OTDK-dolgozat

2025



Budapesti Corvinus Egyetem

Pénziigy Intézet

CORVINUS

UNIVERSITY of
BUDAPEST

Szemimartingalok ugrasi aktivitasi indexe — Melyik modszert hasznaljuk?

Jump activity index for semimartingales — Which method should we use?
Székely Gyorgy Jozsef

Konzulens: Badics Milan Csaba

Kézirat lezarasanak datuma: 2023.04.17



Jump activity index for semimartingales: Which

method should we use?

Székely Gyorgy Jozsef

1 Introduction

[to semimartingales are a popular choice for modeling asset prices in financial markets,
as they encompass a diverse range of stochastic processes such as diffusion, jump dif-
fusion, and Lévy processes. The tail behavior of return distributions is significantly
impacted by extreme movements, commonly known as jumps in asset prices. In recent
years, there has been a growing interest in studying semimartingales that incorporate
a discontinuous component, with several notable works in the literature, such as those
by Ait-Sahalia and Jacod (2007), Fan and Wang (2007), Jacod (2008), Todorov and
Tauchen (2011), and Boswijk et al. (2018). Empirical studies and statistical tests on
discretely observed asset prices, in high-frequency data, provide strong evidence for the
presence of jumps in asset prices. (Barndorff-Nielsen and Shephard (2006), Lee and
Mykland (2008), Ait-Sahalia and Jacod (2009a), Mancini and Gobbi (2012),Bibinger
and Winkelmann (2015)) In order to study the behavior of the jumps or the jump char-
acteristics in modeling, Ait-Sahalia and Jacod (2009b) defined the jump activity index
as a measure of the activity of jumps. I will talk about the applications of the jump
activity index in the second section.

In this paper, I examine and compare the accuracy of various high-frequency jump
activity estimators, with a focus on their robustness to the presence of microstructure
noise, and different sampling frequencies, as well as performance on different data gen-
erating processes containing volatility jumps, double price jumps, intensity jump, and
self-excitation. After giving a brief overview of the several estimators, I demonstrate
the mean squared error and the number of outliers for each scenario.

In Section 2, I summarize the theoretical framework of the high-frequency analysis
and present the most important concepts. In Section 3, I give a quick overview of the
existing jump activity estimators, and at the end of the section, I propose an alternative
method. This estimator is just the first attempt to create a robust estimator, my aim
is to construct a well-functioning estimator in future works. In Section 4, I conduct

Monte Carlo experiments on the previously presented DGPs.



2 Theoretical Framework

The theoretical framework lies upon the following model. X is a one-dimensional un-
derlying process, usually a log price of an asset, which is an [to0 semimartingale. Let’s
consider as Ait-Sahalia et al. (2009) and Jing et al. (2012), the so-called Grigelionis
decomposition of X;:

t
X, = X0+/bds—l—/05dW+// x(py — 1) (ds, dx) + // w(ds, dz),
0 0 |z|<e |a:|>e

where W, is a standard Brownian motion, b and o are locally bounded processes, and
i is a random measure related to the count of jumps with compensator v given by
v(dt,dzr) = dtFi(dx), with F; predictable random measure.

Assumption 1 There are three constants 3 € (0,2),8 € [0,8), and v > 0, and a
locally bounded process L, > 1 such that for all (w,t), Fy = F, + F, where:

1.

1

, T+ |z f(t,x) (

_ (=)
Ft (dl’) - |l’|1+6 {0<z<z +>} + ay ]1{—zt(7)§x<0}) dx

with some predictable nonnegative processes agﬂ,af), zt(Jr), and zt(*), and a pre-

dictable function f(w,t,x) satisfying:

<<, E<y) <1, 0P a7 < L

L 2 f(t2) > 0, [F(t2)] < L.

2. F, is a singular measure with respect to F, and satisfies
/(|a:|/3' A1)F, (dz) < L.
R

3. The following process is increasing and locally bounded

a,gﬂ + agf)

t
A, :/ Agds, where A; =
0 p

Remark 1 We split F; into two parts, Ft' s close to a Lévy-measure of a beta-stable
process in a random interval (—zt(_),z,er)) around 0 with some [, and Ft” s another
Lévy-measure with jump activity index lower than 8 < B. The measure F, determines

the large jumps.

Remark 2 The processes agi) gwe the intensity, the higher their value, the more the

number of small jumps. We have to note that this jump activity can be time-varying

and also random. On the set { Ay > 0} the value of 3 is constant in the whole interval.
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On a fixed time interval [0,7] we have equidistant observations X;a, for i =
0,1,...,[T/A,]. We denote the ith increment |A?X| = X;a, — Xi—1)a,-

Since there is a discontinuous part present, it is natural to investigate the behavior
of the jumps or jump characteristics while modeling. Ait-Sahalia and Jacod (2009b)
defined the jump activity index to measure the level of jump activity for a generic
semimartingale X.

B, = inf {7’ >0 Y |AX| < oo},
0>s>t
where |A X | is the jump size at time s. [ is a lower bound for the values of p for which
the pth power of the jumps is summable. The jump activity index provides insight
into the frequency of small jumps, it characterizes how frequently small jumps occur
which is closely linked to the behavior of the Lévy measure for semimartingales near
the origin. Notice that for r = 2 this expression is always finite, thus 8 € [0, 2].

For a Lévy-process, the jump activity index coincides with the Blumenthal-Getoor

B = inf {7“ >0; /1R(|x|r Av(dr) < oo},

where v(dz) is the density of the Lévy measure. In the particular case when X is a

index defined as

stable process, then 3 serves as the stable index of the process as well. The value of
[ corresponds to the rate at which the measure v diverges near zero. Consequently, a
larger value of 8 implies a greater number of small jumps. This motivated our desire
to estimate it.

Many people have already dealt with this topic, these estimators can be categorized
into two groups. Let us decompose the semimartingale X into X¢ + X¢, where X¢ and
X @ represent the continuous and discontinuous parts, respectively. In the first group,
the absence of a continuous local martingale part was assumed. (X; = 0) Some papers
on this topic are Woerner (2011), Todorov and Tauchen (2010) whose work is based on
using power variations. Zhao and Wu (2009) proposed a nonparametric estimator for
the stable index of a driving stable Lévy process, utilizing two-time scale techniques and
a deterministic time-dependent integrand. Cont and Mancini (2007) proposed a test
for the finiteness of the variation of the jump part, and Belomestny (2010) provides an
estimation when option prices are also available. Theopold and Vetter (2023) developed
an estimator considering the irregular time intervals of high-frequency data. The second
group assumes that the continuous martingale part is present. (X; # 0) In the next
section, I will go into detail about this category and its related works such as Ait-Sahalia
and Jacod (2009b), Jing et al. (2012), and Bull (2016). In recent years, Kolokolov
(2022) used different multipower variations to implement a precise estimator of the
jump activity index. Ait-Sahalia and Jacod (2014) and Ait-Sahalia and Jacod (2012a)

summarize the essence of high-frequency financial econometrics.



The jump activity index has both theoretical and practical significance. In terms of
modeling, it can be used to assess whether the jump component of a semimartingale has
finite variation or not. Empirical findings suggest that infinite activity jump models that
incorporate frequent jumps of all sizes are more suitable for capturing the daily market
movements of several financial securities, including stocks, stock indexes, and exchange
rates. So the estimation of the jump activity index can give insight into which types of
jumps should be incorporated into financial models. In addition, infinite activity jumps
can improve option pricing performance in certain cases in options markets. The jump
activity affects the estimation of the volatility as well. Higher jump activity makes
it more difficult to estimate volatility, requiring stronger assumptions in specialized
volatility estimates to overcome this problem. In this paper, I try to summarize the
most current estimators and examine their robustness from as many perspectives as

possible.

3 Jump activity estimators

3.1 Ait-Sahalia estimators

When the semimartingale X is only observed at certain intervals over [0, 7], the esti-
mation problem becomes more difficult due to the presence of a continuous martingale
component within X. As we have seen,  characterizes the behavior of v in the vicinity
of zero. Consequently, the small increments of the process provide the most useful
information regarding . However, these small increments contain contributions from
both the continuous martingale part of the process and the jumps, which makes dis-
tinguishing between them challenging. When estimating # we need to disentangle the
continuous part of the semimartingale and even with this gain the best insight into the
concentration and quantity of small jumps.

Ait-Sahalia and Jacod (2009b) were one of the first who introduced an estimator
for 8. In their work, the continuous component of the semimartingale dominates the
small increments. They estimate the activity index of the pure jump process where the
dominant component is a Brownian motion. They constructed an estimator which is
consistent when A,, — 0, and provide rates of convergence and asymptotic distributions.
They assumed that the main part of the Lévy measure near 0 behaves locally like the
Lévy measure of a (-stable process.

This estimator lies under the following sum:

[t/An]
U@, a)f = Y L(ATX] > aA]),
i=1
where o > 0 and 0 < w < 1/2 are two constants. Notice that U counts the number of

large increments.



Remark 3 7To better understand why we are doing this, consider the following model:
X =W +Y, whereY is a [3-stable process. The increments A X satisfy this equiva-
lence in distribution:

AMX = AMW 4+ ATY =, o AV2W, 4+ ALYy,

As B < 2, and A, — 0, AT'X close UA}/2W1 n law with a large probability. Those
increments give essentially no information on'Y and are of the order of magnitude AV,
So if X has a jump exceeding some lower limit, then it is due to dY . Hence we truncate
the jumps, throw out the small ones. But [ is related to the behavior of v near 0, hence
to the small jumps of Y. This is why we use a cutoff level aAT. Asymptotically those

increments are big since A* < AP

The key characteristics of U(w, a, A,,) is their convergence in probability:

With the help of an o/ > «, and the previous convergence, they defined:

o (H22E) ()

B;;” is constructed from two Us on the same time scale at two different fixed levels

of truncation. They also constructed a second estimator, based on different sampling

g (M) / (wlog(2))

UQ(w7 Oé)?

frequencies:

where Us(w, o) defined analogously to U(w, )} but now sampling at 2A,,.

Remark 4 As we will see below, the choice of the cutoff value o, and the parameter w,
are dependent on 3. However, asymptotic considerations lead to the selection of w =
1/5 as a universal choice that is valid for all possible values of B. When implementing
the estimator in practice, the value of w is fixed for any given sample, making o and w,
not independent parameters. The level of truncation o can be determined based on the
volatility of the continuous part of the semimartingale, which is given by (¢~ f[f o2ds)'/2.

The aim is to eliminate increments that are mainly due to the continuous part.

Now we quickly share the asymptotic properties of these estimators. The results
presented here are considered model-free as the drift and volatility processes are com-
pletely unspecified, except for they’re locally bounded. Additionally, the Lévy measures

F; are also not specified, except for the conditions stated in Assumption 1.



Theorem 1 Let o < o/,0 < w < 1/2 and t > 0. Under Assumption 1, we have
B (t, @, o, ) L, B on the set {A, > 0}. Moreover, if

l—-wf w(-p0) 1-2w wp
5 N 1+ 4 Ny M

X =x(6,7.8 @) = (wy) A

then the estimators are AX~¢-rate consistent for any € > 0 on the set {A, > 0} in

the sense that the sequence of variables Al <B;§U(t,w,a, o) — ﬁ) 1s bounded n
>1

X—¢
n n>

probability in restriction to this set. !

Theorem 2 Let o < o and t > 0. Assumption 1 holds with 5" € [0,8/(2+ §)) and
v > 3/2. Then, ifw < 1/(2+ B) A2/(58) and in a restriction to the set {A; > 0}, we
have the following stable convergence in law to a centered normal variable independent

of X:
1
Afﬂm

(B (t, w, a’)—ﬂ)—>/\/<0 = oo )
Mt @, a, * Ay(log(a /)2

Theorem 3

log(a//a)
VIU(w, o A, = 1/U(w, o, A,);

(B;?J(tv w, Q, O/) - B) .
Remark 5 Similar properties hold for the second estimator, based on the ratio of Us

estimated at two different frequencies,

w log 2
V1/U(w, a,2A,) — 1/U(w, a, A,)

- (5 (1,00 = 5)

converge stably in law, in a restriction to the set {A; > 0}, to a standard normal variable
independent of X.

3.2 Jing estimator

The Ait-Sahalia estimator however has a significant disadvantage, its major problem is
the limited effectiveness of the sample size, even for very large sample sizes. This leads
to a reduced number of observations being utilized in estimating 3, resulting in a loss
of efficiency.

Notice that U(w, ) only counts the number of sufficiently large increments. So if

we define an indicator-type weight function go(z) = 1jz>1, we can rewrite U as:

[t/ An] n
ATX
Uiwa) =Y ]1< > 1) S (a;w)
i=1 n

i=1
!The proof can be found in Ait-Sahalia and Jacod (2009b).

A'X
aAw




To fully utilize the available data, it may be necessary to take into account not just
the large increments but also the small ones. This is because the jump activity index
primarily measures small jumps. But as the increment A? X decreases, the contributions
from AW become more significant. As a result, the increment A" X contains less useful
information about 8. Because of these, Jing et al. (2012) defined the beta-estimators
this way:

[t/An]
ArX
Vimaai= 3 o (55 )

i=1

with a properly chosen ¢ function.

Remark 6 Assume a continuous martingale part is present, then

forp>2: 3 |ATX[P S N AKX

i=1 0<s<T
n T

forpzz;ZmyX\?i/ olds+ Y |AX
i=1 0 0<s<T

n T
forp<2: ALP2ST A Dy B0, 1)|p/ |0 |Pds
0

=1

Only in the case of p > 2 the limits of Y ., |ATX [P determined only by jumps, meaning
that the influence of the continuous part is entirely eliminated. Thus the suitable choices

for weight functions have power form near the origin.

Assumption 2 g(z) = |z? if |z| < a for some constant a > 0, and even integer
p > 2, and g(x) is even, non-negative, bounded, and smooth with bounded and Lipschitz

continuous first-order derivative.
The authors used the following functions:

jzfP, o] <1

gi(x) =
1, |z| > 1
el 2| <a
galw) = e (@ + B (0= a) = (Jal = 1)), a <ol <
1, |z| > b

where 0 < a < b < oo constants, ¢ = a? + pa?~ (b — a) /2.

Remark 7 Notice, that go(x) is a smoother version of g1(x), if a = b =1 then go(z) =
g1(x). Also, g1(x) = go(x) as p — oo. Finally, the larger value of p means that there is

lesser weight on the small increments.
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They showed, that under these assumptions,

w3 n 1 é Oog<‘r)
APV (w, a, )] — el == x.

After this theoretical foundation, the following estimate was introduced:

S V(w,a,g)} o
o () o ()

Remark 8 The authors derived similar asymptotic theorems like Ait-Sahalia and Jacod
(2009b). They found that the convergence rate is N Notice, that the choice of @
controls the convergence rate, the bigger the value of w the faster the convergence. Ait-
Sahalia and Jacod (2009b) required that w < 1/(8+2)A2/(55) so a conservative option
is w < 1/5. By comparison, Jing et al. (2012) deduce that in their case w < 1/(8+2),
sow < 1/4.

Remark 9 Assuming v > 0, and when the conditions p > 2(1 — wp)/(1 — 2w) and
B < B are met, the estimator remains consistent. When this is accomplished, so if small
gumps dominate the increments of the continuous part, we can extract information on
B from small jumps. Howewver, if not, increments of the continuous part will dominate

the small jumps.

Remark 10 The Jing estimator makes full use of all increments, hence its effective

sample size is larger than the Ait-Sahalia estimator.

3.3 Bull estimator

In the following, I present the Bull estimator. We will assume that 3 is greater than 0 in
the following discussion. The scenario where 8 equals 0 can be examined independently.
Bull’s work Bull (2016) builds on Ait-Sahalia and Jacod (2009b), and Jing et al. (2012)
papers. Regrettably, the former estimator was unable to yield good convergence rates
due to the significant bias in the estimates. This estimator tries to improve on these.
Bull employs three techniques to correct the bias. Firstly, the author symmetrized

the data to counteract the effects of high-activity, asymmetrically-distributed jumps.



Secondly, smooth the jump counts to correct for the impact of the roughness in the
indicator function, similarly to Jing. Lastly, the most crucial step is to eliminate the
remaining bias by canceling between estimates at different time scales.

First, we symmetrize the process X;:
AXjn = (AXjrom — AXjrim) — (AXjram — AXjm)

Notice, that if X; is a Lévy process, the random variables AXj, are symmetric, even
if the increments are not. More generally, we can think of AXj,, as symmetrized
increments of the process X; over time intervals with a duration of 2/n. The next idea
is to work with increments of X; across different time scales simultaneously. Hence Bull

defined random variables -
A)(j,k,n = Z AXj+2[,n-
1=0

These variables are the symmetrized increments of X; across time intervals of length
2k /n. Then the author defined the following smooth function.

1, lz] <1
-1
K(z) = (1 + exp (2_1|$| - ‘x|1_1)> , 1< x| <2
0, ‘l" > 2

Denote by m € IN the number of time scales used for bias reduction. Then Bull

1
aAZ "

defined the jump counts for 7 > 0,7 =

where for j =0,...,n — 2m — 1, we set the jump count
R m (_1>k+1 m
1 (T) = ;wk(l — K(rAXjpn)  we=——( )
For a constant p = % > 1, and a sequence 7,, > 0, Bull estimated ( by
A An n
B8 = 0V log, (ﬂ) A 2.
n(Tn)

Clip the estimate to the [0, 2] interval ensures that the estimator is always reasonable,

even when the jump counts are inaccurate. This step reduces its error in finite time.

Remark 11 Although Ait-Sahalia and Jacod cannot establish results for all semimartin-
gales, they do offer convergence rates assuming that the jumps are controlled by a

stochastic integral of a stable-like process. Under these conditions, their estimation



of the jumyp activity 5 attains convergence with a rate of n=?/*. Bull achieved a conver-
gence rate of n= /A when X, includes any stable-like jump activity, and naturally,
we cannot expect convergence when no stable-like jumps are present. Asymptotically,
the rate of convergence will always be improved by choosing m larger, and we should
therefore choose m as large as possible. However, in a finite time frame, a higher value
of m may require a longer period to attain the asymptotic regime and thus may be less

precise in practical applications.

Remark 12 0 tuned to contain a jump larger than a cutoff value a,w with some
pre-specified tail probability. T, = Cn®, where « = m/(2m + 1).

In order to describe the limiting distributions for Bf , we have to define the following

constants:

K
Cpp = pﬂ’” log(p)* K3
Ky— /Ru K@) o P da

Ky, = /R (K () — K(px))? || +Oda

and for 52 € (0,2], the random variables

BE /2 . B8P
Ua(8) = = : (82 - 8) R e
Up,n " o An(Tn)
when 38 = 0, U,(8) = —oo. The random variables 52 are always well-defined since

Bf € [0,2]. Under appropriate conditions, the standardised errors Un(ﬂ) LN (0,1).

Remark 13 The author used similar assumptions to Ait-Sahalia and Jacod (2009b),
that the log-price process X; and the volatility process are Ito semimartingales; that the
Jumps in the log-price process X; are controlled by a stochastic integral of a stable-like
process. The Lévy distribution functions approach those of a beta-stable process; and the
drift process, leverage process, and jump integrands exhibit smoothness behavior typical
of Ité semimartingales. For precise definitions and notation, we refer to Bull (2016)
and respectively Jacod and Protter (2011).

Note, that the presence of two separate one-sided Lévy processes also allows us to de-

scribe processes with asymmetric jump activity.

To be precise, we initially define the jump activity processes
_ t_ _ 1
Al = / Ay, and Ay = 3 <]a£+)|5 + |a§7)|5>
0

10



It is worth mentioning that the process A’; measures the immediate stable-like jump
activity at time ¢, whereas A, computes the entire stable-like jump activity during the

interval [0, 1].

Theorem 4 Let m € N, a = m/2(m + 1), 7, = Cn® with some C > 0, and p > 0.
Then on the event {A; > 0},

P8-S 04,2, a2, o2, U.(8) % Z

where the variance
2 1!
0pp = Cs /Al

where Z is a random variable defined on a suitable extension of the probability space
(Q, F,B), to be standard Gaussian given F.

3.4 Alternative method

Based on the three introduced estimators I construct an alternative method for esti-
mating jump intensity. We know that we can extract the most information about the
jumping activity index from small jumps. At the same time the continuous part of the
process interferes, if we choose the threshold too low, it will divert the estimator. I
used the gy function form used by Jing as a base, and I tried to set up an appropri-
ate parameter specification. I tried to choose as low a as possible without ruining the
estimation. For b, I wanted to have a smoother transition between 0 and 1. Finally, I
choose a = 0.65, and b = 2. I injected this function into the Bull estimator with the
adequate C' value based on the data generating process’ integrated volatility.

This alternative method worked really well in some cases, as we will see in the
next section, however, it has disadvantages. If for some reason small jumps just above
the threshold appear, this estimator is particularly susceptible to this, and easily gets

biased. I aim to construct a more robust estimator in future works.
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4 Monte Carlo experiments

4.1 Base model settings

This section aims to use simulations to compare the performances of the introduced
estimators in finite sample sizes. To compare the performances of the estimators, first

I generate data from the stochastic volatility model:

dXt = Utth + an
dvy = k(n — vy)dt + Vvtl/det

where vy = o2, E(dW,dBt) = p, and Y; is a centered symmetric 3-stable process. I

tuned the parameters based on the related literature. (Ait-Sahalia and Jacod (2009b),
Jing et al. (2012)) I take k = 5,7 = 1/16,7 = 0.5,p = —0.5,a = 5/16 and o/ = 2a.
(these parameters adhere to the Feller condition: 2kn > ~.) Iset T = 1 (day), which
corresponds to 6.5 hours of trading per second, resulting in a total of N = 23,400
observations. In the case of the Jing estimator, the parameters of the go(z) function
are a = 6/5,b ="7/5, and p = 6.

We calibrate the parameter 6 to obtain certain pre-specified values of the tail prob-
ability:

BAL-=8
P(|0A Y] > aAY) = %95—2 + smaller order terms
a
where
_Td+p) . (fr
cp=————sin| - ).

I modified these simulation values to fit better with the generated data. These tunings
are used to distinguish the continuous increment from the discontinuous increment.
These estimators specify truncations («A7) that involve the choice of the truncation
root w, In every case, a larger value of omega corresponds to a smaller level of the actual
truncation point, implying that a larger number of returns are considered as part of
the jump contribution. I fix w = 0.2. In the case of the Bull estimator, I calibrate C'
relative to the size of the diffusion component of X;, as measured for example by its
integrated volatility. In this particular case C' = 0.25.

First I compare the different estimators in this particular DGP. In the first columns
of the tables, we can see the mean squared error (MSE) for each estimator under
different values for J in the -stable process. Specifically g = 1.75,1.5,1.25,1, and 0.75.
Then the number of outliers, which I define as the number of observations/estimates
that are more than 20% away from the original 5 value. This needs modification when
B = 1.75. I set an upper limit of 2, so any estimate equal to or above 2 is considered an
outlier. This is appropriate for estimators that truncate at 2, like the Bull estimator.

The details of these tests can be found in Table 1Table 2Table 3.

12



In high-frequency data, market microstructure noise appears, so the process X is
observed with an error: X;+¢;. The more frequent the data the bigger the measurement
error. In the related literature, we can find a lot of papers (Ait-Sahalia et al. (2012), Jing
et al. (2011)), but I did not find such a broad summary analysis. The main difference
between those papers is that in our case we have a stochastic volatility process that
influences the magnitude of noise. On top of that, the log price process is a mixture of
a jump process and a diffusion part, in this case, the estimation of the jump activity
index becomes more challenging. I want to measure how disturbing this noise is for

these jump activity estimators. I consider three types of additive noise:

20,y 2eh (Gaussian noise)
e = ¢ 200 AY %eB / L (T-distributed noise)

af—2
20,/ (5;4 +eB/y/ %) (Gaussian-T mixture noise)

where e and &P are independent and identically distributed samples drawn from a
standard normal distribution, and a t-distribution with degrees of freedom equal to
df = 2.5, respectively. The instantaneous standard deviations of the Gaussian and

t-distributed noise are twice as much as that of the diffusive increment.

003
0.02
0.01
0.00

-0.02
-0.03

0 5000 10000 15000 20000

[} 5000 10000 15000 20000

[} 5000 10000 15000 20000

Figure 1: A realization of returns of the noisy process. From top to bottom, the Gaus-

sian noise, T -distributed noise, Gaussian-T mixture noise, and the noiseless process.

As we can see, the Gaussian noise is highly influenced by the starting value of the

volatility. The t-distributed noise is added to capture the significant bouncebacks in
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the transaction data. If we look at the t-distributed noise we can see, that there are
values higher than our threshold. This can lead to spurious results. The results can be
seen in Table 5.

After that, I want to test the robustness of these estimators related to the sam-
pling frequency. 1 consider three different specifications: 1, 3, and 5-second sampling

frequency. The results are presented in Table 4.

4.2 Different Data Generating Processes

Now after these thorough examinations, I add one new component to our data gen-
erating process and compare the jump activity estimators at these dynamics. First,
we have a double price jump process, where the jumps are driven by two independent

stable processes Y and Y| with different jump activity indices. (3, 52)

dX, = o, dW, + 6,dY,") + 0,dY,?
dvy = k(n — vy)dt + v *dB,

I always leave our previous parameters unchanged. I tune #; and 6, to deliver dif-
ferent values of tail probability. P, = IP(HZ-AYt(i) > aA%). I consider 3 cases: P, €
{0.25%, 0.5%,1.00%}, and P, = 0.01P;. I examined the effect of S5 in this DGP. While
we still want to estimate f;, B2 = 51 —pu, where u € {0.1,0.2,0.4}. Inote that estimating
[y is also possible, but we need an exceptionally large number of observations in order
to see through the continuous component and the first index. For related literature, see
Ait-Sahalia and Jacod (2012b) and Bull (2016). Table 6 reports the outcomes.

Next, I add a jump component to the volatility process. I am interested in examining
the robustness of these estimators in the context of a discontinuous volatility process.
To do so, I will test the performance of each estimator on a dataset generated by this
type of process.

dX, = o dW; + 0dY;
dvy = k(n — vy)dt + 2 dB, + dJy

In the presence of a volatility jump, a single jump occurs on a random arrival time. I
assume that the magnitude of the volatility jump increment can be classified as small,
with dJ? = n or either moderate, with dJ = 37, or large, withdJ; = 10n. The size
of the volatility jump is expressed as a proportion of the long-run variance 7. Similar
concepts can be found in Maneesoonthorn et al. (2020). Table 7 contains the results.
Based on the work of Boswijk et al. (2018), and Erdemlioglu and Yang (2022) the
existing DGPs can be extended with an intensity process, which controls the sizes and

frequency of jumps. The theoretical model can be found in the Appendix. (Assumption
3)
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dXt = O'tth + )\t—dY;
dv, = k() — v)dt + yv/2dB,
dXe = Fx(Aso = A)dt +dB] + ELpr—gy + (Lyax,>e)

The main focus of this DGP and the novelty in this setting lies in the third equation
where can be found the concept of allowing increments of X that exceed a certain
threshold ¢ to stimulate the jump intensity, provided that ¢ is greater than 0. I examine
two cases, in the first one ¢ = 0, so there is no self-excitation, but an intensity jump & in
the process, and in the second I will vary the ¢ parameter to see its effect on the tests.
I'set k) = 30,7\, = 1.5\, e = Q\/@Af. 2 The mean reversion level A\, is calibrated to
deliver a pre-specified value of the tail probability. By is a standard Brownian motion
independent from W, B. I will tune ¢, later.

The parameter k) governs the rate at which the jump intensity process reverts to
its long-run level following a jump in intensity. If the jump intensity reverts faster, the
post-jump local average jump intensity will be lower, resulting in a weaker self-excitation
effect that is less pronounced and shorter in duration. { controls the magnitude of the
jump intensity process changes due to the self-excitation effect.

We talk about self-excitation in jumps if a jump in one component raises the prob-
ability of future jumps occurring in the same component. The formal definition is the
following. An outcome w € 2 exhibits self-excitation in jumps on the interval (0,77 if

A jumps positively at some (not necessarily all) price jump times, i.e.

Z Al (w ]l{mt W)>0,AX¢(w)#£0}

0<t<T

It is important to note that the condition AX;(w) # 0 is still required in the indicator
function mentioned above to ensure that positive jumps of A not associated with jumps
of X are excluded.

In the case of an intensity jump there is only one jump which occurs at a random
time. When we set & = 0, there is no self-excitation in jumps on any sample path.

There may, but need not, be self-excitation in jumps whenever £ > 0.

Remark 14 Observe that

P\ +OAY| = aAT) (Amm)ﬁ _ (Hi)ﬁ
P(M\cA2Y]>0A7)  —\ A ) Mo)

If the ratio of tail probabilities is sufficiently large, it’s implying an economically signif-

icant change in the tail probability after a large jump. In the case of smaller values, the

2Boswijk et al. (2018) use different parameter settings for the intensity process. The difference is
because they have a sampling scheme with T' =1 (year), and T = 5/252 (1 week).
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Figure 2: From left to right: jump intensity in case of an intensity jump, and self-

excitation with parameters 8 =1,p = 1%, = 2.5M, ey = 9.

ratio does not rise significantly, thus the effect is weaker. Based on these observations,
I choose the jump values as follows: £ € {0.5Aw, 2.5 A, 5As}. The obtained results
can be found in Table 7.

When there is self-excitation, I choose ¢ = A,. This ensures that our process
behaves normally, and it doesn’t explode. If there was no mean-reverting drift term
in the intensity process it would be explosive if ( > 0 which we want to avoid. I
vary €y € {9,12,18}. With these values, the threshold above which the price jumps
trigger self-excitation are 0.374,0.499, and 0.749. However, it does not guarantee with
probability one that it will be self-excitation in realization. This parameter set is
reasonable given that large log-price jumps, especially the negative ones, are more

likely to trigger chain reactions than small ones. For the outcomes, see Table 8.

5 Simulation results

In the following tables, we can see the MSE and the number of outliers for the adequate
estimators. In Table 1 I compare the Ait-Sahalia estimators to each other. AS alpha
(Bﬁ” ) is based on two truncation levels, and AS freq (B,f” ) is based on two sampling
frequencies. B,f‘] works well with smaller tail probability, but in some cases, especially
in the case of = 1.75 completely underestimates. Overall, Bflu works more balanced,
so I focus on this estimator from now on.

In general, we can say that higher tail probability generates more increments from
the jump process that surpass the cutoff level, resulting in a greater number of observa-
tions and leading to a reduction in the standard deviation of the estimates. Also with
higher 3 the error of the estimate is increasing. When [ approaches 2, the behavior
of the -stable jump process is similar to a Brownian motion, causing the estimator to

degrade in performance.
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MSE Outliers

1.75 1.5 1.25 1 0.75 | 1.75 | 1.5 | 1.25 1 0.75

0.25% AS alpha | 0.287 | 0.234 | 0.170 | 0.072 | 0.065 | 44 47 48 43 95
AS freq | 0.183 | 0.094 | 0.069 | 0.073 | 0.044 | 47 32 37 50 49

0.50% AS alpha | 0.097 | 0.086 | 0.044 | 0.039 | 0.023 30 28 19 26 38
AS freq | 0.356 | 0.065 | 0.036 | 0.027 | 0.019 7 27 22 20 32

1.00% AS alpha | 0.074 | 0.040 | 0.019 | 0.017 | 0.018 31 11 8 12 25
AS freq | 0.800 | 0.077 | 0.024 | 0.018 | 0.011 | 100 33 11 13 15

Table 1: Monte Carlo simulations of the two Ait-Sahalia estimators on 1s sampling

frequency on different g and tail probability values. n = 100,7T = 1.

MSE Outliers
1.75 1.5 1.25 1 0.75 | 1.75 1.5 | 1.25 1 0.75
Jing g1 | 0.086 | 0.039 | 0.023 | 0.026 | 0.018 33 15 10 21 26

0.25% .
Jing g2 | 0.074 | 0.050 | 0.035 | 0.028 | 0.015 | 30 16 17 21 23

0.25% Jing g1 | 0.053 | 0.019 | 0.010 | 0.008 | 0.007 | 23 3 0 1 10
Jing g2 | 0.046 | 0.025 | 0.012 | 0.011 | 0.007 | 19 9 4 7

1.00% Jing g1 | 0.099 | 0.014 | 0.005 | 0.004 | 0.003 | 57 0 1 0 2
Jing g2 | 0.065 | 0.013 | 0.006 | 0.006 | 0.003 | 37 0 1 0

Table 2: Monte Carlo simulations of the two Jing estimators on 1s sampling frequency
on different § and tail probability values. n = 100,7 = 1.

MSE Outliers
1.75 1.5 1.25 1 0.75 | 1.75 1.5 | 1.25 1 0.75

Bull 0.094 | 0.089 | 0.076 | 0.048 | 0.034 | 43 36 33 33 44

Bull m=1 | 0.348 | 0.334 | 0.275 | 0.223 | 0.101 32 72 69 66 o4

0.25% Bull WS | 0.096 | 0.090 | 0.075 | 0.049 | 0.035 | 40 36 32 31 44
Bull WT | 0.182 | 0.113 | 0.089 | 0.048 | 0.034 | 43 36 33 33 44

Bull M 0.038 | 0.025 | 0.017 | 0.020 | 0.011 22 8 6 14 17

Bull 0.057 | 0.052 | 0.037 | 0.024 | 0.016 | 37 23 14 22 25

Bull m=1 | 0.221 | 0.178 | 0.174 | 0.096 | 0.035 30 57 65 56 50

0.50% Bull WS | 0.055 | 0.055 | 0.037 | 0.024 | 0.016 | 32 24 15 22 24
Bull WT | 0.130 | 0.058 | 0.037 | 0.024 | 0.016 | 37 23 14 22 25

Bull M 0.069 | 0.013 | 0.006 | 0.005 | 0.005 24 0 0 0

Bull 0.038 | 0.042 | 0.025 | 0.015 | 0.007 | 18 15 14 7 7

Bull m=1 | 0.137 | 0.111 | 0.101 | 0.066 | 0.022 25 46 41 35 36

1.00% Bull WS | 0.035 | 0.042 | 0.025 | 0.015 | 0.007 | 20 17 11 8 8
Bull WT | 0.063 | 0.043 | 0.025 | 0.015 | 0.007 | 18 15 14 7

Bull M 0.049 | 0.009 | 0.003 | 0.003 | 0.002 8 0 0 0 1

Table 3: Monte Carlo simulations of the different Bull estimators, from top to bottom:
m = 3, m = 1, without symmetrization, without truncation, and the alternative modi-
fied estimator. n = 100,7 = 1.
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In Table 2, I compare the two Jing estimators, Jing g1 (B;{ ) based on the g; function
mentioned above, and Jing g2 (5’,{ ) based on gy. The two estimators perform similarly,
but B;{ works worse in the case § = 1.75, and g is much smoother than g;, so as Jing
et al. in their paper I continue to work with 3.

In Table 3, I present the results of the Bull estimator, which offers valuable insights
into the impact of various parameters on the estimation performance. Firstly, I analyzed
the effect of the choice of m, and we observed that it plays a crucial role. The estimation
with m = 1 performs much worse than the m = 3 case suggested by Bull. I also
examined the impact of symmetrization (Bull WS is computed as this step is left out of
the process) and found that it has a negligible effect on the results. After this, I looked
at the truncation. Bull WT is programmed without truncation at 0 and 2. Naturally,
in higher betas, the truncation improves the estimator, and Bull WT performed worse.
Finally, I checked how the alternative method works in this case. At smaller beta values
it gives really promising results, but it is slightly biased in the case of § = 1.75.

In Table 4, I stored the results of simulations taken at different frequencies: 1s,
3s, and 5s sampling frequencies, which means 23400, 7800, and 4680 data points. I
adapted all parameters to the frequency, including the threshold, and the calibrated
values also changed due to this. What immediately stands out is that the Ait-Sahalia
and the Jing estimators give very bad results in smaller frequency. This is what we
expected based on the previous sections. One of the reasons for the extremely bad
values is that we do not truncate at 2, and in many cases, there is a very small number
in the denominator (which corresponds to the jump counts with a higher cutoff value),
thus significantly overestimating the jump activity index. Sometimes the Ait-Sahalia
estimator returned that there is no jump on the trajectory, (the Jing estimator also
returned a very small number) in this case, the cutoff level should be reduced. But the
number of outliers shows that truncating at 2 would not solve the problem. The Bull
estimator is much more robust to changes in frequency based on these simulations. The
alternative method also produced very good results.

In Table 5 we can see the results with additive noise. The introduction of Gaussian
noise generates a large number of small increments in the process, causing several
jumps to cross the cutoff level. This affected the estimates that are most sensitive to
changes caused by small jumps. Both Ait-Sahalia and Jing estimators started to get
biased, and the alternative method failed to provide accurate estimates for small tail
probabilities. The Bull estimator worked better than the others with the T-distributed
noise as well, and in the mixture noise, it looks like the alternative method worked the
best, but if we look at the number of outliers it tells us that this estimator overestimates
especially in the case of § = 1.75. When I increased the magnitude of the noise, all the
estimates quickly got even worse. Notably, the Bull method was the least affected by

this deterioration.
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MSE Outliers
1.75 1.5 1.25 1 0.75 | 1.75 1.5 1.25 1 0.75
AS 0.287 0.234 0.170 0.072 | 0.065 | 44 47 48 43 959
0.25% Jing 0.074 0.050 0.035 0.028 | 0.015 | 30 16 17 21 23
Bull 0.094 0.089 0.076 0.048 | 0.034 | 43 36 33 33 44
Bull M | 0.068 0.029 0.023 0.022 | 0.011 | 16 10 10 16 16
AS 0.097 0.086 0.044 0.039 | 0.023 | 30 28 19 26 38
Jing 0.053 0.019 0.010 0.008 | 0.007 | 23 3 0 1 10
Freq 1s | 0.50%
Bull 0.057 0.052 0.037 0.024 | 0.016 | 37 23 14 22 25
Bull M | 0.169 0.018 0.008 0.006 | 0.005 | 62 1 1 2 6
AS 0.074 0.040 0.019 0.017 | 0.018 | 31 11 8 12 25
1.00% Jing 0.065 0.013 0.006 0.006 | 0.003 | 37 0 1 0 1
Bull 0.038 0.042 0.025 0.015 | 0.007 | 18 15 14 7 7
Bull M | 0.015 0.013 0.004 0.004 | 0.002 | 6 1 0 0 1
AS 14.785 | 13.144 | 9.654 8.473 | 3.292 | 85 81 77 82 97
0.25% Jing 5.632 2.903 2.303 1.023 | 0.876 | 80 75 81 67 77
Bull 0.356 0.203 0.198 0.166 | 0.117 | 72 62 65 57 62
Bull M | 0.133 0.094 0.087 0.066 | 0.057 | 52 34 35 39 48
AS 14.335 | 6.962 4.231 1.276 | 1.196 | 76 74 69 74 92
Jing 1.818 0.551 0.240 0.201 | 0.260 | 69 54 59 59 40
Freq 3s | 0.50%
Bull 0.239 0.131 0.115 0.065 | 0.051 | 75 49 49 45 56
Bull M | 0.173 0.042 0.047 0.030 | 0.017 | 49 13 27 19 26
AS 8.594 3.510 0.268 1.073 | 0.190 | 70 58 47 62 76
1.00% Jing 0.555 0.158 0.109 0.090 | 0.046 | 55 38 41 56 44
Bull 0.163 0.083 0.062 0.046 | 0.034 | 56 30 38 31 39
Bull M | 0.211 0.029 0.016 0.014 | 0.009 | 60 9 6 9 14
AS 8.481 10.400 | 9.007 6.887 | 5.232 | 97 97 87 88 100
0.25% Jing 12.398 | 9.318 6.670 7.455 | 6.282 | 97 89 82 88 90
Bull 0.552 0.278 0.309 0.283 | 0.199 | 88 70 74 65 74
Bull M | 0.311 0.139 0.112 0.121 | 0.067 | 68 53 52 55 53
AS 12.517 | 12.142 | 13.872 | 7.634 | 7.097 | 99 95 85 78 100
Jing 7.468 4.596 2.760 2.319 | 3.378 | 91 84 84 72 86
Freq 5s | 0.50%
Bull 0.327 0.224 0.224 0.141 | 0.128 | 76 64 65 59 56
Bull M | 0.218 0.098 0.072 0.059 | 0.059 | 55 35 37 39 49
AS 15.655 | 11.202 | 8.080 4.063 | 3.756 | 86 79 75 79 96
1.00% Jing 4.103 1.316 0.603 0.357 | 0.536 | 84 63 61 60 75
Bull 0.165 0.143 0.107 0.081 | 0.050 | 67 51 43 50 48
Bull M | 0.260 0.067 0.053 0.027 | 0.019 | 57 30 26 21 27

Table 4: Monte Carlo simulations of the main estimators on different sampling frequen-

cies, with the usual parameter set, n = 100,7 = 1.
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MSE Outliers
1.75 | 1.5 1.25 | 1 0.75 | 1.75 | 1.5 | 1.25 1 0.75

AS 0.208 | 0.159 | 0.119 | 0.076 | 0.056 | 53 43 36 50 52
0.25% Jing 0.102 | 0.077 | 0.067 | 0.029 | 0.028 | 42 31 30 23 32
Bull 0.095 | 0.125 | 0.089 | 0.042 | 0.048 | 35 51 43 35 46
0 Bull M | 0.921 | 0.390 | 0.273 | 0.323 | 0.229 | 88 65 72 85 93
'g AS 0.127 | 0.075 | 0.060 | 0.033 | 0.029 | 41 28 32 29 32
% 0.50% Jing 0.101 | 0.034 | 0.032 | 0.015 | 0.008 | 46 12 13 12 12
% Bull 0.075 | 0.065 | 0.047 | 0.037 | 0.016 | 36 24 28 30 29
g Bull M | 0.076 | 0.075 | 0.073 | 0.057 | 0.054 | 24 30 41 43 61
O AS 0.169 | 0.043 | 0.031 | 0.016 | 0.013 | 61 15 13 13 18

1.00% Jing 0.133 | 0.025 | 0.013 | 0.009 | 0.004 | 74 3 5 3 1
Bull 0.146 | 0.038 | 0.021 | 0.017 | 0.009 | 41 12 8 9 13
Bull M | 0.060 | 0.015 | 0.017 | 0.017 | 0.011 | 93 1 6 12 16
AS 0.268 | 0.240 | 0.230 | 0.167 | 0.225 | 57 55 60 66 80
0.25% Jing 0.128 | 0.150 | 0.179 | 0.112 | 0.161 | 59 49 71 72 93
© Bull 0.058 | 0.118 | 0.099 | 0.065 | 0.084 | 34 49 41 44 59
-g Bull M | 0.041 | 0.055 | 0.089 | 0.072 | 0.125 | 13 25 54 59 90
_;: AS 0.151 | 0.106 | 0.103 | 0.072 | 0.074 | 52 35 42 54 56
f:_a’ 0.50% Jing 0.116 | 0.062 | 0.061 | 0.048 | 0.046 | 58 26 34 44 67
2 Bull 0.052 | 0.062 | 0.059 | 0.041 | 0.016 | 40 26 31 29 25
"; Bull M | 0.035 | 0.023 | 0.027 | 0.032 | 0.035 | 14 7 14 31 57
.TT’ AS 0.168 | 0.046 | 0.042 | 0.030 | 0.025 | 63 17 24 24 34
&= 1.00% Jing 0.129 | 0.033 | 0.021 | 0.020 | 0.015 | 75 10 7 15 22
Bull 0.056 | 0.036 | 0.019 | 0.017 | 0.013 | 28 12 7 12 17
Bull M | 0.051 | 0.008 | 0.009 | 0.012 | 0.011 | 69 0 2 6 14
AS 0.350 | 0.317 | 0.282 | 0.231 | 0.268 | 70 69 70 73 89
21 0.25% Jing 0.257 | 0.262 | 0.285 | 0.200 | 0.263 | 84 73 87 87 96
'g Bull 0.111 | 0.126 | 0.097 | 0.077 | 0.097 | 46 58 42 45 55
o Bull M | 0.052 | 0.096 | 0.105 | 0.074 | 0.093 | 45 41 48 41 67
E AS 0.226 | 0.138 | 0.128 | 0.087 | 0.105 | 69 40 57 61 72
g 0.50% Jing 0.216 | 0.120 | 0.108 | 0.080 | 0.083 | 85 47 57 63 87
H Bull 0.112 | 0.064 | 0.060 | 0.049 | 0.017 | 48 25 29 37 25
c% Bull M | 0.050 | 0.068 | 0.059 | 0.040 | 0.040 | 74 28 30 26 36
% AS 0.285 | 0.073 | 0.057 | 0.039 | 0.036 | 81 26 27 33 47
E,j 1.00% Jing 0.233 | 0.063 | 0.040 | 0.035 | 0.027 | 94 24 18 36 53
O e Bull 0.330 | 0.041 | 0.021 | 0.020 | 0.013 | 58 12 10 16 15
Bull M | 0.062 | 0.055 | 0.022 | 0.018 | 0.012 | 100 25 9 11 20

Table 5: Monte Carlo simulations of the main estimators with Gaussian, T-distributed,

and Gaussian-T mixture noise, with the usual parameter set, n = 100,7 = 1.
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Now I want to check the robustness of the jump activity estimators in the presence
of a volatility jump. (Table 7) As a result of volatility jumps, we actually add noise to
the process. In general, we can notice that as the noise gets stronger, the Bull estimator
works better and better compared to the Jing estimator. I checked higher magnitudes
of jumps as well, and these observations only grew stronger. For g = 1.75, the Ait-
Sahalia estimator appeared to be more resilient to a big volatility jump, which is the
result of the g, function taking into account the smaller increments, which disturb the
estimator.

It can be observed from Table 6 that when the DGP is driven by two independent
stable processes, estimating in the low tail probability is very challenging. In lower
betas, the Jing estimator worked well, but in § = 1.75, so in the most difficult case to
estimate the Bull estimator performed the best. The alternative method was unable to
deal with this type of noise.

The presence of an intensity jump made the tail probability random. This case did
not make a big difference in the results (Table 8), in fact, the Ait-Sahalia estimator
even became a little bit better due to the increase in tail probability followed by the
intensity jump. But again, the § = 1.75 case was the most difficult to handle.

However, when self-excitation is observed in the data, we see something different in
Table 9. When ¢, = 9, the intensity process has a lot of jumps and takes on larger
values, particularly in the case of higher tail probability where more jumps exceed the
cutoff value. As a result, the methods had difficulty estimating the jump activity index
accurately. However, as ¢, increased, the estimators started to return to their natural
behavior.

In these heatmaps, we can see the relative MSE of the Jing (left) and the Bull
(right) estimators compared to the Ait-Sahalia estimator. Values above 1 mean worse,
and below 1 mean better results. The figures are based on the original stochastic
volatility model shown in Section 4.1. On the x-axis, the different betas are shown,

while the y-axis represents the various tail probabilities.
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MSE Outliers

1.75 | 1.5 1.25 | 1 0.75 | 1.75 | 1.5 | 1.25 1 0.75

AS 0.25 0.136 | 0.065 | 0.046 | 0.051 | 61 36 26 35 38

0.25% Jing 0.142 | 0.056 | 0.032 | 0.024 | 0.021 | 42 18 11 26 28
Bull 0.081 | 0.103 | 0.064 | 0.043 | 0.023 | 58 37 28 31 31

Bull M | 3.024 | 1.1 0.625 | 0.575 | 0.536 | 100 100 100 100 100

- AS 0.138 | 0.068 | 0.041 | 0.033 | 0.026 | 44 27 18 21 38
S Jing 0.092 | 0.027 | 0.018 | 0.012 | 0.009 | 50 7 4 7 10
I 0.50% Bull 0.056 | 0.044 | 0.031 | 0.021 | 0.02 40 16 14 12 33
= Bull M | 0.804 | 0.229 | 0.131 | 0.111 | 0.155 | 98 84 78 90 100
AS 0.126 | 0.043 | 0.019 | 0.011 | 0.008 | 55 15 9 7 11

1.00% Jing 0.122 | 0.025 | 0.01 0.005 | 0.003 | 71 2 2 0 0
Bull 0.102 | 0.025 | 0.012 | 0.008 | 0.01 26 3 2 4 12

Bull M | 0.061 | 0.012 | 0.024 | 0.027 | 0.031 | 98 0 4 23 62

AS 0.182 | 0.09 0.079 | 0.055 | 0.054 | 50 31 34 32 51

0.25% Jing 0.137 | 0.045 | 0.038 | 0.025 | 0.017 | 44 14 16 23 27
Bull 0.128 | 0.083 | 0.077 | 0.049 | 0.02 67 33 39 34 33

Bull M | 3.028 | 1.154 | 0.604 | 0.583 | 0.525 | 100 100 99 100 100

~ AS 0.135 | 0.047 | 0.044 | 0.031 | 0.03 | 39 15 23 23 35
S Jing 0.066 | 0.023 | 0.017 | 0.011 | 0.01 30 4 8 4 9
I 0.50% Bull 0.068 | 0.051 | 0.038 | 0.024 | 0.014 | 41 21 19 17 23
= Bull M | 0.831 | 0.244 | 0.141 | 0.129 | 0.16 | 98 93 79 97 99
AS 0.113 | 0.034 | 0.017 | 0.012 | 0.01 49 9 8 7 15

1.00% Jing 0.102 | 0.024 | 0.009 | 0.005 | 0.004 | 58

Bull 0.083 | 0.03 0.014 | 0.013 | 0.007 | 26 5 4 4 5

Bull M | 0.059 | 0.018 | 0.029 | 0.034 | 0.04 | 84 1 7 33 76

AS 0.295 | 0.147 | 0.072 | 0.056 | 0.052 | 52 43 28 36 50

0.25% Jing 0.137 | 0.051 | 0.036 | 0.018 | 0.027 | 46 17 15 12 29
Bull 0.098 | 0.097 | 0.079 | 0.051 | 0.049 | 59 40 33 43 46

Bull M | 3.004 | 1.29 0.668 | 0.673 | 0.538 | 100 100 100 100 100

< AS 0.106 | 0.066 | 0.039 | 0.032 | 0.02 37 21 20 26 31
S Jing 0.077 | 0.029 | 0.02 0.015 | 0.01 38 11 8 10 14
I 0.50% Bull 0.08 0.048 | 0.04 | 0.019 | 0.019 | 41 20 15 14 23
= Bull M | 0.996 | 0.271 | 0.152 | 0.146 | 0.168 | 97 91 84 95 99
AS 0.079 | 0.03 0.017 | 0.014 | 0.013 | 37 12 5 9 21

1.00% Jing 0.078 | 0.019 | 0.009 | 0.005 | 0.005 | 51

Bull 0.111 | 0.027 | 0.02 0.012 | 0.007 | 33 6 8 9 9

Bull M | 0.053 | 0.023 | 0.039 | 0.037 | 0.048 | 73 2 21 41 83

Table 6: Monte Carlo simulations of the main estimators with a double price jump
data generating process, with different displacement between the two stable processes,

@ =0.1,0.2, and 0.4, with the usual parameter set.
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MSE Outliers
1.75 | 1.5 1.25 | 1 0.75 | 1.75 | 1.5 | 1.25 1 0.75
AS 0.19 0.159 | 0.134 | 0.095 | 0.067 | 46 51 41 46 55
0.25% Jing 0.072 | 0.058 | 0.04 | 0.039 | 0.019 | 27 21 24 28 24
Bull 0.084 | 0.099 | 0.058 | 0.068 | 0.031 | 49 32 29 42 37
Bull M | 0.061 | 0.036 | 0.021 | 0.021 | 0.012 | 16 12 10 18 17
AS 0.119 | 0.071 | 0.043 | 0.033 | 0.038 | 36 23 17 25 43
S 0.50% Jing 0.049 | 0.03 0.022 | 0.011 | 0.011 | 24 11 10 4 17
= Bull 0.059 | 0.077 | 0.046 | 0.023 | 0.017 | 37 35 24 14 25
Bull M | 0.151 | 0.016 | 0.012 | 0.007 | 0.007 | 56 3 0 1
AS 0.085 | 0.042 | 0.03 0.016 | 0.009 | 37 14 14 13
1.00% Jing 0.059 | 0.016 | 0.013 | 0.009 | 0.003 | 33 3 1 4 2
Bull 0.049 | 0.039 | 0.031 | 0.014 | 0.008 | 21 12 15 9 11
Bull M | 0.018 | 0.01 0.007 | 0.005 | 0.003 | 7 0 0 0 1
AS 0.207 | 0.117 | 0.118 | 0.097 | 0.052 | 50 35 40 45 57
0.25% Jing 0.055 | 0.048 | 0.053 | 0.03 0.018 | 25 18 19 27 21
Bull 0.084 | 0.107 | 0.079 | 0.056 | 0.032 | 45 45 39 43 45
Bull M | 0.094 | 0.032 | 0.03 0.017 | 0.012 | 31 11 11 10 15
AS 0.095 | 0.077 | 0.072 | 0.03 | 0.028 | 25 28 35 30 44
S 0.50% Jing 0.044 | 0.033 | 0.019 | 0.013 | 0.01 19 10 7 8 13
o Bull 0.064 | 0.067 | 0.035 | 0.029 | 0.019 | 27 27 21 22 27
Bull M | 0.185 | 0.02 0.012 | 0.009 | 0.006 | 60 2 3 4 5
AS 0.083 | 0.045 | 0.027 | 0.016 | 0.012 | 36 13 12 11 17
1.00% Jing 0.064 | 0.02 0.011 | 0.006 | 0.006 | 35 4 1 1 4
Bull 0.047 | 0.042 | 0.021 | 0.015 | 0.008 | 26 15 7 12 7
Bull M | 0.022 | 0.013 | 0.006 | 0.004 | 0.003 | 7 0 0 0 1
AS 0.189 | 0.171 | 0.1 0.098 | 0.039 | 47 46 44 50 39
0.25% Jing 0.091 | 0.075 | 0.033 | 0.041 | 0.016 | 36 21 19 32 22
Bull 0.079 | 0.086 | 0.096 | 0.068 | 0.025 | 53 34 42 41 30
Bull M | 0.148 | 0.049 | 0.024 | 0.025 | 0.012 | 44 17 11 18 16
AS 0.142 | 0.061 | 0.057 | 0.041 | 0.026 | 45 21 30 30 30
*g 0.50% Jing 0.053 | 0.029 | 0.02 0.015 | 0.008 | 26 7 10 8 8
— Bull 0.063 | 0.058 | 0.062 | 0.025 | 0.017 | 41 22 30 20 21
Bull M | 0.192 | 0.024 | 0.012 | 0.009 | 0.006 | 61 5 2 5 4
AS 0.105 | 0.041 | 0.035 | 0.021 | 0.012 | 49 16 17 19 20
1.00% Jing 0.076 | 0.018 | 0.01 0.008 | 0.005 | 43 3 1 2 4
Bull 0.038 | 0.03 0.019 | 0.012 | 0.008 | 18 7 4 6 10
Bull M | 0.018 | 0.011 | 0.006 | 0.005 | 0.003 | 12 0 0 1 1

Table 7: Monte Carlo simulations of the main estimators in the presence of a volatility

jump, with magnitude 17, 3n, and 107, with the usual parameter set.
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MSE Outliers

1.75 | 1.5 | 1.25 |1 0.75 [ 1.75 | 1.5 | 1.25| 1 |0.75

AS 0.254 | 0.164 | 0.107 | 0.082 | 0.049 | 54 |42 |35 |46 |50

0.950 | Jing 0.091 | 0.045 | 0.04 | 0.03 | 0.022 |32 |15 |22 |22 |31
Bull 0.075 | 0.1 | 0.071 [ 0.05 | 0.034 |55 [35 |36 |41 |45

Bull M | 0.078 | 0.027 | 0.027 | 0.017 | 0.013 | 22 |3 11 |11 |18

AS 0.116 | 0.063 | 0.078 | 0.031 | 0.028 | 34 [20 |26 |24 |35

8 0.500 | Jine 0.057 | 0.022 | 0.02 | 0.01 | 0.011 |32 |4 11 |5 13
2 77 | Bull 0.048 | 0.049 | 0.048 | 0.025 | 0.016 | 34 |16 |23 |17 |19
Bull M | 0.08 | 0.013 | 0.01 | 0.006 | 0.007 | 19 |0 2 2 5

AS 0.105 | 0.039 | 0.023 | 0.02 | 0.014 | 42 |9 8 15 |23

L00% | Jne 0.082 | 0.019 | 0.01 | 0.007 | 0.005 | 45 | 4 1 1 6
Bull 0.082 | 0.035 | 0.022 | 0.015 | 0.008 | 31 |10 |9 9 11

Bull M | 0.047 | 0.01 | 0.006 | 0.005 | 0.003 | 60 |0 0 0 1

AS 0.186 | 0.135 | 0.082 | 0.083 | 0.051 | 53 |40 |36 |43 |47

0.950 | Jing 0.081 | 0.048 | 0.032 | 0.027 | 0.016 | 32 |14 |15 |20 |23
Bull 0.084 | 0.087 | 0.06 | 0.06 | 0.021 |41 |35 [30 |39 |31

Bull M | 0.04 | 0.025 | 0.016 | 0.015 | 0.011 | 17 | 6 6 11 |16

AS 0.142 | 0.051 | 0.055 | 0.043 | 0.028 [ 51 |19 [19 |32 |39

8 0.50% | Tin8 0.086 | 0.021 | 0.015 | 0.014 | 0.011 | 54 |3 6 12 |14
2 77 | Bull 0.08 | 0.051 | 0.032 | 0.025 | 0.012 |39 |21 |11 |18 |15
Bull M | 0.033 | 0.012 | 0.008 | 0.009 | 0.006 | 33 |1 0 1 7

AS 0.176 | 0.042 | 0.021 | 0.017 [ 0.01 |71 |12 |8 10 |15

L00% | e 0.139 | 0.019 | 0.011 | 0.007 | 0.005 | 81 | 6 1 2 3
Bull 0.067 | 0.039 | 0.017 | 0.014 | 0.008 | 38 |11 |5 7 12

Bull M | 0.061 | 0.009 | 0.006 | 0.005 | 0.003 | 96 | 0 0 0

AS 0.211 | 0.124 | 0.08 | 0.066 | 0.043 | 54 |31 |38 |42 |54

0.950 | Jing 0.134 | 0.038 | 0.038 | 0.027 | 0.015 | 53 [ 11 |15 |25 |22
Bull 0.125 | 0.068 | 0.068 | 0.039 | 0.023 [ 48 |26 |38 |24 |39

Bull M | 0.052 | 0.024 | 0.02 | 0.013 | 0.01 |71 |3 9 7 11

AS 0.226 | 0.049 | 0.04 | 0.029 | 0.017 [ 84 |24 |23 |19 |23

2 Jing 0.167 | 0.03 | 0.014 | 0.013 | 0.008 | 84 |9 5 9 8

<1 0.50%

w Bull 0.051 | 0.061 | 0.034 | 0.023 | 0.013 | 74 |22 |13 |14 |20
Bull M | 0.049 | 0.024 | 0.008 | 0.008 | 0.005 | 56 | 6 1 3 4

AS 0.121 | 0.049 | 0.021 | 0.015 | 0.01 |65 |15 |7 9 14

L.00% | e 0.118 | 0.023 | 0.007 | 0.005 | 0.004 | 79 |3 0 0 0
Bull 0.059 | 0.036 | 0.015 | 0.012 | 0.007 | 91 | 10 |3 5 7

Bull M | 0.047 | 0.025 | 0.006 | 0.003 | 0.003 | 51 | 4 1 0 0

Table 8: Monte Carlo simulations of the main estimators in the presence of an intensity

jump, with magnitude 0.5\, 2.5\, and 5\, with the usual parameter set.
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MSE Outliers
1.75 | 1.5 1.25 | 1 0.75 | 1.75 | 1.5 | 1.25 1 0.75
AS 0.24 | 0.169 | 0.09 0.061 | 0.055 | 47 39 38 43 50
0.25% Jing 0.093 | 0.046 | 0.035 | 0.019 | 0.016 | 34 15 19 14 22
Bull 0.086 | 0.087 | 0.066 | 0.039 | 0.028 | 56 29 33 31 37
Bull M | 0.06 0.027 | 0.019 | 0.011 | 0.01 18 6 7 7 11
o AS 0.14 | 0.056 | 0.029 | 0.02 0.016 | 48 21 14 17 23
I 0.50% Jing 0.097 | 0.023 | 0.013 | 0.008 | 0.005 | 53 4 4 2 8
8 Bull 0.09 0.05 0.04 | 0.016 | 0.008 | 39 17 16 10 8
® Bull M | 0.044 | 0.011 | 0.006 | 0.005 | 0.003 | 48 1 0 1 1
AS 0.675 | 1.092 | 1.01 0.034 | 0.002 | 94 68 86 33 0
1.00% Jing 0.634 | 1.099 | 1.009 | 0.031 | 0.001 | 99 62 85 26 0
Bull 0.503 | 1.131 | 1.017 | 0.014 | 0.002 | 62 67 86 11 0
Bull M | 0.466 | 1.09 1.007 | 0.045 | 0.001 | 98 82 85 36 0
AS 0.224 | 0.17 | 0.077 | 0.069 | 0.048 | 55 42 32 41 43
0.25% Jing 0.079 | 0.056 | 0.034 | 0.03 0.015 | 27 15 14 22 19
Bull 0.076 | 0.087 | 0.058 | 0.05 0.026 | 49 35 28 33 29
Bull M | 0.079 | 0.027 | 0.018 | 0.015 | 0.009 | 24 8 10 11 12
~ AS 0.116 | 0.054 | 0.048 | 0.03 | 0.022 | 47 20 27 21 29
‘E 0.50% Jing 0.073 | 0.02 0.013 | 0.011 | 0.009 | 44 2 3 7 8
2 Bull 0.065 | 0.048 | 0.034 | 0.02 0.009 | 33 18 18 16 11
® Bull M | 0.04 | 0.012 | 0.007 | 0.006 | 0.004 | 23 0 2 1 2
AS 0.225 | 0.042 | 0.042 | 0.006 | 0.004 | 80 10 3 4
1.00% Jing 0.176 | 0.022 | 0.035 | 0.002 | 0.001 | 88 2 5 0 0
Bull 0.11 0.031 | 0.041 | 0.006 | 0.002 | 44 9 11 2 0
Bull M | 0.06 0.04 | 0.037 | 0.002 | 0.001 | 94 14 4 0 0
AS 0.211 | 0.181 | 0.097 | 0.073 | 0.042 | 41 50 42 41 42
0.25% Jing 0.073 | 0.056 | 0.044 | 0.024 | 0.018 | 30 20 22 21 21
Bull 0.084 | 0.085 | 0.075 | 0.054 | 0.029 | 43 36 31 34 30
Bull M | 0.103 | 0.03 0.023 | 0.012 | 0.011 | 36 8 9 5 12
0 AS 0.084 | 0.052 | 0.054 | 0.031 | 0.015 | 32 13 23 28 20
‘ﬂ' 0.50% Jing 0.056 | 0.027 | 0.02 0.013 | 0.005 | 29 6 9 11 3
2 Bull 0.056 | 0.061 | 0.034 | 0.018 | 0.011 | 32 24 14 17 16
® Bull M | 0.051 | 0.014 | 0.011 | 0.007 | 0.003 | 19 0 1 1 0
AS 0.101 | 0.037 | 0.016 | 0.012 | 0.005 | 51 13 7 6 1
1.00% Jing 0.114 | 0.014 | 0.007 | 0.003 | 0.002 | 71 0 0 0 0
Bull 0.115 | 0.032 | 0.017 | 0.007 | 0.004 | 32 13 7 2 2
Bull M | 0.059 | 0.009 | 0.004 | 0.002 | 0.001 | 88 0 0 0 0

Table 9: Monte Carlo simulations of the main estimators in the presence of a self-
exciting intensity process, with self-exciting cutoff values 0.375,0.500, and 0.750, with

the usual parameter set.
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6 Conclusions and Future work

The Jing estimator outperforms the Ait-Sahalia estimator in every aspect, as we can
see in the heatmap as well. It works fine in nearly every case, but in certain disturbing
noises, it also gets slightly biased. This is because the g function is quite sensitive for
the small jumps. The Bull estimator works more robustly, especially in smaller sample
sizes, but sometimes underperforms the estimator defined by Jing.

If microstructure noise is present in the data, we need a method to smoothen it,
because it affects the estimators badly, especially the alternative estimator. Maybe av-
eraging different weighting functions work, and introducing a beta-dependent estimator
eliminates the difficulty of estimating # = 0.75 and 1.75 with the same estimator. In
future works, I will try to create a robust estimator and examine the results if additive
noise is added to the different DGPs. Additionally, I plan to conduct an empirical

analysis using high-frequency cryptocurrency data.

7 Appendix

Assumption 3 There are three constants 3 € (0,2),8 € [0,8), and v > 0, and a
locally bounded process L, > 1 such that for all (w,t), F, = F, + F, where:

1. F(w,dz) = fi(z)\-(w), 0 < \(w) < Ly, and f;(x) = S with 1+
[ () > 0, [hy(2)| < Ly.

2. F, is a singular measure with respect to F, and satisfies [, (|z|* A1)F, (dz) < L,.

3. The process Ay is an Ito semimartingale given by
t I t ! t 1
A\ = )\O—i—/ bsds—i—/ o, dW; +/ o, dBy + 8 % juy 4+ 6" % p-,
0 0 0

where B is a standard Brownian motion independent of W, ui- is orthogonal to
(e which means that almost surely they share no common Dirac masses lying on

the same vertical line, so, in other words, they have no common jump times.
Remark 15 Take any process of the form
dX, = bydt + o:dW, + 6,_dY,") + 6/_dy,”

where 6 and &' are cadlag adapted processes, YV is B-stable process, Y is any other
Lévy process whose Lévy measure integrates |x|® near the origin and has an absolutely
continuous part whose density is smaller than K|z|"~1=% on [~1,1] for some~y > 0 (e.g.,

a stable process with index strictly smaller than ). Then, X will satisfy Assumption 1.
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