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Reductive and weakly reductive closures of congruences on semigroups

A semigroup S is called a left (right) reductive semigroup if, for every element a,b ∈ S, the assumption "xa = xb (ax = bx) holds for all x ∈ S" implies a = b. If S is both left and right reductive, then S is said to be reductive. If, for every elements a,b ∈ S, the assumption "xa = xb and ax = bx hold for all x ∈ S" implies a = b, then S is said to be weakly reductive. Clearly a reductive semigroup is also weakly reductive. A congruence ρ  on a semigroup S is called a (left, right, weakly) reductive congruence, if the factor semigroup S/ρ  is (left, right, weakly) reductive.
In [5] Attil Nagy introduced a new congruence for an arbitrary congruence ρ of a semigroup S: (using the notation of the present paper rather then the original) the congruence ρl is defined by: a ρl b for some a,b ∈ S, if and only if ∀x∈S: xa ρ xb. Then a sequence of congruences on S was introduced, where ρl0 = ρ and, for an arbitrary non-negative integer n : ρln+1 = (ρln )l. It was proved in [5] that for an arbitrary semigroup S, there exists a non-negative integer n such that (ιS)ln = lrc(ιS) = ωS (denoting the identity and the universal relations on S respectively and lrc(ρ) denotes the least left reductive congruence on S containing ρ) if and only if S is an ideal extension of a left zero semigroup by a nilpotent semigroup.
I have extended these investigations to reductive and weakly reductive congruences.
I have expanded our inventory with the congruences ρli,rj = {(a,b) ∈ S×S : (xay,xby) ∈ ρ(∀x ∈ Si,y ∈ Sj)} for some non-negative integers i and j, and ρwn = [image: ] ρli,rn-i  (i=0, 1 ... n) for some non-negative integer n. I proved that, for an arbitrary semigroup S, there exists a non-negative integer n with (ιS)wn = wrc(ιS) = ωS (where wrc(ρ) is the least weakly reductive congruence on S containing ρ) if and only if S is a nilpotent semigroup. 
Then I investigated reductive congruences of semigroups. I proved that for an arbitrary semigroup S, there exists a non-negative integer n with (ιS)ln,rn = rc(ιS) = ωS if and only if S is an ideal extension of a rectangular band by a nilpotent semigroup.
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