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Representing integers as sums or differences of general power products

Problems concerning representations of integers as linear combinations of power products has a large literature (see e.g. the papers of Everest, Jarden, Narkiewitz, Hajdu, Ádám, Luca, and Nathanson ). In this paper we study the growth properties of related functions.
Let [image: ]  be distinct positive integers and put [image: ] . Let [image: ]  be the set of products of powers of elements from [image: ] . Put [image: ]. Define the function [image: ]  to be the smallest natural number which cannot be represented as the sum of less than [image: ]  terms from [image: ] , and let [image: ]  be the function defined similarly, except that [image: ]  is replaced by [image: ].
Nathanson asked for the growth properties of[image: ] , in the particular case when the elements [image: ]  of [image: ]  are primes. Hajdu and Tijdeman proved several related theorems concerning the growth rate and lower and upper bounds, both for [image: ]  and [image: ] .
In this paper we consider the general case, where the elements [image: ]  of [image: ]  are arbitrary positive integers.
We note that it seems to be more natural to consider the problem under this condition. On the one hand, this is the case
e.g. in the works of Ádám, Luca, Hajdu where [image: ]  are arbitrary integers, rather than primes.
On the other hand, since a part of the argument goes modulo [image: ]  (with some appropriate [image: ]), the extra assumption that the numbers [image: ]  should be primes is irrelevant at many points. To prove our results, among other things we need to extend classical results of Tijdeman concerning the gaps in [image: ]  where the [image: ]  are primes, to the case of arbitrary positive integers [image: ] .
Finally we note that our work has been accepted for publication.
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