Mészaros Andras

New bounds for 3-part Sperner families

Uj korlatok 3-részes Sperner csaladokra

OTDK dolgozat

Eotvos Lorand Tudomanyegyetem
Matematikus MSc szak

Témavezets: Katona Gyula kutatoprofesszor, Rényi Intézet

2014. aprilis



NEW BOUNDS FOR 3-PART SPERNER FAMILIES
ANDRAS MESZAROS

ABSTRACT. In this paper we give a new upper and lower bound
on the size of maximum 3-part Sperner families. We prove that
1,05 < d3 < 1,072. Further we disprove a conjecture of Aydinian,
Czabarka, FErdés, Székely on the maximum size of k-part Sperner
families for the case of equal parts of size 2¢ — 1.

1. INTRODUCTION

Let X be a finite set. Consider a partition of X into k subsets, so
X = XiUXoU---U Xy, where X; are pairwise disjoint. A family
F C P(X) is called a k-part Sperner family on X with respect to the
partition, if there are no two different elements Fi, F5 of F such that
Fy C Fy and F3\Fy C X for some 1 < j <k.

Let | X| = n, |X;| = n;. We denote the maximum size of a k-part
Sperner family on X by g(ni,ns,...,ng). Let f(n,k) be the maxi-
mum of g(ny, ne,...,ng). (It is generally believed that the maximum

is attained at the balanced case, i. e. when all the n; are almost equal.)
With this notation Sperner’s theorem states that f(n,1) = (@J)‘
Katonal8] and Kleitman[9] proved the two-part Sperner theorem:
g(ny,ng) = (LMJ)' An important tool in their proof is the sym-
metric chain parztition. If X is a finite set then a sequence of sub-
sets (A1, Ag, ..., Ag) is a symmetric chain of length k if A; C A4,
|A;1\A;| =1forall 1 <i<k—1and|A;|+|Ax = |X]|. A symmetric
chain partition is a partition of P(X) into symmetric chains. Such a
partition always exists, see [2]. We can easily count the number of
chains with a given length in a symmetric chain partition (which does
not depend on the choice of partition). For our present purposes it suf-
fices to consider the case | X | = 2n. In this case every symmetric chain
has odd length. The number of chains with length at least 2k 4+ 1 is
(ank)v because inclusion clearly gives a bijection between these chains
and the n + k element subsets of X. So the number of chains with
length 2k + 1 is (2” ) - ( 2n ) for 0 < k <n—1, and there is 1 chain

n+k n+k+1
with length 2n + 1.
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Symmetric chain partition also gives us a new proof of Sperner’s

theorem, because each chain can contain at most one element of a
X

15
bound to the size of a Sperner family. Our method to obtain an upper
bound to 3-part Sperner families will be something similar in Section
2.

In the case of k-part Sperner families (k > 2) there are several results
by Fiiredi[6] and Griggs, Odlyzko, Shearer[7]. They proved that for

fixed k the limit lim,,_, f(zk)) exists. We denote this limit by dj. They
1%)

also proved that dj ~ %. However, we don’t know the exact value
of any dj except in the case of £ =1 and 2, when d; = dy = 1. A good
survey on this topic is [5] and [1].

In this paper we give new bounds for d3. We prove that 1.05 < d3 <
1.072 improving the bounds 1.036 and 1.131[5].

Griggs, Odlyzko, Shearer mentioned in their paper[7] that they man-

g(n,n,n)
3n

aged to prove that lim,, . ) < 1.072, where the constant is the
[1.57n]

Sperner family. So the number of chains which is ( ) is an upper

same as ours, and since this balanced case is believed to be the extremal
they conjectured that this bound also holds for d3 . So we prove this
conjecture. We will show stronger bounds if the ratio of n;’s is fixed.

In Section 2 we give upper bounds for 3-part Sperner families using
monochromatic chain partitions. However, to obtain the asymptotic
value of these upper bounds we need some long and technical calcula-
tions which are contained in Section 3 . The conclusions are made in
Section 4.

In Section 5 we mention the result of Erdés, Katona[3] and Fiiredi,
Griggs, Odlyzko, Shearer|7][5] about homogeneous families, we will see
that finding the optimal k-part Sperner family is equivalent to finding
the solution of an integer program. Solving this with computer in
the case of k = 3,n; = ny = ng = 15 we disprove the conjecture of
Aydinian, Czabarka, Erdés, Székely[1], on the maximum size of k-part
Sperner families for the case of equal parts of size 2¢ — 1. We also show
some connection with monochromatic chain partitions.

In Section 6, to get a better lower bound we will basically use the
same method as Fiiredi[6] and Griggs, Odlyzko, Shearer[7]. But where
they made an explicit choice we find a better one using computer in-
stead.
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2. MONOCHROMATIC CHAIN PARTITIONS

Definition 2.1. Let X = X U---UX}, be a set partitioned into k parts.
A sequence (Ay, Ag, ..., Ap) of subsets of X is called monochromatic
chain of X if A; C A;;; fori =1,2,...,h — 1 and there exist j such
that 1 < j < k and A;41\A; C X for i = 1,2,...,h — 1, where h is
the length of the chain, j is the color of the chain.

Definition 2.2. Let X = X; U--- U X be a set partitioned into
k parts. A set C of monochromatic chains of X is called monochro-
matic chain partition, if every subset of X is contained in exactly one
monochromatic chain in C.

If F is a Sperner family on X, then every monochromatic chain can
contain at most one element of F, so the lemma below clearly follows.

Lemma 2.3. If F is a Sperner family on X = Xy U---U Xy, C is a
monochromatic chain partition of X, then |F| < |C].

Let X =X;U---UXyand Y =Y, U---UY,, be disjoint sets with
monochromatic chain partitions C; and Cy. Our aim is to construct a
monochromatic chain partition (C;0Cs) of Z = X; U---U X, UY; U
e UY,,.

Let (A1, As, ..., Ap) and (B4, Bs,...,B,) be chains in C; and C,
respectively. We will show min(h, g) monochromatic chains with length
max(h, g) such that they cover exactly those g - h subsets of Z which
have the form A; U B;.

If h > g, take the following monochromatic chains for 1 < i < g:
(Al UB“AQUB“,A}LUB,L>

If h < g, take the following monochromatic chains for 1 < i < h:
(A;UB1,A;UBs,...,A;UB,).

By taking these monochromatic chains for all possible |Cy| - |Ca| pairs
of monochromatic chains, we get a monochromatic chain partition of

Z. We denote it by C;L1C, .

Definition 2.4. Let C be a monochromatic chain partition. We define
its profile vector as p(C) = (ki, ks, k3, ...) where k; is the number of
chains in C with length i. We will also use the following form: p(C) =

o2, kiby, where b; = (0,0,...,0,1,0,...).

Definition 2.5. Let A be an algebra over R with linearly independent
generators by, by, bs, .... We define the product x on the generators in
the following way: b; x b; = min(4, j)bmax(;,j). There is a unique way
to extend this to the whole algebra to be distributive.
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For u =", k;b; we will sometimes use the notation (u); = k;. It is
easy to see that A will be a commutative, associative algebra. Moreover
the following statement holds.

Lemma 2.6. If C; and Cy are monochromatic chain partitions then

p(C10C2) = p(C1) x p(Cs).

Definition 2.7. We define the linear map L : A — R in the following
way. For u =7 kb, L(u) => 2 k.

Note that if u is a profile vector of a monochromatic chain partition
then it gives us the number of chains.

Let X = X;UX,U X3 be a set partitioned into 3 parts. Let C; be the
symmetric chain partition of P(X;). (See Section 1.) Then L(p(C;) X
p(C2) xp(Cs)) gives us an upper bound for the size of any 3-part Sperner
family on X by Lemma 2.3. If | X;| = n;, we denote this upper bound
by U(ni,ng,n3). First we try to determine U(2n, 2ng, 2n3).

On a 2n element set the symmetric chain partition has the following
profile vector

n—1

2n 2n
Don = ZZ:; <<n+z) — (n—i—i+ 1)>b2i+1 + boni1
2n - 2n - 2n
= <n>b1 +Z (n+i)(b2i+1 — by 1) = Z (n—i—z’)di’

i=1 1=0
where dy = by and d; = by; 1 — by; 1. Using the distributivity of x
and the linearity of L

U(2n4,2n9,2n3) = L(pan, X D2any X P2ng)

—iii( 2 )( 2n: )( 213 )L(d~><d-><d)
N n1+Z n2+] n3+l<: ‘ J i

i=0 j=0 k=0

Now we determine the value of L(d; x d; x dj,). Due to symmetry
we can assume that ¢ > 7 > k.
L(do X do X do) = 1,
L(d; x d; x dy) =2 if i >0,
L(d; x d; xdy) =4ifi >k >0,
L(d; xd; xdi) =0if i > j > k.
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We will use the following notations

" | min%nz) min(ns, i) 2n, 2n9 2n3
oy g, 1) = .|
1,M9, N3 ' ' ny+1 ng +1 ng+7J

B( ) min(n1,n2,n3) 2, 2N 2ns .
ni, N2, N3) = ) "
1, M2, 13 : ni+1i) \na+1i) \n3+1

2
E(ny,ne,n3) = —|—11< m)
min(,mz,m3) 2n 2n 2n
1 2 3
6
+ Z (m + Z) (712 + Z) (ns + Z)

i=1
min(m nz) 2n 2n 2n
2 2 () ) ()
ny +1 Ng + 2 ng
min(r,ms) 2n 2n 2n
9 1 2 3
" Z <n1+i><n2>(n3—|—i
min{nz.na) 2n 2n 2n
22 ()0 )
nq Ng +1 nsg +1
With these notations we get

U(2n4,2ns,2n3) = 4A(ny, ng,n3) + 4A(ng, n3, ny) + 4A(ng, ny, na)

— 4B(n1,n9,n3) — E(n1,n2,n3).

(1)
To obtain a common upper bound we prove the following theorem.
Theorem 2.8. [f3n = ny+nq+ng then U(2ny, 2ny, 2n3) < U(2n,2n,2n).
We need further lemmas to prove this theorem.
Definition 2.9. We define the linear map v : A — A in the following
way on the generators: v(b;) = by and v(b;) = b;_1 + b;1 for i > 1,

and extend this linearly.

Lemma 2.10. v(v(pan)) = Pan2-
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Proof. Tt can be easily proved using the following identity:

(@ - (J—l)) i <(a11) - <ai2))
- ((Z) ! <ail>) B <<a21) i (aj-2>>
()= (2a)

(Or we can recall how we constructed the symmetric chain partition of
P(X U{t}) from the symmetric chain partition of P(X). See [8].) O

Lemma 2.11. For v = > .~ kb, and w = > ° {;b; we have
L(v(u) x w) =2L(u x w) =Y o0 kil;.

Proof. Observe that L(v(b;) x b;) = 2L(b; x b;) —1 and L(v(b;) x b;) =
2L(b; x b;) if ¢ # j. With distributivity and linearity we get the
statement.

O

To simplify the calculations we define (mril) to be 0.

Lemma 2.12. For fired 0 < j < k the following function is monotone
decreasing in m where m > k:

2m 2m
(m+j) B (m—i—k)
2m 2m .
(m+k) o (m+k+1)
Proof. For fixed a > 0 the following function is monotone decreasing
in m where m > a:

(e ) = (20) (20 —D)(m+a+1)

(rzra) - (m-?-zl-i-l) (2(1 + 1>(m —a—+ 1) .

(Note that the equality above also holds in the degenerate case of a =
m.)

Multiplying functions like above we get that for fixed 0 < j < k the
following function is monotone decreasing in m, (m > j):

(jil]) B (m—?fjn—&-l)

(nffk) - (mir:-‘rl)

Summing this kind of functions we get the statement.

OJ

Lemma 2.13. If n; < ng then U(2ny + 2,2n9,2n3) > U(2nq,2n9 +
2,2’)13).
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Proof. We denote ps,, by ¢;. By Lemma 2.10 we need to compare
L(v(v(q1)) X 2 X q3) and L(v(v(g2)) X ¢1 X g3). Further ga X g3 has 0’s
in all its even coordinates, and v(q;) has 0’s in all its odd coordinates,
so L(v(v(q1)) X go X q3) = 2L(v(q1) X g2 X g3). Similarly, L(v(v(gq)) X
g3 X q3) = 2L(v(q2) X ¢1 X q3). So we have to compare L(v(q;) X ¢qa X
g3) = 2L(q1 % g2 % q3) = 2721 (@1)i(g2 x g3)i and L(v(q1) X g2 X g3) =

2L(q1 % g2 X q3) — 222y (q2)i(q1 X g3)i-
It is sufficient to prove that (q1)i(g2 X ¢3); < (q2)i(q1 X gq3); for
every 4.

—_

(q1)i(q2 X @3)i = i(q1)i(q2)i(g3)i + (91)i(g2): Z](%)j + (q1)i(g3) Y 7(q2);,

(22)i(q1 % g3)i = i(q1)i(q2)i(g3)i + (q1)i(q2)i Zj(%)j + (¢2)i (Q3) i(q);-

1

= Sl
Il
— e

j=1

<.
Il

Some terms cancel out, we can divide by (g¢3);, so we only have to
prove the following:

[y
[y

(q1)z ; ](Q2)j = (Q2)1 ; ]((h)j-

If 7 is even, both sides are zero, so assume that ¢ = 2k + 1. If
k > ny then the left hand side is 0, because (¢;); = 0, the other side is
nonnegative thus we are done. So we may assume that k£ < n; < no.

If we use that

i—1 k—1 2m 2m

m (27 4+ 1) ) - .
Z Par+1); Z / ((m+J) (m+J+1)>
j=1 7=0

k—1

2m 2m

2 2k—1
(m)+ ;(erJ) >(m+k‘)

(=) =2 () - ().
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then the inequality we have to prove is

(EAR)
()= (o)) =22 () - ()
(G- (o) =2 () - ()

Jj=1

So it is sufficient to show that for every 0 < j < k — 1,

(o) = G ) (G) - ()
< (o)~ Grre ) ()= (),

This follows from Lemma 2.12, if we rearrange it and use n; < ny. [J

Proof. (Theorem 2.8)

We can write Lemma 2.13 in the following form. If n; < ny then
U(2n1 + 2, 2712 — 2, 2n3) > U(27L1, 2712, 2713)

Suppose n; < n and ny > n. Then U(2n4,2ny,2n3) < U(2n; +
2,2n9—2,2n3) and with this transformation we can reach U(2n, 2n, 2n)

which proves the statement.
O

3. ASYMPTOTIC CALCULATIONS

This section is mainly a quite long and technical calculation. We
encourage the reader who is not interested in this to jump to Theorem

3.4.
We will determine the value of lim,,_, % (and prove the

existence of the limit), where p,, g, , are seqlignces of positive inte-

gers, Sy, = Pntqn+r, , lim, o0 S, = 00, lim,, ZZ—: = o, lim,_,o é’—: =0

and lim,,, 2 = 7 for fixed o, 3,7 > 0 real numbers (o + 8 +v =1).
We will use the following local form of the de Moivre-Laplace theorem[4,

VII. 3. Theorem 1.]:
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Lemma 3.1. If H, is a sequence such that lim,,_,. = H—§ = 0, then
for all e > 0, exists ng such that for each n > ng and |k| < H,

(%)

T2 exp(—EY)

l—e< <l+4e¢

holds.

Let K, be |s%51|. Here (51%2, (f’)g, (5%2 — 0 when n — oo thus

applying the lemma above yields.

Lemma 3.2. For all € > 0 if n is sufficiently large and |k| < K, the
following inequalities hold

()
l—e< 2p"+k - < 1l+e,
o exp(— )
()
l—e< an th o < 1l+eg,
o (=2.)
(TQT:-L/C)
l-e< = = <l+e.
L2 oxp(—E)

If n is large enough, then K, < p,,qn,,, which allows us to define
the following expression:

~( 200 \ [ 202 \ [ 2ra
A mny dny r?’L . . .
(P ;;?%(M+W)QM+J(M+U>
By Lemma 3.2 we have

:2 2

QQS"ZZexp o ‘Z—)

A'(pny Gn>rn) = (L4 0(1) 5——
\/p'nann i=0 j=0 TL qn

M\CAJ

™

On the other hand

Z2 Z‘2 j2
eXP(—p— T T—)
(i) o= PG+ (=) ()2 (£ 2)
:Sn/ 1 . exp(— iy e )dzdy.
zﬁ JM Sn Sn Sn

Define f,, in the following way,

( lzv/sn) )2 ( lz/sn] \2 ) ( Llyvsnl 2 )

exp(——— — ) if0 < [2y/5n] < K,,

faly) = " " T 0< wyE < levEl,

0 otherwise.

Sn

\;ﬁ
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Now
Kn 1 2242
S e D= [ [feasty. @)
i=0 j=0 Pn o T

Our aim is to determine lim, ,o [ [ fo. First we determine
lim,, o fu(z,y) for every point (z,y). In the case of 0 < z and
0 <y <z, if n is sufficiently large |z\/s,] < K, and |y /s,] <

|x+/Sn| is always true. Therefore, if n is sufficiently large f,(z,y) =
lz/5n] 2 [EAVETIRY) lyv/snly2
(sl (e (lyml,

exp(——%= o 7=——) and the limit of it is exp(—%2 —
%2 — 3472) Otherwise f,(z,y) = 0 if n is large enough, so the limit is
also 0.

Now we need a function ¢ such that |f,(z,y)| < g(z,y) for every
(z,y) and [ [g is finite. We will see that the function defined in
Figure 1 satisfies the conditions.

F1GURE 1. The function g

"
0
exp(—2(x — 1) = (y—1)?
2
1 L )
exp(—2(x — 1)?)
(0:0] ”

If x>1andy > 1, then
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lz+/5n] )2 ( lz+/5n] )2 (Ly\/ﬁj )2

| fol,y)| < exp(——p— — —— - —2—)

<exp(—2(z —1)° = (y — 1)*).
fo<z<l1

Ifx>1and 1>y >0, then |f,(z,y)| < exp(—2(x—1)?).
< 0 in any other

and 0 <y < 2, then |f,(z,y)| < 1. Finally |f,(z,v)|

case.
It is easy to see that the integral of ¢ is finite, so using Lebesgue’s

dominated convergence theorem we obtain
hmn%oofffn X y dl‘dy - fD eXp OH_B 2 ,1yy2)a

where D = {(z,y)|lz > 0,2 >y > 0}. If o(z,y) = (Vj‘iﬁx fy) and

F(x,y) = exp(—x* —y?), using integration with substitution we obtain

/ F:/ Fop|detDeyp|.
@(D) D

Therefore we get that

+ 8 22— 1 aby 2 2
exp dzdy eXp —x° — y~)dxdy.

[ et ytdndy = L (st =y
The transformation of D by ¢ can be seen on Flgure 2. The integral
of exp(—z? — y?) on the whole plane is 7, so the integral on ¢(D) is

%arctan vop .
y(a+B8)

FIGURE 2. The transform of integration domain D

A A
2

7

\j

e(D)
arctan ﬂ
Ve + 3)
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By (2) and (3) we obtain:

A g n) = (14 0(1)) 225n lim / / £ () daedy

= (1+0(1)) n___ g2 ap arctan ap

T3 Dalatn 2V 5 VAla+5)

(4)

We define

. min(pn,gn) min(i,rym) 2pn 2qn 2’[”n

—kol =0 Dn +12 T+ J

SRR E ()
i—Kpt1 \n T j=0 It 1) \Tn+J
Pn
Z ( 2pn ) 22(Qn+’f‘n)'
i=Kn+1 Pn 0

IN

We will need the following inequality:

Lemma 3.3 (Hoeffding inequality). Consider n independent events, if
each has probability p, then for all € > 0, the probability of the event
that at least n(p + €) events occur is at most exp(—2%n).

Using it in the special case of n = 2p,, p = % and ¢ = Lot we
obtain that

Pn
7 2pn ,
A (pna Qn,s Tn) < Z (p . Z) 92(gn+rn)

i=Kn+1

2 0.02
< Q2pntantro) exp<——(K’;+ Uy < oo exp(—~15-).
Pn

2sn
Using the fact that lim,_, 53%> = 1, we obtain
Ve

—
~—

A (Do, Qs T 0.02
0 < lim M < lim /7s, exp(— *n

Sn

) = 0.
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By (4) we have

L 92ng VAPV ayotan —VoB

li A/(pn, Qn, rn) — L w%m 2\/7 \/m
noe (Bn)  nboee P
) =
VapBy
= lim vath arctan vop
T (e + B)
vapy —
= Y arctan Lﬁ_
2w/ afy v(a+ )
Therefore
lim M — lim A/(pn7 dn, rn) + A” (pn, Gn, T'n)
n—00 (28871) n—s00 (2sn)

o ©)

arctan

1
C2m/a+ VAla+B)

We will use similar methods to get the asymptotic value of B(py,, Gn, Tn)-
By Lemma 3.2 we have

K
i 2P 2qy, 2rn \ .
B/ nyQny Tn) = E . . ]
(p ¢ ) P (pn—l—z) (qn+z) (rn+z)

1 1
223" exp —i? — 4+ —))i.
Here f,(z) is defined in the following way:

= (14 0(1))——

Vsn Pn Vsn
0 otherwise.

f n (:U ) =
Hence we have

B'(pn, @y ) = (14 0(1)) 54— qrz%n / fulz

T2

For each z > 0, limy, o fo(2) = exp(—(% + 3 + ;)x Jx. We need
a function g such that |f,(z)] < g(x) if x € |0,00), and ¢ has finite
integral on [0,00). We define g(z) such that g(z) = 1if 0 < z < 1,
and g(z) = exp(—(+ + % + %)(:U — 1)?)x otherwise, using Lebesgue’s
dominated convergence theorem:
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) o o 1 1 1 afy
lim fo(x)dr = / exp(—(=+—=+-)r})zdr = :
n—oo Jq 0 a B v 2(af + By +ya)
We define
min(pn7Qn7rn)
2pn, 24y 2ry, .
B” (pm An, Tn) = Z ( ) ( > < .)Z'
sr \Pn 1) \an +1) \Tn 1
With this notation lim,, % = 0 (proof like above), thus we
have "
B n ny'n . B/ ny dn» n
lim —(p 2’31 ) = lim —(p 233 n)
n—00 ( o ) n—0o ( o )

. ( 225n ) 1 1 225 /oof ( )d
= lim "Sn n\2)axr
NNV TS 71-%\/ PndnTn 0

Vaby

pummg . 6
2m(af + By + o) 0
Using similar methods
. Epn gnirn)
lim —————~==0. (7)
n—oo ( s:)

Putting all the results together (equations (1), (5), (6) and (7)) we get
the following theorem.

Theorem 3.4. If p,, q,,r, are sequences of positive integers, s, = p,~+
. " k o : P R
Qn+t7Tn , hmn—>oo Sp = OQ, hmn—>oo ﬁ = Q, hmn—>oo i - 57 hmn—)oo i —

v for fixed o, B,y > 0, then lim,,_, % exists, and has the

sSn

value of u(w, B,7), where

u(a, B,7)
JaB oy VB
2 (M ey M e M g Ve
™ a+pB va+y VB4 af+ By +ya |

4. FINAL STEPS OF THE PROOF OF THE UPPER BOUND

To deal with cases where not all parts are even, the following lemma
will be useful.



NEW BOUNDS FOR 3-PART SPERNER FAMILIES 15

Lemma 4.1 (Griggs, Odlyzko, Shearer[7]). g(ni,n2,n3) < 2g(n; —
1,m9,n3).

Proof. Let X be X7 U Xy U X3, |X;| = n;. Let F be a 3-part Sperner
family on X, where g(ni,ns,ng) is attained. Let ¢ be an element of
Xy, Fr={F\{t}|F e F,t € F} and F, ={F|F € F,t ¢ F}. It is
easy to see that F; and JF;, are also 3-part Sperner families on the set
X\{t} = (Xi\{t}) U X5 U X3 and the sum of their sizes is the size of
F. O

By applying this lemma repeatedly, the following lemma is obtained.

Lemma 4.2. g(2p + k1,2q + ko, 2r + k3) < 2ktkethag(2p 24 2r).
(k1, ko, ks > 0, integers.)

In the following proofs we will use similar arguments as Griggs,
Odlyzko and Shearer|[7] did in their paper.

Lemma 4.3. Let a,,b,,c, be sequences of positive integers, m, =
. _ . a _ . b _
ap, + bn + Cn, hmn—)oo my = 00, hmn—>oo m_T; = Q, hmn—>oo m_iz — B

(an,bnycn)

lim, oo 72 = 7 for fized o, 3,7 > 0. Then limsup,,_, g<m—n)
" L

m |
u(a, B,7).

VAN

Proof. Write a,,b, and ¢, in the following form a, = 2p, + v,, b, =
2q, +w, and ¢, = 2r, +t,, where v,,, w,,t, are all 0 or 1, p,,, g,, r,, are
integers. Let s, be p,+¢,+7,. Then lim,_,, s, = 00, lim,,_,, ’S’—Z = q,
lim,, 00 ‘SI—Z = 5, lim, 0o Z—: = ~. From Lemma 4.2 and Theorem 3.4:

n bn n 2vn+wn+tn 2 n72 7L72 n
limsupg(a’m—n’c) < lim sup g(mf Gn, 27'n)
n—+00 (L%J) nroo (I.anJ)
: U(2pn, 2qn, 2y
< limsup ( T ) u(a, B, 7).
n—00 )

OJ

Lemma 4.4. Let a,,b, and c, be sequences of nonnegative integers,
My = an + by + ¢, limyoomy, = o0, lim, oo 7= = 0. Then
n

lim sup,,_, —g(g”,ff’c") < 1.
L

7r§n ]
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Proof. By repeatedly applying Lemma 4.1 and using the two part
Sperner theorem, we have

lim sup —g(an;f):, Cn) < lim sup —Za"g(%nbn, Cn)
PN (7 B e
an ( bntcn
T 2ang(bnucn) T 2 (LIM%J) 1 VAL
IR (7 B (7 By
L7 L7
O

Define u(a, 3,7) to be 1 if o, 5 or v equals 0. From Lemma 4.3 and
4.4 follows

Lemma 4.5. Let a,,b,,c, be sequences of nonnegative mtegers My, =
ap, + bn + Cp, hmn—wo my = 00, hmn—)oo T?L_Z = hmn—>oo m_n 6;
lim, o = = . Then limsup,, % < u(a, 8,7).
" L7 |

Let u* be the maximum of u(«, 3, 7) under the conditions: a+p+vy =
1, a,8,v>0. By Theorem 2.8 we get that the maximum is attained
ata=0=v=
Theorem 4.6. d3 <wu*, that is d3g < 1,072....

Proof. Consider the sequences a,,b,,c, such that n = a, + b, + ¢,
g(anabnvcn)

and f(n,3) = g(an, b, c,). Then d3 by definition is lim,, &N
12

Let A, be (% b ) X, € [0,1]°. Since [0,1]® is compact, there

‘n’n
is a convergent subsequence of \,, that is there is an infinite sequence
n bTL n . .
ny < ng < ....such that llmkﬁoo(an: , n: , Cn—:) exists. Applying Lemma

4.5 for a,,, bnk, Cn,, We get d3 < u'
O

5. HOMOGENEOUS FAMILIES AND RELATED INTEGER PROGRAMS

For sake of simplicity all the theorems in this section will be stated
for 3-part Spener-families, but one can easily generalize them for k-part
Sperner families.

Definition 5.1. The set F has type (r1,79,73) if | X;NF| =17 ,1=
1,2,3.

Definition 5.2. A family F C P(X) is homogeneous if F' € F implies
that all sets of the same type are in F.

A homogeneous family F will be a Sperner family, if there are no
sets in F with two different types (rq,79,73) and (s1, sa, s3) such that
there are 1 # j € {1,2,3}, r, = s; and r; = s;.
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Lemma 5.3 (Fiiredi,Griggs, Odlyzko, Shearer[7][5] and Erdds, Katonal[3]).
If Fy is a mazimum size Sperner family then there is a homogeneous
Sperner family F with the same size.

Therefore it is enough to search for the maximum among the ho-
mogeneous families. Notice, that this is equivalent with solving the
following integer program (Griggs, Odlyzko, Shearer[7]): x(i,j,k) are
binary variables (0 < i < n;,0 < j < ny,0 <k <mng), z(4,j,k) = 1if
the sets with type (i, j, k) are in F, 0 otherwise. The constraints are
the following:

ni

ST a(ij k) <1 V0< ) <ne,0< k<,
i;ZO
> wi k)<l V0<i<ng,0<k<ng,
7=0

n3
d aigk) <1 V0<i<ng,0< ) < ns.
k=0

Conjecture 5.4 (Aydinian, Czabarka, Erdés, Székely[l, Conjecture

7.1]). For every k > 1 and every ny = ny = --- = ny, = 2: — 1, F
is a maximum size homogeneous k-part Sperner family if and only if
Fegh.

(Here definition of S[()k) is omitted since it is a bit complicated. See
[1, Conjecture 7.1] for details.)

In the case of £ = 3 and n; = ny = n3 = 15 the solution of the
integer program shows that the conjecture is not true, since we can
find a family of larger size than the size of the families in Sék). See [10]
for details. (The authors of the conjecture verified it in the cases of
k=3, ¢ =1,2,3 with checking all the homogeneous families, but in
the case of ¢ = 4 this is too slow, however the integer program can be
solved in a few minutes.)

One of the reasons we can solve this integer program this fast is that
the optimum value of the objective function of the integer program
and the Ip-relaxation happen to be the same. And the same happens
in all the cases we have seen. Although we checked it in all the cases
of n1,n9,n3 < 15 and they were equal, we believe that there must be
a counter example for larger n;’s.

We may formulate Lemma 2.3 in the following way:
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max{|F| : F is a 3-part Sperner family} <

min{|C| : C is a monochromatic chain partition}. (8)

It is a natural question whether the inequality can be replaced by
equality or not. We will show that if the Ip and integer optimum are
not the same, the inequality strictly holds.

Consider the Ip-relaxation of the integer program above, its optimum
value is at least the optimum value of the integer program. But the
Ip-optimum is equal to the optimum of the dual problem:

holds for all 0 <7 <mny, 0<j<ng, 0<k<ng,

y(*7j7 k) > 07 y(27 *, k) = 07 y<i7j7 *) > 07

holds for all 0 <i <mny, 0<i1<ny, 0<k<nsg,

min Z?io Do Yk, k)00 D i ylis x k) +3 00, ;Lio y(i, J, %)

Therefore if we have a feasible solution to the dual problem we get
an upper bound for the size of the three-part Sperner families. Now
we show a method for getting a feasible solution to the dual problem
from a monochromatic chain partition.

Lemma 5.5. If C is a monochromatic chain partition, there is a fea-
sible solution to the dual problem with objective function value |C|.

Proof. A monochromatic chain C' = (Fy, Fy, ..., F,,) has type (x, j, k)
if its color is 1, |F1 N Xs| = j and |F; N X3| = k. (Note that F), N X5
are the same for h =1,2,...,m.)

A monochromatic chain C' = (Fy, Fy, ..., F,,) has type (i, *, k) if its
color is 2, |Fi N Xy| =i and |F} N X3| = k.

A monochromatic chain C' = (Fy, Fy, ..., F,,) has type (i, j, *) if its
color is 3, |[F1 N X;| =i and |F1 N X, = j.

(If C = (Fl) then it has type (*, |F1 N X2|, ’Fl N Xg‘))

Let y(x*, 7, k), y(i, *, k) and y(i, j, *) be the number of chains in C with
type (*,7,k), (i, %, k) and (4, 7, *) respectively.

Consider an F' which has type (,7,k). This F' must be covered
by a chain from C, but it can only be covered with chains that have

type (x,J,k), (i,*, k) or (i,7,%). There are (”21) (”]2) (72:3) sets with type

(1,5, k), s0 y(x, 5. k) +y(i, = k) +y(i, 4. %) > () () (7). O

J

Remark 5.6. This means that if the lp and integer optimum is not
the same somewhere, then we have strict inequality in (8). Therefore
we can not get the best bound with partitioning into monochromatic
chains.



NEW BOUNDS FOR 3-PART SPERNER FAMILIES 19

6. LOWER BOUNDS

Our method is a refinement of that of Fiiredi[6] and Griggs, Odlyzko,
Shearer[7]. In this section we always assume that X = X; U X, U X,
| X;|=n(i=1,2,3).

Definition 6.1. We call the following sets cubes with side t:
Rn(al,ag,ﬁg,t) = {F € P(X)\az < ‘Xz N F‘ < a; +t, (2 = 1, 2,3)}

Definition 6.2. The sets R, (a1, as, as, t) and R, (b1, by, b3, u) are com-
patible if there exist i # j € {1, 2,3} such that [a;, a;+t)N[b;, bi+u) = 0
and [a;,a; +1t) N [bj, b +u) = 0.

The proof of the following lemma is straightforward.

Lemma 6.3. If R, (a1(7), as(i), as(i),t(2)), i = 1,2,..., N are pairwise
compatible and F; C R,(a1(7),as(i),as(i),t(i)) are three-part Sperner
families then F = UN | F; is also a three-part Sperner family. O

Now we give a general method for finding large three-part Sperner
families. Consider some Sperner families F; C R, (a1(), ax(7), az(i), t(7)),
(i=1,2,...,N) and construct a graph G on the vertices {1,2,..., N}. A
pair of vertices (7, 7) will be an edge of G if R,,(a1(i),az2(i), as(i), (7))
and R, (a1(j),a2(j),as3(j),t(j)) are not compatible. A vertex i has the
weight |F;|. Let H be an independent set in G. There will be a
Sperner family with the size of the total weight of H. (Namely U;c g F;
is a Sperner family with the size of U;cg|F;|.) So our aim is to find an
independent set of weight near the maximum.

We will choose the cubes corresponding to the vertices of G in the
following way. We will divide a big cube into (2k)? smaller cubes with
equal sides. Let the big cube be R, (5] — kt, | 5] — kt, | 5] — kt, 2kt).

Then the small cubes will be
Cl(a,b,c) = Ry(|53] + (a—k)t, [5] + (b—k)t, | 5] + (¢ — k)t,t), where
0 < a,b,c < 2k —1. We will use the triplet (a,b,c) to identify
the corresponding vertex of G. Two different cubes C(aq,by,¢1) and
C!(ag, by, cy) are not compatible if and only if at least two of the fol-
lowing equalities hold, a; = as, by = by, ¢1 = ¢5. For a subset H of the
vertices of G its characteristic vector is the vector (z(a, b, ¢))oc, po<on1-
where z(a,b,c) = 1if (a,b,c¢) € H and 0 otherwise. -

It is easy to see that the binary solutions of the following integer
program are exactly the characteristic vectors of the independent sets
of G.

fo;l z(a,b,c) < 1(V0 < b,e <2k —1),

Zgigl z(a,b,c) < 1(V0 < a,c <2k —1),

Zizl z(a,b,c) < 1(V0 < a,b <2k —1),
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z(a,b,c) > 0(V0 < a,b,c <2k —1).
We denote this program by Ij.

Lemma 6.4. Suppose F,(a,b,c) C Ct(a,b,c). Let the weight of the
vertex (a, b, ¢) be wt (a,b,c) = |Fn(a,b,c)|. Then the characteristic vec-
tor of the mazximum weighted independent set can be determined as the
optimum solution of the integer program I, with the objective function
max Zi’gl gigl Ziigl wt (a,b,¢) - x(a,b,c). If the objective function
value is M, we have a Sperner family with size M. O

But how large w?, (a, b, ¢) can be chosen? The following simple lemma
gives us a good bound.

Lemma 6.5. For a given R, (ay, as, as, t) there exist a three-part Sperner
family F such that F C Ry(a1,as,a3,t) and |F| > %|Rn(a1,a2,a3,t)|.

Proof. We define F; = {F € R,(ai,as,as3,t)||F| = i (mod t)} for
1=1,2,...,t.

Clearly JFi,F5,... are pairwise disjoint, their union is
R, (ai,as,a3,t) and all of them are three-part Sperner families. So
the largest of them will be proper.

O

Therefore in Lemma 6.4 we can choose w,(a,b, ¢) to be ‘C’tl(‘;—bc)l
Now fix k. For a given n and various choices of ¢ we can get large
Spener families by applying Lemma 6.4 with w!(a,b,c) = [Catabal
But we want a bound for ds, so we have to find some kind of limit of
these integer programs. Our aim is to chose the parameter ¢ = t(n)

t(n)
such that the following limits exist w(a,b,c) = lim, . % =

[1.57m]
ICE™ (a,b,c)]

0 ((1%5n))
Lemma 6.6. Consider the optimum solution of I, respected to the

objective function max 3 - SRS ay(a,b,¢) - x(a,b,c).  This

gives us an independent set H with total weight W. W 1is a lower
bound for ds.

lim,, 00

Proof. For each n we have a Sperner family with size

Yangerwn@.be) = Vpaenl + oD)wlabo)( %) =
(1+0(1)) (LlégnJ) > (abeen W(a,b,c) = (14+0(1)) (Lf’gnJ)W, which means
that W is a lower bound for ds. O

The above mentioned limits will exist if we choose t(n) to be |5v/n],

where s € RT is constant as we will see in Lemma 6.8. We denote these
limits by w(a, b, ¢, s, k).
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We denote the cumulative density function of standard normal dis-

tribution by ®(t), that is ®(t) = ffoo \/%e_éd:p.

Lemma 6.7. For any s € R", 1, 29,23 € R, the limit

. mva B3]+ (3l 15] + [3vnl, 15] + 1§V, [5vn))]

noree ( Lfgn | )

exists and its value is Lo(w1, o, x3,8) = 22T [T, (®(x; + s) —

Proof. From the de Moivre-Laplace theorem
VAV
2 ( ) = (14 0(1)(®(w; + 5) = B(:))2".
R EIE VI

(%)

From this and the fact that lim,,,_,., —5%— = 1 the statement follows.
Jrm
O

M3 3

As a straightforward corollary we get the following lemma.
Lemma 6.8. w(a,b,c,s,k) = Lo((a — k)s, (b—k)s, (c —k)s, s). O
From Lemma 6.6

Lemma 6.9. For any s € R+, k € Z*, the optimum value of the inte-

ger program Iy, with objective function
max S M SRS 2 L n(a, by ¢, 8, k) - x(a,b,¢) is a lower bound for
ds. O

We could improve this bound if we could replace w(a, b, ¢, s, k) with
something larger. So we need to improve the bound of Lemma 6.5 by
finding a larger Sperner family which is a subset of R, (a1, as, as,t).

We can get a better bound by dividing the cube into eight smaller
cubes and choosing four of them which are compatible and then ap-
plying Lemmas 6.3 and 6.5. We can iterate this arbitrary many times.
Now we will formalize it.

Definition 6.10. Let us define [,,(a, b, ¢, 2%ty, u) (where n,a,b, c, to, u
are nonnegative integers,to > 0) in the following way:
For u =0, l,(a,b, c,ty,0) = %|Rn(a, b, c,to)].
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For uw > 0,

ln(a,b,c, 2%, u)

- Z Ly(a 4 p2° o, b+ q2" Mo, ¢ + 2" o, 2 o, u — 1),
(p,qr)€S

where 5 = {(p.q,r) € {0.1F]p + g + r = Lu(a) + L(b) + L(c)
(mod 2)}, where I,,(z) = 1 if x < [§] and 0 otherwise.

Lemma 6.11. There ezists a Sperner family F C R, (a,b, c,2%y) such
that |F| > l(a, b, c, 2", u).

Proof. We will prove the statement by induction. For u = 0, we already
proved it in Lemma 6.5. If u > 0 by the induction hypothesis we know
that for (p,q,r) € S there are 3-part Sperner families F(p,q,r) C
R.(a+ p2° o, b+ q2" g, c + 129 g, 24 tg) such that | F(p, q,r)| >
ln(a+p2“tg, b+q2“ Mo, c+1247 1, 24 1ty u—1) for every (p,q,7) € S.
If we consider the sets R, (a+p2* g, b+q2" g, c+1r2" 11, 247 y) for
all (p,q,r) € S, they are pairwise compatible, so U, qr)esF®, ¢, 1) C
R,.(a,b,c,2"ty) is compatible due to Lemma 6.3 and has the desired
size. (There is another possible choice of S, namely {0,1}\S, but this
gives a better bound.) O

For fixed u, let t be 2%%.
From Lemma 6.11 in Lemma 6.4 we can choose w(a,b,c) to be

(5] + (a—=k)t, 5]+ 0=kt 5] + (c—k)t, 2%, u). We would like
to define a limit problem. We define ¢(n) to be 2*|%¢+/n| for some

t(n)
constant sg € RT. (s = 2%sy.) Then again lim,, % exists as

|1.5n]
we will show it in the following lemmas.

Definition 6.12. Let us define L(z,y, z,2%sg,u), where x,y, 2,59 €
R, so > 0, u is nonnegative integer, in the following way.

For u =0, L(x,y, 2, 80,0) = Lo(x,y, 2, So).

For uw > 0,

L(z,y, z,2%s, u)

= Z L(z + p2“ 'so,y + 2" 'sg, 2 + 12" 50, 2% g, u — 1),
(p.g,r)€S

where § = {(p,q,7) € {0, 13|+ g+ 7 = I(z) + I(y) + I(2) (mod 2)},
where I(z) =1 if x < 0 and 0 otherwise.
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Lemma 6.13. For x1,29,23,50 € R, s5 > 0

o (3] 13 VAL (3] + (VAL 3]+ [3Va 213 vilu)

e ( Lfgn | )

= L(l’l, Z2,T3, 2u807 U)

Proof. For u = 0 we already proved it in Lemma 6.7.
For w > 0 it can be easily proved by induction on wu, because the
recursive definition of L and [,, are basically the same. OJ

Lemma 6.14. lim,, ., % = L((a—k)s, (b—k)s, (c—k)s,2"sg, u).
[1.57m]
O

Lemma 6.15. For any sy € R+,k € ZT,u € Z§,s = 2"sq, the opti-
mum value of the integer program I, with objective function

max Zz’;l l%ial Ziigl L((a’_ k)‘S? (b_ k)‘S? (C_ k)57 2"s9, u) 'x(a7 b, C)
is a lower bound for ds. We denote this bound by B(k,u, so). O]

We choose sy = 0.05 (s = 0.2), u = 2, k = 16, solving this with com-
puter we get a feasible solution with objective function value 1.0506.
We get that d3 > 1.0506[10].

Remark 6.16. Of course the bound B(k, u, s) is smaller than B(2"k, 0, s¢),
however the time complexity of our method depends on k, so k in prac-
tice cannot be chosen so large. We can use this method without linear
optimization with k=1, as Griggs, Odlyzko and Shearer[7] did.

Their method was that they found a large Sperner family applying
lemma 6.11 with carefully chosen parameters a, b, ¢, t, u and with lemma
6.13 they calculated the asymptotic value of the bounds. (This means
that we take a large cube and divide it into smaller cubes, we choose
some of them which are compatible, and use Lemma 6.5. Lemma 6.11
gives an explicit choice of cubes, our improvement is that we find a
better choice using the above mentioned integer program.)
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