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Abstract

For a prime p ≥ 5 we investigate the p-Selmer group Selp∞(E/K∞) of an el-
liptic curveE not having complex multiplication over the fieldK∞ = Q (E [p∞])
which is the smallest field containing all points ofE with p-power order. The struc-
ture of Selp∞(E/K∞) is not known in detail and is still the subject of conjectures
in non-commutative Iwasawa theory. Under certain conditions it is known that
Selp∞(E/K∞) is a co-torsionfree module over the non-commutative Iwasawa al-
gebra Λ(H) = Λ(Gal(K∞/K)) with finite nonzero corank τ . This τ has been
proposed as the non-commutative analogue of the λ-invariant in the classical Iwa-
sawa theory of elliptic curves. We show that odd τ is only possible for p ∈ {7, 11}.
Furthermore, τ = 1 is impossible for curves with non-integral j-invariants (finding
such curves would have been useful in non-commutative Iwasawa theory). There
are only finitely many integral j-invariants that a curve with odd τ can have. We
also show that there are only finitely many curves with odd τ for each of these
j-invariants. Hence our main result is that τ ≥ 2 holds with finitely many excep-
tions up to Q-isomorphism of elliptic curves. The exact set of exceptions can be
determined computationally. These results do not use Iwasawa theory and have
classical interpretations in terms of Selmer ranks and split multiplicative reduc-
tions over number fields.
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1 Introduction

Elliptic curves
Many problems in number theory can be reduced to solving Diophantine equations of
the form

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

for constants ai and x, y ∈ F for a number field F . F is usually Q, the field of
rational numbers.
∗2nd year Mathematics undergraduate, Eötvös Loránd University.
†Assistant professor, Eötvös Loránd University, Department of Algebra and Number Theory
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If this equation defines a nonsingular curve in the projective plane over F , it is
called an elliptic curve and denoted E/F . Basic arithmetic properties of elliptic curves
are described in the book [18]. To keep this work short, we assume the reader is famil-
iar with concepts such as the reduction types, Mordell–Weil group, torsion subgroup,
isogenies, discriminant, j-invariant and conductor of an elliptic curve.

The F -rational points of E form an Abelian group, this is called the Mordell–Weil
group of E/F . The group operation is given by a rational function which is easily
computed, therefore to effectively find allF -rational points we only need the generators
of the Mordell–Weil group. By the Mordell–Weil theorem, if F is a number field, this
group is finitely generated, and therefore isomorphic to Zr

⊕
T where r ≥ 0 and T

is finite and called the torsion subgroup of E/F . The points in T can be determined
relatively easily. The difficulty is now reduced to finding r, which is called the rank of
E/F .

Selmer groups
The common method to find upper bounds for r is the following. It is the abstract
variant of the classical descent process.

Any positive integer n defines a group homomorphism [n] from E/F to itself:
[n]P = P + P + · · ·+ P with addition according to the Mordell–Weil group law. Let
E[n] denote the kernel, and nE denote the image of this map. Then the factor group
E/nE contains (Z/nZ)r as a subgroup. Now we need an upper bound for |E/nE|.

The Selmer group for a positive integer n, denoted Seln(E/F ) is a finite, effec-
tively computable Abelian group that contains E/E[n]. Computing Seln(E/F ) is
called an n-descent.

In particular, we have the following short exact sequence of Abelian groups:

0→ E/E[n]→ Seln(E/F )→X(E/F )[n]→ 0

X(E/F ) is called the Tate–Shafarevich group and X(E/F )[n] is its n-torsion
subgroup (the subgroup of elements whose order divides n). X is understood to mea-
sure the failure of the Hasse local-global principle that holds for quadratic forms. A
common idea in the theory of elliptic curves is that the Hasse principle does fail some-
times, but not too severely. In particular, we have the Shafarevich–Tate conjecture:
X(E/F ) is always finite when E/F is an elliptic curve over a number field. Hoping
this is true, we set n = pk in the above exact sequence and take the direct limit as
k →∞. Now we have an exact sequence

0→ (Qp/Zp)r → Selp∞(E/F )→X(E/F )[p∞]→ 0

Therefore the number of copies in the direct limit Selp∞(E/F ) is r plus the number
of copies of (Qp/Zp) in X(E/F ). But if X(E/F ) is finite, the latter is 0. Then we
have found a way to express (Qp/Zp)r as the direct limit of effectively computable
groups.

Algorithmically, we can give an upper bound for r after computing Selpk(E/F ).
Then the finiteness of X(E/F ) implies that this bound will eventually coincide with
r.

Now we have a theoretical method to determine r. In Mazur’s words, we "do
descents by day and search for points by night", and continue until the lower bound
for r given by points we have found coincides with the upper bound given by descents.
This process will end if the Shafarevich–Tate conjecture holds.
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Iwasawa theory
Iwasawa theory is the idea that the behaviour of arithmetic objects can be studied in
towers of number fields, and tied to certain p-adicL-functions. When applied to elliptic
curves, this approach provides most of what we know about the Birch–Swinnerton-
Dyer conjecture, a Millennium Prize problem that relates the rank of an elliptic curve
to a complex L-function. Classically, Iwasawa theory considers extensions with Galois
groups Zp such as the field Q(µp∞) =

⋃∞
n=1 Q(µpn) over the cyclotomic field Q(µp).

Here µpn denotes the group of pn-th roots of unity.
Fortunately, the Selmer group behaves well in these towers of fields, so Iwasawa

theory is applicable to the arithmetic of elliptic curves.
To extend Iwasawa theory to a wider class of field extensions, John Coates has

proposed non-commutative Iwasawa theory for elliptic curves, some parts of which
are still conjectural. This involves a field extension with pro-p Galois group and some
extra assumptions. Two interesting instances of non-commutative Iwasawa theory are:

I. The "false Tate curve" extension Q( p∞
√
m,µp∞) over Q(µp) for m ∈ Z a pth

power-free integer.

II. TheGL2 extension Q(E[p∞]) overK whereK is chosen so that the Galois group
of the extension will be pro-p.

For the false Tate curve extension, there is the paper [8] which describes Selp∞(E/Q( p∞
√
m,µp∞))

as a module over the group ring of Gal(Q( p∞
√
m,µp∞)/Q(µp∞))).

This Selmer group is related to the growth of Selmer groups Selp∞(E/Q( pn
√
m,µpn))

as n increases, therefore we obtain concrete information over number fields, and if the
Shafarevich–Tate conjecture holds, we also have would asymptotic information on the
growth of the rank in the tower.

One hopes that analogous results are possible in theGL2 extension case. While the
relationship between Selp∞(E/Q(E[p∞])) and the growth in the tower is still conjec-
tural, Selp∞(E/Q(E[p∞])) is worthy of study in light of these conjectures.

2 Assumptions and definitions
In this subsection we describe some of our assumptions for a field K, prime p and
elliptic curve E. We assume that E does not have complex multiplication. For CM
curves, the structure of torsion points of E is well understood, and entirely different
from non-CM curves.

Let K∞ = Q(E[p∞]), and K ⊆ Q (E [p]) be a Galois number field such that

(I) p ≥ 5

(II) E/K has good ordinary reduction at all places above p

(III) Gal(K∞/K) is pro-p

For simplicity, assume that K is a minimal field satisfying these conditions. So
K∞/K is an admissible extension.

For our most critical assumtpion, we need definitions. For G, a pro-p group with
p-adic Lie-group structure and no element of order p, we define its Iwasawa algebra as
the inverse limit of p-adic group rings

Λ(G) = lim←−Zp[G/H]
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where H varies over open normal subgroups of G.
Recall that by the Weil pairing, we have

∧2
E[pn] = µpn , the group of pn-th roots

of unity as a Galois module. Therefore Q(E[pn]) contains Q(µpn) so K∞ contains
Kcyc = K(µp∞).

Now define G = Gal(K∞/K) and H = Gal(K∞/K
cyc). By a Theorem of Serre

[16] G can be viewed as an open subgroup of GL2(Zp). Then H is the kernel of the
determinant on G. If K = Q(E[p]), which is typical but not always the case, G is the
subgroup of GL2(Zp) congruent to the identity modudo p. Assumption (I) guarantees
that G and H have no p-torsion, and Assumption (III) guarantees they are pro-p, so we
can form their Iwasawa algebras Λ(G) and Λ(H).

To study Selp∞(E/Q(E[p∞])) = Selp∞(E/K∞), we take its Pontryagin dual
X(E/K∞) = Hom(Selp∞(E/K∞),Qp/Zp). Similarly, let X(E/Kcyc) be the Pon-
tryagin dual of Selp∞(E/Kcyc) Then X(E/K∞) will be a Λ(G)-module, and there-
fore also a Λ(H)-module. A general goal in non-commutative Iwasawa theory is to
describe the structure ofX(E/K∞) over Λ(G), which could yield concrete, arithmetic
information. An easier, intermediate step is to describe X(E/K∞) over Λ(H).

Define λ = rkZp
X(E/Kcyc), which is a classical Iwasawa invariant. A proposed

analogue (see e.g. [2]) is τ = rkΛ(H)X(E/K∞). Under some technical assumptions
that are always conjectured to be true given (I)-(III), Howson proved the following
formula:

(1) τ = λ+ sE/Kcyc .

Here s denotes the number of primes with split multiplicative reduction for an elliptic
curve over a field. This is the joint consequence of equation (47) and Theorem 2.8.
in [10]. The conjecture required is her Conjecture 2.5 for K∞ and Kcyc. Note that
the finiteness of λ is known even when X(E/Kcyc) if not finitely generated. We will
return to why sE/Kcyc is finite in Proposition 5.6.

Our fourth assumption is that

(IV) Howson’s formula (1) holds for E and K∞.

One sufficient condition when we know (IV) is true is when X(E/Kcyc) is finitely
generated over Zp. In this case, X(E/Kcyc) will also be torsion-free. Note that this is
not always the case.

In this work, we study the right hand side of Howson’s formula and thus try to give
a lower bound for τ by non-Iwasawa theoretic methods. Our results are summarized
in Theorem 7.5. (Although some more curves can be ruled out by computation, these
results are not included in this work.)

3 Motivation
In this section we show how our work is connected to the general goal of describing
the structure of X(E/K∞) over Λ(G).

Let Z be the center of G. If G is represented by a matrix group with entries in
Zp then Z is formed by the subgroup of diagonal matrices. Therefore Z is naturally
isomorphic to the multiplicative group 1+pZp ≤ Z×p which acts onE[p∞] by multipli-
cation. By a result of Howson [11], the center of Λ(G) is Λ(Z). Note that (disregarding
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the identity element) Z has no element fixing Kcyc therefore it is disjoint from H so
G = Z ×H .

Coates, Schneider and Sujatha in [3] have studied the case when p ≥ 5, G is
pro-p, E has good ordinary reduction everywhere above p in F and X(E/F cyc) is
finitely generated over Zp. They have asked whether the Λ(G) module X(E/F∞) is
completely faithful (after disregarding pseudo-null submodules). In the F∞ = K∞,
F cyc = Kcyc case, complete faithfulness would be necessary for a well-behaved Iwa-
sawa theory of elliptic curves over p-adic PGL2-extensions.

This is the GL2-extension analogue of the question [8] answers in the false Tate
curve case. By a result of Ardakov ([1], section 1.4), under our assumptions (I)-(IV)
X(E/Kcyc) must be completely faithful over Λ(G) if it is torsion-free over both Λ(H)
and Λ(Z). There are many curves where X(E/K∞) is known to be Λ(H)-torsionfree
but none where X(E/K∞) is Λ(Z)-torsionfree.

One could hope the following argument could provide a curve whose X(E/K∞)
is known to be torsion-free over Λ(Z). If X(E/K∞) is small in the sense of having
rank 1 over Λ(H), then the Λ(Z)-torsion also implies annihilation by some element
of Λ(Z). But annihilation, being much stronger than torsion, can be ruled out more
easily. Indeed, [19] states that, given assumptions equivalent to (I)-(IV), and that the
j-invariant of E is non-integral (a rather mild assumption satisfied by most curves),
X(E/K∞) is not annihilated by any element of Λ(Z).

Then we only have to find a curve with τ = 1 and j /∈ Z to give the first exam-
ple where the complete faithfulness conjecture holds. Despite this incentive, no such
curves were found and some, including the supervisor of this work, began to doubt
their existence. This work confirms that there are indeed no such curves. For the sake
of completeness, we also consider the j ∈ Z case.

4 Determining τ
We restate Howson’s formula from the introduction.

Theorem 4.1. Suppose that Conditions (I)-(IV) hold. Then

τ = rkΛ(H)X(E/K∞) = λ+ sE/Kcyc

Corollary 4.2. τ ≥ rkZE/K + sE/K

Proof. This follows from λ ≥ rkZE/K and sE/Kcyc ≥ sE/K .

Example
Let E be the modular curve X1(11), which is an elliptic curve with Cremona label
11a3 and Weierstrass minimal equation

y2 + y = x3 − x

This curve has no complex multiplication. It has split multiplicative reduction at 11
and good redution everywhere else. It also has rank 0 and a 5-torsion subgroup over Q.

Let p = 5 and K = Q(µ5). Conditions (I) and (II) hold. The torsion subgroup
means that Gal(Q (E [p]) /Q) is isomorphic to the (mod p) matrix group

(
1 Fp

0 F×p

)
of

order 20. Q (E [p∞]) is pro-p Galois extension of Q (E [p]) which has degree p over
K therefore condition (III) holds. Conditions (I) and (II) are easy to see.
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It is well known that Selp∞(E/Kcyc) = Selp∞(E/Q(µp∞)) is finite for this curve
therefore condition (IV) must hold with λ = 0. This leaves τ = sE/Kcyc . 11 has order
4 mod 25 so it decomposes into 4 primes over Kcyc therefore τ = sE/Kcyc = 4.

Heuristically, curves such as E with prime conductor, having rank 0 and p-torsion
in Q, should have a relatively small τ . However, we will see later that they cannot have
τ = 1 by the strict conditions imposed on elliptic curves with p-torsion.

Another example for p = 7, also having 7-torsion is the one given in ([2], equation
(89)). Here, τ = 3, which coincides with our lower bound for 7-torsion curves.

5 The parity of τ
Theorem 5.1. Suppose that Conditions (I)-(IV) hold for some Galois number field
K ⊆ K∞. Then we have

rkΛ(H)X(E/K∞) ≡ [K : Q]

2
(mod 2)

This is not a new result because this can be obtained as a consequence of Corollary
5.7. in [2].

We give a proof nonetheless because the technical machinery of [2], notably crys-
talline cohomology, is overkill in our case. Also, some lemmas in the following proof
will be used throughout.

Proof. Let Kn = K(µpn).

Proposition 5.2. (a) Gal(Q(E[p])/K) has order dividing p.

(b) E/K has a nontrivial p-torsion subgroup.

Proof. Gal(Q(E[p])/K) is a factor group of Gal(K∞/K) which is pro-p by our as-
sumptions. On the other hand, Gal(Q(E[p])/K) is also a subgroup of Gal(Q(E[p])/Q)
which has order |GL2(Fp)| = p(p2 − 1)(p − 1). This means Gal(Q(E[p]/K)) has
p-power order dividing p(p2 − 1)(p− 1), which proves part (a).

If Gal(Q(E[p])/K)) is trivial, claim (b) is also trivial. Otherwise it has order p
and so it is a p-Sylow subgroup in Gal(Q(E[p])/Q). Since all p-Sylow subgroups
are related by conjugation, Gal(Q(E[p])/K) is conjugate to ( 1 ∗

0 1 ) when written in a
suitable basis of E[p]. Hence it fixes a one-dimensional Fp-subspace of E[p]. This
means the coordinates of a p-torsion consisting of p elements lie in K.

Proposition 5.3. For all n ≥ 0, the bad reductions of E/Kn are split multiplicative.

Proof. It is well known that good and split multiplicative reductions remain that way
through field extensions so it is enough to prove the claim for K.

When K contains Q(E[p]), this is a classical result from [17]. Otherwise we have
by Proposition 5.2, part (a) that Gal(Q(E[p])/K) has order p.

For places lying above p our assumptions assure good reduction. Suppose for con-
tradiction that E/K has additive reduction at some v not lying above p. Then we
invoke Theorem 1.13. from [12] for l = p which tells us that

(p− 1)b(p) ≤ 2
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where the p-primary subgroup of E/K has order pb(p). From Proposition 5.2 part (b)
we have b(p) ≥ 1 and since p ≥ 5, the inequality cannot hold.

Therefore we have either good or multiplicative reduction everywhere. Since split-
ting of a multiplicative reduction depends on solvability of x2 + c6 in the local residue
field (where c6 is computed from coefficients of E), and solvability of quadratic equa-
tions remains unchanged by the degree p extension Q(E[p])v/Kv , we conclude from
the results of [17] above that bad reductions are already split in K.

Proposition 5.4. (a) The local root number for a place v is wv(E/Kn) = −1 if
v is Archimedean or E/Kn has split multiplicative reduction at v. Otherwise,
wv(E/Kn) = 1.

(b)
w(E/Kn) = (−1)aKn (−1)sE/Kn

where aKn
is the number of Archimedean valuations of Kn, and sE/Kn

is the
number of split multiplicative reductions of E over Kn.

Proof. (a) For Archimedean and good or split multiplicative non-Archimedean places,
this is a special case of Rohrlich’s Theorem 2 in [14]. (In his notation, τ should be
the trivial character, and χ will also be trivial in the split case.) Other possibilites
are ruled out by Proposition 5.3

(b) This follows by multiplying the local root numbers given by (a).

Proposition 5.5. For all n, sE/Kn
≡ sE/K (mod 2)

Proof. We proceed by induction. The claim is trivial for n = 1 where Kn = K by the
Weil pairing. The proof of the induction step sE/Kn+1

≡ sE/Kn
. Due to Proposition

5.3 bad reduction is equivalent to split multiplicative in these fields. Primes in Kn with
bad (i.e. split multiplicative) reduction correspond one-to-one with conjugacy classes
of bad primes (under the action of Gal(Kn+1/Kn)). Since the extension has odd
degree p, these classes have an odd number of elements. Thus cardinality (mod 2) is
unchanged.

Corollary 5.6. There are finitely many primes in Kcyc over any prime of K. We also
have sE/Kcyc ≡ sE/K (mod 2)

Proof. The first claim is well known. Let q be a prime in K. It has a decomposition
subgroup Dq < Gal(Kcyc/K) which is closed in the profinite topology. q splits into
[Gal(Kcyc/K) : Dq] primes. But Gal(Kcyc/K) ∼= Zp and the only closed subgroup
with infinite index is trivial. Suppose that Dq is trivial. Then the completion of K at
q, denoted Kq , would contain µp∞ . This is impossible since there can only be finitely
many roots of unity in the residue field of Kq . Therefore Dq must have finite index.

A finite number of places with bad reduction each decomposes into a finite number
of places in Kcyc. There is a Kn in the extension tower after which none of them
decomposes further. Apply Proposition 5.5 to this n.

Proposition 5.7. aKn = 1
2 [Kn : Q] = 1

2p
n−1[K : Q]
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Proof. Kn contains Q(µp) and is therefore a totally imaginary number field. It is well
known that totally imaginary number fields have Archimedean valuations equal to half
their degree.

Proposition 5.8. The p-parity conjecture applies forE/Kn i.e. (−1)λE/Kn = w(E/Kn)

Proof. From Proposition 5.2 we have a p-torsion subgroup in E/K. Hence can con-
struct a K-rational isogeny having this subgroup as kernel from E/K to some curve
E′/K. This means we can apply Theorem 2 from [6].

Substitute part (b) from Proposition 5.4 for the right side of Proposition 5.8 to
obtain

(−1)λE/Kn = w(E/Kn) = (−1)aKn (−1)sE/Kn

λE/Kn
+ sE/Kn

≡ aKn
(mod 2)

Since λ is finite and increasing in n, there is an n so that λE/Kn
= λ. Continue with

this n.
λ+ sE/Kn

≡ aKn
(mod 2)

Now apply Propositions 5.6 and 5.7.

λ+ sE/Kcyc ≡ [K : Q]

2
(mod 2)

Consequences
With the above result, we can prove that τ ≡ 0 (mod 2) in many cases, we only need
to show that 4 | [K : Q]. It turns out that this is almost always the case.

Recall that Gal(Q (E [p∞]) /Q) acts on the Tate moduleE[p∞]. Since Aut(E[p∞]) ∼=
GL2(Zp), this provides a representation ρ : Gal(Q (E [p∞]) /Q) → GL2(Zp) Taking
its (mod p) reduction we obtain a representation ϕ : Gal(Q(E[p])/Q) → GL2(Fp).
Note that these are injective.

Serre’s celebrated paper [16] studies this representation and concludes that for a
non-CM curve, the image of ρ is always a subgroup of finite index (equivalently, an
open subgroup) of GL2(Zp).

In addition, he proves the following:

Theorem 5.9. Let E/Q be a non-CM elliptic curve. Then ρ (and, consequently, ϕ) is
surjective for all but finitely many primes p.

This means that, statistically, the most significant case is when Gal(Q(E[p])/Q) ∼=
GL2(Fp).

Proposition 5.10. Assuming Conditions (I)-(IV) and Gal(Q(E[p])/Q) ∼= GL2(Fp) we
have

rkΛ(H)X(E/K∞) ≡ 0 (mod 2)

Proof. By Proposition 5.2, Q (E [p]) /K has degree 1 or p. Since [Q (E [p]) : Q] =
|GL2(Fp)| = p(p−1)(p2−1), we have the sequence of divisibility relations 4 | p2−1 |
[K : Q] which yields the claim by Theorem 5.1.
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We also have another immediate consequence depending chiefly on p.

Proposition 5.11. Assume in addition to conditions (I)-(IV) that p ≡ 1 (mod 4). Then

rkΛ(H)X(E/K∞) ≡ 0 (mod 2)

Proof. Using Theorem 5.1 we only have to show that 4 | [K : Q].
By the Weil pairing we know that det ρ : Gal(K/Q)→ F×p is surjective, therefore

the order of Gal(K/Q) is divisible by p− 1 which we assumed is divisible by 4.

This rules out τ = 1 for primes p ≡ 1 (mod 4).

6 A lower bound for τ
Using Theorem 4.1, our goal is to give a lower bound for λE/K + sE/K under certain
conditions. This will not involve Iwasawa theory and is mostly based on classical
results of Mazur and Serre ([13] and [16], respectively). Recall that E is still assumed
to be a non-CM curve defined over Q.

In this section, we prove the following.

Theorem 6.1. Assume (I)-(IV) for an elliptic curve E/K defined over Q with non-
integral j-invariant. Then

τ ≥ rkZp
X(E/Kcyc) + sE/K ≥ 2.

Note that curves with non-integral j-invariant never have CM. The following lemma
justifies why we can restrict to cases when K ⊆ Q (E [p]) when studying small τ .

Lemma 6.2. For an elliptic curve E/Q let F ⊆ F ′ be number fields that satisfy (I)-
(IV). Then we have τF ≤ τF ′ .

Proof. This is immediate from Theorem 4.1, where the summands cannot decrease in
field extensions. We can also deduce this directly from the original definition of τ since
Λ(HF ) contains Λ(HF ′) as a subring.

Therefore it is enough to prove Theorem 6.1 for K ⊆ Q (E [p]), taking K ∩
Q (E [p]) if necessary. We also reduce K as much as possible to keep assumption
(III) true. If Gal(K/Q) has normal p-Sylow subgroup, we pass to the field fixed by
this subgroup. This way we assume Gal(K/Q) has no normal p-Sylow subgroup.

Nontriviality
Non-commutative Iwasawa theory [3] tells us that τ > 0. We also note that the non-
integral j-invariant guarantees τ ≥ sE/K ≥ 1. Therefore from Theorem 5.1 we have

Proposition 6.3. If 4 | [K : Q] then τ ≥ 2.
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Inertia
In this section, denote Gal(Q (E [p]) /Q) by G and Gal(K/Q) by G0. G is identified
with a subgroup of GL2(Fp) as before. For a prime q ∈ Q, let Dq denote its decompo-
sition subgroup within G0, and let Iq denote its subgroup of inertia within Dq . (Note
that Dq and Iq are, in general, defined only up to conjugacy in Gal(K/Q). However,
they are unique if the extension is Abelian, which turns out to be the most interesting
case.)

Recall that q splits into [G0 : Dq] distinct prime ideals, and has ramification degree
|Iq|. Iq is also a normal subgroup of Dq with a cyclic quotient (isomorphic to the
Galois group of an extension of finite fields).

Serre ([16], section 1.11) has shown the following:

Proposition 6.4. Ip is either

a) conjugate to a subgroup of the form
(

1 0
0 F×p

)
of order p − 1. We will call these

semi-Cartan subgroups.

b) a non-split Cartan subgroup (isomorphic to a cyclic group of order p2 − 1, corre-
sponding to the action of a primitive root in Fp2 by multiplication)

Image in GL2 and PGL2

Further, Serre gives the following classification for: Gal(Q (E [p]) /Q), based on the
following definitions:

Borel subgroups are those conjugate to(
F×p Fp
0 F×p

)
Split Cartan subgroups are those conjugate to(

F×p 0
0 F×p

)
Non-split Cartan subgroups are as defined in Proposition 6.4.

Proposition 6.5. G satisfies at least one of these:

a) G = GL2(Fp)

b) G is contained in a Borel subgroup

c) G is contained in the normaliser of a split Cartan subgroup

d) G is contained in the normaliser of non-split Cartan subgroup

Note that it can be easily computed (and Serre does so) that in cases c) and d), p
does not divide |G|. Therefore

Proposition 6.6. If p | |G| but 4 - p then G is contained in a Borel subgroup.

Then we have another classification by Serre ( [16], section 2.6.):
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Proposition 6.7. Suppose that p - |G| for a group G < GL2(Fp). Let H be the
quotient of G by the center of GL2(Fp). Then H , lying in PGL2(Fp), satisfies at least
one of these:

i) H is cyclic. Then G is in a Cartan subgroup of GL2(Fp).

ii) H is dihedral. Then G is in the normaliser of a Cartan subgroup.

iii) H is isomorphic to A4, S4 or A5.

Apply this to our G. In case i), the Cartan subgroup containing G is either split or
non-split. If it is split, then it is contained in a Borel subgroup. When it is non-split,
then Ip must have been a nonsplit Cartan subgroup, which leads to 4 | |G|.

In case ii), G must be the group extension of a Cartan or semi-Cartan subgroup by
a cyclic group of order two. |G| is again divisible by 4.

In case iii), it is obvious that 4 | |H| | |G|.
Summing up these observations, we have

Proposition 6.8. Suppose that p - |G| and 4 - |G|. Then G lies in a Borel subgroup.

This, together with the similar proposition above, implies

Theorem 6.9. Suppose that 4 - |G|. Then G lies in a Borel subgroup.

Restrictions on p
Whether G is contained in a Borel subgroup is equivalent to whether E/Q has an
isogeny of degree p to some elliptic curve E′. There are plenty of examples for such
isogenies, but not for all primes.

Mazur’s results [13] show that a non-CM curve E/Q can only have isogenies with
prime degree for

p ∈ {2, 3, 5, 7, 11, 13, 17, 37}

Recalling (I) and using Theorem 5.11, we can exclude all of these but 7 and 11.

Inertia in the Borel case
In this subsection, we examine Serre’s results [16] in the Borel case, paying attention
to the parity of [K : Q].

Whether G is contained in a Borel subgroup is equivalent to whether E/Q has an
isogeny of degree p. Borel subgroups can be written over a suitable basis in the form(

F×p Fp
0 F×p

)
We work in this basis from now on. Note that the Borel subgroup contains the

unipotent subgroup (with 1s in the diagonal) as a normal subgroup of order p. In
fact, the Borel subgroup is the semidirect product of the unipotent subgroup and the
subgroup of diagonal matrices. Since, G0 is the factor group of G by this unipotent
subgroup, G is also the semidirect product of G0 and the unipotent subgroup. G0 is
then canonically isomorphic to the diagonal elements of G, denoted G0.

G0 is contained in
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(
F×p 0
0 F×p

)
This means G0, G0, and therefore K, are Abelian. Then, by the Kronecker–Weber

theorem, K is contained in Q(µN ) where N is the conductor of K. Using the Funda-
mental Theorem of Galois theory, we obtain a map

κ : Gal(Q(µN )/Q)→ Gal(K/Q)

Gal(QµN/Q) can be naturally regarded as (Z/NZ)× and through G0 we have an
embedding

κ′ : (Z/NZ)× →
(
F×p 0
0 F×p

)
The two components of this function are two characters to F×p times. Serre states his
theorems in terms of these two characters χ′ and χ′′. For example, part a) of Serre’s
Proposition 23 in [16] can be formulated as

Proposition 6.10. Let q 6= p be a rational prime where E/Q has good reduction. Let
tq denote the trace of the Frobenius morphism at q. Then

tq ≡ tr κ′(q) (mod p)

q ≡ detκ′(q) (mod p)

As a consequence, |E/Fq| ≡ q + 1− tr κ′(q) (mod p).

Using the Weil pairing, we know that the determinant

det : Gal(K/Q)→ Gal(Q(µp)/Q)

from the above matrix group is surjective to F×p i.e. Gal(Q(µp)/Q).

Proposition 6.11. For a rational prime q 6= p, let Iq be the inertia subgroup of
Gal(Q(µN )/Q) at q. The image of det(κ(Iq)) is trivial.

Proof. Note that Q(µN ) ⊇ K ⊇ Q(µp) and the maps involved are exactly the restric-
tion maps of Galois groups therefore det ◦κ(σ) has the same action on Gal(Q(µp)/Q)
as σ ∈ Gal(Q(µN )/Q). On the other hand the only ramified prime in Gal(Q(µp)/Q)
is p so q is unramified there i.e. the projection of Iq is trivial.

The case for Ip is quite the opposite.

Proposition 6.12. Let Ip be the inertia subgroup of Gal(Q(µN )/Q) at p, and κ(Ip)
its image. Then det maps κ(Ip) bijectively to F×p .

Proof. κ(Ip) is exactly the inertia subgroup determined in Proposition 6.4. We have
already ruled out case b) therefore κ(Ip) is a semi-Cartan subgroup of order p−1. The
claim follows from its matrix form.

Proposition 6.13. For any rational prime q 6= p, κ(Iq) ∩ κ(Ip) = {1}.

Proof. By Proposition 6.11, any element σ ∈ κ(Iq) ∩ κ(Ip) must have determinant
1. Using Proposition 6.12, det is injective on Ip so σ must coincide with the identity
element.
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Corollary 6.14. G0 contains the subgroup κ(Iq)κ(Ip) ∼= κ(Iq)× κ(Ip).

Proposition 6.15. If [K : Q]/2 is odd, then p ≡ 3 (mod 4) and |κ(Iq)| is odd for all
rational primes q 6= p.

Proof. [K : Q] = |G0| is divisible by (p− 1)|Iq| as shown by the above corollary.

Section 5.6, part a) of [16] states that

Proposition 6.16. Let Qunr
p be a maximal unramified extension of Qp. Then |κ(Ip)| is

the degree of the minimal extension over Qunr
p where E obtains good reduction.

Proposition 6.17. IfE/Q has additive, potentially multiplicative reduction at q, |κ(Iq)| =
2.

Proof. E becomes semistable at q at the degree 2 extension Qq(
√
−c6) where c6 is a

fixed polynomial of the ais (see [18]).

Serre states that since E obtains good reduction at q (hence, discrimant ∆ with
q-valuation 0 (mod 12)) at a field extension with Galois group κ(Iq),

|κ(Iq)|vq(∆) ≡ 0 (mod 12)

and if gcd(q, 12) = 1 then

κ(Iq) =
12

gcd(12, vq(∆))

Summarizing the above, we have the following.

Theorem 6.18. Suppose that Gal(Q (E [p]) /Q) is in a Borel subgroup. If it has order
not divisible by 4, the following conditions hold necessarily.

1) p ≡ 3 (mod 4)

2) For all primes q where E/Q has additive reduction, it has potentially good reduc-
tion and 4 | vq(∆).

These conditions are sufficient providedE/Q is semistable at 2 and 3, or it is otherwise
known that |I2| and |I3| are odd.

Remaining cases
In this subsection we use ad hoc arguments to complete the proof of Theorem 6.1 in
the case when the above conditions for the parity of [K : Q]/2 hold.

Let ` ∈ Q be a rational prime dividing the denominator of the j-invariant of E
i.e. having potentially multiplicative reduction. By Theorem 6.18 this is semistable
multiplicative reduction and |κ(I`)| = 1.
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Non-semistable case
When there is some q 6= p with |κ(Iq)| 6= 1, it must decompose in K. Suppose for
contradiction that ` does not decompose i.e. its decomposition subgroup is all of G0.
Note that 1 < |κ(Iq)|, which must divide |F×p |, has a nontrivial common factor with
p − 1. This means that the product in Corollary 6.14 cannot be cyclic therefore G0

cannot be cyclic.
The factor group of the decomposition subgroup by the inertia subgroup is known

to be a Galois group of Galois fields. But we have established on the contrary that
G0/κ(I`) = G0 cannot be cyclic.

This means there will be at least 3 primes inK lying over `. These will all have split
multiplicative reduction by Proposition 5.3, hence 3 ≤ sE/K and our claim follows.

Semistable case
Establishing torsion

When the above case does not apply,K is unramified apart from p. Therefore Gal(Q(µN )/Q) =
Ip, whence n = p and G0 = κ(Ip) ∼= F×p . Also, since additive reductions at a prime q
can only become multiplicative in an extension if q ramifies, we obtain from Proposi-
tion 5.3 that E/Q is semistable at all primes, except possibly p.

We recall some easy results implicit in ([16], n◦5.4).
In our basis for E[p],

G0 ∈
{(

F×p 0
0 1

)
,

(
1 0
0 F×p

)}
Gal(Q (E [p]) /Q) is a degree 1 or p extension of G0 therefore

Gal(Q (E [p]) /Q) ∈
{
G0,

(
1 Fp
0 F×p

)
,

(
F×p Fp
0 1

)}
Write T = E[p]/K for the p-torsion subgroup ofE overK, and T ′ for the quotient

Galois module E[p]/T . Then Gal(Q (E [p]) /Q) acts on both T and T ′, and one of the
actions must be trivial. There is a Q-rational degree p isogeny from E to an elliptic
curve E′ with kernel T and a dual isogeny from E′ to E with kernel isomorphic to T ′

as a Galois module of Gal(Q (E [p]) /Q.
Galois action on either T or T ′ is trivial therefore one of them lies in Q. Hence

either E/Q or E′/Q has p-torsion. Recall that p ≡ −1 (mod 4) and p ≥ 5. From the
work of Mazur we know that this is only possible for p = 7.

7-torsion

Let A ∈ {E,E′} be the curve with rational 7-torsion. Suppose that it has good reduc-
tion at 2. Then its rational 7-torsion points map injectively to its reduction Ã over F2.
Hence Ã is an elliptic curve with at least 7 points over F2. But by the Hasse bound, an
elliptic curve over a finite field Fq of order q can have at most (

√
q + 1)2 points and

(
√

2 + 1)2 ≈ 5.82842712 < 7 which is a contradiction.
ThereforeAmust have semistable bad (i.e. multiplicative) reduction at 2. Since the

conductor of an elliptic curve is isogeny invariant, E also has multiplicative reduction
at 2.
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Over K = Q(µ7), the prime 2 decomposes into 2 primes, and by Proposition 5.3
the reductions at these primes are all split multiplicative, which gives 2 ≤ sE/K ≤ τ .
Note that from parity, we have in fact 3 ≤ τ . This closes the last remaining case.

7 Integral j-invariant
We consider the same problem for elliptic curves with integral j-invariant using other
methods. This solution will not be complete, but will rule out all but finitely many
curves up to Q-isomorphism.

The hardest part is showing τ > 0. This requires Iwasawa theory, see [3] for a
proof. Therefore it is still the case that 2|τ implies τ ≥ 2.

We apply Theorem 6.9 so we can restrict to curves with a p-isogeny. Using Mazur’s
results, we can restrict to p ∈ {7, 11}.

Our main tool is the following well known theorem:

Theorem 7.1. There is a p-isogeny between two elliptic curves E and E′ if and only
if (j(E), j(E′)) is a point on the modular curve X0(p).

Therefore we are looking for integral points on X0(7) and X0(11).

Integral points on X0(11)

X0(11) has genus 1: it is isomorphic to the elliptic curve

11A1 : y2 + y = x3 − x2 − 10x− 20

In Cremona’s tables [4] we find that this curve has rank 0 and torsion subgroup of order
5. Integral points on this curve correspond to the following pairs of j-invariants (see
[7]):

(−11 · 1313,−112), (−112,−11 · 1313), (−215,−215)

This last one means that the elliptic curve with j = −215 has a 11-isogeny to itself
i.e. it is CM so we do not consider it. Now the possible j-invariants for p = 11 are
−112 and −11 · 1323.

Integral points on X0(7)

On the other hand, X0(7) has genus 0. It has a rational parametrisation (see e.g. [9])(
(t2 + 13t+ 49)(t2 + 245t+ 2401)3/t7, (t2 + 13t+ 49)(t2 + 5∗ t+ 1)3/t

)
t ∈ Q

We need both coordinates to be integral. Let t = a/b in reduced form. The first
coordinate is then

(a2 + 13ab+ 49b2)(a2 + 245ab+ 2401b2)3

a7b

Modulo a, the numerator is 76b8. Using (a, b) = 1, this is divisible by a if and only if
a | 76. Modulo b, the numerator is a8. This is divisible by b if and only if b | 1.

The second coordinate is

(a2 + 13ab+ 49b2)(a2 + tab+ b2)3

ab7
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Modulo a, the numerator is 72b8. Using (a, b) = 1, this is divisible by a if and only if
a | 72. Modulo b, the numerator is a8. This is divisible by b if and only if b | 1.

Therefore the possibilities are t ∈ {1, 7, 49,−1,−7,−49}. Note that if t parametrizes
the pair (j1, j2) then 49/t gives (j2, j1).

Now t = 1 and t = 49 give j ∈ {32 · 7 · 26473, 32 · 74}. t = −1 and t = −49
give j ∈ {−33 · 37 · 7193, 33 · 37} The rest are symmetric i.e. CM points: t = 7 gives
j = 33 · 53 · 173 and t = −7 gives j = −33 · 53.

Therefore the possible j-invariants for p = 7 are j ∈ {32 · 7 · 26473, 32 · 74,−33 ·
37 · 7193, 33 · 37}.

Twisting
If two elliptic curves are isomorphic over Q̄, they are said to be twists of each other.
Possible twists of an elliptic curve E/Q are classified by H1(Gal(Q̄/Q),AutE). As
suggested by its name, j is invariant in C-isomorphisms, therefore twists have the same
j-invariant.

LetEd denote the twist of an elliptic curveE by the character
( ·
d

)
for a square-free

integer d.
Explicitly, for an equation

E : y2 = x3 + a2x
2 + a4x+ a6

Ed : dy2 = x3 + a2x
2 + a4x+ a6

E andEd are not isomorphic over Q if d 6= 1, but they are isomorphic over Q(
√
d).

It is well known (see e.g. [18]) that

Theorem 7.2. If E/Q is an elliptic curve with j(E) 6= 0, 1728 then the elliptic curves
with j-invariant j(E) are exactly the curves Ed.

In this section, we prove the following consequence:

Proposition 7.3. For any given j-invariant j0, there are only finitely many curvesE/Q
having j(E) = j0 and also satisfying conditions (I)-(IV) 4 - [Q(E[p]) : Q]. These
curves have the same conductor apart from a possible factor of p2.

Lemma 7.4. Let E/Q be an elliptic curve with a p-isogeny, having good reduction at
a prime q 6= p. Let

( ·
d

)
be a quadratic character with conductor divisible by q. Then

the inertia subgroup of q in Gal(Q(Ed[p])/Q) is 2.

Proof. Since the existence of a p-isogeny only depends on the j-invariant, Ed also
has a p-isogeny. E/Q and Ed/Q are isomorphic over Q(

√
d). E/Q(

√
d) has good

reduction at q, therefore so does Ed/Q(
√
d).

Hence the minimal extension where Ed obtains good reduction at q is a quadratic
extension with ramification degree 2 at q. The claim follows from ([16], p. 312).

Now we prove Proposition 7.3.

Proof. Let E/Q be a curve with minimal conductorNE in the family of elliptic curves
with j-invariant j0. Then by our previous results, E has a rational p-isogeny.

Let ∆ be the minimal discriminant ofE/Q. If d is a square-free integer not dividing
p∆, then there is prime q 6= p dividing d where E has good reduction. Then by the
above lemma and 6.14, 4 | [Q(Ed[p]) : Q].
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Therefore all exceptional curves with j-invariant j0 are twists ofE by some square-
free divisor of p∆, of which there are finitely many.

Similarly, twists that change the conductor result in a larger conductor because we
chose NE to be minimal. The twisted conductor is either p2NE (since an additive bad
reduction appeared at p) or has a prime divisor q 6= p where E has good reduction.
This implies a good reduction becomes potentially good additive after the twist, and
we can invoke the lemma. Note that since p ≥ 5 the exponent of p in the conductor of
any elliptic curve with integral j-invariant is 0 or 2.

This is effective: together with the list of possible j-invariants, provides a list
of all curves that could have τ = 1. Using SAGE [15], especially the function
EllipticCurve_from_j, we obtain the minimal conductor for each j-invariant
involved. To get an explicit list of potentially exceptional elliptic curves, we can look
up the conductors given below in [4].

Theorem 7.5. Assume assumptions (I)-(IV) for an elliptic curve E/K having rational
coefficients. Then

τ := rkΛ(H)X(E/K∞) ≥ 2

holds with the finitely many exceptions up to Q-isomorphism of elliptic curves. The
exceptions are classified by the following table.

p j-invariant Conductor
7 33 · 37 1369 = 372

7 −33 · 37 · 7193 1369 = 372

7 33 · 37 67071 = 72 · 372

7 −33 · 37 · 7193 67071 = 72 · 372

7 32 · 74 3969 = 34 · 72

7 32 · 7 · 26473 3969 = 34 · 72

11 −112 121 = 112

11 −11 · 1313 121 = 112
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