for a given G with a given order of vertices.

Since M (G ;) is weakly connected and has no loops, the set M(éoz) is definable by
Lemma 2.32. We can suppose that G has at least one loop because we dealt with the other
case in Lemma 2.32. Let v;,, vj,, ..., v;, be the list vertices of G with loops. éoz is now

the set of those digraps X that:

e are k level above some Z € M(éoz), and

e for every 1 <[ < k there exists Z € &£+il for which Z < X.
Let G’oz =GU (U:ZlOnﬂ-). Then éloz is the set of those X that:

e are n level under Z for some Z € éoz,
o 7 €3y implies Z £ X for every 1 <i < n, and

o Opyy < X for every 1 < i <n.
Finally, G consists of those X that:

° XSZforsomeZGé”oz,
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e have n vertices and L < X, and

o 7 < X for some Z € M(G). O

Lemma 2.39. For a digraph G € D that has at least one loop in every weakly connected
components, the set {G,GTY} is definable.

Proof. We can still suppose that G have more than one weakly independent compotents,
for we have dealt with the other case previously. Let us consider a digraph H € O(G).
Since H is weakly connected, the set H is definable by Lemma 2.38. Let n(> 1) be the
number of weakly connected components of G and m be the number if its vertices. Let H'
be the digraph that we get from H by leaving the edges out that connect the “big circle” to
the components of G so we leave n edges out and get H = G U O,,. H' contains exactly

those digraphs X that

e are n level under Z for some Z € H,
e there is no Z € o'y, for which Z < X, and

e O, <X.

H' consists of n+ 1 weakly connected components from which exactly n has loops in them,

exactly the components corresponding to G. Finally G is the set of those X that:

e X < Z for some Z € H',

e have m vertices and are on the same level as G,

have the same number of loops as G has, and

e 7 < X for some Z € M(G) (M(G) is definable by Lemma 2.35). O
Theorem 2.40. The set {G, G} is definable for an arbitrary digraph G € D.

Proof. We can still suppose G have more than one weakly independent compotents for the
same reason as above. Let us consider a digraph H € O(G) again. By Lemma 2.38 the set
H is definable. We can define H' just as in the proof of Lemma 2.39. Let G, denote the
digraph that consists of those weakly connected components of G that contains loops. By
Lemma 2.39 the set G, is definable. G is the set of those X that:

e has the same number of vertices and are on the same level as G,

e X < Z for some Z € H',

e Z < X for some Z € M(G), and

e Z < X for some Z € G. O
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3 The automorphism group of (D, <)

So far we know two automorphisms of (D, <), namely the trivial one and G + GT.
In this section we prove that there is no other, meaning that the automorphism group of

(D, <) is isomorphic to Zs.
Lemma 3.1. GT < G U O,, implies G = G for every finite digraph G and integer 1 < n.

Proof. Our first easy observation is that X < O,, implies X = X' Let us denote the set
of weakly independent components of G by {Gy}aca. Let A = B U C such that that b € B
if and only if Gy, is embeddable into O,,. Now let us suppose that GT < G U O,,. With the

(L) = (U)o
6T < (UGQ> 00,

acA

(05)o(0) o) () o

which obviously implies

notation just introduced

UGZg(UGC>U<UGb>UOn. (2)
ceC ceC beB
—_———
=X
If there exists a ¢ € C for which G < X, then GI' < O, for X consists of weakly connected
components embeddable into O,,. Then, according to our first observation, G = G, which

means G, < O, a contradiction. This means there is no ¢ € C for which GCT < X so from

(2) we deduce ' .
et < |Ja.

ceC ceC
. T .
( U Gc> < JGe
ceC ceC

By transposing both sides the embeddability stays true obviously, but we get the converse,
implying
. T .
( U Gc> = JaG.
ceC ceC

Using our first observation once more, we obtain

(Ucb>T= el = UJaw

beB beB beB
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Finally, putting together what we have we get
. . . . T . T
G—UGQ—(UGb>U<UGC>—<UGb> U(UGC> =GT. O
acA beB ceC beB ceC

Definition 3.2. Let us call X,, the digraph

V(X,) ={v,v1,v2,...,0n}, E(X,)={(v1,v),(v2,v),...,(vpn,v)}.

Figure 15: The digraph Xj.

Theorem 3.3. The poset (D, <) has exactly two automorphisms, namely the trivial and
the one that maps every digraph to its transpose. Consequently, the automorphism group

of (D, <) is isomorphic to Zs.

Proof. Tt is easily seen that an automorphism can only move the elements of D inside
definable sets, therefore from Theroem 2.40 it follows that it either does not move an
element or maps it to its tranpose. The method of the proof is the following. Let us
consider an automorphism ¢ : D +— D. If for every digraph G € D, ¢(G) = G holds then
@ is trivial. If there is a digraph G € D whose image is its tranpose that is not isomorphic
to it, then we show that p(A) = AT (for the definition of A, see 2.7). Finally we show that
if an automorphism ¢ : D + D satisfies p(A) = AT then for every G € D, p(G) = GT

holds. Briefly we will show the implications
(3G £ G)(p(G) =GT) = p(A) = AT (3)
p(4) = AT = (YG)((G) = GT). (4)
These implications are of the form
pX)=XT=p(Y)=Y"

and can be proved the following way. We show that by adding the digraph X to the
language of partially ordered sets as a constant the element Y becomes definable.

Proof of (3). Let G(# GT) be an arbitrary digraph with V(G) = {v1,v2,...,v,}. Let us
add G to the language of posets as a constant. Lemma 3.1 lets us define G U O,, 41 as the

unique element from the definable set
{GUO0n41,(GUO 1) =GT U011}
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that G is embeddable into. Let we use the notation
V(G U Opq1) =V(G)U{vy,v5,..., 051}
We create a digraph G’ by adding edges to G U O,,11 as follows:
E(G') = E(G U Ops1) U{(v1,v1), (v3,01), (0,01), -+ (U g1, v1) }-

Now G’ is definable as the unique element of the set {G’, (G')T} that is G U O,,,1 embed-
dable into. X,41 is the unique element from the set {X,11,(X,11)7} that is embeddable
into G’ so it is definable too. Finally, A is the unique element from the set {4, AT} that is
embeddable into X;,41.

O3 0
Figure 16: The digraph O3 and a corresponding Of.
Proof of (4). Now we add @ to the language of posets as a constant. Let G be an arbitrary
finite digraph. If G is isomorphic to its transpose then its definability is provided by

Theorem 2.40 so we can assume G # GT. It is easy to check that we can do the same

as in the proof of (3), backwards. The definability of G follows in the steps

A= X1 =G = GULO,1) = G. O
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4 Table of notations

In the following table we collect the notations used in the paper.

Notation Number of | Page number
definition

dn 2.36 15.
gk 2.36 15.
(u,v,w) 2.26 10.
[u, v, w]g 2.26 10.
A 2.7 6.
A() 2.25 10.
E, 2.5 5.
F, 2.5 5.
U 2.18 8.
I, 2.9 6.
K(G,v) 2.30 12.
Loy 2.7 6.
L, 2.9 6.
L(.) 2.11 7.
L(.) 2.11 7.
M(.) 2.14 8.
M(.) 2.14 8.
On 2.9 6.
On.L 2.16 8.
O(ny,ng,...,ng) | 2.19 8.
Orp(ni,na,...,ng) | 2.19 8.
Oij1 2.21 9.
Oij2 2.21 9.
Oij.11 2.21 9.
Oi .12 2.21 9.
O, 2.23 10.
(O2 2.23 10.
Oisjsk 2.28 11.
Oisjetk 2.28 11.
o(.) 2.33 14.
Sy 2.3 5.
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