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Abstract

This study presents a method for integrating and validating uncertain expert knowledge
and simulation models.

The parameters of the models of complex systems are often unknown, and measurement
data is not available. Experience-based knowledge of experts can substitute the missing
information, which is always subjective. Sometimes they are even not able to give an exact
value for the unknown variable, only an interval it has to be in. Therefore, probability
distributions can appropriately represent the knowledge of experts. If the model structure
is known, this information can be implemented in it.

In the present study, a method is introduced based on the Monte Carlo (MC) simulation
and importance sampling (IS) techniques for handling uncertain variables, which is ap-
plicable for parameter estimation and investigating the consistency of expert knowledge.
Expert judgments can also be evaluated according to the results.

The contributions of the work: 1) An expert knowledge-based parameter estimation
technique is given; 2) MC and IS techniques are used together to handle uncertain expert
assessments; 3) A method is given for validating expert knowledge.

The experiments mentioned above are executed in a case study of an operating waste
separation system.

Results verify that assessments of different experts can be efficiently integrated into
system models. Thereby, the behavior of the systems is comprehensively estimable and
the consistency of expert judgments can be evaluated.

Keywords: Expert knowledge, Parameter estimation, Waste separation system, Im-
portance sampling, Monte Carlo simulation
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Chapter 1

Introduction

The behavior of complex systems is difficult to predict. On the one hand, a lot of variables
can be defined in these systems which depend on each other. On the other hand, the
number of connections between the variables is also high. This aggregation of variables
and connections is difficult to see through without using a model of the system. Although
a model never can describe reality entirely, the aim is to approximate the real system as
far as possible. If a valid model is available, it can also be used for the development and
optimization of the system.

Models often appear in a mathematical form, where the outputs (y) of the system are
functions of the inputs (u) and the parameters (Θ):

y = f(u,Θ) (1.1)

However, model parameters and inputs are often not known or are uncertain, especially
when the technology is in the design phase. For example, the composition of the feed, the
effect of a new catalyst on the reaction rate in a reactor, the heat transfer coefficient of
a new structural material or coating, or the separation efficiency of a distillation column.
These parameters are often estimated using available measurement data of the model
output. For example, the kinetic parameters of a biochemical reaction system can be
estimated from measurements of concentration [1]. However, measurement data are not
always available. In this case, another source of information is needed. For instance, the
experience-based knowledge of experts can be used.

As expert knowledge is subjective, the assessments of more experts can be aggregated
and represented by a probability distribution [2]. If the model structure of the complex
system (f()) is known, expert knowledge can be integrated into. An example of expert
knowledge-based parameter estimation of algae growth is described in [3].

Thereby, the unknown parameters or inputs of the system can be estimated, thus
refining the model, and outputs can also be calculated. The uncertain variables of the
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1 Introduction

model needed to be estimated are gathered in vector x:

x = [uT ,ΘT ,yT ]T (1.2)

and one elements of x is denoted by xi in the paper. In the introduced case study about
waste separation, the inputs are known from measurements, thus only the parameters and
outputs needed to be estimated, according to the experience-based knowledge of experts.

As in the present study, experts are often not able to provide exact information. In such
cases, the uncertain information can be handled using a probabilistic approach, similarly
to fuzzy models. Recently it has been shown that expert knowledge can be implemented in
decision making using fuzzy logic illustrated by an example of choosing the most suitable
solar panel system [4].

As for industrial systems, operators usually have some uncertain intuitions about the
parameters and the outputs of the technology. Transforming this information into a
mathematical form, the gained probability distributions make it possible to estimate the
parameters and outputs of the system if the model structure is known. The aim is to
bring the two imprecise information of the parameters and the outputs to a consensus as
seen in Figure 1.1.

Figure 1.1: Parameter estimation and evaluation of expert knowledge based
on the integration of expert-based information into the system model. The
expert knowledge is available in the form of probability distributions of the parameters
and outputs. Outputs are estimated by Monte Carlo (MC) simulation based on the
system model and the sampled probability distributions of parameters, and parameters
are deduced and refined according to the expert-based outputs by importance sampling
(IS), iteratively. Expert knowledge can be also evaluated according to the results. u, Θ
and y are represent the input, parameter and output vector of the system, respectively.
The ones of them needed to be estimated gathered to vector x, and its elements are
marked by xi.
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1 Introduction

The outputs can be evaluated by a Monte Carlo (MC) simulation from the expert-based
probability distributions of the parameters and the model of the system, and results
can be compared to those suggested by the experts. Thereby, the consistency of the
expert knowledge about the parameters and outputs can be examined. According to the
probability distributions of expert-based outputs, the parameters can be refined further by
importance sampling (IS) technique. Executing these two steps iteratively, the imprecise
informations of the parameters and outputs can be brought to a consensus, and the
calculations converge to a result in the form of probability distributions.

MC simulations are often used to handle parameter uncertainty of a model. An ex-
ample of this technique is presented in the case of a catchment model in [5]. Expert
knowledge was also implemented to parameter estimation sometimes, e.g., in the case of
a groundwater model [6], however, examples are rarely documented in the industrial field.

One contribution of this work is that the utilization of expert knowledge is introduced
for an industrial system. A method is given how subjective, uncertain information about
model parameters and outputs from more experts can serve as a basis for estimating these
values. The introduced importance sampling based method applies to stationary systems.
However, particle filter can be utilized similarly to the above-mentioned for dynamic ones.

As another novelty of this study a technique is provided that shows how results can
be used to evaluate the reliability of expert knowledge. Comparing to the estimated
probability distributions to the original ones provided by experts, the judgments of the
experts can be characterized by goodness values thus evaluated. With this method, the
incorrect judgments can be identified and even eliminated from the estimation by an outer
iteration circle.

The above-mentioned experiments are executed and results are introduced through the
case study of an operating Hungarian waste separation technology. This system satisfies
the conditions above, namely, the parameters are not known, measurements are rarely
available in this type of processes, and expert knowledge has a distribution because of
subjectivity. Moreover, experts are not able to give their assessments about the param-
eters and outputs as exact values, only as intervals. With these features, the system is
applicable to achieve the above-mentioned research goals.

The contributions of the study are listed below:

• An industrial example is shown how expert knowledge can be implemented to the
modelling and analysis of the system.

• Monte Carlo (MC) method and importance sampling (IS) technique are integrated
to handle uncertain expert knowledge.

• An expert knowledge based parameter estimation technique is given.
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1 Introduction

• The judgments of experts are evaluated and weighted according to the estimation
results.

• Incorrect expert judgments are eliminated from the estimation by an outer iteration
circle.

As for the roadmap of the work, in Section 2, the methodological background of the
research is introduced, containing some ideas about the representation possibilities of
uncertain expert knowledge in Section 2.1, describing the proposed parameter estimation
technique based on IS in Section 2.2, introducing the application of the results for the
validation of expert judgments in 2.3, and providing a method for the elimination of
incorrect expert assessments in Section 2.4. The experimental results are provided in
Section 3. The investigated waste separation system is introduced in Section 3.1, the
available expert knowledge about the system in Section 3.2, the experiments and results
of parameter estimation is presented in detail in Section 3.3 and 3.4, the evaluation of
the expert judgments in Section 3.5, and the investigations on the outer iteration circle
in Section 3.6. Finally, in Section 4, the main conclusions, limitations of the method and
future research directions are revealed.
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Chapter 2

The proposed method for integration of

expert knowledge into the system

model

In this section, the methodological background of the work is introduced. The initial,
uncertain expert knowledge about the parameters and outputs is transformed into prob-
ability distributions. MC simulation is used to handle this knowledge, and IS to estimate
the most likely probability distributions of the parameters and outputs based on the avail-
able information. To evaluate the experts, the distributions created from the intervals
provided by them are weighted, comparing to the estimated distributions, thus goodness
values are generated. Figure 2.1 outlines the method which elements are introduced in
detail in this section.
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2 The proposed method for integration of expert knowledge into the system model

Figure 2.1: The steps of the procedure used in the study to integrate expert
knowledge into the system model. The initial information from the experts is rep-
resented by uniform distributions, which are aggregated for each estimable xi variable.
Sample elements are drawn from the aggregated distributions of the parameters, and are
weighted (wi) according to those of the outputs (yi). Thereby, empirical distributions are
generated, and compared to the original expert-based distributions, thus creating good-
ness values (gi,e) of expert judgments.
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2 The proposed method for integration of expert knowledge into the system model

2.1 Representation of uncertain expert knowledge

Expert knowledge is a set of subjective assessments of several professionals who created
their judgments independently from each other. If they can give their judgment about the
unknown variable as an exact value, the uncertainty of the assessment can be modeled
well with normal distribution. However, sometimes experts are not able to give an exact
estimation for the unknown values, but they provide an interval by minimum xi,min and
maximum xi,max bounds, e.g. in the case of the eth expert:

xi ∈ [xe
i,min, x

e
i,max] (2.1)

This information is usually handled in the form of uniform distribution if there is no
reason to assume that the experts consider some elements of the given interval more likely
than others:

pe(xi) =


1

xe
i,max − xe

i,min

for xe
i,min ≤ xi ≤ xe

i,max

0 for xi < xe
i,min or xi > xe

i,max

(2.2)

(2.3)

where pe(xi) represents the opinion of the eth expert about xi.
This representation of expert knowledge was used, for example, for estimating the

numerical meaning of linguistic variables [7].
If the assessments of more expert are available, the individual distributions should be

aggregated for every xi as seen in the second row of Figure 2.1 by forming the mean of
them. Thereby, every expert judgments were handled with the same weights:

p(xi) =

∑E
e=1 pe(xi)

E
(2.4)

where E denotes to the number of experts.
If some variables of the system are available as a probability distribution instead of an

exact number, a sample has to be generated that represents them. Monte Carlo simulation
is a good solution for the problem. According to the technique, samples are drawn from
the probability distributions of the uncertain inputs (p(ui)) and parameters (p(Θi)):

p(xi) ≈ {xj
i}Nj=1 (2.5)

where xj
i is the jth sample element from p(xi), and N is the number of the samples.

Thereby, the original continuous probability distribution is represented by a discrete
sample as seen in Figure 2.2.
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2 The proposed method for integration of expert knowledge into the system model

Figure 2.2: The outline of MC simulation. Samples are drawn from the continuous
distribution to represent it. The variable that the distribution belong to is denoted by xi.

Then, the output of the model can be calculated for every sample element according
to Equation 1.1. If the sample size is large enough, the resulting probability distributions
of the outputs will be consequently the same for every run of the simulation.

Monte Carlo (MC) simulation is widely used to handle input or parameter uncertainty.
For example, the performance of a solar collector was predicted under uncertain operating
conditions [8], the cooling load prediction of an HVAC system refined besides uncertain
inputs [9], or the product yield of a polymerization process with several possible reaction
paths estimated besides uncertain kinetic parameters [10].

In this study, the input of the system is available from measurements, however, the
uncertain information about the parameters and outputs provided by the experts in the
form of data ranges is treated by the technique described above. The judgments of
experts were handled as uniform distributions, and as the assessments of more experts were
available, the distributions were aggregated. Then, the distributions of the parameters
were sampled and a Monte Carlo simulation was executed to calculate the estimated
outputs, and the aggregated distributions of outputs are used to validate the results that
will be described in the next section.

2.2 Parameter estimation by importance sampling (IS)

If the assessments about the parameters and the outputs were gained from two indepen-
dent groups of experts, these pieces of information do not harmonize with each other. In
the following, a technique is introduced to how these elements of knowledge can be made
consistent.

According to the estimated outputs in Section 2.1, the model of the system can be
validated by involving some measurement data and comparing them to the estimated
values. However, if measurement data are not available, asking for some information from
the experts is again a favorable possibility [11].

Similarly to the case of parameters, experts sometimes can provide only intervals of
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2 The proposed method for integration of expert knowledge into the system model

the outputs, that can be modeled by uniform distributions. Thereby, an aggregated
distribution of them provides the basis of model validation, too.

Using these pieces of information, the parameters of the model can be estimated by
an iterative technique: the sample elements of the output got by the MC simulation
are weighted by IS, thus new, empirical probability distributions of the parameters are
generated, and new samples are drawn from them. Then, the output is calculated again
for every sample element. These steps are repeated until the results converge. An outline
of the procedure can be seen in Figure 2.3.

Figure 2.3: The schematic figure of the parameter estimation technique using
expert knowledge. It is assumed that the input vector (u) of the system is known.
Θ and y denote the parameter and output vector of the system with the elements of Θi

and yi, respectively. wi refers to the weights generated by importance sampling. The
expert-based distributions are represented by red color and the empirical distributions by
blue.

2.2.1 Importance sampling based on the expert knowledge

The importance sampling (IS) technique is suitable to give weights to the sample elements
by comparing the resulting distribution of outputs with the expert-based ones in every
iteration step. Thereby, new empirical distributions of the parameters can be generated.

As performed in Section 2.1, the estimated outputs are available as sampled densities
from the MC simulation. The empirical probability density functions (pdf) fitted to these
will serve as so-called importance functions or proposal distributions, denoted to q(yi) in
Figure 2.3 where yi is an element of the output vector (y). The expert-based distributions
used for the comparison are denoted to p(yi) as seen in Figure 2.3.

Interoperability between p(yi) and q(yi) can be described as:
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2 The proposed method for integration of expert knowledge into the system model

Ep[yi] =

∫
yip(yi)dyi =

∫
yi
p(yi)

q(yi)
q(yi)dyi = Eq[yi ·

p(yi)

q(yi)
]. (2.6)

where Ep[ ] and Eq[ ] denotes the expected values of the argument that is distributed
according to p() and q(), respectively.

Therefore, regarding discrete distributions:

Ep[yi] ≈
1

N

N∑
j=1

yji,p =
1

N

N∑
j=1

yji,q ·
p(yji,q)

q(yji,q)
=

1

N

N∑
j=1

yji,qw
j
i (2.7)

where yji,p and yji,q are the jth element sampled from p(yi) and q(yi), respectively, wj
i

denotes to the so-called importance weight of yji,q, and N to the sample size.
Equations 2.6 and 2.7 clarify that sample elements can be weighted by calculating wj

i .
The original sample elements have equal weights. They get new, normalized weights

according to the p(yi) distribution provided by the experts as

wj
i =

p(yji )

q(yji )
, (2.8)

where yji is the ith output belonging to the jth sample element, and wj
i denotes to the

weight of this element according to yji .
The method is suitable to apply for weighting the sample elements to accomplish the

parameter estimation.

2.2.2 Resampling of the parameters

As the sample elements were weighted by importance sampling, new probability distribu-
tions of the parameters come up. New sample elements are drawn from these empirical
distributions.

The new elements are drawn from the old ones with the probability of their weights.
Firstly, N random numbers (sn) are generated from the uniform distribution on (0, 1].
Then, for every sn, the mth sample element is chosen, if

m−1∑
j=1

wj
i < sn ≤

m∑
j=1

wj
i (2.9)

where wj
i represents the weights of the elements [12].

Figure 2.4 introduces the scheme of resampling.
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2 The proposed method for integration of expert knowledge into the system model

Figure 2.4: The schematic figure of resampling. The generated sj ∈ (0, 1] random
numbers are represented by orange arrows and the weights of the sample elements are
denoted by wj

i (j = 1, ..., N).

The new samples are handled with equal weights. In the present work, more parameters
are needed to estimate, thus all of them are resampled and assigned to the sample elements
independently. Then, the outputs are calculated again for each sample element, and the
iteration seen in Figure 2.3 is executed until the empirical distributions converge.

2.3 Application of the proposed method for the valida-

tion of experts knowledge

According to the results, the expert knowledge can be evaluated. The estimated empirical
distributions (q(xi)) of the parameters and outputs can be compared to the original ones
from the experts (pe(xi)).

One of the most simple technique to compare two probability distributions is the mea-
sure of Jaccard index, which will be used as goodness values of expert judgments. As the
original method is able to represent the similarity of two datasets, here a generalization
of the technique is needed to apply.

Firstly, the two density functions desired to compare should be discretized by a ∆xi

value and the density functions evaluated at that points. Then, the Jaccard index of the
two resulting datasets can be calculated [13]. Thereby, the goodness values of the expert
judgments:

gi,e = J(pe,q) =

∑K
k=1 min(pe,k, qk)∑K
k=1 max(pe,k, qk)

(2.10)

where gi,e marks the goodness value belonging to the judgment of the eth expert about
xi, pe and q represent the two datasets gained from pe(xi) and q(xi), K refers to the size
and pe,k and qk denote to the elements of them, respectively.

The scheme of the method can seen in Figure 2.5.
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2 The proposed method for integration of expert knowledge into the system model

Figure 2.5: Comparison of two probability distribution by calculating the Jac-
card index. The pe(xi) and q(xi) distributions are discretized by ∆xi and probability
density functions are evaluated at that points. The elements two datasets are compared
pairwise: the maximum and minimum values are denoted to red and green color, respec-
tively. Then, Equation 2.10 is used to calculated Jaccard index.

Applying the technique for comparing the resulting empirical probability densities and
the original expert-based ones, the expert assessments can be characterized by the calcu-
lated goodness values (gi,e), thus evaluated.

2.4 Weighting the initial expert judgments

The goodness values resulted in Section 2.3 are also applicable to give weights to the initial
uniform distributions from the experts (pe(xi)) and generate an outer iteration circle to
refine the estimation further. The weights can be created by the normalization of the
goodness values for each xi:

g̃i,e =
gi,e∑E
e=1 gi,e

(2.11)

where g̃i,e refers to the normalized goodness value of the judgment of the eth expert about
xi.

Using these weights, new aggregated distributions can be created from the initial ones
as:

p(xi) =
E∑

e=1

g̃i,epe(xi) (2.12)

Thereby, feedback is gained from the estimated distributions as seen in Figure 2.6.
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2 The proposed method for integration of expert knowledge into the system model

Figure 2.6: Outline of the outer iteration circle. The initial distributions from
experts are merged again in every iteration according to the normalized goodness values
(g̃i,e) gained by comparing these distributions to the estimated ones resulted in the inner
circle.

Weighting the initial distributions according to their correctness gives the possibility to
eliminate the incorrect expert judgments, thus refining the estimation. The convergence
in the outer circle is also investigated in this study.

14



Chapter 3

Applications to a waste separation

system

Nowadays there is a great emphasis on waste management in our society. As the pop-
ulation and consumption grow, the amount of municipal waste is also becoming higher
and higher which has to be handled in some way. The main area to focus on is waste
recycling.

To be able to recycle waste, it should be efficiently separated by different types of
materials at first, and contaminants have to be removed. For this aim, many types of
waste industrial equipment can be used based on the composition of the waste, thus
building the waste sorting technology. As the quality of municipal waste is not constant
because of the changing material regulations, technologies also have to be adapted to these
changes. This flexibility requires knowing the model of the system and its parameters as
far as possible.

Due to the importance of the issue, my investigations were conducted on a real, oper-
ating waste separation system in Hungary. This gives the chance to gather information
from experts who work with the technology for a long time. The system, the handling
of expert knowledge and the output estimation of the system were described thoroughly
in [14]. In the present study, the parameter estimation and the evaluation of the expert
knowledge is investigated.

Thereinafter, the technology is described shortly in Section 3.1. Section 3.2 contains a
short description of the available expert-based data, Section 3.3 and 3.4 the principles and
the results of parameter estimation, respectively. Section 3.5 introduces how the results
can be used for the evaluation of expert knowledge. Section 3.6 presents the results
applying an outer iteration circle to eliminate the incorrect expert knowledge from the
estimation.
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3 Applications to a waste separation system

3.1 Introduction to the waste separation technology

The technological scheme of the waste processing plant was chosen to examine can be seen
in Figure 3.1 [14]. It operates with seven units. The pre-shredder has one input and one
output, as it changes only the size distribution of the waste. Thereby, the compositions
of its input and output are the same. All the other units can be considered as flow
splitters: they have one input and two outputs in all cases. Magnetic and eddy-current
separators remove iron and aluminium from the waste, respectively. Drum screen extracts
non-recyclable components (RDF: refuse-derived fuel) of the waste, those go for burning
to produce electricity. The air separator splits the rest of the waste based on its shape to
2D and 3D components. Finally, optical separators working in the near-infrared (NIR)
spectra sort the waste by material quality.

Figure 3.1: Block diagram of the waste processing technology. In the figure, mi

(i = 1, ..., 14) represents the technological mass flows, and rj (j = 1, ..., 7) represents the
set of the separation efficiencies of the jth unit on components. The titles of the arrows
indicate in which component the related flow is rich. RDF: refuse-derived fuel.
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3 Applications to a waste separation system

3.2 Available expert knowledge

Expert knowledge was surveyed by asking them about the separation efficiencies and some
yields of the system. As introduced in [14], they provided their assessment about all of
the rj (j = 1, ..., 7) values for all components, and the yields of the PET, LDPE, iron
and aluminium components for the outflows they accumulate. Knowing the feed of the
system from measurements, the information about the yields depends only the leaving
component mass flows.

The separation efficiencies and the yields were asked from two independent groups of
experts with two and three members, respectively [14]. As was revealed in Section 2.1,
they were not able to provide exact values, but intervals which were handled as aggregated
uniform distributions.

3.3 Parameter estimation by importance sampling

MC simulation has already been used for the chosen waste separation technology to rep-
resent the expert-based distributions of separation efficiencies by discrete sample, and
estimate the outflows. It was shown that if the sample size is large enough, the resulting
distributions of the outflows are the same for all run of the simulation. These distributions
were also compared with expert-based intervals about the outflows where it was available,
thus validating the model [14].

Using importance sampling (IS), a feedback is gained: sample elements can be weighted
based on the available distributions about the outflows, and separation efficiencies resam-
pled according to these weights. Thereby, the parameter estimation of the system can
be executed by the iterative circle introduced before in Figure 1.1. In the present case,
separation efficiencies serve as parameters (Θ), and the yields form the outputs (y) of the
system.

For applying the method, firstly, the structure of the system model is defined in Section
3.3.1. Then, the estimable parameters are identified in Section 3.3.2.

3.3.1 Formalization of the system model

The model of the introduced waste separation system has one input (u = m1), which
mass and composition are known from measurements. The component mass flows going
in and out of the units are used as state variables. The parameters of the model are
the separation efficiencies (Θ = [r1, r2, ..., r7]

T ) which are specified by components. They
always give the ratio of the outflow marked with a smaller number and the inflow of the
unit for a chosen component.

17



3 Applications to a waste separation system

The state-space model of the system in steady-state can be set up for component c as

0 = mc(Ac − I) +Bcuc (3.1)

where mc denotes to a 14-element vector that contains the component mass flows of
component c. Ac refers to the state transition matrix of component c with a size 14× 14,
which non-zero elements represent the connections between the flows. I refers to the
unit matrix with the same size as Ac. Bc denotes to the input vector ([1, 0, ..., 0]T ), and
uc = mc

1 to the input of the system in the case of component c.
Matrix Ac defines the connections between the flows containing the separation efficien-

cies belonging to component c. The structure of it is the following.

Ac =



0 rc1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 rc2 0 0 0 0 1− rc2 0 0 0 0 0 0

0 0 0 rc3 0 0 0 0 1− rc3 0 0 0 0 0

0 0 0 0 rc4 0 0 0 0 1− rc4 0 0 0 0

0 0 0 0 0 rc5 1− rc5 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 rc6 1− rc6 0 0

0 0 0 0 0 0 0 0 0 0 0 0 rc7 1− rc7

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0


As for the outputs, they can be defined as:

yc = Ccmc (3.2)

where the output vector is marked by Cc, and the output of the system by yc for compo-
nent c.

Vector Cc selects the outputs of the system from mc states and transform them to
yields:
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3 Applications to a waste separation system

Cc = [0, 0, 0, 0, 0, 0, 0,
1

uc
,
1

uc
,
1

uc
,
1

uc
,
1

uc
,
1

uc
,
1

uc
] (3.3)

It can be seen that the formalized model of the waste separation system is congruent
with the generalized one described by Equation 1.1.

3.3.2 Identifying the estimable parameters

As seen from the formalization in Section 3.3.1, the component mass flows of the system
can be calculated independently for each component from the relevant separation efficien-
cies. Therefore, the rci (i = 1, ...7) parameters have an effect only on the mass flows of
the c component, and on the others not. As expert-based information about the output
is available only to four outflows out of the seven, and only to the component in which
that flow is rich, separation efficiencies belonging to the rest of the components are not
estimable based on the provided data. The reduced y vector can be defined as:

y = [
mPET

12

uPET
,
mLDPE

14

uLDPE
,
mIron

8

uIron
,
mAluminium

9

uAluminium
]T (3.4)

In addition to the above-mentioned, only the parameters of those units affect the
outputs, which are before the output location in the row of units as seen in Figure 3.2.

Figure 3.2: Effects of the parameters on the outputs. The four outputs about which
expert-based information was obtained are referred to yi (i = 1, ..., 4). Green, yellow, red
and blue colors mark which units have an effect on the different outputs. u denotes to
the input, and ri (i = 1, ..., 7) represents the parameters of the ith unit.
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3 Applications to a waste separation system

Considering the above-mentioned issues, the parameters that can be estimated are
summarized in Table 3.1. The table does not contain the pre-shedder unit as it has only
one output, thus its separation efficiencies are surely 100% for all components.

Table 3.1: Summary of the estimable parameters. The components of which expert-
based distribution about the output is available are represented by red color. The gray
cells represent the estimable parameters, and the white cells the non-estimable ones.
Columns specify the unit and rows refer to the component to which the estimable or
non-estimable separation efficiency belongs.

Magnetic sep-
arator (rc2)

Eddy-current
separator (rc3)

Drum
screen (rc4)

Air separa-
tor (rc5)

PET optic
(rc6)

LDPE op-
tic (rc7)

PET ! ! ! ! !

LDPE ! ! ! ! !
HDPE
Hazardous
Iron !

Aluminium ! !
RDF
Cardboard
Paper

3.4 Results of the parameter estimation

The parameter estimation of the system was executed by the iterative circle represented
in Figure 2.3 for the parameters marked in Table 3.1. The simulation stop criteria was
defined by the two-sample Kolmogorov-Smirnov test besides 20% confidence interval. As
will be seen later, this criteria is strict enough to stop the iteration. M = 3000 sample
size was used which is large enough to not affect the result [14].

During the simulation, all the estimable rci parameters introduced in Table 3.1 were
resampled according to the importance weights generated based on the relevant output
simultaneously. The simulation stopped when distributions of all the parameters and
outputs converged. For that, 19 iterations were needed besides 20% confidence interval.
Figure 3.3 and 3.4 shows the convergence of outputs, and Figure 3.5 that of the rAluminium

3

parameter.
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3 Applications to a waste separation system

Figure 3.3: Empirical cumulative density functions (cdf) of the outputs along
the iteration steps. The lines turn blue from yellow as the iteration is progressing.
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Figure 3.4: Empirical probability density functions (pdf) of the outputs along
the iteration steps. The lines turn blue from yellow as the iteration is progressing.
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Figure 3.5: Empirical cumulative density functions (cdf) of the rAluminium
3 pa-

rameter along the iteration steps. The lines turn blue from yellow as the iteration is
progressing.

As seen in Figure 3.3, 3.4 and 3.5, the convergence is satisfactory, thus no more iteration
is needed. The convergence of the other parameters provides similar results.

The estimated outputs are shown with the intervals provided by experts in Figure 3.6.
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78

80

82

84

86

88

90

92

94

96

98

100

Y
ie

ld
 [

%
]

Figure 3.6: The estimated and the expert-based outputs. Formers are represented
by boxes with a red line in the median, and latters by markers (red o, green x and blue
diamond) at the edges of the provided intervals by the three experts.
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3 Applications to a waste separation system

Comparing these results with that of [14], it can be concluded that standard deviations
are much smaller in case of iron and aluminium output, and medians are more likely within
the limits of experts. Thereby, the output estimation is more precise with the improved
method used in this study. This result induces that the estimated parameter distributions
must also be more accurate than that provided by the experts.

As for parameter estimation, results belonging to component LDPE can be seen in
Figure 3.7.
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Figure 3.7: Estimated and expert-based distributions of the estimable parame-
ters and output belonging to LDPE.
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3 Applications to a waste separation system

The estimation results can be compared to the expert knowledge based on Figure 3.7.
As seen, estimated distributions fall into the intervals covered by expert-based information
in all the cases. Otherwise, the estimated output is nearly normal, because it depends on
the product of five uncertain parameters, so the differences equalize.

As also seen in Figure 3.7, in some cases, experts gave disjunct intervals. It can be easily
assumed that in these cases one of them is wrong. The estimated distributions usually
cover only the preferable one of these intervals, and the other is neglected. Therefore, if
the estimated distributions are used for sampling the parameters, some wrong information
are eliminated, thus more exact output estimation can be provided as was declared above.

The individual expert judgments can also be evaluated according to the estimation
results. In Section 3.5, the method is introduced in detail.

3.5 Evaluation of the expert judgments

This section aims to give an evaluation method for the provided expert judgments by
comparing the original expert-based distributions before aggregation to the estimated
ones.

An example of graphical comparison of two distributions can be seen in the Q-Q plot
of rLDPE

2 in the case of Expert 2. in Figure 3.8.
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Figure 3.8: Q-Q plot for comparing the uniform distribution provided by Expert
2. and the estimated empirical distributions of rLDPE

2 . If the two distribution were the
same, the plot would appear linear.
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3 Applications to a waste separation system

As seen in Figure 3.8, the plot is nearly linear, so it is supposed that the two distri-
butions are close to each other in the case of rLDPE

2 . To give a more precise measure,
Jaccard index is calculated which serves as the goodness values of the expert judgments.

Using the resulting empirical distributions in Section 3.4, the goodness values (gi,e) of
the expert judgments can be calculated according to the method introduced in Section
2.3. This measure represents how similar the distribution given by an expert is to the
estimated one.

The outputs were assessed by three experts, and the parameters by two who were
independent from the formers. The uniform distributions created from the intervals they
were provided were compared to the estimated distributions. The calculated goodness
values for the outputs and the parameters can seen in Figure 3.9 and 3.10, respectively.

Figure 3.9: Goodness values belonging to the outputs.

Figure 3.10: Goodness values belonging to the estimable parameters. The labels
on the axes marks which parameter the goodness value belongs to.
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3 Applications to a waste separation system

Goodness values fall into the [0, 1] interval showing the similarity of the two distribu-
tions. If they are the same, the goodness value belonging to them is 1, and if they are
completely different, they get 0. As seen in Figure 3.9 and 3.10, there are a few values
around 0 which suggests incorrect expert judgments would be preferable to eliminate from
the estimation.

3.6 Elimination of the incorrect expert knowledge

As was declared in 3.5, there are some low-weight expert judgments in the case of the
parameters and also the system outputs. To eliminate them from the estimation, an
outer iteration circle is suggested to generate by the weighting of the initial distributions
according to the technique introduced in detail in Section 2.4.

At the beginning of the procedure, during the aggregation of the probability distri-
butions from experts, the judgments of each expert were considered with equal weights.
However, as seen before, some assessments seem to be closer to the real values than others.
By normalizing the goodness values for each variable, weights can be given to the initial
uniform distributions from the experts, and new aggregated distributions can be created
as the input of the estimation in the inner circle. Thereby, an outer iteration circle can
be generated as was introduced in Figure 2.6.

New aggregated distributions were created in the case of the parameters and outputs,
too. The convergence of the outputs of the inner circle in the case of the system outputs
(y) are introduced in Figure 3.11 for the first 20 iteration steps in the outer circle.

Figure 3.11: Convergence of the empirical distributions of the four outputs (y)
estimated in the inner circle. The lines turn blue from yellow as the iteration is
progressing in the outer iteration circle.
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3 Applications to a waste separation system

As seen in Figure 3.11, system outputs converge, thus the estimation is refined. The
convergence of the normalized goodness values belonging to the outputs and the number
of iterations in the inner circle along the outer iterations can be seen in Figure 3.12.
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Figure 3.12: Normalized goodness values (g̃i,e) belonging to the system outputs
(y) and the number of inner iterations along the outer iterations. The three
experts are marked with different line styles and the four outputs with different colors.

As seen in Figure 3.12, all the lines start from 0.33, as the expert judgments were
considered with equal weights at the first iteration. However, after a few iterations, all
the lines fluctuate around specific values. Some of them are near zero, which means the
incorrect judgments are largely eliminated from the estimation. It is also seen that the
number of iterations in the inner circle decrease after the weights are set. This suggests
that the aggregated distributions of the parameters and outputs forming the input of the
inner circle become more consistent thus less iteration is needed for the convergence in
the inner circle.

As seen from the results, the outer iteration circle helped to refine the estimation by
decreasing the weights of the less correct expert judgments and increasing the better ones.

27



Chapter 4

Conclusions

This work introduced a method for the integration of expert knowledge into system mod-
eling.

As shown in this study, lack of exact information about the parameters (or inputs),
experience-based knowledge of experts can be applied well for estimating them along with
the outputs of the technology.

As expert knowledge is subjective, it can be represented by probability distributions.
In the present work, Monte Carlo (MC) simulation was used to calculate the system out-
puts besides uncertain parameters. Furthermore, importance sampling (IS) was applied
to involve expert knowledge about the outputs by comparing them to the results, thus
deducing the parameters and generating an iterative circle.

According to the results, the correctness of the expert judgments was also evaluated
using the Jaccard index as a measure of similarity. Thereby, weighting the expert judg-
ments, new aggregated distributions were created from the original expert assessments,
and the estimation was refined further by an outer iteration circle.

The method was applied on an operating Hungarian waste separation system, where
separation efficiencies by components served as model parameters, and yields as the out-
puts. Expert-based information was available about all the parameters and four outputs
by two independent groups of experts. They could give only intervals instead of exact
values, which were represented by uniform distributions.

In the present study, a method was provided applying IS to execute the parameter
estimation based on the available expert knowledge, and investigating the consistency
of the expert-based information about the parameters and the outputs. The estimated
distributions of the yields by the IS-based technique were more precise than that applying
only MC.

It could also be noticed that there were some disjunct expert opinions, which implies
some of them is wrong. For investigating this issue, a technique was also provided for
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4 Conclusions

the validation of expert knowledge according to the estimation results. The incorrectness
of some expert judgments also appeared calculating the Jaccard index which gave values
near zero in these cases. To eliminate these assessments, goodness values of the judgments
were normalized, thus weighted, and new aggregated initial distributions were calculated
for the parameters and outputs. It was introduced that estimated distributions can be
further refined by creating an outer iteration circle, where weights of the expert judgments
converge.

The main limitations of the proposed methodology are the following. First of all,
a sufficient number of experts are needed, who are qualified at the required level and
experienced enough. The advantage of the method is that incorrect expert judgments can
be eliminated, however, only in the case if most of the judgments are correct, otherwise,
the estimation will be wrong. Another limitations is, that the model structure of the
system have to be known, otherwise, the proposed method cannot be applied. Last but
not least, the experiments in the present study were executed on a stationary model, but
not yet tested on a dynamic case.

In the future, the applicability of the methodology can be investigated further. The
present technique is applicable in systems where models and expert knowledge are avail-
able. However, some modifications may be needed. In the case of dynamic models, particle
filter is applicable instead of IS. Expert knowledge can also be available in a different form,
e.g. other types of information, which is needed to be represented correctly. The topic
of integrating expert knowledge and measurement data simultaneously is also a possible
research direction, that helps us to get the most complete information about the system.
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List of symbols

The following symbols are used in this manuscript:

y a vector gathers the outputs
u a vector gatheres the inputs
Θ parameter vector
f() model structure of the complex system
x a vector gathers the estimable variables
M the size of x
Θi an element of Θ
yi an element of y
xi an element of x
xe
i,min the lower bound of the interval provided by the eth expert as a judgment

about xi

xe
i,max the upper bound of the interval provided by the eth expert as a judgment

about xi

pe(xi) the uniform distribution that the interval provided by the e th expert
about xi was transformed to

p(xi) the expert-based aggregated distribution of xi

E number of the experts
xj
i the jth sample element from p(xi)

N sample size
q(xi) the empirical probability distribution of xi

Ep[ ] expected value of the argument distributed according to p()

Eq[ ] expected value of the argument distributed according to q()

yji,p the jth sample element drawn from p(yi)

yji,q the jth sample element drawn from q(yi)

wj
i the weight of the jth sample element according to the yi output

sn the random numbers generated during resampling
pe the dataset gained by the discretization of pe(xi)
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4 Conclusions

q the dataset gained by the discretization of q(xi)

pe,k an element of pe

qk an element of q
K the size of pe and q

J() Jaccard-index
gi,e the goodness value belonging to the judgment of the eth expert about xi

g̃i,e the normalized goodness value of the eth expert judgment about xi

mi the component mass flows of the waste separation system
ri the separation efficiencies
mc a 14-element vector contains the component mass flows of component c

Ac the state transition matrix of component c

I the unit matrix
Bc the input vector in case of component c

uc the input of the system in case of component c

yc the outputs of the system in case of component c
Cc the output vector
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