Orszagos Tudomanyos Diakkori
Konferencia M

L “l"-. |
e ¢ 73 b
2025 2 z
7| N/
[ 7 \-_; /
TS

Analysis and Clustering-based Improvement
of Particle Filter Optimization Algorithms

Készitette: Kenyeres Eva
Témavezetd: Prof. Abonyi Janos

Pannon Egyetem, Mérnoki Kar, Folyamatmérnoki Intézeti Tanszék

A palyamunka lezardsanak datuma: 2023.10.31.



Contents

1 Introduction 2

2 Tuning of PFO for global search and exploration of local optimums 5

2.1 The general particle filter optimization (PFO) algorithm . . . . . ... .. 5
2.2 Interpretation of the elements and data-driven improvements of the general

particle filter optimization (PFO) algorithm . . . . . ... ... ... ... 9

2.2.1 Distribution of the observation noise . . . . .. .. ... ... ... 9

2.2.2  Proposals to ensure the exploration of the search space . . . . . .. 11

2.2.3 Stopping criterion issues . . . . ... ..o 12

2.3 A clustering-based method for exploring the shape of the objective function 13

2.4 The extended form of the PFO algorithm . . . . . . ... .. ... ... .. 14

3 Optimisation experiments on the Michalewicz-function 16

3.1 Analysis and improvements of the efficiency of the PFO algorithm for global

search . . . . . e e 17

3.2 Clustering-based technique for finding local optimums . . . . . . . . . . .. 20
3.3 Factors that affect the local optimum search performance . . . . . . . . .. 27

4 Conclusions 33
A My Appendix 35
A1 PF framework . . . . . . . . ... 35

A.2 Systematic resampling . . . . . .. ..o 36



Abstract

This study highlights how particle filter optimization (PFO) algorithms can explore
objective functions and their robustness near to optimums. Improvements of the general
algorithm are also introduced to increase the efficiency of the search.

Population-based optimization algorithms gained more interest in the last few decades.
They reach better exploration of the search space, thereby, higher efficiency by propagat-
ing not only one but many candidate solutions which can also be stored. One novel
representative of these methods is the PFO concept. Similarly to its counterpart for state
estimation, the algorithm results a probability distribution of the sample elements, which
can represent the shape of the objective function in this case. In the literature, several
variants of the PFO can be found and its elements are not clearly fixed because of its
novelty. Its research moves on the theoretical level yet, mainly for finding the global op-
timum, however, there was not find a work which investigates the additional information
can be extracted by the analysis of the distribution of the sample set.

In the present study, a method is introduced for gaining more information about the
shape of the objective function by following the propagation of the particles along the
iterations. Besides, a comparative analysis is proposed examining the different variants of
the algorithm, and some improvements are also introduced to increase the efficiency of the
search. The contributions of the work: 1) A detailed description of the PFO algorithm
and considerations on its elements are provided; 2) A comparative study is introduced in
order to improve the efficiency of the general algorithm; 3) A clustering-based technique is
proposed to explore the shape of the objective function; 4) The propagation of the particles
is investigated to get information about the complexity of the objective function and its
local optimums. The experiments are executed on the Michalewicz function owning sharp
peaks and many local optimums thus defining a difficult search which is also configurable
by some parameters. The results verify that with the proposed method, the complexity
and shape of the objective function can be explored which is a promising prospect for
robust optimization problems where often not the global, but a more stable local optimum

gives best the solution.

Keywords: optimization of complex systems, clustering, particle filter, population-

based optimization



Chapter 1
Introduction

The subject of this work is to investigate the improvement possibilities of a novel stochastic
optimization algorithm called particle filter optimization (PFO) and extend the global
search algorithm to be able to explore the objective function and gain information about
its complexity.

Population-based optimization algorithms have gained wide interest in the last two
decades. The increased speed of computations made it possible to use these algorithms
efficiently, in contrast to the previous ages. As they store the whole group of candidate
solutions, their result contains more information than that of the single solution algorithms
[1], which may be worth exploring to gain as much information from the population as
possible. As another advantage, the user does not need to define the starting point of
the search, as the candidate solutions are placed randomly at the beginning of the search
covering the whole space of the decision variables. One main representative of these
algorithms is the particle filter optimization (PFO) method.

Particle filters (PF) were originally developed for state estimation, filling a niche in
the case of nonlinear and noisy systems [2|. The fundamental idea behind the PF is to
represent the states of the dynamic system by a discrete sample set. The sample elements
are called particles and weighted according to some measurement data, thus defining not
only the expected value of the states but also their probability distributions [3].

The probabilistic approach of the PFs was transplanted to the optimization field by
converting the optimization problem to a filtering one [4]. In this case, the weights of
the particles are determined according to the objective function value belonging to the
candidate solutions during each iteration. Similarly to the PFs, the possibility to integrate
uncertainties into the algorithm makes PFO as a sampling-based technique promising for
robust optimization problems [5]. A multiobjective optimization variant of PFO has also
been introduced in the literature recently [6].

Currently, the research on the PFO technique is at a theoretical level yet. Consequently,
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some elements of the algorithm are flexible and some elements are not clearly defined.
Therefore, it needs profound examination before application to choose the appropriate
variant of the method. The algorithm has been tested mainly on benchmark functions
before [7|, and practical case studies are quite rare yet [8].

In order to make a robust optimization search more efficient, it is worth getting to
know and understand better the shape of the objective function. The distribution of the
sample set resulting from PFO can be well used for this aim, such as its propagation
along the iterations. Clustering was combined with other population-based algorithms
(e.g. GA in |9] and PSO in [10]) for finding peaks of multimodal functions, however,
overviewing the relevant literature, there was not found a work dealing with this issue in
the case of the PFO. This study investigates this idea, moreover, taking advantage of the
probabilistic background of the PFO, the robustness of the optimums is also evaluated.

This work aims to explore which information can be obtained from the particle set and
its moving along the iterations. The algorithm is examined from the perspective of robust
optimization. In this kind of problems, usually not the global, but a more stable local
optimum gives the best solution. My goal is to demonstrate how the PFO is applicable to
find local optimums besides the global one in a single run, proposing a clustering-based
method. This achievement can serve as the basis for future robust optimization research
in the practical field.

The experiments were executed on the Michalewicz benchmark function which can be
easily parameterized and was already used for the test of the PFO thus giving the chance
of comparison [11]. The novelty of the work is a clustering-based technique to find the
points that the particles concentrate around, i.e., the local optimums of the problem.
Thereby, the shape and complexity of the objective function can be explored, and some
information gained about the robustness of the peaks, as well.

The contributions of the study are the following:

e An extensive study about the different variants of the PFO elements.

Improvement of the PFO algorithm by introducing a trajectory on the transition
kernel and weight differentiation besides an alternative stopping criterion to reach

better search efficiency.

A technique for the investigation of the particle set to explore the shape of the

objective function.

A clustering-based method to find local optimums and evaluate their robustness.

Recommendations on the ideal form of the algorithm besides different user aims.
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e Ideas for future research based on the results how the computational demand can

be reduced without losses on the performance.

The roadmap of the study is the following. Section 2 contains a detailed description
of the used algorithms and techniques: the PFO algorithm is introduced in Section 2.1,
its proposed improvements to increase the search efficiency is presented in Section 2.2,
and the clustering-based method for analyse the particle sets is described in Section 2.3.
Section 3 focuses on the experimental results and their explanation: Section 3.1 analyses
the efficiency of the suggested improvements of the PFO algorithm, Section 3.2 reveals how
the monitoring of the propagation of the particle set can be used to find local optimums
and evaluate their robustness, and Section 3.3 examines which factors of the algorithm
have an effect on the found local optimums. Last but not least, Section 4 summarizes
the main conclusions of the work and gives some ideas about possible future research

directions based on the results.



Chapter 2

Tuning of PFO for global search and

exploration of local optimums

As PF is originally a state estimation algorithm, the optimization problem has to be
transformed into a filtering one to be able to use the PFO. The population of the candidate
solutions allows us to gain more information during and at the end of the optimization
about the objective function and its local optimums than a single solution optimizer,
which issues are investigated in this section.

In Section 2.1, the unique form of the optimization problem is discussed, and the general
variant of PFO is introduced in detail under the scope of PF, and my improvements are
presented in Section 2.2. The proposed clustering-based technique for investigating the

distribution of the particles is introduced in Section 2.3.

2.1 The general particle filter optimization (PFO) al-
gorithm

The sampling-based PFO technique for optimization is derived from the particle filter
(PF) framework used originally for the state estimation of dynamic systems.

The general PF framework consists of three steps that are presented in more detail in
Appendix A.1 [3]:

e the prediction step, which is responsible for moving the sample elements called par-
ticles forward one time step according to the state transition function of the state-

space model;

e the correction step, where the particles get weights according to their consistency
with the noisy observation available from measurement, using the measurement

function to calculate probabilities;
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e and the resampling step, which is necessary to avoid the degeneracy problem, thus

ensuring the particle set to be effective enough [12].

In the case of the PFO, in contrast to the conventional way in the optimization field,

the optimization problem is defined as a maximization task for practical reasons:

x* = argmax H (x) (2.1)

where x refers to the vector of the decision variables, x* to its optimal value and H(-) to
the objective function.
To be able to use the PF framework, the problem needs to be transformed into an

iterative filtering problem described by a state-space model as [13]:

X — )’V(kfl (22)

Yp = H(x}) — g (2.3)

where k refers to the iteration number in the present context, x; to the candidate solutions
in iteration k generally and xj to the best one of them. v represents the so-called
observation noise which is sampled from a positive and strictly increasing continuous
probability density function (pdf) which depends on the actual particle set as described
in Section 2.2.1 represented by ¢k (+), and y; denotes the noisy observation belonging to
the best particle in the kth iteration, which forms the basis of weighting the candidate
solutions (particles) and selecting the better ones.

Equation 2.2 represents the motion of the particles along the iterations that corresponds
to the prediction step of the PF. Equation 2.3 produces the observation that is used to
weight the particles in the correction step. The particles get weights according to the
objective function value (H(xy)) belonging to them relative to yy.

The so-called target pdf (my(xx)) is a continuous representation of the distribution
of the weighted particles. In the present work, the most commonly used variant of 7 is
applied (Equation 2.4) which is derived from the Bayes’ rule and can be defined recursively
as [13]:

_ ee(H (k) — yi) 1 (x5)
™ (o) = J or(H(xx) = y)mr—1 (x5 dxp, (24)

where 7, represents the target pdf of the kth iteration which definition is changing by the

yx value iteration by iteration.
The continuous 7 (xx) pdf can be formed by the discrete distribution of the particle

set. Thereby, the normalized weight of the ith particle can be calculated as:
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i i or(H X; — Yk wi_
7Tk<Xk) ~ wh = ( ( k) ) k—1

—
> on(H (X)) — yr)wi_y
i=1

(2.5)

where N, denotes the number of the particles and x} refers to ¢ the element of the
population in iteration k.

In this case, the increasing differentiation of the objective function values is ensured by
the monotonically increasing y,. If yp < yr_1 occurs, y; is set equal to y;_1. Consequently,
the interval of the performance of particles with nonzero weight becomes narrower as the
iterations progress. As the nature of the ¢y (-) function does not change and it is bounded
by the lowest and highest objective function value of the current iteration (as will be
defined in detail in Section 2.2.1), it is like actually smaller and smaller region of the
search space is explored, concentrated around the optimum. The statement that the
target pdf defined in Equation 2.4 converges asymptotically was proven in [14].

The PFO algorithms, similarly to the PF framework, also contain a resampling step
to avoid degeneracy and to ensure the exploration of the search space, as well. The

pseudocode of the algorithm is introduced in Algorithm 1.
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Algorithm 1 Pseudocode of the general PFO algorithm

1:

@

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

Initialize the population by drawing N, particles from the search space randomly and
set all wj weights to z-. Set k= 1.
if k>1 then

Move the particles according to the transition equation described by Equation 2.2

or its modified form which will be defined later in Equation 2.9.
end if

if a decision variable is out of the boundaries then
Continue with Row 2.
end if
for i + 1 to N, do
Compute the H(x}) objective value .
end for
Draw vy, observation noise from y(+).
Calculate y;, observation according to Equation 2.3.
if y, < yr_1 then
Ye = Yk-1
end if
for i + 1 to N, do
Compute the w! weight according to Equation 2.5.
end for
Execute resampling. (See the details in Section 2.2.2 and Appendix A.2.)
if stopping criterion is satisfied then
Stop.
else
k=k+1
Continue with Row 2.
end if

As in the case of PFO not a state estimation but an optimization problem is desired to

solve, further explanation is required about the elements of the algorithm in this regard,

which is provided with some additional considerations about the possible improvements

of the general algorithm in Section 2.2.
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2.2 Interpretation of the elements and data-driven im-
provements of the general particle filter optimiza-

tion (PFO) algorithm

In this section, a more detailed description of the role of the algorithm elements is pro-
vided, and some novel ideas are proposed to improve the efficiency and investigate the

objective function shape, as well.

2.2.1 Distribution of the observation noise

The distribution of the observation noise represented by ¢y () determines the way particles
are differentiated during the re-weighting in the correction step of the PFO algorithm.
This pdf firstly appears indirectly in Equation 2.3, and serves the definition of v, ob-
servation noise that is drawn randomly at each iteration from ¢g(-). Thereby, the y
observation can be generated according to Equation 2.3.

yr is used to weight the particles in Equation 2.5 where ¢y () appears again. As the
¢r(+) function gives values higher than zero only on the domain of positive numbers by def-
inition, it is clear that only those particles will have a positive weight whose performance
is better than y; ("good particles’) and all the others zero ('bad particles’) as illustrated
in Figure 2.1. Thereby, only these particles with non-zero weights will propagate to the

next iteration during the resampling step based on the 74 (z) target pdf.
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A
@r(vp) = p(vp) (YR Y = Hupag ko =0k

Wy

Hpin, i Yk Hiouk H(xp)

bad particles  good particles
(with zero (with nonzero
weight) weight)

Figure 2.1: Schematic figure of the connection between ¢ (-) density of v, ob-
servation noise, y;, observation and the interval of the particle objective values
in the kth iteration bounded by H,,;,» and H,,., and the particle weights (wy,)
belong to them. p(-) refers to the probability density function of the variable in the
argument. Aw is an adjustable parameter representing the steepness of ¢y (+).

The question arises: how are the particles with non-zero weights wanted to be differ-
entiated? The user has the chance to set it by the definition of ¢(-). If the weights of
these particles are desired to set equal, a uniform distribution is suggested to use, which

is the most common case in the literature [13,14]:

+7 if0<vk<Hmaxk_Hmink
Sﬁk(vk) — Hmam,k_Hmin,k - - ’ ’ (26)

0, otherwise
where Hypqz 1 and Hpip i are the highest and lowest objective function values in the current
particle set of the kth iteration.
However, to the very good particles, higher weights may be wanted to give than the
less but still good ones to represent the different performances of them. In this case, the

exponential distribution can be a possibly satisfying choice such as the one in Figure 2.1.

Hpaz kf\flfr;\zivllj ’ lf 0 S Uk S Hmal‘,k‘ - Hmin7k‘
er(vk) = / Ak (2.7)
0, otherwise
where
log A
Ak = e (2.8)

Hmam,k - Hmin,k

10



2 Tuning of PFO for global search and exploration of local optimums

where Aw is adjustable representing the weight ratio of the best and worst particle in the
current particle set if all the particles would be kept (yx = Hpmink), i.€., it refers to the
steepness of the function.

In Section 3, these two cases will be compared to see which is the most suitable choice

based on the search performance.

2.2.2 Proposals to ensure the exploration of the search space

Similarly to PF, the so-called sample impoverishment problem is also an issue that has to
be handled in the case of PFO. As the new particles are chosen from the old ones during
the resampling step, after a few iterations, the particles would concentrate on a few points
of the search space (which would even be points from the initial population) [12]. Thereby,
the exploration of the search space would be very poor [13].

There are two main directions in handling this issue.
(a) Application of a more complex resampling strategy [13].
(b) Introduction of a transition kernel |14].

The first one usually means that during the resampling, not the old particles are used
to draw the new ones from, but a continuous probability density fitted to them. This
can be, e.g., a Gaussian mixture distribution such as in the PE-SMC method [7]. The
drawback of this strategy is that the fitting can be difficult in multidimensional spaces. On
the other hand, the shape of the pdf should be approximated that can be a complex task
in every iteration such as in the aforementioned PE-SMC, that is very time consuming.

A much simpler solution for the problem is the usage of a transition kernel besides
resampling with replacement (where every particle is chosen with a probability propor-
tional to its normalized weight.). It can be considered as a noise on the particles after
the resampling which serves to move them away in their vicinity. The modified version

of Equation 2.2 is defined as:

XE = ik—l + ug (29)

where uy, refers to the random variables introduced to diversify the particles, drawn from
a transition kernel that is symmetric to zero. (It has to be noted that the modified
state transition described by Equation 2.9 is analogous with the one of the PF where
uy represents the process noise. In this case, the sample impoverishment problem occurs
when the variance of this noise is too small [12], and can be solved, e.g., by implying a

genetic-algorithm-based improvement of the PF [15].)

11
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At the beginning of the optimization, higher u, noise can ensure the exploration of
the whole search space. At the same time, a lower one is more suitable as the iterations
progresses, in order to not move the particles out from the areas with high objective value.
It was declared in [14], that a gradually decreasing u,, trajectory is preferable. However,
it was not fixed, which kind of trajectory is the most beneficial.

For the above-mentioned reasons, a comparative convergence analysis besides different
uy trajectories is carried out in this study. Three trajectories are examined. The elements
of uy are drawn from a zero-mean multivariate normal distribution in every iteration with

variances

Tmaz —Tmi : :
(a) Fmez—tmin linear trajectory

(b) fmes—gmin exponential I.

(c) W, exponential II.

where T,,,, and x,,;, refer to the upper and lower limits of the decision variables, re-
spectively, a and (8 are parameters that has to be tuned, and k£ denotes the iteration
number.

In terms of the extended algorithm, it is crucial to plan the shape of the u, trajectory.
The above-mentioned three strategies to generate the uy trajectory will be compared and
analysed according to their performance in finding the global optimum in Section 3. As
for the resampling strategy, the one called systematic resampling is used in this work that

is introduced in detail in Appendix A.2.

2.2.3 Stopping criterion issues

As for the end of the algorithm, the question arises how to define the stopping criterion.
Liu used the one that in the last ten iterations no better solution is found [7]. It only
involves the information about the best particle of the sample, however, there may be a
demand to contain information about the whole particle set.

From this viewpoint, it seems a more suitable idea to define the termination condition
according to the expected value of the particles considering the objective value of them.
If the change of this value decreases under a tolerance value (§), this can indicate that

the distribution of the particles scarcely changes, thus the optimization can terminate.

B(H(x.)) — E(H(x1))| < 6 (2.10)

As in this work the distribution of the particle is also wanted to analysed, I suggest
this condition which seems more suitable to achieve the goals were set. Its performance

will be compared to that of the stopping criterion suggested by Liu in Section 3 [7].

12



2 Tuning of PFO for global search and exploration of local optimums

2.3 A clustering-based method for exploring the shape

of the objective function

After getting the final set of particles, the question arises how to evaluate the results.
The global optimum can be defined as the particle with the best performance in the last
iteration, or along the iterations |7]. The mean of the particles according to their position
can be another satisfactory choice, however, only in those cases when it is sure that all
the particles are gathered around that one point of global optimum. On the other hand,
the structure of the PFO algorithm implies that the particles are concentrated around not
one but a few points of the search space: the global and some local optimums. If these
local optimums wanted to be found, a method is needed to sort the particles according to
their position, and then the best values of the groups can be chosen.

A promising solution for the task is using a clustering algorithm. The most commonly
used one is the K-means algorithm which divides the space of the data into K non-
overlapping clusters and thus belongs to the group of partitional clustering methods.
K-means can also be categorized as a prototype-based or center-based method because of
the cluster definition of it: the points forming a cluster are closer to the center of their
own cluster than any other [16].

During clustering, the centroids of the groups ({c;}%,) are moved and the data points
are assigned to the currently closest centroid. In fact, the aim is to solve the following

optimization problem:

K
{gl}i}r{l > d(ejxp) (2.11)

Him1 =1 xi e,
where c; represents the centroid of the jth cluster which elements are gathered in the C;

set (j =1,...,K), and d(-,-) refers to the distance measure.

The pseudocode of the algorithm can seen in Algorithm 2.

13
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Algorithm 2 Pseudocode of the K-means method [17].
1: Choose the number of clusters (K).

2: Define the initial centroids.

w

Assign the data points to the closest centroid considering squared Euclidean distance
metric.
Recompute the centroids as the mean of the data points in the cluster.
if the centroids are the same as the previous iteration then
Stop.
else
Continue with Step 3.
end if

As seen in Algorithm 2, the number of the clusters is a user-defined property. However,
if the method is wanted to be applied for the evaluation of a particle set where the number
of clusters is not known, the optimal value of it can be determined by the so-called gap
statistic which was shown to outperform other methods (e.g. Calinski-Harabasz, Hartigan,
Silhouette) in case of high dimensions or elongated clusters [18].

It is worth using the method described above to evaluate the final and the intermediate
particle sets and their propagation, as well. By clustering the particle sets, information
can be gained about the relation of the decision variables and the objective value: along
which variables can be recognised more groups, and which ones concentrate around one
point. It can also be explored how the variables converge one by one, and the PFO
algorithm may be improved further according to this information. The complexity of the
objective function can also be characterized by the gained information.

As it can be presumed, the number of the clusters in the particle set, i.e., the found
local optimums can be influenced by some factors of the algorithm, e.g., the ¢ (-) density
or the sample size (V). It was also the subject of my investigations to discover which
factors have a significant effect on it, and how they can be defined according to the goals
of the user.

The above-mentioned issues are investigated on the chosen benchmark function, and

the results are introduced in Section 3.

2.4 The extended form of the PFO algorithm

The issues mentioned in Section 2.1-2.3, thus the methodological background of the work

is summarized in Figure 2.2.

14
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Objective value
calculation

Transition l
ke.mel Observation
variance creation

\ | :cpk(-)

; Weight
Particle move Clustering computation

i '

: »  Resampling Stopping
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robustness l [
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no lyes

Global optimum

Figure 2.2: Summary of the extended algorithm. The elements where improvements
are proposed are marked by green. The outputs of the general and extended algorithms
are presented by yellow. The possible future research directions to develop the algorithm
according to the clustering results appear as dashed lines.

The factors where modifications are introduced to the general PFO algorithm are seen
by green such as the clustering-based extension in Figure 2.2. During the experiments,
the effect of the type of the transition kernel variance trajectory, ¢ (-) and the stopping
criterion to the global optimum finding performance is analysed.

The clustering step functions as a post-evaluation part here that investigates the gained
particle set during the iterations, thereby, exploring the shape of the objective function.
Evaluation of the robustness of the found local optimums is also possible with this tech-
nique. Although this work does not deal with this issue, the resampling strategy or the
stopping criterion could be even developed according to the results as will be discussed

later. These potential research directions are marked by dashed lines in Figure 2.2.

15



Chapter 3

Optimisation experiments on the

Michalewicz-function

The experiments aimed to discover the potentials of PFO in the exploration of the search
space and the shape of the objective function were executed on a benchmark function that
was also used to evaluate the performance of PFO in |7], thus ensuring comparability. My
choice was the Michalewicz function which can be flexibly tuned regarding its dimension
and the difficulty of the search determined by the steepness parameter, as well.

The mathematical expression of the function can be written as:

f(x) = :Vzdlsin (z;) sin®™ (g) (3.1)

where N, denotes the dimension of the function and m is the steepness parameter.

The function is originally in a negative form, however, the positive one is used here as
a maximisation problem is wanted to be defined. The function has Ny! local optimums
and the m = 10 value is used similarly to [7]. The domain is z; € [0, 7].

In this section, the tuning and monitoring of the PFO algorithm and its results are
introduced through experiments on the aforementioned Michalewicz function defining a
difficult search with many local optimums by conducting investigations on the following
research questions as guidelines:

Research Question I. Is it worth differentiating the weights of the 'good particles’,
or taking equal weights is the best strategy to propagate the sample elements?

Research Question II. Which trajectory of the transition kernel is the most suitable
choice to ensure the satisfying performance of the algorithm?

Research Question III. Which kind of stopping criterion is better to define the
termination of the algorithm?

Research Question I'V. How efficiently can the distribution of the particles be anal-

16



3 Optimisation experiments on the Michalewicz-function

ysed by the clustering technique?

Research Question V. How do the clusters form and propagate during the itera-
tions? What information can be gained from it regarding the complexity of the objective
function?

Research Question VI. Which factors affect the number of clusters? How can they
be influenced according to the aims of the user?

The chosen benchmark objective function is suitable for the determined research aims

as it has Ny! local optimums besides the global one, and it can be parameterized flexibly.

3.1 Analysis and improvements of the efficiency of the

PFO algorithm for global search

At first, I aimed to investigate the possible trajectories of the transition kernel variance,
©r(+) probability densities and stopping criteria of the algorithm and define which variants
can be the most suitable for global search aims.

The experiments on the transition kernel were executed under the conditions defined
in [11] for comparability. Namely, ¢x(-) was taken uniform, the sample size (N;) is 2000 in
the 5D and 5000 in the 10D cases, the algorithm stops if in the last 10 iterations no better
solution was found, and 100 independent runs are executed. In Table 3.1, the means
and standard deviations of the results of the 100 runs are presented while examining the
trajectories of the transition kernel variance. The comparison of the different trajectories
was made in the 5D case. The three cases (one linear and two exponential) defined in

Section 2.2.2 and a constant one were examined besides tuned parameters in each case.

Table 3.1: Optimization results on the 5D Michalewicz function besides differ-
ent variance trajectories of the transition kernel. The tuned parameters of the
different types of trajectories (a, () defined in Section 2.2.2, the means (u) and standard
deviations (o) of the optimal objective function value (H(x*)) and the number of itera-
tions was needed to the convergence (M) of 100 independent runs are introduced in the
table. The objective function value of the real global optimum is 4.687658.

Variance trajectory H(x*) [] M [
Type a B Iz o It o
constant 350 - 441 0.25| 2897 7.16
linear 3.0 - [ 459 0.10 | 4491 1298
exponential I. 1.5 1.65 | 4.61 0.09 | 49.75 15.39
exponential II. 4.5 1.10 | 4.57 0.10 | 102.52 71.53

The results confirm that besides a constant transition kernel, the performance of the
PFO is worse than in the case of a decreasing trajectory. The linear and the two exponen-

tial trajectories bring similar results in the optimal objective function values. However,

17



3 Optimisation experiments on the Michalewicz-function

the iteration number of exponential II. trajectory is markedly larger than the other two.
Consequently, the linear and exponential I. trajectories are offered to choose in this case.
In the further experiments, the exponential I. will be used.

Secondly, the issue of the g (-) probability density was examined. On the one hand, it
affects the sampling of the v;, observation noise thus the position of y;, between H,,;,  and
Hpaz - Consequently, the ratio of the "bad’ and 'good particles’ is also affected. On the
other hand, it also determines how the weights of the good particles’ are distinguished:
whether equal weights are assigned to them or they are differentiated, and what the degree
of this differentiation is. The illustration of these effects can seen in Figure 2.1.

Table 3.2 contains the results besides uniform and exponential distribution of ¢(-) as
defined in Section 2.2.1, with different steepness of the slope in case of the latter which
can be controlled by the Aw value. The higher the Aw is, the steeper the exponential

function is, and the more the weights of the 'good particles’ are differentiated.

Table 3.2: Experiments on the Michalewicz-function besides different types of
©r(+). The steepness of the exponential distribution can be governed by Aw, as defined
in Section 2.2.1. The means (u) and standard deviations (o) of the optimal objective
function value (H(x*)) and the number of iterations was needed for the convergence (M)
of 100 independent runs are introduced in the table. The objective function values of the
real global optimums are 4.687658 and 9.660150 in the 5D and 10D cases, respectively.

5D (N, = 2000) 10D (N, = 5000)
H(x") [ M [ H(x*) [ M [
Type of p(-) Aw | p 4 It 4 p o 0 4
uniform ~ [ 4.6076 0.0915 | 49.75 15.39 | 8.8928 0.4981 | 70.97 24.57
exponential 3 | 4.6322 0.0690 | 53.20 19.27 | 8.8808 0.3932 | 71.58 34.40
exponential 10 | 4.6583 0.0554 | 55.97 18.47 | 9.0632 0.2662 | 71.02 21.38
exponential 30 | 4.6629 0.0436 | 57.44 19.85 | 9.1004 0.2797 | 80.04 24.11
exponential 100 | 4.6682 0.0666 | 59.73 17.30 | 9.146 0.2259 | 80.76 23.08
exponential 300 | 4.6725 0.0299 | 60.95 19.74 | 9.1904 0.2116 | 83.20 27.05
exponential 1000 | 4.6714 0.0238 | 58.17 18.48 | 9.1971 0.1861 | 87.66 28.98

According to the results in Table 3.2, it is clearly visible that the exponential distri-
bution gets closer to the global optimum and thus performs better besides almost all
parameter values than the uniform one at the expense of a not-so-significant growth in
the required iteration number. A trend caused by the increase of Aw has to be also con-
sidered: the mean of the found optimal solutions (H(x*)) in the 100 runs increases, while
the standard deviation of it decreases, and the mean of the required number of iterations
(M) increases besides similar standard deviations.

The tendency of M is caused by the fact that as the steepness of the slope grows,
larger vj-s (thus smaller y,-s) are more often sampled. Thereby, a higher proportion

of the particles get into the 'good particle’ groups, and even though the worse ones
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3 Optimisation experiments on the Michalewicz-function

get smaller weights, more iteration is needed. However, it can be concluded from the
tendency of H(x*) that the weights of the ’good’ particles are worth differentiating as
better optimization performance can be reached.

It has to be noted that even if in the 5D case the real optimal solution was approached
well enough, in the 10D problem no. The reasons of this phenomenon are, on the one
hand, that not only the dimension of the search space grow significantly, but also the
number of local optimums that is 10! in this case. Although the number of particles was
raised, it seems an even larger one would be more preferable.

The stopping criteria were also examined, and the results are collected in Table 3.3.
Table 3.3: Comparison of the performance of different stopping criteria on the
5D Michalewicz function. ¢ refers to the tolerance value defined in 2.2.3. The means
(1) and standard deviations (o) of the optimal objective function value (H(x*)) and

the number of iterations was needed for the convergence (M) of 100 independent runs

are introduced in the table. The objective function value of the real global optimum is
4.687658.

H(x*) M
Stopping criterion according to the. .. L o L o
best particle of the last 10 iteration |7] 4.6725 0.0299 | 60.95 19.74
expected value of H(x) in the sample (6=0.01) | 4.6590 0.0365 | 25.62  3.73
expected value of H(x) in the sample (6=0.001) | 4.6687 0.0328 | 39.60 6.04
expected value of H(x) in the sample (§=0.0001) | 4.6707 0.0273 | 54.18 11.77

As seen in Table 3.3, the stopping criterion defined by the expected value brings a sim-
ilarly satisfying performance as the other defined by the best particle of the last ten itera-
tions, besides a lower iteration number. It can be concluded that in large-scale simulations
or cases when the speed of the optimization is a crucial issue, the expected value-based
stopping criterion can be used more efficiently without losses on the performance.

Comparing the convergence results with those in [11] shown in Table 3.4, it can be
concluded, that my proposed improvements bring significantly better performance than
the general PFO algorithm by managing and developing the existing elements of the
algorithm without implementing a computationally expensive extension e.g. in PE-SMC.
Table 3.4: Comparison of the performance of the PFO containing my improve-
ments and the results found in the literature about that of the general PFO

and other algorithms (PSO, PE-SMC) [11]. The table contains the mean of the
optimal objective function values of 100 runs in all four cases.

Ny | H(x*) | PFO with my improvements | General PFO | PSO | PE-SMC
5 | 4.687658 4.6725 4.2103 4.6624 | 4.6875
10 | 9.660150 9.1971 5.9357 9.4562 | 9.6596

This section aimed to investigate the performance of the proposed variations of the

general PFO algorithm in finding the global optimum of a complex benchmark function
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3 Optimisation experiments on the Michalewicz-function

with many local optimums defining a difficult search. As was seen, the performance
can be improved by the use of a decreasing trajectory of the transition kernel variance
and by differentiating the particle weights by a suitable choice of ¢k (:). On the other
hand, the change of the stopping criterion brought some advantages in the computational
time by reducing the number of required iterations. Section 3.2 will explore how further
information about the shape of a complex objective function can be gained from the

propagated particle set.

3.2 Clustering-based technique for finding local opti-

mums

The PFO gives not only the estimation of the global optimum as a result but also a
particle set, i.e., a discrete distribution representing the objective function values. This
additional information makes it possible to investigate the local optimums of the function.

The structure of the PFO algorithm results that the particles propagate in time and
concentrate around the more promising areas, i.e., the local optimums of the function.
An example of the distribution of the particles during the different phases of the search

represented by the k iteration number can be seen in Figure 3.1.

k=10 k=16 k=25

2000

# of the particles # of the particles

Figure 3.1: Propagation of the particles during the first 25 iterations. The
experiment was executed on the 5D Michalewicz function with exponential ¢k (-) and
N, = 2000.
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3 Optimisation experiments on the Michalewicz-function

It is seen in Figure 3.1 that the particles cover the whole search space at the beginning
(k = 1), then they start to concentrate in some areas of it and finally converge around
one point. It is also seen that the perturbation of the particles gets smaller during the
iterations as the variance of uy, is decreased gradually.

The sensitivity of the global optimum to the decision variables can also be investigated
according to Figure 3.1. Considering the coordinates of the particles in the current sample,
x1 and 9 decision variables converge, i.e., concentrate in the neighborhood only one point
faster than the other three which is also seen in Figure 3.2 illustrating the particle with
the best performance. Thereby, it can also be concluded that the global optimum is more

sensitive to these two variables than the others.

[&)]

Values of the decision variables [-]

Objective value [-]
&> A
~ o

»
o

Objective value [-]

4
20 40 60
k[

0 10 20 30 40 50 60
k[

Figure 3.2: Convergence results belonging to the experiment represented in
Figure 3.1. The coordinates of the best particle in the current population, the objective
value belonging to the best particle (H(x*)) and the mean objective value of the sample
set (F(H(x)) along the iterations are illustrated.
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3 Optimisation experiments on the Michalewicz-function

The convergence of the objective function value of the best particle (H(x*)) and that
of the mean of the particle set can also be seen in Figure 3.2. The convergence of the
mean is slower than that of the best particle as even the particles with lower performance
are considered, and on the other hand, the decreasing perturbation on the variables also
affects to the convergence in that case. Consequently, the idea of using the change of
the best particle as a stopping criterion instead of the mean of the particle set may
arise which is suitable if the aim is only to find the global optimum and there is only
one global optimum. However, if the objective function has more global optimums with
equal performance, or the local optimums are investigated, the mean value can be a more
suitable choice to conduct the experiments.

It is seen in Figure 3.1 that the particle set tends to split into well-distinct groups after
a few iterations. As the particles concentrate on the places with high objective values,
the local optimums can be identified by the analysis of these groups. The particles can
be sorted by K-means clustering, thereby, the centers of the clusters can be identified, as
well. For example, the clustering results of the particle set in the 16th, 25th, 30th and

35th iteration are introduced in Figure 3.3.

‘ ® Cluster 1 = Cluster2 Cluster 3 [ = Cluster 1 = Cluster 2
k=16 k=25
3

5

*

Hx) | ; H(x) [5
B . 4.0l . . S
500 1000 1500 2000 500 1000 1500 2000
# of the particles # of the particles
‘ ® Cluster 1 = Cluster 2 l = Cluster 1 = Cluster 2
k=30 k=35

3 3

X1[

¥
2
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|
X3 g\(
)(4 g\f
)(5 9[

H(x
4

500 1000 1500 2000 500 1000 1500 2000
# of the particles # of the particles

Figure 3.3: Evolution of the clusters along the iterations. Decision variable and
objective function values belonging to the 2000 particles are illustrated by different colors
according to the cluster they belong.
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3 Optimisation experiments on the Michalewicz-function

As seen in Figure 3.3, the particle set of the 16th iteration can be divided into three
clusters, which means that the particles concentrate around three points of the search
space, i.e., three local optimums of the objective function are found. It can also be no-
ticed that the elements of the same cluster do not appear inordinately, but form groups
according to the identifier number (#). The reason for this phenomenon is the cho-
sen resampling strategy which is the so-called systematic resampling in my experiments
presented in detail in Appendix A.2.

The particles of the cluster with the worst performance (Cluster 3) move to the other
two groups, thereby, this cluster illustrated by yellow in Figure 3.3 disappears for the
25th iteration. After the 25th iteration, the particles move forward from Cluster 1 (blue)
to Cluster 2 (red) tendentially, which suggests that these particles concentrate around an
optimum with better performance than in the case of Cluster 1. It is also seen in Figure
3.3, that the upper limit of the objective values in Cluster 2 is higher than that of Cluster
1.

The pairplot of the decision variables and the objective function values belonging to
the particles (Figure 3.4) gives more information about the sample set: in this case, the

distribution of the particles is examined.
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Figure 3.4: Pairplot of the decision variables and objective function values be-
longing to the particles in the (a) 16th and (b) 30th iteration. Probability
densities are presented in the main diagonal, scatter plots below and contour plots above
it. In the contour plots, the upper quartile is represented by continuous lines and the
lower quartile by dotted lines. The axis limits are adjusted according to the distribution
of the points for visibility, thereby, different in the (a) and (b) parts of the figure. The
colors match with those of Figure 3.3: Cluster 1 is marked by blue, Cluster 2 by red, and
Cluster 3 by yellow.
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3 Optimisation experiments on the Michalewicz-function

Similarly to the representation in Figure 3.3, it is seen that Cluster 3 separates from
Cluster 1 by the x5 variable, while Cluster 2 by the x4, and that the highest objective
values belong to the elements of Cluster 2. On the other hand, it can also be considered
that the points of Cluster 1 cover a larger area than those of Cluster 2, which is also
seen in some of the probability density functions (e.g., in the case of x; and z4 in Figure
3.4 (b)). These observations suggest that a less sharp thus more robust peak belongs to
Cluster 1 than to Cluster 2 which is supposed to represent the global optimum. These

suggestions are also confirmed by the information in Figure 3.5.
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Figure 3.5: Analysis of the properties of the clusters along the iterations. The
objective value (H(x)) of the best particle of the cluster (x), the center of the cluster
(O), the mean (A) and the standard deviation (o(-)) of the particle objective values, the
average distance of the particles from the center and the number of particles (Npopticie) in
each group are illustrated. The colors that represent the clusters are consistent with that
of Figure 3.3 and Figure 3.4.
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3 Optimisation experiments on the Michalewicz-function

The first observation that can be made by Figure 3.5 is that the cluster centers are
nearly constant along the iterations examined. It is also seen that the best elements of
the cluster have a bit lower objective value than the centers at & = 16, however, then
they converge towards and finally take the value belonging to the centers. This means
that the top of the peaks are found by the clustering analysis already in the 16th iteration
and before a particle gets to exactly that point. This anomaly can be explained by the
fact that in the early iterations, the peaks are more rarely sampled, partly because a
more extensive neighborhood of the optimums is covered in this phase, partly because the
presence of the other clusters reduces the number of particles per cluster.

As for the robustness of the peaks, it can be seen in Figure 3.5 that the average distance
from the cluster center is higher in the case of Cluster 1 than that of Cluster 2 which is
consistent with the suggestion made by Figure 3.4 about the covered area of the particles
and the pdf of the decision variables. The tendency of the mean objective function of
the clusters in Figure 3.5 also confirms the presumption that the optimum represented by
Cluster 1 is more robust than Cluster 2. It can be seen that at the beginning, the mean
H(x) of Cluster 1 is higher than that of Cluster 2, despite the fact that the top of that
peak is lower which suggests that in this case, higher proportion of the particles takes
on a high objective value around the top of the peak (as clearly seen in the pdf plot of
H(x) in Figure 3.4 (a)), i.e., this optimum is more robust. Along the iterations, the mean
H(x) grows more rapidly in the case of Cluster 2 and it even outperforms Cluster 1 as
the interval of the possessible objective values gets narrower (which is also seen on the
decreasing tendency of o(H (x))) and the impact of the difference between the top values

increases. The 1D schematic figure of this issue can seen in Figure 3.6.

H (X) A

[
L

X

Figure 3.6: Explanation of the change tendency of the mean objective values of
the clusters in case of the global and a more robust local optimum shown in
Figure 3.5 by a schematic representation in 1D. yy; ; denotes the mean objective
value of the particles belonging to the jth peak, i.e., the jth cluster in the kth iteration.
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3 Optimisation experiments on the Michalewicz-function

The number of the particles in the clusters in Figure 3.5 also shows the tendency
declared above, namely, Cluster 3 disappears and the particles propagate from Cluster 2
to Cluster 1. It can also be seen in Figure 3.5, that the particles from Cluster 3 propagate
to Cluster 1 first, even though Cluster 2 has better performance. The reason for this
phenomenon is, on the one hand, the large population size belongs to Cluster 1, and on
the other hand, the higher robustness of this optimum.

In this section, it was introduced how PFO can be used to explore the complexity of the
objective function. It was seen that the propagation of the particles carries information
about the sensitivity of the objective function to the decision variables. It was also
presented how the local optimums can be identified by the clustering of the particle set
and how their robustness can be evaluated by the monitoring of the groups. In the
next section, the factors that can affect the search and propagation of the particles are

investigated.

3.3 Factors that affect the local optimum search per-

formance

After discussing the information that can be gained by the analysis of the intermediate
particle sets and the clusters formed from them, it is also investigated which factors of
the algorithm have an effect on the search. In this section, two factors are examined: the
sample size (V) and the distribution of ().

The search was run besides four different N values, and the gained results can seen in
Figure 3.7. Similarly to the aforementioned experiments, the x; and x5 variables were not
defined clusters (concentrated around one point), thereby, only the x3, x; and x5 decision

variables are shown for visibility:.
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Figure 3.7: Propagation of the x3,z, and z; coordinates (decision variables) of
the particles besides four different N, values: 1000, 2000, 5000 and 10000. The
exponential version of ¢y () was used during the experiment.

It can be seen in Figure 3.7 that the number of the clusters does not depend on the
sample size: the x4 and x5 variables form two-two groups in all the cases, and the x5 only
one. This means that it is not worth increasing the N, if more local optimum is wanted to
find to get more information about the complexity of the objective function. However, in
the case of a too low sample size (Ng = 1000) it can be seen that the search can converge
to a local optimum instead of the global one (the final value of x, is different than in the
other three cases). For these reasons, the optimal Ny is the lowest value which is high
enough to find the global optimum with high confidence.

It was also investigated if there is a difference between using exponential and uniform

¢r(+) in terms of finding local optimums. The results can seen in Figure 3.8.
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Figure 3.8: Propagation of the coordinates (decision variables) of the particles
besides exponential and uniform ¢, (-). Ny = 2000 sample size was used during the
experiment.

It is conspicuous in Figure 3.8, that the results besides uniform () give a clear view
of the clusters more quickly along the iterations. On the other hand, the clusters are more
well-separated than in the exponential case. Moreover, more cluster is found as also seen

in Figure 3.9.
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Figure 3.9: Clusters of the particle set of the 9th iteration can seen in Figure
3.8 besides (a) exponential and (b) uniform ().

The reasons for this phenomenon can be found in the different effects made by the
¢k () function on the search. As was seen in Figure 2.1, smaller y; is more likely to be
chosen in the exponential case, which implies that the level of y; is elevating slower. This

causes particles with low performance will be present for more time, thus the peaks can
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be less distinguished as seen in Figure 3.10 marked by the red arrow.
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Figure 3.10: Schematic representation in 1D for explaining the effects of y(+)
on the degree of separation of clusters in the (a) exponential and (b) uniform
case. On the left side of the figure, the distribution of the particle weights is presented
schematically, and on the right side, the shape of the pdf of y; is shown, representing the
probability that the y; level moves to a specific value.

On the other hand, these particles with poor performance get lower weights than the
better ones as seen in Figure 3.10, thereby, despite the presence of more low-performance
sample elements which causes the outliers, i.e., the less clear view of the clusters in
Figure 3.9 (a), most of the particles will accumulate around the high-performance peaks.
Thereby, when the particle set reaches a satisfying degree of separation to be able to form
clusters, the particles are concentrated around the peaks with better performance, and
the neighborhood of low-performance local optimums may be impoverished or evacuated
even if they have higher performance on the top than the current y;, which causes the
less number of clusters, i.e., the less found local optimums. Meanwhile, in the uniform
case, Y is increased more rapidly which helps the separation of clusters, while all the
‘'good particles’ are considered equal weights which gives the chance to find all the local
optimums over the y; level.

In this section, it was shown how the type of ¢ (-) and the population size (N) affect
the exploration of a complex objective function. For the above-mentioned tendencies and

phenomenons, if the aim of the user is to explore the local optimums and the shape of
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the function, the application of the uniform ¢y(-) is suggested thus more optimums can
be found, and the clusters representing them are more well-separated. Regarding N, the
only requirement is to be large enough to explore the whole search space thus ensuring

the finding of sharp peaks.
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Chapter 4
Conclusions

This work investigated the efficiency of the PFO algorithm for global search and objective
function shape exploration. Besides the detailed analysis and improvements of the general
PFO algorithm, a clustering-based method was provided to discover the robustness of the
peaks of the objective function by following the propagation of the particle set. This idea
promotes to use the technique in problems where not the global but a more stable local
optimum gives the best solutions for some practical reasons.

The elements of the general PFO algorithm were analysed and some recommendations
were given to improve the global search performance by conducting a comparative study
on the different variants. Firstly, it was shown that a decreasing transition kernel variance
trajectory outperforms the constant one, and that a linear or the defined exponential 1.
trajectories are the most suitable choices to reach high performance besides low iteration
number. Secondly, the advantage of the differentiation of the 'good particle’ weights by an
exponential ¢ (-) instead of a uniform one was shown. Finally, it was introduced how the
stopping criterion defined by the expected value of the objective values belonging to the
particles can give a similar performance to the one used before besides a lower iteration
number. Some parameters (e.g., «, 3, Aw) of the PFO algorithm are problem specific,
however, it some ideas were given how they can be tuned.

To investigate the complexity of the objective function, a clustering-based technique
was proposed. By following the distribution of the particle set along the iterations, in-
formation was gained about the sensitivity of the optimums to the decision variables, the
performance of the local optimums and their robustness which can be evaluated according
to the top values, the average distance from the cluster center and the mean of the clus-
ters. It was also declared that the N, sample size does not have a significant effect on the
performance of the proposed method, it only has to be large enough to converge to the
global optimum. However, the choice of ¢ (+) influences the number of found optimums

and the difficulty of the clustering, as well.
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4 Conclusions

Considering the results it is clear that the favorable shape of ¢y () hardly depends on
the aims of the user. If the goal is to find the global optimum with high confidence, the
exponential one is suggested. If the purpose is to find local optimums thus exploring the
shape of the objective function, the uniform variant is recommended.

The experiments were executed on the Michalewicz-function which defines a difficult
and flexibly parameterized search with many local optimums. As most of the objective
functions in the real world possess less complex shape, the results are promising in terms
of moving the PFO from the theoretical to the practical level. Potential constraints often
appear in real-world problems can also be easily implemented because of the structure of
the algorithm.

One main drawback of the algorithm that appeared during the experiments is that its
performance is somewhat weaker in high-dimensional cases. The problem can be remedied
by larger population size or dimensionality reduction techniques, however, it must be kept
in mind that the used benchmark function defines an extremely difficult search with sharp
peaks and lots of local optimums (e.g. 10! in the 10D case) which is not typical in case of
practical problems. Another limitation is, similarly to the population-based algorithms,
the high computational demand. It was found, compared to the interior-point direct search
algorithm that is commonly used in the engineering practise, that PFO does consume
a bit more time, however, it is commensurable with that of the other besides the same
performance. On the other hand, it was shown that the appropriate choice of the stopping
criterion can further reduce it. Moreover, the individual convergence information of the
decision variables gives the chance to fix the value of the converged ones thus excluding
them from the further iterations and accelerating the algorithm.

In the future, a practical case study is planned to conduct where optimisation con-
straints also play a role. Experiments on the integration of the PFO optimisation and PF
state estimation methods would be also interesting. Another possible research direction
is the issue of how the results gained by the clustering-based method can be implemented
into the search strategy. For example, as was seen, the cluster centers can define the op-
timums before the best particle converges there. This information can be used to reduce
the iteration number, as well. Another possibility is to integrate the technique into the
resampling strategy. These improvements can make the search and objective function

exploration more efficient.
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My Appendix

A.1 PF framework

The particle filter is originally a state estimation algorithm that is used to derive the
unmeasured states of a dynamic system from the noisy measured ones even in nonlinear
systems. It represents the states by a discrete probability density in the form of a particle
set that is evolved. Every particle belongs to a point of the state space (x;) and owns a

weight (wy) which is updated in every time step. This set can be denoted in time k as:

p(xx | yx) Zwk5 X, —Xp) = {x}, wi bl (A1)

where N marks the sample size and §(-) refers to the Dirac-delta function and yy to the
measurement data at time k.

The basic algorithm executes two steps iteratively. In the prediction step, all the
particles are propagated according to the state transition equation of the model which
uncertainty is also considered, thus x;, is calculated. In the correction step, the weights
are updated according to the new measurement considering with what probability that
exact measurement is gained if the system is in the x} state, and also normalized which

can be described in case of the ¢th particle as:

i wli “D(Yrs1 | Xi )
Wey1 = N, +1l. (AZ)
D i 1wk P(Yit1 | Xk+1)

By these two steps, the distribution of the particles, i.e., the so-called posterior pdf at

time k£ 4 1 is gained:

p<Xk+1 ’ yl:k+1) {Xk;+1awk+1 NS (AB)

To avoid the degeneracy problem that means that a large proportion of the weights
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concentrates on a few particles, in the general particle filter algorithm, a resampling step
is also used: new, equal-weight particles are drawn from the discrete probability density
defined by the old ones.

A.2 Systematic resampling

During the resampling step, every particle is chosen with a probability proportional to its
weight.

Let us denote the cumulative sum of the weights of the first m particle as:

Q™ = iwi € [0,1] (A.4)

where 1 < m < Ng.
Systematic resampling is a type of resampling, where one number is chosen from each
equidistant subinterval (which number is equal to N;) that the [0, 1] interval was divided

into as:

Jg—1
Ng ’

i=23,...,Ng (A.5)

Zj:2’1+

where z; is a random number from the uniform distribution on (0, NLS]
After that step, the Q™) (m = 1,...,N,) numbers can also be marked on the [0, 1]
interval of the number line, and x,, is drawn for the new sample set as many times as

many z; satisfies the equation:

Q<< Qm (A.6)

For this reason, the new particles will be in the same order as the old ones, except that

some particles will disappear, and some will multiply.
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List of symbols

Vg
Hmax,k ) Hmin,k

Tmazy Tmin
(")

(")

p(*)

Ak

Aw

Nparticle
p([")
Yik
Q™

vector of the decision variables (z1,xs,...), i.e., coordinates of the
points of the search space

the optimum location

objective function

iteration number

vector of coordinates of the ith particle at iteration &

vector of coordinates of the best particle at iteration k

general representation of a particle at iteration k

weight of the ith particle at iteration &

number of the particles

observation at iteration k

observation noise at iteration k

maximal and minimal objective function value belonging to the parti-
cles of iteration k

maximal and minimal boundaries of the decision variables
posterior pdf at iteration k

pdf of the observation noise at iteration k

probability density

parameter of the exponential version of ¢y(-)

adjustable parameter representing weight ratio in the exponential ver-
sion of @ (+)

a random variable drawn from the transition kernel at iteration k
parameters of the variance trajectory of the transition kernel
expected value

tolerance

vector that contains the centroids of the clusters

set of the particles belong to the jth cluster

distance metric

number of the clusters

number of the dimensions

mean

standard deviation

number of iterations

number of the particles within one cluster

conditional probability

vector that collects the measurement data from g, to y;

cumulative sum of the weights of the first m particle
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