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Abstract

Composite materials are becoming more significant in the industry due to their strength-
to-weight ratio. The behavior of the plies differs by the materials used and can be de-
scribed by failure models. A failure model is only identifiable if stress in the direction of
and parallel to the fiber direction and the shear stress is measured, and the parameters
of the models provide us with hints about when the material breaks. Yet, various param-
eters are interconnected, and most identification processes require lots of data extracted
from time-consuming and expensive fracture tests. My work focuses on the identifiability
of the failure models, in other words, the parameters of the failure surface. The first
step focuses on selecting the failure model by identifying the parameters and calculating
the errors of the models. The best model is carried over to determine the parameters.
The Fisher Information Matrix is an excellent tool for extracting information from the
experiments efficiently from even a small number of correct experiments. The method
calculates the partial derivatives (local sensitivity) of the failure model and determines
which experiment is relevant to which parameter. As the exact number of required exper-
iments is unknown and the various experiments may not provide additional information,
I use a Design of Experiments approach to select the ones that contain the most informa-
tion. Several optimal designs exist, from which I use the A-optimality due to its additive
nature, and thus the optimality measure presents the information contained in a singular
value. This measurement is optimized through a non-linear mixed integer optimization
to select only the relevant experiment. The algorithm can also determine which param-
eter requires additional information and propose optimal points on the failure surface.
Lastly, an iterative algorithm is introduced to select the points that contribute the most
to the identification process. I introduce the effectiveness of my method by identifying
well-known failure models’ parameters on random-generated failure surfaces. The identi-
fication process includes the Max-Stress, Tsai-Wu, Tsai-Hill, Hoffman, Hashin, and Puck
models. The results show that the method provides parameters close to the nominal pa-
rameters of the generated failure surface and proposes tests if no information is available.

Keywords: Fisher Information Matrix; Model identification; Composite failure mod-
els; Design of experiments; Iterative parameter optimization

1



Introduction

1 Introduction

Industrial sectors are becoming ever-more penetrated by composite materials. The in-
creasing popularity can be credited to their strength and weight ratio. Consequently, the
topic gained ground, and an immense effort was put into the behavior and failure of com-
posite material products. Yet, some composites exert anisotropy and complex fracturing
mechanisms with various modes, which increased the difficulty of composite material fail-
ure analysis [1]. Failure and strength analysis is a fundamental step in the design process
to determine the risk of failure and provide guidance on mitigating its occurrence. Some
examples include wind turbine strength analysis [2], composite joints modeling [3], 3D
simulation of metal bearings failure [4], plywood bending [5], glass fiber drilling [6], etc.

The behavior of the composite materials is modeled with several orthotropic failure
models, most of which are often available in commercial Finite Element Method (FEM)
software packages. The most popular ones are the Max Stress [7], Tsai-Wu [8], Hoffman [9],
Tsai-Hill [10], Hashin [11], and Puck [12] failure criteria. In our research, I investigated
classical failure models for a shell-like composite structure, represented by orthotropic
constitutive behavior with translaminar (e.g. fiber cleavage, buckling, and shearing) and
intralaminar failure modes (through-thickness failures).

Machine learning has already been used in composite model identification. The Tsai-
Wu model was employed to simulate unidirectional composite lamina, which was opti-
mized by a neural network [13]. Soft computing has also been used in material fatigue es-
timation [14]. A Micromechanics-based approach for Static Failure (M-SaF) and Bayesian
statistical framework has been proposed to predict the failure in heterogeneous materi-
als [15]. The identification of the model parameters is performed using Bayesian Inference
method. There is some work in the literature where global optimization algorithms (e.g.
genetic algorithms) are used to determine the model parameters, but no work can be
found where the identification task is supported by experimental design. Despite the
fact, that Fisher Information Matrix (FIM) has been successfully applied in parameter
optimization in many cases [16], the parameter estimation of material failure models with
the design of experiments is unknown in the literature, hence I propose to use FIM-based
optimal design to support the model identification problem.

The identification of the composite material of the model composite material is not
straightforward. The most common practice is to perform experiments, provoking charac-
teristic stress-strain states, exploring the failure characteristic along a few radial trajecto-
ries of the failure envelope and use these test data to calibrate numerical prediction models.
Accurate identification requires informative experiments to contribution to describing ma-
terial failure parameters. Different models are expressed by different parameter sets that
can be characterized with dissimilar experiments. Inaccurate test data inevitably adds
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Introduction

error and uncertainty, mainly from imperfect knowledge of the material behavior, indirect
phase space (stress space), scatter, and noise in the experimental data [17]. Therefore,
our goal is to a) find the right failure model with the best possible fitting quality under
the given data set and b) find the most informative material tests for the model fitting.
This can lead to a minimum test matrix to be defined for any pre-selected failure model
that provides the most information about all parameters and thus, results in robust and
reliable model fit including uncertainty quantification and survival probability dependent
design.

For a robust and fast algorithm development, I used virtual tests to generate the
data set to develop the methodology. It gave us the opportunity to directly validate the
methodology by knowing the real sought parameters upfront. Moreover, extending the
nominal virtual tests with systematic and unsystematic scatter could give us valuable
feedback about the behavior of the algorithm and quantify its robustness. However, in a
future work, the algorithm should be tested using real test data.

Identifiability analysis is closely related to sensitivity analysis. If the objective function
does not vary with a model parameter, it follows that the parameter in question cannot
be readily estimated from the available tests [18]. The set of experiments must contain
information about all the model parameters; otherwise, some of the model parameters
may not be identifiable, leading to a false model prediction. To reduce the number of
experiments and retain accuracy, I propose the application of experimental design [19].
It allows us not only to consider identifiability but also to perform the most informative
experiments possible. The advantage is that only a set of predefined (minimum) experi-
ments are required, improving the time and cost-efficiency of data-driven modeling. The
use of the optimal design of experiments (DoE) is recommended as not only the selection
of the most informative experiments but ignoring bad/inconsistent or redundant data is
also possible with its help [20].

In this work, the identifiability analysis is based on the trace of the FIM, performed
in local points of the ply failure stress state, along with optimal designs criteria (i.e. A-,
E- and D-optimality) [21]. The most informative experiments are chosen based on their
A-optimality, as the contribution of all experiments can be linearly decomposed into the
contribution of the individual experiments. The key idea is to accurately identify the
model that best describes the material with the least amount of data. The best model
is selected based on how the measured data fits on the failure surface generated by the
identified parameters, and the best one is carried over to the identification process.

FIM-based sensitivity analysis is proposed to investigate the identifiability of the pa-
rameters. I propose an iterative experimental design and parameter fitting method to
identify model parameters. In each iteration, the experiments are selected based on their
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Introduction

contribution to identifying the model parameters, and the iteration stops if the model
performance improvement becomes insignificant. Moreover, if the characteristic behavior
of the composite fly failure models is required for a certain material, the experimental
data points must contain information on all parameters. However, this is seldom the case
in the industry environment, and the available data set should define which model can be
calibrated best for the specific application.

Various test data sets have been tested with the models. However, a particular model
may dominate the other in the same material with a different condition. For example, the
stack-up design, amount of layers, and their orientation may alter the governing failure
model [22]. Therefore, there is a need to select the model that best fits the material
behavior and its nominal values. In most cases, the model parameters are determined
by specific experiments, i.e. the aim is to determine a model parameter as precisely as
possible. However, some parameters cannot be measured, and an optimization algorithm
is needed.

Hence, our work provides the following contribution:

• I present a compact methodology to decide which composite failure model should be
used for simulation based on the available experimental data. As such, the failure
models can be systematically analyzed end evaluated in terms of model accuracy
and model parameter identifiability (see section 2);

• I evaluate the performance of the failure models to select the best one based on the
Euclidean distance of the experimental points from the failure surface estimated by
data reconciliation (see subsection 2.1);

• I performed a Fisher Information Matrix-based sensitivity analysis to investigate
the identifiability of model parameters using experimental data (see subsection 2.2);

• I prove the performance of the proposed method using a procedurally generated ex-
perimental data set. The visualization of the sensitive regions of the failure surface
is presented with the recommended and most informative experiments for parameter
identification. The feasibility of the parameter identification algorithm is demon-
strated in section 3.

The structure of the paper is as follows: The theoretical background for the iterative
identifiability analysis of composite material failure models are introduced in section 2.
Subsection 2.1 describes the generalized form of the failure models, the experiments and
parameters, whereas subsection 2.2 includes the tools, such as the Fisher Information
Matrix and optimal design. The selection problem is described in subsection 2.3, and the
algorithm is detailed in subsection 2.4. The results are presented in section 3, where both
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the analysis of the models and the iterative DoE are presented on procedurally generated
data. In section 4, concluding remarks are given. An Appendix is also provided for
the mathematical description of failure models (Appendix A.1) and their visualization
(Appendix A.2).

2 Theoretical background of the identifiability analysis

and iterative experimental design algorithm

This chapter introduces the methodology for the identifiability analysis of composite ma-
terials. First, the identification problem is formalized in subsection 2.1 that is followed
by the theoretical background of optimal selection (subsection 2.2), including the sensi-
tivity, Fisher Information Matrix and optimal design. The selection problem is defined in
subsection 2.3, before the algorithm is described in subsection 2.4.

2.1 Formulation of the identification problem

The general formula of failure materials describes material breakage with failure stresses
and specific parameters. The goal of the models is to approximate material failure through
parallel, perpendicular (to fiber direction), and shear stress. Damage occurs when the
failure model value reaches one, calculated from the model if failure tests and specific
parameters present accurate values. As various failure models are available, the particular
models are denoted by fm, where m represents the index of a failure model. In addition,
each model bolsters a set of parameters, some of which are unique to a specific physical
phenomenon. The general notation for a failure model is as follows:

fm
(
x, θ(m)

)
= 1 (1)

x = [σ1, σ2, τ12] (2)

where θ(m) is considered the parameter vector of the failure model fm, which takes
up the value one when the material would break; therefore, fm(x, θm) = 1 denotes the
marginal state of the failure, the fracture of fiber or matrix in the composite material. x

represents a failure in the stress state space that consists of three variables: unidirectional
tension/compression parallel (σ1) and perpendicular to (σ2) the fiber direction, and shear
stress (τ12).

The parameters are imperative to predict breakage correctly and are often unknown.
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A model is identified through the optimization of its parameters, which can be formalized
as follows:

θ(m) =
[
θ
(m)
1 , θ

(m)
2 , . . . , θ(m)

n

]
(3)

where θ(m) defines the parameter vector with length n.
The Tsai-Wu model is considered one of the most popular failure criteria [8]. The

model consists of a single continuous function and six parameters. In the case of the
Tsai-Wu failure model, the parameter vector is defined as:

θ(Tsai-Wu) = [Xt, Xc, Yt, Yc, S12, F12] (4)

where θ(Tsai-Wu) denotes the parameter vector of the Tsai-Wu model, Xt and Xc stand for
the tension and compression in the direction of the fibers, respectively, Yt and Yc describe
the tension and compression perpendicular to the fiber direction, whereas S12 is the shear
failure parameter. F12 is a parameter unique to the Tsai-Wu model.

As such the model is formulated as in Eq. 2.1 with its parameters defined in Eq 4:

fTsai-Wu(xk,θ
(Tsai-Wu))=1=

τ12
2

S12
2−σ2

(
1
Yc

− 1
Yt

)
−σ1

(
1

Xc
− 1

Xt

)
+

σ1
2

Xc Xt
+

σ2
2

Yc Yt
+

2F12 σ1 σ2√
Xc Xt Yc Yt

(5)

All other models incorporate [Xt, Xc, Yt, Yc, S12] parameters, the coefficients of the fail-
ure for the axes of the stress space. Some models, such as the Puck, Hashin, and Tsai-Wu
failure criterion, also contain unique parameters. The Max Stress, Hoffman, Hashin,
Tsai-Hill, and Puck failure models are described in Appendix A.1.

Model parameters require fine-tuning to identify the highest accuracy model. The
goal is to estimate the parameters as accurately as possible. Np number of experiments
is available that contains as much information as possible while keeping the number at
a minimum so that the parameters are efficiently identified. One realization of failure
(experiment) takes up the form of xk that consists of the principal stresses [σ1,k, σ2,k, τ12,k].
The experiments are organized into a matrix X(Np), and the optimized parameters are
identified based on the information content of the available tests. As such, the model errors
stemming from the parameters are minimized based on their difference to the breakage
status (fm = 1):
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X(Np) = [xT
1 , . . . ,x

T
Np
] (6)

ϵ =
1

Np

Np∑
k=1

(
fm(xk, θ

(m))− 1
)2

; k = 1, . . . , Np (7)

θ(m,0) = argmin
θ(m)

ϵ (8)

where θ(m,0) denotes the optimized parameters of the model, xk stands for the kth exper-
iment xk = [σ1,k, σ2,k, τ12,k] from matrix X(Np), with k = 1, . . . , Np denoting the running
index of the experiments. ϵ defines the mean squared error of the predicted model failure
to breakage.

Although the mean squared error of a model provides information on how well it
fits, these error values cannot be compared between models as various modes denote
different functionalities in behavior. Therefore, a robust measure is required to evaluate
the performance of the models. The quality of the fitting can be evaluated by calculating
the Euclidean distances of the experiments and their corresponding value during breakage
returned by the nominal failure model. The values of the experiments and projected ones
do differ: most test results contain measurement errors that heavily depend on the actual
state of the material. The projection is also known as data reconciliation [24], the goal of
which is to calculate the Euclidean distance of the experiments to the closest point on the
model while simultaneously projecting the data. The method resembles the least squares
method [25]:

argminx̂k
ek = (xk − x̂k)

T V (xk − x̂k)

s.t. fm(x̂k, θ
(m,0)) = 1

(9)

where ek is considered as the distance between the experiments and the closest failure
model value, xk denotes the stress state on failure, x̂k is considered as a projected point
on the mth model with the nominal parameters θ(m,0) and V describes the weight matrix.
The function minimizes the distance value of the experiments to the nominal failure
surface, whose median indicates the performance of the identified model.

Additionally, the argmin calculates the closest projected point to the experiment. Fig-
ure 1 depicts the individual Euclidean distance error (ek) of the kth experiment. The
Euclidean distance between the experiments and the identified failure model is mini-
mized, while simultaneously, the experiment is reconciled to the optimized failure model
and added in the set of errors E(m), whose median defines the fitness of the nominal
failure.

Performing failure tests are time-consuming and costly, and the number of available
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Figure 1: Data reconciliation-based evaluation of the failure surfaces. The fitness
of failure surface (fm) is evaluated by measuring distances between the original experiment
xk and the closest experiments x̂k on the nominal failure model (fm(x̂k, θ

(m,0))).

experiments is often insufficient. Yet, if enough points are selected to identify the param-
eters, the variable stress space can be reproduced and examined to propose the necessary
experiments that may help in the identification process. Thus, a failure surface is gen-
erated to present which part of the failure surface contributes the most to parameter
identification. The potential experiments (X(Ns)) with Ns amount of experiments are
sampled from the failure surface, which also contains the optimal experiments (X(Np)).
The number of potential experiments must be one order of magnitude more than the
optimal amount (Ns >> Np). The failure surface may be generated with a grid-like allo-
cation of two principal stresses x′

k, in this case, the [σ1, σ2] variable pairs. The last one
is optimized so that the substitution into the model results in a one (fm(xk, θ

(m) = 1)).
As an alternative, the Latin Hypercube [27] can be used to sample data by dividing the
probability function into equal parts and selecting points from the partitions equally. The
optimizer finds the corresponding τ12 value from the generated stress pairs. In this work,
the grid-like approach is applied to generate the failure surface:

argminx∗
k ∈ xk

(
fm([x

′
k, x

∗
k], θ

(m,0))− 1
)
; k = 1, . . . , Ns (10)

where x∗
k scalar denotes the optimized stress, where as the vector x′

k denotes the given
stress pairs. Although the optimized scalar may be any of the principal stresses, this work
optimizes the x∗

k = τ12,k shear stress.
There are several advantages of generating a failure surface. It is possible to:

• Determine the most informative experiments without having to conduct more failure
tests.
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• Visualize the failure of the composite material at any eligible state.

• Calculate the information content of the potential experiments for the entire surface.

Numerous theoretical composite ply failure models have been developed based on dif-
ferent continuum mechanical assumptions that are not always consistent. The failure
surfaces heavily depend on the parameter identification process. Moreover, the experi-
ments include errors that change with the dataset, so two datasets of the same material
may provide different nominal parameters. As such, there is a need to measure how an ex-
periment may contribute to the identification of a model. Performing sensitivity analysis
and experiment design help describe the information content of the failure surfaces.

2.2 Experimental design-based identifiability analysis

Any experiment may provide a certain contribution to the identifiability of the parameters.
As the models are based on physical behavior, each parameter has its particular meaning
e.g. the Tsai-Hill model has five elementary parameters that can be best identifiable
according to their stress axis. Each experiment has a contribution to the parameter
identification process, but that value depends on where the point is located in the stress
space. Some parameters require more than one stress axis (e.g. the Tsai-Wu coefficient),
and a group of parameters may be simultaneously identifiable with only one specific
experiment. One should calculate the contribution of each parameter so that the set of
optimal solutions can be determined.

The local sensitivity sk of the kth experiment in the stress state space is an excellent
measure for the contribution of the point, which can be calculated by partially differenti-
ating the model by the parameter vector:

sk =
∂fm(xk, θ)

∂θ

∣∣∣∣∣
θ=θ(m,0)

=

[
∂fm(xk, θ)

∂θ1
, . . . ,

∂fm(xk, θ)

∂θn

]T
; k = 1, . . . , Np (11)

where sk denotes the sensitivity of the parameters regarding the kth experiment.
Also, the sensitivities of the experiments can be organized into a matrix:

S(Np) = [s1, . . . , sNp ] (12)

where S(Np) stands for the sensitivity matrix of XNp optimal experiments.
Although the sensitivities provide information separately on the contributions to the

parameters, standard tools are available to calculate their aggregated information content.
Aggregation is performed with optimal design. The Fisher Information Matrix (FIM)
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functions as the basic structure for the aggregation: it presents the possible information
content of a set of experiments for both individual, and joint sensitivities [21]. The FIM
of the kth experiment (F̂k

(
θ(m)

)
) is calculated by the matrix product of the parameter

sensitivity vector found in Eq 11, a user-defined orthogonal matrix Wn×n that defines
which parameters are the priority, and the transpose of sensitivity vector. The FIM
(F̂
(
θ(m)

)
) of the set of experiments is considered the sum of the individual FIMs.

F̂
(
θ(m)

)
=

Np∑
k=1

F̂k

(
θ(m)

)
=

Np∑
k=1

sTkWsk = (13)

=

Np∑
k=1

∂fm
(
xk, θ

(m)
)

∂θ(m)

∣∣∣∣∣
T

θ(m)=θ(m,0)

W
∂fm

(
xk, θ

(m)
)

∂θ(m)

∣∣∣∣∣
θ(m)=θ(m,0)

where F̂(θ(m)) denotes the Fisher Information Matrix of a set, F̂k(θ
(m)) stands for the

Fisher Information of the kth experiment, sk describes the sensitivity of an experiment,
while W represents an orthogonal weight matrix. The priority of model parameters can
be varied so that more information is extracted by modifying the weight values of the W

matrix. In this work, equal priorities are used. However, weights can be chosen to put a
stronger emphasis on model parameters where uncertainty is higher.

Optimal design finds the most informative points in the set of available experiments.
Each design is connected to minimizing the variance of the parameters by optimizing the
FIM. Several approaches exist, such as the E-, D-, and A-optimality; each requires the
FIM matrix to qualify the experiment. E-optimality maximizes the minimum eigenvalues
of the FIM, while D-optimality maximizes the determinant. A-optimality maximizes the
sum of the diagonal. The advantage of A-optimality is that it can be decomposed into the
individual A-optimality values of the experiments. As such, the individual contribution
of the experiments can be calculated as a simple addition:

Â = tr(F̂(θ(m))) =

Np∑
k=1

n∑
i=1

s2k,i (14)

where Â denotes the A-optimality of the set of experiments, k denotes the index of the
experiment, i stands for the index of the parameter. The total A-optimality value is
calculated as the trace of the FIM, in other words, the sum of the diagonal.

If the parameters, the models, and two of the stress variable vectors are known (or
generated), it is possible to calculate the information content of the failure surface and
determine its sensitivity concerning the parameters. Also, the theoretical maximum of
the parameter sensitivities can be defined, which can be used to normalize the sensitivity
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values. By understanding how the experiments contribute to the identification process, I
can select the optimal ones and recommend them to determine and provide pointers on
the behavior of the material.

2.3 Linear programming-based optimal experiment selection – it-

erative design of experiments

In order to determine the parameters properly, an Np amount of optimal experiments
should be chosen from the Ns potential experiments. As newly added experiments may
not contain additional information, the goodness of an individual point must be estab-
lished so that only the necessary optimal ones are selected. The A-optimality provides the
required information on the contribution of the experiments; thus, the remaining problem
is to select the ones that contribute the most to each parameter. One of the advantages of
the Fisher Information Matrix is that the contributions to the identification of each model
parameter can be defined and investigated individually. However, A-optimality has an
advantage over the FIM: the parameter identification can be solved as a linear program-
ming problem due to the additive nature of the A-optimality. Note that the identifiability
of the parameters must be ensured with a predefined amount of experiments. Therefore,
I assume that the set of potential experiments Ns contains Np optimal experiments that
provide enough information to identify the parameters.

The selection of the most informative points requires an optimization algorithm, which
is a nonlinear mixed-integer solver [26]. A binary integer yk is assigned to each experiment
determining whether the experiment is chosen. Np represents the maximum number of
experiments to be selected, so the sum of yk must not exceed the total number of experi-
ments. This way, it is ensured that only the Np most informative points are selected. The
optimization problem itself is to maximize the total A-optimality (

∑p
k=1 yk

∑n
i=1 uk,is

2
k,i)

of the optimal set of experiments, while the squared sensitivity associated with the ith
parameter of the chosen points is more than or equal to a bi constraint value. Moreover,
the sensitivity values can be weighted based on the importance of the parameter (or its
accuracy), uk,i can be used to represent the weight of the kth experiments by the ith
parameter.

max
∑N

k=1 yk
∑n

i=1 uk,is
2
k,i

s.t.
∑N

k=1 ykuk,is
2
k,i ≥ bi ∀i ∈ 1, . . . , n and yk ∈ {0, 1} and

∑N
k=1 yk ≤ Np

(15)

where yk represents whether the kth experiment is selected, s2k,i stands for the squared
sensitivity vector of the parameters that is compared to a predefined bi constraint. Np
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represents the number of feasible experiments to select from the set of experiments. uk,i

represents the weight of the ith parameter sensitivity of the kth experiment.
The optimization determines which experiments have a significant impact on parameter

identification. The design of experiments is expected to be performed in the appropriate
variable space, where the kth experiment contains information to identify at least one
parameter. It is also possible to tweak the algorithm to propose mechanical experiments.
By selecting the theoretical point with the maximum sensitivity constrained to one of the
principal stresses, it can be associated with single-axis failure tests.

2.4 The proposed iterative parameter identification algorithm

This section describes the iterative identification process. Figure 2 and Algorithm 1
provide visual and textual drafts of the algorithm; the content of both is discussed in the
following paragraphs.

The inputs of the algorithm include a starting set of failure tests X(0) and the model
- parameter pairs (F = {(f1, θ(1)) . . . , (fM , θ(M))}) to extract the optimized (nominal)
parameter θ(m,0). The algorithm currently contains six failure models, namely the Max
Stress [7], Tsai-Wu [8], Hoffman [9], Tsai-Hill [10], Hashin [11], and Puck [12] failure
criteria. The input data is reconciled X̂(m) to evaluate how well the identified failure
model fits the data. A failure model fm is considered the best if the median of the set
E(m) of distances between the experimental data and failure models is the least, and
all its parameters are identifiable. The best model is referred to as fb, and its nominal
parameters are denoted by θ(b,0).

In order to select the optimal experiments, the failure surface is generated to provide
the potential experiments XNs . Ns is sampled, from which the sensitivity matrix S(Ns) is
calculated to examine which experiment contributes to a particular parameter. To select
the optimal points X(Np), I use an iterative design of experiments approach to select only
the most informative points. It is important to note that, assuming that each parameter
is independent of the other, Np needs to be at least the length of the parameter vector
(n) as each parameter requires at least one experiment with high sensitivity (regarding
that parameter) to be chosen. In some cases, where the parameters are interconnected,
the Np number of experiments may be decreased.

The DoE part of the algorithm begins by selecting the optimal points. The iteration
starts with j = 1, where j is the number of iterations. During the selection of the
optimal points, the constraint vector b requires comparable values, so the sensitivities are
normalized by the theoretical maximum of the failure surface. Then, the optimization
problem described in Eq. 15 is solved with U weight matrix to prioritize parameters (if
required). After the optimal points are selected, the parameters are reidentified, from
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which the A-optimality Âj is calculated by summing the diagonal of the FIM of the
selected experiments. Lastly, the mean squared error ϵ is calculated from the reidentified
models and the selected experiments. Stopping the iteration requires selecting all points
or the error to be less than a threshold value t. The A-optimality and error values of
the selected experiments are always recalculated. The parameters constantly improve
over each iteration, and the selection order defines the importance of the new set of
experiments. It is also possible to modify the algorithm to only select the necessary
experiments, and stop. The output returns the best model (fb), the selected experiments
(X(Np)), the corresponding parameters (θ(b,j)) and their A-optimality (Âj).

Load data

Failure models:
Tsai-wu, Tsai-Hill,

Hoffmann, Max-stress,
Hashin, Puck


Identify parameters,
Calculate the distances of

the data and the model


Select the best model

Generate failure surface

Calculate sensitivity
and Fisher

Information matrix

Failure surface
visualization

yes

no

Model selection Model analysis Iterative design of
experiments

Select the Np most
informative points

Parameter
identification

Figure 2: Flowchart of the iterative identifiability algorithm. The algorithm re-
quires the data and the failure models to be loaded and forwarded to the model selection
function. The chosen model has the best fit for the data. The parameters are identified,
and a failure surface is generated before the sensitivity of the experiments is calculated.
The Fisher Information matrix of the individual experiments is determined so that the Np

most informative points can be selected through the fitting error and A-optimality (Âj).
If the results are inadequate, Np is incremented by one, and the parameters, MSE (ϵj),
and A-optimality are recalculated regarding the added optimal experiment. If adequate,
the algorithm stops.
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Theoretical background of the identifiability analysis and iterative experimental design
algorithm

Algorithm 1 Description of iterative DoE-based experiment selection.
Input: X(0) , F ▷ X(0) denotes the set of experiments, xk =

[
σ1,k, σ2,k, τ12,k

]
; k = 1...N0.

▷ The failure model set F contains the M amount of failure models fm and their starting parameters θ(m,0)

for m = 1, . . . ,M do
θ(m) = ParameterIdentification(fm, X, θ(m,0)) ▷ Identify the parameters from a number of starting experiments.
X̂(m) = ReconcileDataToFailureSurface(fm , X, θ(m) ▷ Reconcile

(
X̂(m)

)
the starting experiments X(0) so that they fit on the

failure surface fm

(
·, θ(m)

)
.

E(m) = GetDistance
(
X,V, X̂(m)

)
▷ Calculates the distances of all experiments X(0) from the nominal surface X̂(m), and returns the set of the distances E(m).

▷ X̂(m) stands for the reconciled data for failure model fm
end for

fb, θ(b,0) = SelectBestModel
([

θ(1), . . . , θ(M)
]
,
[
E(1) . . . , E(M)

])
▷ Returns the best performing model and its parameters based on the the median of the Euclidean distances

X(Ns) = GenerateFailureSurface
(
θ(b,0), resolution

)
▷ Generates the failure surface of the model with θ(b,0) parameters.

▷ The resolution of the surface is also required (e.g. 10 × 10 grid)

S(Ns) = CalculateSensitivity
(
X(Ns), θ(b)

)
▷ Calculates the sensitivity of the experiments (individually) of the sampled surface X(Ns).

Np = n
▷ The starting experiment number equals to the number of parameters so that each has at least one experiment to be identified from.

j = 1 ▷ Defines the running index for the while cycle.

while ϵj < t and Np ≤ Ns do ▷ t stands for a user-defined threshold value.

X(Np) = SelectOptimalPoints
(
S(Ns),U,b, Np

)
▷ Calculates the FIM, and selects optimal points, where Np number of experiments

are selected.
▷ The nonlinear mixed integer optimizer is balanced by a constraint vector b. The total contribution of the parameters must exceed the

corresponding constraint.

θ(b,j) = ParameterIdentification
(
fb(),X

(Np), θ(b,j−1)
)

▷ The model based on the optimal points is reevaluated by identifying the parameters and recalculating errors.
▷ j = 0 is defined as the starting parameters θ(b,start).

Âj = tr
(
F̂

(
θ(b,j)

))
▷ Calculating the A-optimality

ϵj = MSE
(
fb, θ

(b,j),X(Np)
)

▷ Calculate the mean squared error of the optimal points.
j = j + 1
Np = Np + 1

end while ▷ Returns the best model, optimal points, parameters and the A-optimality values
Output: fb(),X

(Np), θ(b,j), Âj
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Results and discussion

3 Results and discussion

The performance of the described algorithm is illustrated through a procedurally gener-
ated dataset with 5% standard deviation errors using the Tsai-Hill failure model. The
nominal parameters were [Xt = 2134, Xc = 541, Yt = 87.5, Yc = 214, S12 = 62.4]. A total
of fifty marginal states of the failure in the σ1-σ2-τ12 stress space were sampled from all
over the failure surface, so it is ensured that all parameters are identifiable. The fifty ex-
periments act as the starting matrix for the identification process. Due to the low noise, I
expect that the identifiability analysis will determine the model correctly and identify the
parameters with a small error. The models include the Max-Stress, Tsai-Wu, Hoffmann,
Tsai-Hill UD, Hashin, and Puck failure criteria. Moreover, I recommend experiments by
manually highlighting the most sensitive uniaxial experiments on the failure surface by
picking those whose stress value is only dominant in one axis e.g. xk = [2000, 0, 0].

I have programmed the algorithm in Python. Therefore, several different Python
packages have been used (e.g. pandas and NumPy) [28]. The Euclidean distance er-
ror (data reconciliation) and optimization algorithms were implemented with scipy/lmfit
optimizer [29, 30]. As the model selection is a simple ranking, I calculate the medians
with pandas and NumPy. The generation of the failure surface uses the NumPy linspace
function for a 2D grid of [σ1, σ2], and τ12 is optimized through scipy/lmfit with the help
of the calculated parameters, implemented failure models and the generates stress val-
ues. The partial differentiation for establishing the sensitivity matrix is provided by the
numdifftools package [31]. The selection of optimal experiments happens through the
SCIP mixed-integer nonlinear solver from the ortools package [32].

3.1 Model selection

If the actual parameters and governing principles behind the behavior of the material is
unknown, the best-fitting models should be selected first. The evaluation process requires
the optimal parameters and uses the minimum Euclidean distance of the measured point
from the optimal failure surface. The median of the distances provides information on
which model performs the best with a given set of experiments. Figure 3 presents the
boxplots of the Euclidean distances shown on the y-axis. Most models (located on the
x-axis) perform comparably well due to their similar failure surfaces. The Tsai-Wu, Tsai-
Hill, and Hoffman models are half ellipsoids but somewhat different in their orientation.
Appendix A.2 depicts the shapes of the failure surfaces. It is important to note that
while the previously mentioned failure models consistently provide ellipsoids, the Puck
is incredibly flexible in its shape due to the four additional parameters. One can also
configure it to be an ellipsoid. Meanwhile, the Max-stress is considered a cuboid and
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can very well cover the stress space where the experiments can be located. As such,
Max-stress may not be the best choice; if the failure model is an ellipsoid, then there is
a possibility that the max-stress does cover non-populated parts of the stress space. The
Hashin failure surface takes up a curved pyramid-like shape (simply put) and performs
the worst, as the experimental data was sampled from an ellipsoid with fairly low noise.

Figure 3: Performance boxplots of composite failure models. The Tsai-Hill model
perfomed the best, while the Hashin and the Max Stress were the worst.

The best model is chosen based on how well the data fits on the model: the median
of the Euclidean distances to the failure surface is considered. In this case, the Tsai-Hill
criterion performs with the lowest mean distance, and Hashin and Max Stress is the worst.
Most non-ellipsoid models have significant outliers that highlight that the models cannot
describe various experiments and have blank spaces that cannot be fitted onto the data.
The outcome is not surprising as the stress pairs were generated by the Tsai-Hill model,
and the deviation of the data from the model is relatively low (5%). It is important to
note that the Puck, Tsai-Wu, and Hoffman models perform quite well in terms of the
median distances.
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3.2 Model analysis

Following the model performance evaluation, I explore the parameter-sensitive stress re-
gions of the Tsai-Hill failure surface. Therefore, I performed the model parameter sensi-
tivity analysis and presented the sensitivity of the model parameters (Xt, Xc, Yt, Yc and
S12) on the failure surface in Figure 4.

(a) Sensitivity of the Xt parameter (b) Sensitivity of the Xc parameter

(c) Sensitivity of the Yt parameter (d) Sensitivity of the Yc parameter

(e) Sensitivity of the S12 parameter

Figure 4: Sensitivity of Tsai-Hill model parameters Xt, Xc, Yt, Yc,S12. The
[Xt, Xc, Yt, Yc] parameters are identifiable jointly, with only two experiments. S12 is con-
nected to the shear force (τ12), so it requires an experiment where the shear force is
significant.
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The color bar presents the sensitivity values on the failure surface. Each parameter
sensitivity was normalized with the corresponding maximum value. The stress regions
are shown for each investigated model parameter. Note that the sensitivities seem to be
perpendicular to the related axis. The nominal parameter Xt presents where the material
would break upon perpendicular tensile stress. The σ1 has to be at least the nominal
parameter to break the material. So to identify all experiments that may cause failure,
an area should be drawn with the nominal parameter as the center and the uncertainty of
the parameter as its width. This area is considered perpendicular to the stress axis as the
σ1 may not change significantly; on Figures 4, this area is the yellowish-greenish segment
of the failure surface. This way, all the stress regions can be explored where the specific
model parameters can be identified. Some points may contain information about more
than one parameter, e.g. the subfigures contain points on the mesh that contributes to
both Xc and Yt. It is preferable to execute the experiments on the vertices of the failure
mesh. Experimental design can be used to define theoretical stress pairs with the highest
sensitivity to a model parameter.

3.3 Iterative design of experiments

The result of the iterative experimental design and parameter fitting is presented in Fig-
ure 5. The depicted values present how the A-optimality monotonously increases from
iteration to iteration while the mean squared error (MSE) drops significantly. The MSE
is insignificant (≈ 0.035) from the first iteration due to the low noise of the experimental
data, yet, the MSE, in general, decreases further until the last iteration. However, based
on the model accuracy of the values of MSE, there is no need to include additional exper-
iments after the 34th iteration step as the model accuracy does not improve significantly.
Although the A-optimality is monotonous, it may not necessarily be the case for the error
value. If the uncertainty is high or too many uninformative experiments are selected,
the MSE may begin to rise again. After some additional inclusions, it may also drop,
so stopping the algorithm at the right time may be difficult for the analyst. Figure 5
shows how the new experimental points were added during the iterations. The blue dots
presents the experimental points up to the iteration stop condition (so until 34th step),
and the grey dots can be defined as not included.

Figure 6 presents the fitted model parameters in every iteration step, and the black
vertical line presents the 34th step, where the model parameters are accepted as nominal
parameters. As the experimental points were generated with the same model (Tsai-
Hill model), the known nominal parameter can also be depicted in the figure, which is
presented by a black horizontal line. As such, comparing the nominal and identified
parameters shows that the algorithm determines the parameters in the vicinity of the
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Figure 5: MSE and A-optimality values during the iterative experiment design and
parameter fitting. While the A-optimality monotonously increases, the error may devi-
ate. The second batch of experiments may not be selected as the errors do not improve
significantly over many iterations. The point that are not selected are colored in grey,
whereas the blue points are the ones that are chosen.

nominal parameters, with a minor difference.
The iterative experiment design algorithm aims to cover the entire stress field and

collect information from most locations. The iterative DoE algorithm selects experiments
in a manner that promotes obtaining the maximum information. The selection seems
circular; in other words, the algorithm chooses a point far away from the last one and
draws a circle if the dots of each iteration are connected. The selector considers the whole
of the failure surface, not just one region, and in doing so, identifies the parameters with
accuracy. However, the identification process may overfit the model. With the inclusion
of non-informative experiments, the DoE starts to model the errors.

Parameters that fluctuate may be interconnected with other parameters, so the other
parameters may react and change their values significantly. Moreover, the parameters
may find a local extreme, so they fail to change significantly. If the algorithm stops at
the right time, overfitting can be avoided.

Figure 7 presents the identified failure surface in the σ1-σ2-τ12 plane, where the blue
dots denote the experimental data stress points that were considered in the parame-
ter identification, and the black/grey dots represent that the experimental points were
uninvolved. The identified Tsai-Hill surface describes the experimental data well. The
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Figure 6: Fitted model parameters in the iteration process. This figure presents
the fitted model parameters in every iteration step, and the black vertical line presents
the 34th step, where the model parameters are accepted as nominal parameters. The
horizontal black line presents the nominal model parameters used in experimental data
generation.

black/gray dots are mostly the ones that significantly deviate from the failure surface.
The blue ones seem to fit perfectly as the model describes their behavior rather than the
ones with heavy noise. Therefore it is important to stop before the surface is fitted on
the black points, which may significantly disturb the identification process and causes
overfitting, i.e. the noise modeling.
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Figure 7: Tsai-Hill failure surface with the generated experiments. The surface is
identified in the iteration process with a nominal set of parameters. The blue dots indicate
the experimental points used for identification and the grey ones that were unused.
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4 Conclusion

In this work, I proposed a methodology to identify the composite material failure models
and select experiments. Material behavior may be described with different failure models,
such as the Tsai-Wu, Max Stress, Hoffman, Hashin, Tsai-Hill, and Puck models. I pro-
posed a robust method to evaluate which model best fits the experimental data through
the Euclidean distances of the experiments and failure surfaces.

When the model is selected, the failure surface is generated to provide information on
where the parameters are best identifiable. Unfortunately, this work does not include an
algorithm to propose experiments as failure tests. However, the uniaxial experiments with
the most information content are presented. The method requires little change to be able
to suggest failure tests. Highlighting the uniaxial experiments has a disadvantage; some
of the parameters of more complex models, such as the Puck or Hashin, may need to
be identified from more than one stresses. Clustering the surface segments and selecting
the experiments from the segments may be a good solution, so it is a future work of the
author.

The results propose that the identification method can select the most informative
experiments. It is important to note that the basis of the analysis, the Tsai-Hill model, is
a relatively simple model as it contains only the elementary parameters [Xc, Xt, Yc, Yt, S12].
Also, the data features little deviation from the original failure surface. As such, noisier
and more complex data may reduce the accuracy of the method. Nevertheless, the robust
evaluation based on the Euclidean distances between the experiments and the nominal
failure model does show promising results in selecting the appropriate model. I would
also note that the data may "change" failure surfaces if higher noise is applied, so when
working with heavily noisy data, the method may propose a different model.

In the case of the Tsai-Hill model, the experiments-based approach design yielded
satisfying results in model fitting. Although it is impossible to precisely determine the
parameters of a composite material, the approximation of parameters for the generated
data is accurate. The algorithm selects points from all over the failure surface. If some
surface segments are underrepresented, then the method may not be able to determine
the parameters. It is a future work of the author to perform proposed methodology on
physical experiments.

The iterative identifiability analysis can select experiments to determine the model
parameters accurately; for composite materials, it may help reduce the cost and time
efficiency of modeling the behavior.
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A Supporting material on the failure models

A.1 Description of the studied models

Max-Stress criterion is one of the simplest composite failure model [7]. The interac-
tions between the three stress components are not taken into account, but a distinction
between the compressive and tensile loading of the material is considered. The criterion
consists of five independent states, and five model parameters (θ = [Xt, Xc, Yt, Yc, S12]).
Xt and Xc denote the tensile and compressive strength parameters in the direction of the
fibers, respectively. Yt and Yc stand for tensile and compressive strength parameters per-
pendicular to the direction of fibers, S12 represents the in-plane shear strength parameter
of the material, and

fσ1 =


σ1

Xt
if σ1 ≥ 0

|σ1|
Xc

if σ1 < 0
fσ2 =


σ2

Yt
if σ2 ≥ 0

|σ2|
Yc

if σ2 < 0
fτ12 =

|τ12|
S12

(16)

A material failure occurs if any of the three function (fσ1 , fσ2 , fτ12) reaches value one.

f = max(fσ1 , fσ2 , fτ12) (17)

Tsai-Wu model is considered one of the most popular failure criteria [8]. The model
consists of a single continuous function and six parameters (θ = [Xt, Xc, Yt, Yc, S12, F12]).
F12 is considered as a coefficient of the Tsai-Wu model. Each model require uni-directional
parallel (σ1) and perpendicular (σ2) compression/tension and shear stress (τ12)

The Tsai-Wu model can be described as:

f =
τ12

2

S12
2 − σ2

(
1

Yc

− 1

Yt

)
− σ1

(
1

Xc

− 1

Xt

)
+

σ1
2

XcXt

+
σ2

2

Yc Yt

+
2F12 σ1 σ2√
Xc Xt Yc Yt

(18)
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where f denotes failure of the material that theoretically takes up the value of one.
The Tsai-Wu model can be further simplified [33]; the Hoffman criterion is sim-

ilarly quadratic polynomial in nature as Tsai-Wu is. The Hoffman failure criterion is
almost the equivalent of the Tsai-Wu failure criterion with the exception of the disappear-
ing Tsai-Wu coefficient as is shown in Equation 19, being equivalent to Tsai-Wu model
with F12 =0. Hoffman-criterion consists of a continuous function and five parameters
(θ = [Xt, Xc, Yt, Yc, S12]).

f =
τ12

2

S12
2 + σ2

(
1

Yt

− 1

Yc

)
+ σ1

(
1

Xt

− 1

Xc

)
+

σ1
2

Xc Xt

+
σ2

2

Yc Yt

− σ1 σ2

Xc Xt

(19)

where f denotes failure of the material that theoretically takes up the value of one.
In case of the Tsai-Hill criterion two independent functions describe the failure,

depending on the type of the reinforcement structure (unidirectional or fabric type). Uni-
directional composites are materials whose layers consists of parallel fibres. The Tsai-Hill
failure criterion for unidirectional composites is as follows:

f =
(σ1

X

)2
+
(σ2

Y

)2
+

(
τ12
S12

)2

− σ1 σ2

X2
(20)

where X denotes the strength of the material along the fiber direction, Y stands for
the strength of the composite perpendicular to the fiber direction, S is considered the
shear strength.

In order to incorporate differing tensile and compressive strengths X and Y are con-
sidered based on the values of σ1 and σ2.

X =

Xt if σ1 ≥ 0

Xc if σ1 < 0
Y =

Yt if σ2 ≥ 0

Yc if σ2 < 0
(21)

Hashin-model considers fiber and matrix as different entities (ff and fm), and each
has two discontinuous functions that describe the onset of failure. The maximum of their
failure value decide when the material breaks. Hashin-model considers six parameters
(θ = [Xt, Xc, Yt, Yc, S12, Q]). In fibers, the failure behaves as presented in Equation 22.

ff =


(

σ1

Xt

)2
+
(

τ12
S12

)2
if σ1 ≥ 0(

σ1

Xc

)2
if σ1 < 0

(22)

where ff denotes the failure of the fiber of the composite. Whereas in the matrix, the
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material failure can be described by Equation 23.

fm =


(

σ2

Yt

)2
+
(

τ12
S12

)2
if σ2 > 0

1
Yc

((
Yc

2Q

)2
− 1

)
σ2 +

(
σ2

2Q

)2
+
(

τ12
S12

)2
if σ2 < 0

(23)

where fm denotes failure in the matrix of the composite, and Q stands for interlaminar
shear stress. When either the fibres or the matrix fails, the material is considered broken.
Therefore, the use of maximum is recommended:

f = max(ff , fm) (24)

The Puck criterion is one of the most complex models, consists of five different
models describing the axial fiber failure (fff ) and inter-fiber failure fm. The simplified
representation of fiber failure is the following:

fff :=


σ1

Xt
if σ1 ≥ 0∣∣∣ σ1

Xc

∣∣∣ if σ1 < 0
(25)

A fracture occurs if f equals one in case of fff or if it equals weakening factor (fw) in
case of fm. The weakening factor is calculated as:

fw =


√

1− c (|σ1| − sX)2 if |σ1| > sX

1 if |σ1| ≤ sX
(26)

c =
1−m2

[(1− s)X]2
where 0 ≤ m 1, 0 ≤ s < 1 (27)

X = Xt if σ1 ≥ 0 (28)

X = Xc if σ1 < 0 (29)

Inter-fiber failure (fm) can be calculated based on different conditions differing three
modes (Mode A, Mode B and Mode C). Matrix tension dominated (A) mode happens
when the unidirectional stress perpendicular to the fiber direction is tension or non-
existent (σ2 ≥ 0):

fA =

√(
τ12
S12

)2

+

(
1− p+

Yt

S12

)2(
σ2

Yt

)2

+ p+
σ2

S12

+ (1− fw) if σ2 ≥ 0 (30)

p+ = −dτ12
dσ2

∣∣∣∣
σ2=0

; σ2 ≥ 0 (31)
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where p+ is the slope of the failure envelope in τ12 − S2 plane, considered from S2 > 0

stress quadrant.
Matrix shear dominant (B) mode is the following:

fB =
1

S12

(√
τ 212 + (p−σ2)2 + p−σ2

)
+ (1− fw) (32)

if σ2 < 0 and 0 ≤
∣∣∣∣ σ2

τ12

∣∣∣∣ ≤ RA

|τ12,c|

p− = −dτ12
dσ2

∣∣∣∣
σ2=0

; σ2 ≤ 0 (33)

RA =
S12

2p−

(√
1 + 2p−

Yc

S12

− 1

)
(34)

p̂− = p−
RA

S12

(35)

τ12,c = S12

√
1 + 2p̂− (36)

where p− is a slope similar to p+ but considered from the S1 < 0 quadrant, p̂− stands for
transverse-transverse slope, RA is the transverse-transverse shear fracture resistance τ12,c

turning point shear stress.
Matrix compression dominant failure (Mode C) when the shear stress is not significant:

fC =

[(
τ12

2(1 + p̂−)S12

)2

+

(
σ2

Yc

)2
]

Yc

−σ2

+ (1− fw) if σ2 < 0 and 0 ≤
∣∣∣∣τ12σ2

∣∣∣∣ ≤ |τ12,c|
RA

(37)
A failure occurs when the maximum of fff and fm reaches value one.

f = max(fff , fm) (38)
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A.2 Failure surfaces of the use case

(a) Predicted failure surface by Tsai-Wu
model

(b) Predicted failure surface by Tsai-Hill
UD model

(c) Predicted failure surface by Hoffman
model

(d) Predicted failure surface by Hashin
model

(e) Predicted failure surface by Puck model
(f) Predicted failure surface by Max-Stress-
Strain model

Figure 8: Predicted failure surfaces by Tsai-Wu, Tsai-Hill UD, Hoffman, Hashin, Puck
and Max-Stress-Strain models in the model selection phase
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