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1 Introduction

What is the value of a financial asset? Is it the amount of money that you have to

pay to acquire it? Or is it rather the amount of money for which you can sell it? Ac-

cording to the Financial Accounting Standards Board (FASB), which is responsible

for the maintenance of the U.S. Generally Accepted Accounting Principles (GAAP),

“fair value is the price that would be received to sell an asset or paid to transfer a

liability in an orderly transaction between market participants at the measurement

date”. (FASB, 2006, p. 2.) From this definition it follows that the (fair) value of

an asset could be determined from orderly transactions. All we have to do then is

simply check the price at which a recent transaction took place and we are done

with valuation. . . as it turns out, in most cases this is not that simple. First of all,

what if there are more transactions at different prices? Which one should we pick?

What if the last but one transaction was for a far greater quantity than the last one?

Also, what if there are no observable transactions, since transactions are private or

don’t even happen at all? Is the asset worthless, then? By no means!

As we can see, and the recent (and still ongoing) global financial turmoil indicates,

the above question is rather ill-posed and answering it could be a challenging job.

However, we may pose a proxy question, which is much easier to handle: “How do

market participants determine the value of an asset?”, or in other words: “What

determines the market value of an asset?” Practice in financial markets instructs to

first determine the expected value of future cash flows (be it positive or negative)

from the asset and then calculate the present value of this expectation using a

‘proper’ discount rate. This approach, which Medvegyev and Száz (2010, p. 104.)

calls the Expected Value – Present Value principle, breaks up the initial

problem in two subproblems, which are

1. determining the probability distribution of future cash flows;

2. determining the discount rate properly suited to the probability distribution

determined in the first step.

Moreover, without going into further details (for which refer to section 2.2), we

postulate that by using a so-called “risk-neutral probability measure”, it is suf-

ficient to determine only the (risk-neutral) probability distribution of future cash

flows, since the same interest rate will apply for every asset. Therefore, if we have

models describing the (risk-neutral) probability distribution of future cash flows and

the dynamics of the (risk-free) interest rate, we can value the asset in question.
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A simple but arguably the best-known model describing the price movements of

financial instruments is the Black-Scholes model. In their original model, which

we will introduce in section 2.1, Black and Scholes (1973) assumed that stock prices

follow geometric Brownian motion and the risk-free interest rate is constant. Al-

though being too simple to realistically describe the empirical properties (i.e. styl-

ized facts) of observable market price movements, and thus we should expect only

an approximation of actual derivative prices from it, this model is relatively easy to

understand and is mathematically tractable, which make it a perfect starting-point

both for empirical analysis and for more advanced model-building. That is why I

will also conduct my research in this framework.

In Black and Scholes’s footsteps, authors have successfully derived formulas for vari-

ous derivative prices, probably the most renowned of which being the pricing formula

for the European-exercise vanilla call option by Merton (1973), which is an efficient

closed-form solution of the corresponding option valuation problem. However, at

the dawn of “financial engineering”, as new derivatives appeared in financial markets

with “bespoke” or “structured” payouts (basically meaning complex payouts),

it turned out that solving the Black-Scholes valuation problem is not that simple (to

say the least) in many cases, especially in those cases where either the payout or the

maturity (or both) of the derivative depends on the path taken by the underlying

product’s price (i.e. the derivative is “path-dependent”). This is a rather unnerving

thought considering the size of the global option industry and the increasing popu-

larity of complex-payout OTC derivatives.

A notable example for the above problem is the valuation of Asian options, which

is the main subject of this thesis. The chief motivation behind choosing this type of

option in particular is twofold:

1. from a financial perspective, Asian options are popular hedging and risk re-

duction instruments;

2. from a mathematical-computational perspective, the valuation problem of Asian

options is challenging and its analytical solution is rather spectacular.

Exploring this type of option in section Pricing Asian options, we will also discuss

what exactly an Asian option is. For now, suffice it to say that the valuation of this

option type is an intriguing problem.
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Once we have chosen our model describing the risk-neutral dynamics of assets and in-

terest rates, the next step is valuation. As we will see in section 2.2, there are different

approaches to do this. Although there exist numerous computation techniques,

at the end of the day they fall into either of three categories:

• analytical methods

• numerical methods

• simulation methods

After briefly showing the difference between these approaches, we will move on to

the valuation problem of Asian options and present two semi-analytical and simu-

lation techniques. Also, we will see that the (not at all simple) calculation of the

Laplace transform is only part of the solution, since we have to employ advanced

numerical inversion algorithms so as to arrive at the desired option value. Despite

the ever-increasing computational capacity of modern times, we will see that the

implementation of neither the numerical inversion algorithms nor the simulation

algorithms is easy as we quickly run out of available significant digits or memory

resources in case the program code is not well-structured.

In section Empirical analysis, after overcoming the technical difficulties, we will

compare the valuation algorithms presented earlier in terms of speed and robustness.

Using the outputs generated in MATLABr, I intend to make suggestions on

which valuation approach is the most suitable in a given case. Hoping to improve

on the results in a similar analysis of Fu, Madan and Wang (1999), I will strive to

determine the weak-points of each algorithm as well as clarify their characteristics

for different combinations of option parameters.
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2 Valuation methodology

Before dealing with the valuation problem of Asian options, it is necessary to agree

on the specific risk-neutral framework that we will be using. In the introduction, I

pointed out that it is necessary to model the dynamics of asset prices and the risk-

free interest rate before we could proceed with risk-neutral valuation. I also noted

that my chosen model is the Black-Scholes framework.

In this section, first we will briefly recapitulate the assumptions and results of the

Black-Scholes model, then we will introduce risk-neutral valuation and make a dis-

tinction between the main valuation approaches.

2.1 The Black-Scholes model

In their original model, Black and Scholes (1973, p. 4.) made the following assump-

tions about the behaviour of asset prices, interest rates and financial markets:

• the risk-free interest rate is constant over time (as opposed to models in which

interest rates are deterministic or stochastic processes)

• the stock price (of any firm) follows geometric Brownian motion “with a vari-

ance rate proportional to the square of the stock price”

• the option is a “European-exercise” option (meaning that it can only be exer-

cised at a predefined maturity)

• the stock pays no dividends (or other interim cash flows)

• there are no transaction costs of trading or borrowing

• there are no limitations to trading (including the ones concerning short-selling

or the trading of fractional quantities)

• there are no limitations to taking out a loan or making a deposit at the risk-free

interest rate

Although the last few assumptions are rather technical and only ensure that the

functions and processes are well-behaved, the first three assumptions form the core

of the model and define very specific stock price and interest rate behavior. Márkus

(2012, p. 9.) calls this framework the“bond–stock market”as there are effectively

three financial products in this setup:

• a risk-free bond B
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• a stock S whose price follows geometric Brownian motion

• and a “European-exercise” derivative product f whose price is dependent on

(is a real function of) the stock’s price

If we look at these products as processes, their respective price dynamics are

dB(t) $ Br dt

dS(t) $ µS(t) dt+ σS(t) dW (t)

df(t, S(t)) $

(
∂f

∂t
+
∂f

∂S
µS(t) +

1

2

∂2f

∂S2
σ2S2(t)

)
dt+

∂f

∂S
σS(t) dW (t)

where W stands for the Wiener process. Furthermore, it can be easily shown that

the logarithm of S is a normally distributed variate having the following dynamics

dX(t) $ d ln(S(t)) =

(
µ− 1

2
σ2

)
dt+ σ dW (t) (2.1)

which implies that S is a lognormally distributed random variate with the

corresponding parameters.

With the help of the assumptions above, using a replication method called dynamic

hedging, Black and Scholes (1973) managed to derive a partial differential equation

for the derivative price. This is called the Black-Scholes partial differential

equation

rf(t) =
∂f

∂t
+ r

∂f

∂S
S(t) +

1

2

∂2f

∂S2
σ2S2(t) (BS PDE)

which is a notable result because in many cases it can be easily solved by means of

standard parabolic PDE methods.

2.2 Risk-neutral valuation

How can we use the Black-Scholes model’s assumptions and results to price finan-

cial derivatives? In theory, by knowing the stock price’s dynamics and probability

distribution, we can calculate the expected value of the derivative’s payout at ma-

turity. All we have to do then is determine the present value of the expectation.

What interest rate should we use for discounting? Should we use the same risk-free

interest rate for a risky asset as for the risk-free bond? From our studies about the

value of future cash flows and risk premium, we know that the discounting rate (i.e.

expected return) should be an increasing function of the risk assumed. But how can
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we determine the expected return of such a special asset as a derivative?

In this section we will see that by using the mathematical trick of changing prob-

ability measures, we will not need to. Before going into further explanation, let us

expand our notations and definitions with those in Márkus (2012).

Notation 2.1 Let
(
Ω,F , {Ft}t≥0 ,P

)
be a filtered probability space, where {Ft}t≥0

is the natural filtration generated by the Wiener process WP.

Definition 2.2 A π(t) = (β(t), γ(t)) process-pair is called investment strategy

if both processes are predictable with respect to Ft.

Definition 2.3 An investment strategy is self-financing (SF) if for all t: B(t) dβ(t)+

S(t) dγ(t) = 0 holds.

Notation 2.4 Let Vπ be the value process of the portfolio (determined by a given

π investment strategy) which contains β(t) bonds and γ(t) stocks at any given time.

Accordingly, let Ṽπ = Vπ
B

be the discounted value process of the portfolio.

Now, let us explain the logic of risk-neutral valuation in the continuous-time Black-

Scholes framework. Applying Girsanov’s theorem, Márkus (2012) shows that by

choosing

Z(t) $
dQ
dP

∣∣∣∣
Ft

= exp

{(
µ− r
σ

)
WP(t)− 1

2

(
µ− r
σ

)2

t

}
as an appropriate Radon-Nikodym-derivative process, the dynamics of the stock

price will be

dS(t) = rS(t) dt+ σS(t) dWQ(t)

where WQ(t) = WP(t) +
(
µ−r
σ

)
t is the Wiener process with respect to probability

measure Q1. From this result it can be derived that the discounted value process Ṽπ

of any portfolio determined by a given π self-financing investment strategy will be

a Q-local martingale, which implies

EQ

(
Ṽπ(t) | Fs

)
= Ṽπ(s) ∀π ∈ SF, ∀s ≤ t

It follows that

Vπ(0) ≡ Ṽπ(0) = EQ

(
Ṽπ(t)

)
≡ e−rtEQ (Vπ(t)) ∀π ∈ SF (2.2)

which is worded in the following lemma.

1Probability measure Q can be proven to be unique in the continuous-time Black-Scholes model
as it defines a so-called “complete market”. For details refer to (Márkus, 2012, p. 35.).
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Lemma 2.5 The present value of any self-financing portfolio is equal to the ex-

pectation of the time-t value of the portfolio with respect to probability measure Q
discounted by the risk-free interest rate.

Applying the martingale representation theorem, it can be shown that for any

European-exercise derivative there exists a corresponding self-financing investment

strategy π∗ replicating the value process of the particular derivative. In other words,

the value of the derivative and the replicating portfolio will be equal at all times,

and thus, applying equation (2.2), we arrive at

f(0, S(0)) ≡ Vπ∗(0) = e−rtEQ (Vπ∗(t)) ≡ e−rtEQ (f(t, S(t))) (2.3)

In preparation for the final step, let us define a“risk-neutral stock”under probability

measure P:

dS(r)(t) $ rS(r)(t) dt+ σS(r)(t) dWP(t) (2.4)

noting that the crucial difference between S and S(r) is that µ in the drift coefficient

has been swapped to the risk-free interest rate r.

Definition 2.6 (Risk-neutral logreturn) Using (2.4) and the result in equation

(2.1),

dX(r)(t) $ d lnS(r)(t) =

(
r − 1

2
σ2

)
dt+ σ dWP(t) (2.5)

describes the dynamics of the risk-neutral logreturn.

Consequence 2.7 The distribution of S(r)(t) with respect to the P measure is the

same as the distribution of S(t) with respect to the Q measure.

Consequence 2.8 The distribution of f(t, S(r)(t)) with respect to the P measure is

the same as the distribution of f(t, S(t)) with respect to the Q measure.

From these results and equation (2.3), we arrive at the following equation and theo-

rem, which we will call the Expected Value – Present Value principle after Medvegyev

and Száz (2010):

f(0, S(0)) = e−rtEQ(f(t, S(t))) = e−rtEP
(
f(t, S(r)(t))

)
(EV-PV)

Theorem 2.9 (Expected Value – Present Value) The present value of a Eu-

ropean-exercise derivative equals to the (time-t) expectation of the derivative price

with respect to probability measure Q discounted at the risk-free interest rate. This

expectation can be calculated with regards to the P measure by assuming that the

stock price has risk-neutral dynamics defined in equation (2.4).

7



Having understood the Black-Scholes model and the risk-neutral valuation principle,

we can now turn to introducing the different approaches which employ the above

findings to solve the derivative valuation problem.

2.2.1 Analytical methods

Analytical methods aim at deriving a closed-form expression for the price of the

particular derivative. This could be attempted by

• either solving the (BS PDE) with the appropriate boundary conditions given

by the payout of the derivative at expiry

• or calculating the risk-neutral expected value of the derivative at expiry, using

the Expected Value – Present Value principle outlined in section 2.2

Whichever method we choose, the existence of a closed-form expression is not guar-

anteed and depends solely on the payout of the derivative. From this point, the

valuation problem is purely mathematical: the solution may be easy to find or it

may not even exist.

Example 2.10 (European option) A good example for an easy-to-derive closed-

form expression is the formula for the European-exercise vanilla call option calculated

in Merton (1973). In his famous work, Merton showed that the value of the option

is given by the formula

c(t) = c(S(t), K, T, σ, r) = S(t)N(d+)−Ke−r(T−t)N(d−)

where d+ and d− are variables depending on the initial parameters and N denotes

the cumulative distribution function of the standard normal distribution.

Although in some cases the derivation of the valuation formula is extremely chal-

lenging, financial mathematicians put considerable effort into finding it. The reason

for this is that finding a closed-form expression for a particular financial derivative’s

price can be extremely rewarding as it yields an easy-to-calculate and exact value,

which makes it superior to other (e.g. numerical or simulation) methods.

2.2.2 Numerical methods

Sometimes, a closed-form solution proves to be elusive or non-existent, but it is pos-

sible to derive a complex but deterministic (semi-analytical) equation. For instance,
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we may arrive at a complex (single/double/triple) integral form which can be ap-

proximated by means of numerical methods (e.g. quadratures).

Example 2.11 (Laplace transform) A notable example for the use of semi-ana-

lytical formulas is the case of Asian option valuation applying the Laplace transform,

discussed in section Pricing Asian options.

In other cases, financial mathematicians resort to the numerical solution of the

(BS PDE). By substituting the appropriate derivatives of the unknown function f ,

we arrive at a partial ”boundary value problem”, the kind of which has extensive

literature on numerical solutions.

2.2.3 Simulation methods

Finally, if we cannot make advances with the analytical solution, we can still turn

to simulation methods known as “Monte Carlo methods”, which is a code name2

coined by John von Neumann for his secret operations during World War II. There

exist numerous approaches but the basic principle is the same (Kalos and Whitlock,

2008):

1. using random number generating algorithms, generate outcomes for a random

variate with known distribution;

2. applying the Law of Large Numbers, estimate the unknown expected value

with the average of the generated outcomes;

3. when applicable, increase the sample size so as to constrain the estimate into

the desired confidence interval.

Monte Carlo simulation methods are computer intensive but easy to understand

and flexible algorithms in the sense that they are compatible with a broad family

of (physical, mathematical or financial) stochastic models. From the perspective of

financial derivative valuation, the flexibility of Monte Carlo simulation allows for

complex stock price movements (e.g. jump diffusion) and derivative payouts (e.g.

path-dependency or early-exercisability) (for further examples refer to Hull (2009)),

which are otherwise extremely hard to handle by analytical methods.

2The name “Monte Carlo” stems from the Monte Carlo Casino in Monaco where the uncle of
Neumann’s colleague used to gamble.
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Based on the results described earlier in sections 2.1 and 2.2, we can see that in the

continuous-time Black-Scholes framework, Monte Carlo simulation is particularly

simple and consists of the following steps:

1. applying that the logreturn is a normally distributed variate, whose risk-

neutral dynamics are described in equation (2.5), generate risk-neutral logre-

turns up to the maturity of the derivative, cutting up the time to maturity as

necessary;

2. taking the exponential of the generated returns, calculate the trajectories of

(i.e. the paths taken by) the stock;

3. keeping in mind that the derivative’s payout at maturity depends on the re-

spective trajectory of the stock, calculate the payout for each outcome;

4. taking the average of outcomes, estimate the expected value of the derivative

at maturity;

5. applying the Expected Value – Present Value principle, estimate the

(present) value of the derivative by discounting the estimate for the expected

value with the risk-free interest rate.

Without going into further details about the simulation algorithms that I will use

in section Empirical analysis, we must point out the notoriously slow convergence

of simulation methods. As I have noted earlier, these techniques rely heavily on the

Law of Large Numbers, estimating the expected value by the average of simulated

outcomes. Provided these outcomes are IID, the standard deviation of the estimate

will be proportional to n−0.5. Practically, this means that for every additional deci-

mal digit precision, we have to make a hundred times greater (and longer-taking. . . )

simulation. Observing how quickly the powers of 100 grow, it is not hard to see that

the traditional Monte Carlo method becomes computationally intractable after the

first 4-6 decimal digits of precision improvement.

For the above mentioned reasons, it is necessary to employ advanced simulation

techniques so as to reduce the variance of the estimate. The umbrella term for these

methods is “variance reduction techniques” and they fall into many categories.

Without aiming at completeness, we list a few techniques here (for a detailed de-

scription refer to Kleijnen et al. (2010)):

• common random numbers (including antithetic variates)

• control variates

10



• conditioning and stratified sampling

• importance sampling and splitting

• quasi-Monte Carlo (not completely random) simulation

Remark 2.12 Depending on the statistical properties of the estimated random vari-

ate, some techniques may be more suitable to a certain simulation problem than oth-

ers. In the case of Asian option valuation, the use of control variates looks the most

promising to me.

At the end of section Pricing Asian options, I will describe the methods of antithetic

random numbers and control variates in more detail, look into their statistical prop-

erties, and explain how they could be efficiently implemented in the case of option

valuation.
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3 Pricing Asian options

Having learnt the most important features of the Black-Scholes model and the fun-

damental logic behind risk-neutral valuation, we are ready to discuss the case of

pricing Asian options. First, I will explain what makes an option “Asian” by making

a distinction between the basic option types. Then, I will outline the valuation prob-

lem of Asian options and demonstrate how the Laplace transform could be applied

in this particular case. Finally, we will turn to further investigating the opportunities

in the simulation approach presented at the end of section 2.2.

3.1 Option types

The classification of various option contracts can sometimes be an ambiguous and

rather confusing task, even for market participants. In order to create a solid foun-

dation for a discussion of greater complexity, in the following I will introduce a

suggested classification framework based on the information found in Hull (2009).

Apart from the direction of their market exposure (i.e. whether they are call or put

options), we can classify option contracts along two fundamental dimensions. Based

on their exercise behavior, market participants make a basic distinction between

three different option types:

• European options: these options can be exercised only at the pre-agreed ma-

turity date

• American options: these options can be exercised any time before the pre-

agreed maturity date

• Exotic options: these options are neither European nor American, which means

that there is something special in the way they can be exercised

Example 3.1 (Bermudan option) The most common example for an exotic-ex-

ercise option is the so-called Bermudan option, where the holder of the option has the

right to exercise at more than one pre-agreed (maturity) dates. Most exotic-exercise

interest rate options are Bermudan options.

The other dimension of classification is the rule which determines how the payout

at exercise is calculated. Keeping the framework simple, I only distinguish two

dimensions:

• Vanilla options: the payout of these options is calculated based on the under-

lying product’s price at the time of exercise

12



• Exotic options: the payout of these options is not “vanilla” in the sense that it

depends not only on the exercise-date price of the underlying product but on

the path taken by it

Remark 3.2 The latter type of options (i.e. options with exotic payout calculation)

are often referred to as “path-dependent” options.

Example 3.3 (Barrier option) A good example for “path-dependent” options is

the (double) barrier option. At this type of option, the underlying product’s price

must (not) cross (a) certain pre-agreed level(s), otherwise the payout is zero.

Example 3.4 (Asian option) Another excellent (if not the best) example for“path-

dependent” options is the Asian option as the payout of this option depends on every

single point of the path taken, by calculating the average of the underlying product’s

prices during the option’s lifetime (i.e. from writing to maturity).

Figure 1: Notional amounts of equity options globally (USD billion)
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2010 2011 2012

Exchange Traded OTC

Source: BIS (2012)

Given the versatility and size of option markets (with reference to the chart above),

now it must be clear to the reader why the valuation of financial options is a rel-

evant topic. It is also apparent that a significant portion of option contracts

is traded OTC (i.e. “over-the-counter”), where products are often customized and

have complex payouts. This is why I referred to the European call option by the

lengthy expression “European-exercise vanilla option” earlier in this thesis. For in-

stance, it is very easy to get confused in the case of Asian options mentioned in

example 3.4, since “Asian” looks like as though it referred to the option’s exercise

behavior (just like “European”) but it is not! In fact, “Asian” refers to how the pay-

out at exercise is calculated, and thus the proper name of an Asian option should
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read “European-exercise Asian option”. Having said that, in the rest of this thesis

we will call options at their usual market names (i.e. European, American, Asian,

etc.), keeping in mind what the various prefixes refer to.

3.2 Asian options

Having tackled the difficulties with classification and nomenclature, let us turn back

to Asian options. We have mentioned that what makes these options “Asian” is the

way their payout is calculated at exercise, namely that an average of the underlying

product’s prices is taken instead of simply taking the underlying product’s price at

exercise (as in the case of vanilla options). Using the notation of section Valuation

methodology, the payout function of an Asian call option at exercise (expiry3) is

f(T, S(T )) =
(
Avg[0,T ](S)−K

)+
(3.1)

where K stands for the pre-agreed strike price and Avg[0,T ](S) stands for the average

of the underlying’s prices from time 0 to time T (i.e. during the lifetime of the

option). Now, let us apply the EV-PV principle for t ≡ T (i.e. at expiry):

f(0, S(0)) = e−rTEQ(f(T, S(T ))) =

= e−rTEP
(
f(T, S(r)(T ))

)
= e−rTEP

[(
Avg[0,T ](S

(r))−K
)+
] (3.2)

This equation tells us that the final payout of the option will depend on the average

of all the underlying’s prices during the option’s lifetime. In other words, the payout

of the option is dependent on the entire path taken by the underlying, including every

single point, which makes the Asian option, in a way, the “ultimate” path-dependent

option. But what good is an option whose payout depends on the average price? Can

a financial product like this survive the constant innovation pressure from financial

engineering? Or is it just a passing fad of the market?

Well, according to a survey of 200 derivative-using non-financial U.S. firms by Bodnar

et al. (1998), Asian options are the most popular exotic payout options chosen by

non-financial firms for risk management. Vanilla options are (and will presumably

remain) in the leading position in financial markets because of their simplicity, but it

seems that Asian options have some added value to offer too. Based on Hull (2009)

and Kemna and Vorst (1990), it seems that Asian options are the most attractive

for those trading (hedging) in markets where

3Note that the time of (a possible) exercise and expiry coincides in the case of an European-
exercise option, no matter whether it is “vanilla” or “Asian” in terms of payout calculation.
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• either the volume is low (eg. in the corporate bond or commodity markets)

• or the volatility is high (eg. in the currency and interest rate markets)

In the first case, low trading volume allows for market manipulations and price

jumps, which can be very unfavorable and generate rapid value changes for a Eu-

ropean-exercise vanilla option holder close to maturity. In the second case, high

volatility makes option strategies for hedgers too expensive to use. As opposed to

what we are used to (i.e. price volatility is beneficial for option holders), in these

cases market participants would like to avoid the inconvenience caused by hectic

price fluctuations of the underlying product. As we can already see, Asian options

offer an efficient solution for these and similar situations. By taking the aver-

age of market prices for a long period, adverse effects of market manipulation and

price jumps are eliminated. Also, since the average of prices is more stable than the

exercise-time price, Asian options are usually cheaper than their vanilla counter-

parts, which makes them a more efficient way of risk management.

The average shown in equation (3.1) can be calculated as either the arithmetic

mean or the geometric mean of the underlying product’s prices. Although prac-

tically there are no big differences in the payouts (i.e. both calculates some kind of

a time-average of the underlying product’s price), the theoretical option valuation

is quite different for these variations. In the following, we are going to show how the

risk-neutral valuation approach explained in section 2.2 can be applied to these two

types of Asian options.

3.2.1 Geometric-average Asian options

Let us begin with Asian options where the average is calculated as the geometric

mean of past underlying product prices. Based on Turnbull, McLean and Wakeman

(1991), in the discrete case this means

Avg[0,T ](S) = n+1

√√√√ n∏
i=0

S(ti) $ G(T )

where we have partitioned the [0, T ] time interval into n subintervals.
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G(T ) = n+1

√√√√ n∏
i=0

S(ti) = exp

{
1

n+ 1

n∑
i=0

ln(S(ti))

}
=

= exp

{
(n+ 1) ln(S(0)) +

∑n
i=1 (n+ 1− i) ln(R(ti))

n+ 1

}
=

= S(0) exp

{
1

n+ 1

n∑
i=1

(n+ 1− i)X(ti)

}

where X is the logreturn defined in equation (2.1). Since the Xs are increments of a

Wiener process, we know that they are N
(
T
n

(µ− 1
2
σ2), T

n
σ2
)

distributed IID random

variates, and thus G(T ) is lognormally distributed. Therefore, switching to the

risk-neutral framework introduced in section 2, the valuation problem of geometric-

average Asian options means no greater challenge than the valuation of European-

exercise vanilla options. Using Black’s model for lognormally distributed underlying

products (for more details, refer to Hull (2009)), Turnbull et al. (1991) derived the

following pricing formula for geometric-average Asian call options:

cn(0) = cn(S(0), K, T, σ, r) = S(0)e−(r+ n+2
6(n+1)

σ2)T2N(d+)−Ke−rTN(d−)

d+ =
ln S(0)

K
+
(
r + n−1

6(n+1)
σ2
)
T
2√

2n+1
6(n+1)

σ
√
T

d− =
ln S(0)

K
+
(
r − σ2

2

)
T
2√

2n+1
6(n+1)

σ
√
T

(3.3)

For the continuous average formula, all we need to do is infinitely refine the partition

of time interval [0, T ] by taking the limit of expression (3.3) in parameter n:

c(0) = lim
n→∞

cn(0) = S(0)e−(r+ 1
6
σ2)T2N(d+)−Ke−rTN(d−)

d+ =
ln S(0)

K
+
(
r + σ2

6

)
T
2

σ
√
T/3

d− =
ln S(0)

K
+
(
r − σ2

2

)
T
2

σ
√
T/3

(3.4)

Remark 3.5 (Time-t price of path-dependent options) At this point, it is im-

portant to note that the pricing formula for Asian options takes zero as the time

argument. This is by no means a coincidence, since Asian options are path-depen-

dent options regarding payout calculation (recall section 3.1). This implies that it

is impossible to find a formula for the time-t price of an Asian option

without inputting the past prices of the underlying product, since the average
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is not only dependent on the price level between time t and T (i.e. maturity) but it is

also influenced by what happened between time 0 and t. However, this information is

a random variate, changing from trajectory to trajectory, and thus cannot be omitted

from a potential valuation formula.

3.2.2 Arithmetic-average Asian options

The payout of this kind of Asian options4 is determined by the arithmetic average

of the underlying product’s prices. In the continuous average case, let us define

Avg[0,T ](S
(r)) =

1

T

T∫
0

S(r)(t) dt $
A(T )

T
(3.5)

where S(r) is the risk-neutral underlying product process defined in equation (2.4).

In theory, all we need to do now is substitute the time-average into equations (3.1)

and (3.2), simply apply the EV-PV principle and calculate the value of an Asian

call option:

C = e−rTEP

[(
Avg[0,T ](S

(r))−K
)+
]

= e−rTEP

[(
A(T )

T
−K

)+
]

(3.6)

As it turns out, solving this simple-looking equation hides several pitfalls haunting

financial mathematicians for decades. The fundamental problem is caused by the

unknown probability distribution of A(t). More specifically, it can be shown that

the sum of lognormally distributed random variates is not necessarily lognormally

distributed, and thus the expected value in equation (3.6) is challenging to determine.

So much so that even such prominent authors as Kemna and Vorst (1990, p. 114.)

claimed “it is impossible to derive an explicit formula” for the price of Asian

options. Although based on a result of Mitchell (1968), who showed that the sum of

lognormals is approximately lognormal, Turnbull et al. (1991) derived an approxi-

mation by calculating the option’s first two moments and substituting back into the

lognormal distribution’s PDF, this still couldn’t be used as a reliable pricing formula,

and thus market participants resorted to simulation methods so as to detremine the

price of Asian options.5

4From now on we will refer to arithmetic-average Asian options, unless indicated otherwise.
5Simulation methods were introduced in section 2, and will be discussed in more detail in section

3.4.
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The breakthrough can be credited to Geman and Yor (1993), based on whose seminal

paper a series of authors, including Carr and Schröder (2003) as well as Dufresne

(2004), commenced an exciting discussion over the validity and applicability of their

approach6. Before proceeding with a more detailed explanation of their finding, let

us do a crucial transformation of the integral in expression (3.5), using the notation

of Medvegyev (2012) and applying the scaling-property of the Wiener process:

A(T ) =

T∫
0

S(r)(t) dt = S(0) ·
T∫

0

exp

{(
r − σ2

2

)
t+ σWP(t)

}
dt =

= S(0)
4

σ2
·
σ2T/4∫
0

exp

{(
r − σ2

2

)
4

σ2
u+ 2

σ

2
WP

(
4

σ2
u

)}
du =

= S(0)
4

σ2
·
σ2T/4∫
0

exp
{

2
(
ν · u+ W̃P(u)

)}
du

where W̃P is another Wiener process under probability measure P, and

ν $

(
r − σ2

2

)
2

σ2
=

2r

σ2
− 1

Based on Geman and Yor (1993), let us define

A(ν)(T ) $

T∫
0

exp
{

2
(
ν · t+ W̃P(t)

)}
dt (3.7)

C(ν)(T,K) $ EP
(
A(ν)(T )−K

)+
(3.8)

the latter being referred to as the “normalized price of the Asian option” by

Carr and Schröder (2003, p. 3.).

Consequence 3.6 (Asian call option price) Using the above definitions and sub-

stituting into equation (3.6), the value of the arithmetic-average Asian call option is

given by:

C = e−rTEP

(
A(T )

T
−K

)+

= e−rT · EP

(
S(0)

T

4

σ2
A(ν)(σ2T/4)−K

)+

=

= e−rT
S(0)

T

4

σ2
· C(ν)

(
σ2T

4
,
KTσ2

4S(0)

) (3.9)

Notation 3.7 Following Carr and Schröder (2003), in the rest of this thesis let us

6Not incidentally, their work forms the cornerstone of this thesis too.
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denote

h $
σ2T

4
and q $

KTσ2

4S(0)

The revolutionary finding of Geman and Yor (1993) was that there exists an ana-

lytical formula for the Laplace transform of C(ν)(h, q) with respect to h. We will see

the main steps of their derivation in the next section but before we proceed let us

present three important findings in connection with Asian options.

Lemma 3.8 (Asian forward price) The forward price of the arithmetic-average

of stock prices for a given time interval [0, T ] is given by

F $ e−rT
S(0)

T

4

σ2
· e

2h(ν+1) − 1

2(ν + 1)
(3.10)

Proof. The above lemma is easily proven by substituting equation (3.7) into (3.10):

F = e−rTEP

(
A(T )

T

)
= e−rT

S(0)

T

4

σ2
· EP

(
A(ν)(h)

)
=

= e−rT
S(0)

T

4

σ2
· EP

 h∫
0

exp
{

2
(
ν · t+ W̃P(t)

)}
dt

 = (. . . )

Since the integrand is non-negative, we may apply Fubini’s theorem and swap the

order of the integrals:

(. . . ) = e−rT
S(0)

T

4

σ2
·

h∫
0

EP

(
exp

{
2
(
ν · t+ W̃P(t)

)})
dt =

= e−rT
S(0)

T

4

σ2
·

h∫
0

e2νtEP

(
e2W̃P(t)

)
dt = e−rT

S(0)

T

4

σ2
·

h∫
0

e2νt+2t dt =

= e−rT
S(0)

T

4

σ2
· e

2h(ν+1) − 1

2(ν + 1)

�

Now, based on the previous lemma, we may derive the Black-Scholes price of the

arithmetic-average Asian put option. The logic is the same as at the calculation of

the vanilla option price, namely

(ξ −K)+ − (K − ξ)+ = (ξ −K) ∀ξ

Regardless of the probability distribution of ξ, taking the expectation of both sides

doesn’t affect the equality, and thus we can apply equations (3.9) and (3.10) to arrive
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at the desired Asian put option value.

Consequence 3.9 (Asian put option price (put-call parity))

P = e−rTEP

(
K − A(T )

T

)+

=

= e−rT

[
EP

(
A(T )

T
−K

)+

− EP

(
A(T )

T
−K

)]
=

= C − F + e−rTK

(3.11)

Remark 3.10 (Time-t value of the Asian call option) Finally, let us provide

an extension of the (3.9) option pricing formula for t > 0, based on Carr and

Schröder (2003):

C(t) = e−rT
S(t)

T − t
4

σ2
· C(ν)(h(t), q(t))

where

h(t) $
σ2(T − t)

4
and q(t) $

σ2

4S(t)

K(T − t)−
t∫

0

S(u) du


Notice how past information about the trajectory appears in parameter q of the

formula as I have already indicated in remark 3.5. This gives rise to a very interesting

phenomenon which Carr and Schröder (2003, p. 4.) call “pricing dichotomy” in

their work. According to the above time-t formula, there may exist a time point τ

for which q(t) becomes negative, which implies that

C(ν)(h(t), q(t)) = EP
(
A(ν)(h(t))− q(t)

)+
=

= EP
(
A(ν)(h(t))− q(t)

)
= EP

(
A(ν)(h(t))

)
− q(t) ∀t ≥ τ

since A(ν)(T ) is by definition non-negative and q(t) is a monotonous function of

t. The above expected value is easy to calculate as we have already demonstrated

at the calculation of the Asian forward price. What follows is that the Laplace

transform method is only required while q(t) is still positive (as it initially

always is7), otherwise the valuation problem is easy to handle. This is because after

time point τ , it is certain that the Asian call option will expire in-the-money, the

only question remaining is how deeply.

7At the onset of the option t = 0, which implies that q is positive.
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3.3 The Laplace transform method

Definition 3.11 (Laplace transform) The Laplace transform L of a given func-

tion f is defined by the following equation:

L{f(t)}(λ) $

∞∫
0

e−λtf(t) dt (LT)

assuming that function f is defined for every t in the interval (0,∞) and the integral

is convergent.

According to Kano (2010, p. 3.), the Laplace transform is particularly useful in

simplifying or restructuring complex time-dependent problems and systems. Hence,

its popular use in physics, engineering and the study of stochastic processes. As it

turns out, the application of the Laplace transform in the “complex time-dependent

problem” of Asian option pricing is also a lucrative undertaking.

Theorem 3.12 (Geman-Yor) The Laplace transform of the normalized

price of the Asian option, defined in equation (3.8), with respect to h is

L{C(ν)(h, q)}(λ, q, ν) =

∞∫
0

e−λhC(ν)(h, q) dh =

=
(2q)1−β

2λ(α + 1)Γ(β)

1∫
0

exp

{
− u

2q

}
uβ−2(1− u)α+1 du

(GY LT)

where

γ $
√

2λ+ ν2, α $
γ + ν

2
, β $

γ − ν
2

for every

λ > max{0, 2(ν + 1)}

3.3.1 Derivation of the analytical formula

Having stated the principal result of Geman and Yor (1993), in what follows I am

going to present the two cornerstones of the proof, and then based on show how the

particular Laplace transform is derived from these intermediate steps. The complete

derivation of relation (GY LT) lies beyond the scope of this thesis. For a detailed

proof, refer to Dufresne (2004) and Medvegyev (2012).
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Definition 3.13 (Squared Bessel process) For every δ ≥ 0 and x ≥ 0, the

unique strong solution to the equation

X(t) = x+ δt+ 2

t∫
0

√
X(s) dW (s)

is called the square of a δ-dimensional Bessel process started at x and is denoted by

BESQδ(x).

Definition 3.14 (Bessel process) For every δ ≥ 0 and a ≥ 0, the square root of

BESQδ(a2) is called the δ-dimensional Bessel process started at a and is denoted by

BESδ(a).

Remark 3.15 For δ ∈ Z+ and a ≥ 0, the Bessel process could be conceived of as

the distance of the δ-dimensional Wiener process from zero.

Remark 3.16 For δ ≥ 2 and a > 0, it can be shown that BESδ(a) is positive and

satisfies the following equation:

R(ν)(t) = a+

(
ν +

1

2

) t∫
0

1

R(ν)(s)
ds+W (s)

where ν = δ
2
− 1 ≥ 0 is called the index of the process BESδ(a).

The first key step to the proof is the following identity by Lamperti (1972).

Lemma 3.17 (Lamperti’s identity) For ν ≥ 0

exp
{
W (t) + ν · t

}
= R(ν)

 t∫
0

exp
{

2(W (s) + ν · s)ds
} = R(ν)

(
A(ν)(t)

)
where R(ν) is a Bessel process with respect to the appropriate Wiener process.

Remark 3.18 (Time-changed Bessel process) In other words, Lamperti’s iden-

tity tells us that the above exponential of the Wiener process can be conceived of as

a time-changed Bessel process (started at 1).

The second key step could be derived by applying Lamperti’s identity and calculating

the transition density function of the Bessel process.
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Lemma 3.19 Let σ be an exponentially distributed random variate with parameter

λ. For arbitrary ν, the distribution of A(ν)(σ) is of the form ξ/2η, where ξ ∼ β(1, α)

and η ∼ Γ(β, 1) are independent random variates and

γ $
√

2λ+ ν2, α $
γ + ν

2
, β $

γ − ν
2

The probability density function of A(ν)(σ) is

f(x) =
λ

(2x)β+1Γ(β + 1)

1∫
0

yβ(1− y)α−1 exp
{
− y

2x

}
dy (3.12)

Having the above results in our hands, we can finish the derivation of the (GY LT).

We are looking for

L{C(ν)(h, q)}(λ, q, ν) $

∞∫
0

e−λh · C(ν)(h, q) dh =

=

∞∫
0

e−λh · EP
(
A(ν)(h)− q

)+
dh =

1

λ
· EP

(
A(ν)(σ)− q

)+
= (. . . )

where σ is an exponentially distributed random variate with parameter λ. Substi-

tuting the PDF of A(ν)(σ) from equation (3.12)

(. . . ) =
1

λ

λ

Γ(β + 1)

∞∫
0

(x− q)+ 1

(2x)β+1

1∫
0

yβ(1− y)α−1 exp
{
− y

2x

}
dy dx = (. . . )

then using that λ = 2αβ (by definition from lemma 3.19)

(. . . ) =
(2αβ)2−β−1

λΓ(β + 1)

∞∫
q

1∫
0

(x− q) 1

xβ+1
yβ(1− y)α−1 exp

{
− y

2x

}
dy dx = (. . . )

where we can use Γ(β + 1) = β Γ(β) and apply Fubini’s theorem and swap the

integrals, since the integrand is non-negative for all u and x

(. . . ) =
α21−β

2λΓ(β)

1∫
0

∞∫
q

(x− q) 1

xβ+1
yβ(1− y)α−1 exp

{
− y

2x

}
dx dy = (. . . )
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Finally, we substitute for x = qy/u and rearrange the expression,

(. . . ) =
α21−β

2λΓ(β)

1∫
0

y∫
0

(qy
u
− q
)(qy

u

)−(β+1)

yβ(1− y)α−1 exp

{
− u

2q

}
qy

u2
du dy =

α21−β

2λΓ(β)

1∫
0

1∫
u

(qy
u
− q
)(qy

u

)−(β+1)

yβ(1− y)α−1 exp

{
− u

2q

}
qy

u2
dy du =

α(2q)1−β

2λΓ(β)

1∫
0

1∫
u

(y
u
− 1
)
uβ−1(1− y)α−1 exp

{
− u

2q

}
dy du =

α(2q)1−β

2λΓ(β)

1∫
0

exp

{
− u

2q

}
uβ−1

1∫
u

(1− y)α−1
(y
u
− 1
)
dy du =

α(2q)1−β

2λΓ(β)

1∫
0

exp

{
− u

2q

}
uβ−1

[(1− y)α

α

(y
u
− 1
)]1

u

−
1∫

u

(1− y)α

αu
dy

 du =

(2q)1−β

2λΓ(β)

1∫
0

exp

{
− u

2q

}
uβ−2

−[(1− y)α+1

α + 1

]1

u

 du =

(2q)1−β

2λΓ(β)(α + 1)

1∫
0

exp

{
− u

2q

}
uβ−2(1− u)α+1 du

where β − 2 > −1 is necessary for the convergence of the integral, which is satisfied

by the theorem’s precondition λ > max{0, 2(ν + 1)}, implying β > 1. �

Now that we understand how Geman and Yor (1993) derived the Laplace transform

of the normalized price of the arithmetic-average Asian call option, we shall proceed

with valuation as follows:

1. Calculate the Laplace transform given in (GY LT);

2. Invert the Laplace transform by means of numerical algorithms in order to get

the normalized option value described in (3.8);

3. Substitute the normalized option value into equation (3.9) and calculate the

option price.

3.3.2 The problem of inversion

As it is described in Cohen (2007), the problem of inverting the Laplace transform

is a nontrivial one, apart from a few special cases. Luckily, the Laplace transform is

unique, in the sense that if L{f} = L{g}, then f = g provided they are continuous
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functions, which means that we need not worry about one approach leading to a

different result than another. There have been various techniques invented, based

on either of the following two inversion theorems.

Theorem 3.20 (Bromwich theorem) If the Laplace transform L of a continu-

ously differentiable function f exists, then

f(t) = L−1{L(λ)}(t) $ 1

i(2π)
· lim
T→∞

γ+iT∫
γ−iT

eλtL(λ) dλ, (3.13)

where γ is a real number so that L has no singularities on or right from γ on the

complex plane.

Theorem 3.21 (Post-Widder theorem) If the Laplace transform L of a contin-

uously differentiable function f exists, then

f(t) = L−1{L(λ)}(t) $ lim
n→∞

(−1)n

n!

(n
t

)
L(n)

(n
t

)
where L(n) is the n-th derivative of the particular Laplace transform.

Although in contrast to the Bromwich formula the Post-Widder formula is restrained

to the real line and thus looks easier to handle, its speed of convergence is very slow

and the techniques based on them are prone to computational difficulties, as we can

see in Fu et al. (1999). Therefore, I have chosen for the calculations two different

algorithms based on the Bromwich theorem, serving as a check for each other. In

what follows, I am going to present these algorithms described in Abate and Whitt

(2006).

The Euler algorithm

Abate and Whitt (1995, p. 37.) named this algorithm the “Euler” algorithm because

they employed Euler summation to accelerate convergence. Without going into fur-

ther details, their basic idea was to look at the Bromwich integral of (3.13) as though

it was a Fourier-series by substituting for λ = a+ iu:

L−1{L(λ)}(t) =
1

i(2π)
· lim
T→∞

γ+iT∫
γ−iT

eλtL(λ) dλ =

=
1

2π
· lim
T→∞

T∫
−T

e(γ+iu)tL(γ + iu) du =
eγt

2π

∞∫
−∞

eiutL(γ + iu) du
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Their final result is the algorithm presented in Abate and Whitt (1995), which also

Fu, Madan and Wang (1999) use in their calculations, being apparently a very (if not

the most) efficient numerical algorithm in inverting the particular Laplace transform

derived by Geman and Yor (1993).

Algorithm 3.22 (Euler) Let us define

sn(t) $
eA/2

2t
Re

{
L
(
A

2t

)}
+
eA/2

t

n∑
k=1

(−1)kak(t)

and

ak(t) $ Re

{
L
(
A+ i(2π)k

2t

)}
Then the inverse Laplace transform could be approximated by the Euler series:

L−1{L(λ)}(t) ≈ f̂(t, A,m, n) =
m∑
k=0

(
m

k

)
2−msn+k(t)

where A, m and n are chosen parameters of the algorithm, for which Abate and Whitt

(1995) recommends A = 18.4, m = 11 and n = 15 (increasing n as necessary).

Source: Kano (2010)

The Talbot algorithm

Similarly to the Euler algorithm, this algo-

rithm is also based on the Bromwich theo-

rem. The idea of Talbot, described in Cohen

(2007), was to mitigate the disturbing effects

of oscillation as we move along the integra-

tion contour parallel to the imaginary axis

by deforming (i.e. altering) the integration

contour to a more appropriate one (let us call it Γ), which encloses all singularities

of L in the complex plane. This idea is formally summarized in the equation

L−1{L(λ)}(t) =
1

i(2π)
· lim
T→∞

γ+iT∫
γ−iT

eλtL(λ) dλ =
ceσt

i(2π)

∫
Γ

ecλtL(σ + cλ) dλ

Based on the logic above, Abate and Whitt (2006) elaborated the following numerical

inversion algorithm.

Algorithm 3.23 (Talbot) Let us define

δ0 $
2M

5
, δk $

(2π)k

5
(cot(kπ/M) + i)
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and

γ $
1

2
eδ0 , γk $

[
1 + i(kπ/M)(1 + cot2(kπ/M))− i cot(kπ/M)

]
eδk

Then the inverse Laplace transform could be approximated by the series

L−1{L(λ)}(t) ≈ f̂(t,M) =
2

5t

M−1∑
k=0

Re

{
γkL

(
δk
t

)}

where M is a chosen parameter of the algorithm.

Implementation

In the Asian option valuation problem described in (3.9), we have

L(λ) ≡ L{C(ν)(h, q)}(λ, q, ν)

which could now be inverted numerically with respect to λ to obtain

f(h) ≡ C(ν)(h, q)

The MATLABr implementation of the introduced algorithms is presented in Ap-

pendix A: Euler algorithm and Appendix B: Talbot algorithm. For the sake of com-

prehension, I strove to keep the notation presented earlier in this thesis and insert

as many comments into the code as possible. Without going into unnecessary tech-

nicalities, I would like to point out a couple of features and enhancements in the

code:

• Both algorithms are based on substituting back into the Laplace transform

L at different places on the complex plane. Most MATLABr functions can

take complex arguments, so this should not be a setback. One important hint

to bear in mind though is the use of “1i” instead of “i” in the code so that

MATLABr immediately knows that we refer to the imaginary number and

not a variable.

• A crucial step in calculating the Laplace transform presented in (GY LT) is

complex integration on the (0, 1) interval. Since solving this problem is not

in the scope of this research, I used the built-in “integral” function for this

purpose, which is based on “the global adaptive quadrature” according to the

help in MATLABr.
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• Based on my experience, during the implementation of either of the algorithms

we have to work with quantities of very different magnitudes. More specifically,

the integral is usually of magnitude 10−100 to 10−500, whereas the fraction

before is large enough to compensate it. This poses a big challenge as computers

store numbers as so-called floating-point numbers8 and thus multiplication and

division of such different size numbers can lead to the complete loss of precision.

I have employed two techniques to mitigate this problem:

1. I took the (natural) logarithm of the whole expression in (GY LT) so as

to exponentially reduce the magnitude of variables9. Although this step

does not necessarily increase precision, it definitely earns us “space” in

terms of magnitude.

2. I explicitly instructed MATLABr to use its Symbolic Math Toolboxr,

which allows the user to choose an arbitrary level of precision for calcula-

tions. Regarding our particular problem, I was satisfied with a precision

of 25 significant digits.

Having fully understood the semi-analytical valuation method using the Laplace

transform of the Asian option’s normalized price, we are ready to price Asian options

with two algorithms. But before starting our empirical analysis with respect to the

precision and robustness of these algorithms, we will learn a couple of Monte Carlo

simulation techniques, which will serve as an ultimate check for our calculations and

make our option valuation independent of the Laplace transform approach.

3.4 The Monte Carlo simulation method

In what follows, I am going to present the simulation logic tailored to the specific

valuation problem of arithmetic-average Asian options. Having already learnt the

basics of the Monte Carlo method at the end of section 2.2, we know that this is a

highly-flexible, robust approach, suitable to various frameworks and product types.

Flexibility, however, has a price, which takes the form of variance in the case of

simulation methods, meaning that the calculated price bears some uncertainty and

fluctuates around the option’s true value. Striving to cut this variance to a mini-

mum level, we are going to study in details how the variance reduction techniques

8The floating-point method represents numbers as {10exponent × significant digits}, using 32-
bits or 64-bits for storing information according to the“single-precision”or“double-precision”IEEE
754 standard. This means about 6-9 or 15-17 significant digits of precision, respectively. (Wikipedia,
2013)

9This is a viable choice as the logarithm of the Γ function is a standard function in software
packages.
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of antithetic variates and control variates work in the case of financial derivative

valuation.

3.4.1 Basic method

As the name suggests, this is the simplest form of Monte Carlo method. As we

have already discussed earlier at the end of section 2.2, at this method we take the

arithmetic-mean as an unbiased estimator of the expected value:

Ê(X) $

∑n
i=1Xi

n
=

n∑
i=1

Xi

n

having a variance of

D2(Ê(X)) = D2

(
n∑
i=1

Xi

n

)
=

n∑
i=1

D2(Xi)

n2
=
D2(X)

n

where Xi = f(ωi) represents the ith outcome in our simulation, and they are IID

random variates. The random function f , whose expected value we wish to estimate

is the discounted payout function of the option as suggested by the EV-PV principle:

f(ω) $ e−rT × Payout(ω)

In the case of arithmetic-average Asian call options, this looks like

f(ω) = e−rT
(
Avg[0,T ](S

(r)(ω))−K
)+

which has an expected value

E(f(ω)) = e−rTEP

[(
Avg[0,T ](S

(r)(ω))−K
)+
]

This is precisely the risk-neutral value of the option according to equation (3.6). As

we can see, it is this expected value that we are going to estimate through simulation

of the underlying product’s risk-neutral trajectory{
S

(r)
t (ω)

}
t∈[0,T ]

How will we generate one trajectory using the basic method?

In the case of European-exercise vanilla options (as explained in section 3.1), it is

sufficient to generate the endpoint of the trajectory at time T , since the payout is only
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dependent on the exercise-time price of the underlying product10. However, in the

case of Asian options, every single point of the trajectory is taken into account when

calculating the average of prices. Therefore, we will create an equidistant partition of

time interval [0, T ] and then generate a particular trajectory by repeatedly applying

the risk-neutral dynamics of the logreturn as described in equation (2.5). Hence, one

trajectory will be constructed as

{
S

(r)
tj (ω)

}
j∈[0,m·(T×365)]

$

{
S(0) · exp

{
j∑
i=0

Xti(ω)

}}
j∈[0,m·(T×365)]

(3.14)

where

Xti(ω) $

 0 if i = 0(
r − σ2

2

)
(ti − ti−1) + σ(W (ti)−W (ti−1)) if i > 0

Sources of estimation error

Note that in the case of path-dependent derivatives simulation methods have two

sources of estimation error:

1. The generated trajectories (outcomes) depend on the random event ω, and thus

the calculated estimator will also be a random variate, fluctuating around the

expected value that we are looking for. This is called estimator variance,

and could be reduced by increasing n, which is the number of trajectories

(outcomes) in our simulation.

2. The generated trajectories are discretized, which means they are only approx-

imations of the true, continuous-time trajectories required for the calculation

of the path-dependent derivative payout. In other words, we substitute the in-

tegral with a sum in the payout of the Asian option and no matter how great

n and thus how accurate our estimator is, we will still have discretization

error. This error could be reduced by increasing m, which is the number of

fragments we break up each day of interval [0, T ] into.

3.4.2 Variance reduction by antithetic variates

Keeping the logic and weak points of the basic method in mind, let us see how

we could improve on our estimate of the expected value. First of all, let us try

and reduce the variance of the estimator. A suitable technique is the method of

10This is exactly why Medvegyev and Száz (2010, p. 56.) call this kind of financial products
“T-products”.
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antithetic variates, described in Kleijnen et al. (2010). The basic idea here is using

each generated random number twice, creating two trajectories from each logreturn

sequence, where one is negatively correlated (antithetic) to the other.

The way these antithetic trajectories are created differs from simulation to simula-

tion. It is usually a good idea to find a step in the simulation algorithm when we

are dealing with symmetrically distributed random variates, and then simply “mir-

ror” them about their expected value. In our particular case of logreturn sequences,

what we are going to do is take the negative of each logreturn and this way create a

“mirrored” trajectory. Hopefully, this new trajectory will be negatively correlated to

the original one11. Now let us create two samples: one from the original trajectories

and another form the antithetic trajectories. Calling them sample A and sample B,

let us create a new estimator:

Êanti(X) $
Ê(XA) + Ê(XB)

2
=

=

(∑n/2
i=1Xi

)
/(n/2) +

(∑n/2
i=1X

(a)
i

)
/(n/2)

2
=

n/2∑
i=1

Xi +X
(a)
i

n

where Xi and X
(a)
i is the payout based on the ith original and antithetic trajectory,

and they are IID random variates, respectively. This has a variance of

D2(Êanti(X)) = D2

 n/2∑
i=1

Xi +X
(a)
i

n

 =

=

∑n/2
i=1D

2
(
Xi

)
+
∑n/2

i=1D
2
(
X

(a)
i

)
+
∑n/2

i=1 2Cov
(
Xi, X

(a)
i

)
n2

=

=
D2
(
X
)
/2 +D2

(
X(a)

)
/2 + Cov

(
X,X(a)

)
n

≈

≈
D2
(
X
)

+ Cov
(
X,X(a)

)
n

(3.15)

11Based on my empirical experience, there is a strong negative correlation between the payouts
calculated from the original trajectories and those calculated from the antithetic ones. We are going
to discuss this later in section 4.2.
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where we have made use of the symmetric nature of the random walk, implying that

the payout based on the antithetic trajectory has the same variance as the one based

on the original trajectory.

The benefit of using this method is twofold

1. It is apparent from the above results that as long as the original and antithetic

payouts have a negative covariance, the variance of the estimator will be

reduced compared to that of the basic method, while the estimator re-

mains unbiased. As we will see later in section Empirical analysis, the variance

reduction achieved by this relatively simple method is substantial.

2. Since we use every random number twice, we only need to generate n/2 out-

comes instead of the original n ones, which means that our simulation has

already become (almost) twice as efficient.

3.4.3 Variance reduction by control variates

We have seen in the example of antithetic variates that it is possible to keep our es-

timator unbiased, while significantly reducing its variance. It is natural to be curious

whether we can do better and cut down on the estimation variance further. As it

turns out, it is possible to improve on our technique by using control variates instead

of antithetic variates (Kleijnen et al., 2010). This method is based on the logic that

if we add an expression to our original estimator that has zero expected value and

is negatively correlated with the original estimator, then variance reduction could

be achieved while our estimator remains unbiased. Let us denote the control variate

with Y , while preserving our original variate as X. In this case, the estimator will

be

Êcontrol(X) $ Ê(X) + cÊ(Y ) =
n∑
i=1

Xi + cYi
n

where c is an appropriately chosen constant, Xi and Yi are the ith outcomes of the

original and control variates in our simulation, and they are IID random variates,

respectively. It is easy to see that the variance will be

D2(Êcontrol(X)) = D2

(
n∑
i=1

Xi + cYi
n

)
=

=

∑n
i=1D

2(Xi) +
∑n

i=1D
2(cYi) +

∑n
i=1 2Cov(Xi, cYi)

n2
=

=
D2(X) + c2D2(Y ) + 2cCov(X, Y )

n

(3.16)
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Remark 3.24 The way such a control variate is usually constructed is by picking

a random variate η, whose expected value can be analytically calculated. Now, if we

subtract the estimated and the true expected value from each other

Y $ η − E(η) (3.17)

then we have created a random variate Y with zero expected value. Since the sub-

traction of a constant term does not alter the variance (or the covariance with other

random variates), all we need to pay attention to is picking a proper random variate

η that is negatively correlated with our original variate.

Remark 3.25 It can be easily shown (by derivation with respect to c) that the op-

timal value of the constant is c∗ = −Cov(X,Y )
D2(Y )

which minimizes the variance of the

estimator.

Kemna and Vorst (1990) showed that in the case of the arithmetic-average Asian

option price, the use of the geometric-average Asian option price can be used as an

effective control variate. In a later research, Fu, Madan and Wang (1999) compared

using the discrete-time and continuous-time analytical formulas in equation (3.17)

with interesting results. What they have found is that even though the appropriate

formula for a discretized estimator would be the discrete-time formula, by using the

continuous-time formula a greater variance reduction could be achieved. In other

words, instead of following the best practice presented above in remark 3.24, by

using a “biased” (more precisely, non-zero expected value) control variate, such as

Ỹ $ η − E(η̃)

we not only reduce the variance of our original estimator but also add an appropriate

bias to it, which compensates for the above mentioned discretization error inherent

in the basic simulation method. For this reason, I also decided to use this “discretiza-

tion error adjusted version” of the control variate method in my calculations.

It is crucial to notice the advantages of this method:

1. It reduces the variance of our original estimator introduced in the basic

method even more so than the method of antithetic variates12;

12Based on my experience, the correlation between the arithmetic-average Asian option price
and the geometric-average Asian option price is very high (above 0.9), which indicates that a
very significant variance reduction could be achieved. For further details refer to section Empirical
analysis.
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2. It effectively eliminates some of the discretization error inherent in the

simulation technique by using a “biased” control variate as suggested by Fu,

Madan and Wang (1999).

3.4.4 Implementation

Before proceeding with the empirical analysis of our valuation framework in the next

section, let me add a few notes with regards to the simulation method discussed in

this section.

1. I performed the simulation following the algorithms presented in this section.

Although the true variances and covariances are unknown, I estimated them

also from the sample, making the necessary adjustment of having (n − 1)

instead of n in the denominator.

2. The biggest challenge during simulation is to avoid running out of memory.

Using today’s modern computers, this is usually not an issue when simulating

only the endpoints of trajectories as in the case of European-exercise vanilla

options. However, when the entire trajectory needs to be generated and stored

in the memory, then we run out of resources alarmingly fast. Once this hap-

pens, the operation systems starts to use the virtual memory on the hard disk,

which is by orders of magnitude slower than SDRAM memory, and the whole

simulation process suddenly comes to a halt. Without going into further tech-

nical details, what I did to avoid this eventuality is to break each trajectory

into small enough sections that the generated logreturn matrix fits nicely into

the memory. Then I rolled over the trajectory and calculated the (quadratic)

average step by step, efficiently reusing the available SDRAM memory space

again and again as shown in Figure 10.
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4 Empirical analysis

Having introduced various algorithms for the valuation of Asian options, now we are

ready to generate outputs in MATLABr and observe their efficiency and computa-

tional characteristics. First, we will examine how the two semi-analytical (i.e. Euler

and Talbot) algorithms fare compared to each other as well as attempt to create an

Asian call option pricing table by means of these algorithms. Then, we will contrast

simulation outputs for different time partitions and sample sizes. Ultimately, we will

compare the semi-analytical and the simulation algorithms and make suggestions on

their appropriate usage.

4.1 Analytical results

At first glance, the semi-analytical algorithms presented in the previous section might

look awkward but it turns out that they are very efficient for a wide range of

parameters of the Asian call option price C(S,K, r, T, σ). As Fu, Madan and Wang

(1999, p. 21.) pointed out, “difficulties [. . . ] seem to begin when σ2(T − t) < 0.01”.

My calculations confirm that the critical parameter is indeed σ2T , which I call

“volatility potential”, since it fundamentally governs how far away the underlying

product’s price can get from its current state during the lifetime of the option.

This variable directly determines the place h at which the normalized option price

C(ν)(h, q), defined in equation (3.8), has to be calculated.

Figure 2: Comparison of analytical algorithms
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(b) Parameter levels

Source: own calculations.

For the sake of simplicity, let us fix σ at one13 and observe what effect the changing

13Naturally, σ = 1 is an unrealistic scenario, but it makes easier for us to capture the changes in
σ2T .
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of T has on the calculation of an ATM (S = K = 1) Asian call option’s price. As

we have discussed in section 3.3.2, the main parameters of the Euler14 and Talbot

algorithms, driving computational precision, are n and M, respectively. Now, the

way I measured the efficiency of each algorithm is iteratively increase the precision

parameters until the last four decimal digits of the option price is stabilized. The

results are shown in Figure 2, where I depicted in log-log charts the times and

parameter levels that each algorithm required to reach the desired (i.e. four-decimal)

precision. From these charts, we may conclude the following:

• The Euler algorithm is more robust than the Talbot algorithm with

respect to calculation time or parameter setting. In general, setting n = 10

produces an Asian option value of at least four significant digit precision.

• The Talbot algorithm is more reliable than the Euler algorithm in the

sense that if m is set sufficiently high, then the precise Asian option value

can be calculated for arbitrarily low σ2T (given enough computation time). In

contrast, the Euler algorithm fails to converge when σ2T < 0.005, no matter

how high n is set.

• When σ2T falls below 0.01 in the case of the Euler algorithm and below 0.1 in

the case of the Talbot algorithm, we can see a rapid increase in both calculation

times and parameter levels. However, when σ2T stays out of the“danger zone”,

the semi-analytical method proves to be extremely efficient and solve

the inversion problem under 2-3 seconds.

Remark 4.1 Based on the calculations in section 4.1.2, I found that the above

results hold for different combinations of option parameters (i.e. the value of σ2T

fundamentally determines the difficulty of the inversion problem, regardless of the

other parameters).

4.1.1 Weakness of the Laplace transform approach

A question that remains to be answered is why the chosen semi-analytical algo-

rithms fail to converge when σ2T is low15. Considering that this is a phenomenon

that also other authors, such as Geman and Eydeland (1995), Fu et al. (1999) and

14Fu et al. (1999) did an extensive research on tweaking of the Euler algorithm’s other two
parameters (i.e. A and m), concluding that the default parameter setting (i.e. A = 18.4 and
m = 11) suggested by Abate and Whitt (1995) is indeed optimal. Thus, I left these parameters
unchanged in my research.

15Which means that either the maturity of the Asian option is close or the volatility of the
underlying product is low, implying that the option has little “time value” left (refer to Száz
(2009)).
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Craddock et al. (2000) found, it seems that as σ2T → 0, inversion complications

arise due to the inherent numerical characteristics of the Laplace transform, no

matter which inversion algorithm we chose initially. Indeed, observing the charts pre-

sented in Appendix C: Behavior of the Laplace transform, we find that as σ2T → 0,

the Laplace transform “gets numerically out of hand”:

• In the case of the Euler algorithm, the Laplace transform oscillates and quickly

tends to zero as k changes, making it unnecessary to perform the algorithm for

n > 20 (and limiting the effect of our precision parameter at the same time).

The problem is that as σ2T → 0, the Laplace transform rapidly diminishes

to orders below 10−10, making the embedded numerical integration (refer to

equation (GY LT)) increasingly hard to calculate with the desired precision.

• In the case of the Talbot algorithm, the Laplace transform shows some oscil-

lating nature again as k changes but remains zero outside a given “location of

oscillation”. The problem now is not that the transform diminishes to mag-

nitudes which are hard to handle numerically but that this specific place of

oscillation is unknown ex ante, moreover, it shifts along the k axis towards in-

finity as σ2T → 0. This means that in order to reach the desired precision, we

have to set k large enough that the “location of oscillation” is included in the

final summation within the algorithm, which entails calculating the Laplace

transform for an increasing number of times.

Remark 4.2 Although in case of the Euler-algorithm we quickly run into a “dead-

end street”, since the embedded integral cannot be calculated numerically to an ar-

bitrary precision, the deformation of the Bromwich-contour in case of the Talbot

algorithm seems to leave some chance for improvement. If we could somehow (either

numerically or analytically) pinpoint the “location of oscillation” without having to

calculate all those zeros before the oscillation unnecessarily, we could significantly

improve on the algorithm’s performance. For now, I leave this research direction

open.

Remark 4.3 Facing the serious numerical difficulties of Laplace transform inver-

sion, we fully understand why Craddock et al. (2000, p. 79.) claimed that “numerical

inversion of Laplace transform is still more of an art than a science. [. . . ] Even for

a specific problem, such as pricing an Asian option, no method deals satisfactorily

with all possible subcases that we may reasonably expect to arise in practice.”
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4.1.2 Asian option price tables

After solving a relatively complicated financial mathematical problem, the question

naturally arises how to make the results available and usable for practitioners. For

example, it is a well-known result that according to the Black-Scholes-formula for

vanilla call options, the percentage price (i.e. c/S) of the option is governed by only

two parameter combinations:

• “moneyness”, which is K/S

• “volatility potential”, which is σ2T

This implies that we can create a 2D table showing the percentage prices of vanilla

call options along these two parameter combinations, and this table can be readily

used by market practitioners without having to use or even know the pricing formula.

Given that the “volatility potential” was our critical parameter at the inversion of

the Laplace transform, I was intrigued whether a similar table could be created for

Asian call options. Looking at pricing formula (3.9) and calculating the (initial)

percentage price of the Asian call option

C(0)

S(0)
= e−rT

4

σ2T
· C(ν)

(
σ2T

4
,
K

S(0)

σ2T

4

)
=

= e−rT
4

σ2T
· EP

( σ2T/4∫
0

exp

{
2

((
2σ2

r
− 1

)
︸ ︷︷ ︸

ν

t+ W̃P(t)

)}
dt− K

S(0)

σ2T

4

)+

we can realize (in a rather disheartened way) that there are four parameter combi-

nations governing the option’s price:

• “moneyness”, which is m $ K/S

• “volatility potential”, which is h $ σ2T

• “risk-free bond price”, which is P $ e−rT

• “nu”, which is 2σ2

r
− 1

Luckily, ν could be expressed in terms of the risk-free bond price and the volatility

potential

ν = −2

(
lnP

h
− 1

)
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which means that m, h and P are sufficient to determine the percentage price of

an Asian call option. This results in a 3D table, which I calculated16 for differ-

ent levels of m and various combinations of h and P . The price of the Asian put

option can also be easily determined from these tables, by using the put-call parity

relationship presented in (3.11), for which the knowledge of m, h and P is sufficient.

4.2 Simulation results

We have investigated how well the two numerical algorithms perform for different

combinations of option parameters. Now, before comparing them with simulation

methods, let us look into the latter on their own and examine the three Monte Carlo

algorithms that we introduced in section 3.4. As we have explained earlier, in the

case of path-dependent derivatives (such as Asian options) simulation techniques

have two governing parameters:

• n, which is the number of trajectories simulated

• m, which is the number of fragments each day is partitioned into

where n determines the estimation error, while m determines the discretization error.

Striving to isolate the effects of these parameters as much as possible, first we

will examine what level of m leads to a satisfactory approximation of the continuous

Asian option price, and only then will we turn to adjusting n in order to attain an

estimate with desirable precision. Just as in the case of semi-analytical methods, we

will restrain our analysis to ATM Asian call options, where S = K = 1 and σ = 1.

The benefit of this restriction is threefold:

• the simulation results will be comparable with the numerical ones

• the relationship between T and various simulation errors will serve as a proxy

for the relationship between σ2T and various simulation errors17

• observable (market) volatilities fall below 100%, and thus if we manage to fine-

tune our simulation algorithms so as to produce satisfactory estimates even

under these dire circumstances, then the simulated errors will be an upper-

bound of those which we could possibly face in real-world situations

16Because of the strict format restrictions of this work, I had to omit these tables even from the
appendix due to a lack of available space.

17This makes perfect sense as in our framework the logreturns are modeled as independent
normally distributed random variates with variance σ2. Hence, simulation variances should be
proportional to σ2T .
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However, before proceeding with the fine-tuning of the above parameters and mea-

suring the performance of the different simulation algorithms, let us have a word

about what level of error we consider “desirable”. So that we can compare the per-

formance of simulation methods with the performance of semi-analytical methods,

we should aim at the same (i.e. roughly four-decimal digit) precision. All we have

to do then is to set parameters n and m so that the confidence interval18 around

the estimated option value is sufficiently small to ensure the four-decimal precision.

Since the probability distribution of the Asian option price (i.e. the random variate

whose value we strive to estimate) is hard to determine, let us apply Chebyshev’s

inequality to give a rough approximation for the confidence interval by means of the

multiple of the standard deviation:

P (|E(X)−X| ≥ kσ) ≤ 1

k2

which tells us that choosing k = 4, we can be about 95% certain that the true Asian

option value falls between Ê(X)− 4σ and Ê(X) + 4σ. In other words, σ must be of

order 10−5 so that the desired four-decimal precision is satisfied.

4.2.1 Discretization error

Keeping in mind what we have just concluded about simulation precision, let us de-

termine what level of m ensures a good approximation of the underlying product’s

continuous trajectory. If we set n = 100,000, which is relatively large, we expect to

receive simulation results with low simulation error. This implies that by changing

m, we should be able to discern changes in discretization error, only slightly dis-

turbed by any residual simulation error in the output. Applying this logic, I ran the

simulation for different maturities and gathered the output in Appendix D: Charts

to Monte Carlo simulation displaying the absolute error, which I defined as the ab-

solute difference of the simulated option value and the true (semi-analytical) option

value. From these charts, we can deduce the following:

• The control variate method has lower (discretization) error than the other two

methods by about one order of magnitude.

• There is a rapid decrease in discretization error when using m = 10 instead of

m = 1. However, the discretization error reduction is not significant when m

is further increased to m = 100.

18For this we should also pick a suitable significance level. For now, let this be 95%.
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• Interestingly, the antithetic variate method does not reduce but rather ampli-

fies discretization error. On second thought, this phenomenon is not surprising

at all, as in the case of the antithetic variate method we use each generated

random number twice so as to cut down on simulation error and time. How-

ever, this also implies that the discretization error (if any) in a given simulated

trajectory is emphasized as there are less independent trajectories to offset it.

• By taking a closer look at the absolute errors for different levels of m, we

might notice patterns, such as peaks or troughs, especially in case of the first

two methods. This is not an accident, as I used the same random number

series19 for each simulation, which means that longer simulations (i.e. where

T is larger) will include the same random number sequences as their shorter

counterparts and hence any discretization error will also be preserved. This

“slowly decaying bias” in our simulation comes in very handy now, making

it easier for us to identify those simulation methods which effectively reduce

discretization error. For example, it is very hard to discern patterns in the chart

of the control variate method, which implies that this method does exactly

what it professes, namely that it reduces discretization error inherent in the

simulation of the arithmetic-average by offsetting it with the one inherent in

the simulation of the geometric-average.

From the above results, we can conclude that it is best to choose the control variate

method, as it effectively reduces discretization error. Also, it is unnecessary to set m

higher than 10, as creating more refined trajectories significantly increases simulation

time but does not bring significant discretization error reduction to the system.

Hence, from now on we will work with m = 10.

4.2.2 Simulation error

From a perspective of discretization error reduction, the method of control variates

clearly is the best performing one. Now, let us make a comparison between simulation

methods based on the simulation error of their outputs, measured by the standard

deviation of the estimate.

The estimated standard errors produced by each simulation method for n = (#)·103

trajectories are shown on a log-log scale in Figure 3, from which we could draw the

following inferences:

19This could easily be achieved by initializing the random number generator with the same
so-called “seed value” before each simulation.
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Figure 3: Comparison of simulation methods (m = 10)
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• The antithetic method achieves only a slight reduction in simulation variance

compared to the basic Monte Carlo method.

• The control variate method achieves an extreme reduction in simulation vari-

ance compared to the basic Monte Carlo method. The variance reduction is so

efficient that we may even think of using only n = 10,000 trajectories.

• The standard error from regular and antithetic methods grows only at a rate

∼ x0.55, whereas the control variate method’s standard error grows at a faster

rate ∼ x1.05. It looks as though the significant discretization error reduction

that we could observe earlier has a price, and thus the standard error of the

control variate method catches up with the standard error of other methods

as σ2T increases.

The question naturally arises whether we could quantify the variance reduction by

the antithetic and the control variate methods. For this, we need to estimate the

correlation of antithetic variates and control variates, respectively. As we can see

in Figure 4, these correlations are not constants but they depend on the volatility

potential.

Now, from equations (3.15) and (3.16) we know that

D2(Êanti(X)) ≈
D2(X) + Cov

(
X,X(a)

)
n

≈
D2(X)

(
1 + ρ

(
X,X(a)

))
n
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Figure 4: Correlation of proxy variates in variance reduction methods
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and

D2(Êcontrol(X)) =
D2(X) + c2D2(Y ) + 2cCov(X, Y )

n
≈

≈
D2(X)− Cov2(X,Y )

D2(Y )

n
≈ D2(X) (1− ρ2(X, Y ))

n

provided D2(X) ≈ D2
(
X(a)

)
and D2(X) ≈ D2(Y ). Comparing these simulation

errors with the variance of the basic Monte Carlo method, which is

D2(Ê(X)) =
D2(X)

n

we can measure the variance reduction. In the case of the antithetic method, ρ ∈
(−0.4,−0.2) ensures a 20-40% variance reduction, which is roughly 10-20% standard

error reduction. In contrast, ρ ≈ 1 in the case of the control variate method results

in a close to 100% standard error reduction. Also, by looking at the formulas, where

D2(X) is multiplied by (1 + ρ) in the antithetic and by (1− ρ2) in the control vari-

ate case, we can imagine why the simulation error of the latter method grows more

faster as ρ→ 0.

From the results presented, we may conclude that the control variate method

effectively reduces both discretization error and simulation error even for

m = 10 and low values of n. Using this method, standard error remains below the

desired 10−5 if
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Table 1: Limits for the variance reduction method (m = 10)

σ2T n

< 0.025 10,000
< 0.05 100,000
< 0.1 1,000,000

Source: own calculations.

4.3 Comparison of methods

Having compared the different numeric and simulation methods separately and hav-

ing identified the optimal parameter values for each, let us compare the two ap-

proaches in the search for an answer to the research question of this work, namely

“What method (algorithm) should we use for pricing Asian options?”

We have seen that the Euler and Talbot algorithms are powerful tools for pricing

Asian options, though being rather sensitive to low values of the“volatility potential”,

and have also concluded that the control variate method is able to pinpoint the price

of Asian options very accurately by efficiently reducing discretization and simulation

variance. The only question that remains is how fast these algorithms are compared

to one another. Is there a preference order we could set, maybe even as a function

of σ2T? To answer this question, let us have a look at Figure 5, where we can see

what time it takes for

• the Euler algorithm to calculate the Asian option price to the desired (i.e.

four-decimal) precision

• the control variate algorithm to run a simulation for a given n, where each

curve is calculated until the desired precision is maintained

Let us note that while the time required by numeric algorithms is fundamentally a

function of σ2T , simulation times depend basically on T (i.e. how long trajectories

need to be generated). This implies that for each σ, the relative position of timings

change, as we may observe the differences between Figure 5 and Figure 9 (in Ap-

pendix D: Charts to Monte Carlo simulation), calulated for σ = 20% and σ = 10%,

respectively20.

Therefore, we may claim that the control variate algorithm generally beats

numerical algorithms in terms of calculation time for usual values of σ and

20In usual market scenarios stock price volatility lies between these two values, and thus Figure 5
and Figure 9 show the extremities for the σ parameter.
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Figure 5: Comparison of calculation times of different methods (m = 10)
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T . However, we should also incorporate another factor in our analysis before mak-

ing a conclusion, namely calculation precision. As we could observe in Figure 3 and

Table 1, even when using the control variate method, the standard error of the

estimate exceeds our desired level of precision when σ2T is above a given

limit, indicating that it might be worth to switch to numeric algorithms to main-

tain precision. Based on our findings, we may set up the following decision rules

to optimize the Asian option pricing methodology, where the choice between the

Euler algorithm and control variate algorithm depends on the specific value of σ, as

indicated earlier.

Table 2: Optimal method selection rules for pricing Asian options

σ2T optimal method

< 0.025 control (n = 10k)
< 0.05 control (n = 100k) or Euler (n = 10)
< 0.1 control (n = 1000k) or Euler (n = 10)

Talbot (M = 10)

Source: own calculations.
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5 Conclusion

Having explained the basics of “risk neutral valuation” in section Valuation method-

ology, we classified the various option types and expanded on the different ap-

proaches to Asian option pricing in section Pricing Asian options. Then, we saw

in section Empirical analysis how the two semi-analytical (numerical) methods and

the three simulation methods that this work focuses on fare for different combina-

tions of option parameters.

Especially, we have pointed out the importance of σ2T in the solution of the Asian op-

tion pricing problem and presented how it influences the choice of valuation method.

Also, we have seen that there is an interesting dichotomy between the usage of nu-

merical and simulation methods as one group of methods tends to excel when the

other shows poor performance and vice versa, depending on the value of σ2T as

shown in Table 2. This is good news in the sense that the two approaches seem

to compensate each other so that we will always have an algorithm at hand

which is able to price an Asian option within 10 seconds with a precision

of four decimal digits21.

Of course, one could argue that either when a higher decimal precision is required

or the scale parameter (i.e. the stock price S) of the stock price is larger, the tim-

ings in Figure 5 are not realistic. This is true, but before making new charts or

improvements to the algorithms, we should consider whether it is sensible to calcu-

late derivative prices to five or six decimal digits precision at all, as these financial

products are very sensitive to the value of their parameters and there is also a sig-

nificant estimation error in the input parameters (such as σ or S).

The only problematic case is when market volatility is extremely (unrealistically)

low (i.e. below 5%). In such cases, the value of σ2 is very small and numerical al-

gorithms fall into the “danger zone” for usual values of T . This means that unless

T is very large, we are constrained to using simulation methods, which maybe a

computationally demanding task.

Finally, with respect to the limitations of the Black-Scholes framework, further re-

search could be done into the relaxation of its assumptions, such as

• the incorporation of dividend flow into the model

21In my perception, this speed and precision is sufficient for most market circumstances.
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• the relaxation of the constant volatility assumption, where time-dependent

(temporal) or place-dependent (local) volatility structures could be applied

• the use of more general Lévy processes instead of the Wiener process to model

the logarithmic returns of the stock price)

Though mathematically challenging, these research directions are auspicious and

likely to lead to a deeper insight into the behavior and valuation of Asian options.

47



References

Abate, J. and Whitt, W. (1995): Numerical inversion of Laplace transforms of prob-

ability distributions. ORSA Journal on Computing 7: 36–43.

Abate, J. and Whitt, W. (2006): A unified framework for numerically inverting

Laplace transforms. INFORMS Journal on Computing 18: 408–421, doi:10.1287/

ijoc.1050.0137.

BIS (2012): Quarterly Review. Technical report, Bank for International Settlements,

URL http://www.bis.org/publ/qtrpdf/r_qt1212.htm.

Black, F. and Scholes, M. (1973): The pricing of options and corporate liabilities.

Journal of Political Economy 81: 637.

Bodnar, G. M., Hayt, G. S. and Marston, R. C. (1998): Survey of financial risk

management by U.S. non-financial firms. Financial Management : 70–91.
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Appendix A: Euler algorithm

1 function x = Euler(n,P,S,K,T,sigma)
2 %% Recommended parameters by Abate-Whitt (1995).
3 m = 11;
4 A = sym(18.4);
5

6 %% Parameters of the normalized option price.
7 h = sym((T*sigma^2) / 4);
8 q = sym((K*T*sigma^2) / (4*S));
9 nu = sym(-2*log(P) / (sigma^2*T) - 1);

10

11 %% Lambda calculation (Euler algorithm).
12 arg = sym(zeros((n+m) + 1,1));
13 for k = 0:(n+m)
14 arg(1+k) = (A + 2*k*pi*1i) / (2*h);
15 end
16

17 if sum(single(abs(arg)) < max(0, 2*(single(nu)+1))) ~= 0
18 x = -999; % An easy to identify numeric error output.
19 return
20 end
21

22 try
23 %% Substitution into the Laplace transform.
24 mu = sqrt(2*arg + nu^2);
25 alpha = (mu + nu)/2;
26 beta = (mu - nu)/2;
27

28 integrand = @(alpha,beta,q,u) u.^(double(beta)-2).* ...
29 (1-u).^(double(alpha)+1).*exp(-u/(2*double(q)));
30 a = sym(integral(@(u)integrand(alpha,beta,q,u), 0, 1, ...
31 ’ArrayValued’, true, ’AbsTol’, 0, ’RelTol’, 1));
32 a = log(a) + log(2*q)*(1-beta) - log(2.*arg) ...
33 - log(alpha+1) - mfun(’lnGAMMA’,double(beta));
34 a = real(exp(a));
35

36 %% Summation (Euler algorithm).
37 s = (exp(A/2)/h).*((-1).^(0:(n+m)))’.*a;
38 s(1) = s(1)/2;
39 for k = 1:(n+m)
40 s(1+k) = s(1+k) + s(k);
41 end
42

43 x = sym(0);
44 for k = 0:m
45 x = x + nchoosek(m,k)*2^(-m)*s(1+(n+k));
46 end
47

48 x = x*P*(S*4)/(T*sigma^2);
49 x = double(x);
50

51 catch
52 x = double(-999);
53 end
54

55 end



Appendix B: Talbot algorithm

1 function x = Talbot(M,P,S,K,T,sigma)
2 %% Parameters of the normalized option price
3 h = sym((T*sigma^2) / 4);
4 q = sym((K*T*sigma^2) / (4*S));
5 nu = sym(-2*log(P) / (sigma^2*T) - 1);
6

7 %% Lambda calculation (Talbot algorithm).
8 d = sym(zeros(M,1));
9 d(1) = 2*M/5;

10 for k = 1:(M-1)
11 d(k+1) = 2*k*pi/5 * (cot(k*pi/M) + 1i);
12 end
13

14 g = sym(zeros(M,1));
15 g(1) = 1/2 * exp(d(1));
16 for k = 1:(M-1)
17 g(k+1) = (1 + 1i*(k*pi/M)*(1 + (cot(k*pi/M))^2) ...
18 - 1i*cot(k*pi/M))*exp(d(k+1));
19 end
20

21 arg = d/h;
22

23 if sum(single(abs(arg)) < max(0, 2*(single(nu)+1))) ~= 0
24 x = -999; % An easy to identify numeric error output.
25 return
26 end
27

28 try
29 %% Substitution into the Laplace transform.
30 mu = sqrt(2*arg + nu^2);
31 alpha = (mu + nu)/2;
32 beta = (mu - nu)/2;
33

34 integrand = @(alpha,beta,q,u) u.^(double(beta)-2).* ...
35 (1-u).^(double(alpha)+1).*exp(-u/(2*double(q)));
36 a = sym(integral(@(u)integrand(alpha,beta,q,u), 0, 1, ...
37 ’ArrayValued’, true, ’AbsTol’, 0, ’RelTol’, 100));
38 a = log(a) + log(2*q)*(1-beta) - log(2.*arg) ...
39 - log(alpha+1) - mfun(’lnGAMMA’,double(beta)) + log(g);
40 a = real(exp(a));
41

42 %% Summation (Talbot algorithm).
43 x = sym(0);
44 for k = 0:(M-1)
45 x = x + a(k+1);
46 end
47

48 x = x*2/(5*h)*P*(S*4)/(T*sigma^2);
49 x = double(x);
50

51 catch
52 x = double(-999);
53 end
54

55 end



Appendix C: Behavior of the Laplace transform

Figure 6: Value of the Laplace transform using the Euler algorithm for n = 20
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Figure 7: Value of the Laplace transform using the Talbot algorithm for M = 50
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Appendix D: Charts to Monte Carlo simulation

Figure 8: Absolute error of Monte Carlo algorithms for different levels of m
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Figure 9: Comparison of calculation times of different methods (m = 10)
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Figure 10: Optimized memory management of simulation algorithms

Source: own calculations.
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