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Bounds on the cardinality of the deep shadow of families of sets

For a family of a given number of [image: ]-sets, the Kruskal-Katona theorem determines the minimum number of [image: ]-sets that are subsets of at lest one of the [image: ]-sets. (These [image: ]-sets constitute the shadow of the family.) Let's call those [image: ]-sets in the shadow that are contained as a subset by more than one [image: ]-sets the deep shadow of the family. In this paper we give lower and upper bounds on the maximum cardinality of a family of [image: ]-subsets of an [image: ]-set given the cardinality of its deep shadow. (This problem is naturally equivalent to finding the minimum size of the deep shadow of a family of sets of a given cardinality.)
We propose a simple construction of a large family of sets and the corresponding deep shadow if the size of the deep shadow is given, and (using the principle of the construction) we give an upper bound on the size of the family. Using the method of left shiftings we show that for [image: ], with a simple assumption on the structure of the deep shadow, the construction is optimal.
It is easy to see that if we study the maximum cardinality of a family of sets whose deep shadow is empty, the question is equivalent to the maximum size of a constant weight code with minimum distance 4. By generalizing the Johnson bound for constant weight codes, we give a better upper bound for the cardinality of families with small deep shadows.
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