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Abstract

In this work, we consider the asymptotic behaviour of the expectation of the
perimeter deviation of a uniform random spherical disc-polygon in a spherical spindle-
convex disc with smooth boundary. We also introduce a notion of duality on the
sphere, define a model of random circumscribed disc-polygons, and determine some

asymptotic results about them.



Magyar nyelvi osszefoglald

Rényi és Sulanke [18] cikkiikkel elinditottdk a véletlen politépok méra sokat kutatott
teriiletének vizsgalatat. Egy R?beli K konvex testbél vélasztott n darab fiiggetlen, K-
ban egyenletes eloszlasi pont konvex burkat K-ba irt uniform random politopnak ne-
vezzilk. Fzen véletlen objektumokon folytatott vizsgdlatok nagyrészt aszimptotikus jel-
legtiek, példaul hogyan viselkedik K politép altal nem lefedett tartomany térfogata, ha a
valasztott pontok n szama tart végtelenbe?

Az elmult évtizedben mas geometriai kornyezetben is elkezdtek a fenti problémaékkal
foglalkozni. Tekintsiikk a kovetkezo konvexitasfogalmat a sikon: a H ponthalmaz r-
orsokonvex burka az Osszes Ot tartalmazd r sugaru korlemez metszete. Egy véges pont-
halmaz orsokonvex burkéat kdérpoligonnak hivjuk. Az orsékonvexitas fogalma, ide értve a
8]. Ezen

konvexitasfogalom segitségével az eredetihez hasonléan definidlhatunk uniform véletlen

fogalom magasabb dimenziés megfelel6jét, a [3] cikkben targyalt, ldsd tovabba

korpoligonokat. A teriilet- valamint kertiletkiilonbség varhaté értékre vonatkozé aszimp-
totikus eredményeket a [7] cikk targyalja, két kiillonbozd feldllasban. Az egyikben az
alaptest, amelybol a pontokat valogatjuk, egy rg-orsékonvex lemez, ahol 0 < ry < r,
mig a mésikban egy r sugari korlemez. Az elébbiben a csticsszam véarhaté értéke n'/?
nagysagrendii, akarcsak a linedrisan konvex esetben, azonban az utobbiban a varhato
cstcsszam egy konstanshoz tart, normalizalas nélkiil, amelynek a linearisan konvex eset-
ben nincs megfeleldje. A [5] cikkben Fodor éltalanositotta ezen eredményeket magasabb
dimenzidra, ahol hasonld, nagysagrendbeli eltérés jelenik meg a két konstrukcié kozott.

A random politépok egy masik megkozelitése Barany, Hug, Reitzner és Schneider 2017-
es [1] cikkjében szerepel, amelyben a probléma gémbi megfelel§jét vizsgdltak: a véletlen
pontokat egy félgombbdl valasztottak, majd ezek gombi konvex lezartjat tekintették, azaz
az Osszes Oket tartalmazo félgomb metszetét. A cikk szerint a hiperlapok varhato értéke
egy konstanshoz tart n — oo mellett, méghozza ugyanahhoz a konstanshoz, amelyhez a
megfelel6 dimenzids orsokonvex esetben is.

A dolgozatban a szerzok a fenti két modell egy kozos kiterjesztését vizsgaljak, a gombi
orsékonvezitds fogalméat, 1asd [16]. Legyen X C S? része egy gombi r sugarti kérlemeznek
valamely rogzitett 0 < r < /2 sugar esetén. Ekkor X gombi r-orsékonver burka az
Osszes Ot tartalmazé r sugard gombi korlemez metszete, amelyet conv,.(X) jelol. Ha
X = conv,.(X), akkor azt mondjuk, hogy X egy gombi r-orsékonvex lemez, valamint
ha X véges, akkor conv,(X)-t gombi kdrpoligonnak nevezziik, amely véges sok gémbi
r-korlemez metszeteként &ll eld.

Ha r = 7/2, akkor visszakapjuk a gdmbon hasznélatos szokdsos konvexitasfogalmat,
hiszen ekkor egy r-korlemez egy fél gombfeliiletnek felel meg.

A szerzok [16] cikkiikben igazoltédk, hogy ha K kétszer folytonosan differencidlhatd
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-jelolésben C? - hatdri lemez, amely barmely o € 0K hatarpont-jéra k,(x) > cotr, ahol
kg4 a megfelelé pontbeli geodetikus gorbiiletet jeloli, és K,, egy uniform véletlen korpoligon
K-ban, akkor

lim E(SArea(K \ K,))n® = TF 3 (kg — cotr)?ds,
n—oo
oK
ahol A := SArea(K), I'(:) jeloli a gamma fiiggvényt, és az integralds ivhossz szerint

torténik. Belattak tovabbda azt is, hogy ha K egy r sugard gombi korlemez, akkor a
vérhaté cstcsszam m/2-hoz tart n-beli normalizalds nélkiil.
A dolgozatban meghatarozunk egy, a fentihez hasonld, kertiletkiilonbségre vonatkozo

eredményt a fenti modellben.

1. tétel. Legyen K eqy gombi konvex lemez, amely hatdra C° sima, és minden v € 0K

hatdrpontjdra k,(x) > cotr, ahol K, jeloli a megfeleld pontbeli geodetikus gorbiiletet. Ekkor

5] 2A% 1 t
= TF (g) / (Fég — cot r)3 (@) ds,

oK

win

lim E((Per(K) — Per(K,))ns =

n—oo

ahol A := SArea(K).

A teriilethez hasonléan, ha a pontokat egy r sugaru gombi korlemezbél valasztjuk,

méas nagysagrendet kapunk.

2. tétel. Legyen K eqy r sugari gombi korlemez. Ekkor

E(Per(K) — Per(K,)) =n"'-7°(1 — cosr) cot r+
(1 —cosr)?

, (1 —cot>r) +o(n™?) han — oco.
sin r

+n72. 273

Eszerint 0 < r < 7/2 esetén a keriiletkiilonbség nagysdgrendje n~!. Azonban r = 7/2
esetén, azaz a standard gombi konvexitdsfogalom haszndlatakor, az n=! tag egyiitthatéja
0, igy a nagysagrend n=2.

A keriiletkiilonbségre vonatkozo allitasok mellett bevezetiink tovabba egy dualitdsfogal-
mat, amely a [§] cikkbeli sikbeli ors6konvex dualitdsfogalom gombi megfelelGje, lasd
tovabba [3]. Ennek segitségével természetes mdodon defindlhaté véletlen koriilirt korpoli-
gonok egy tipusa. Egy K gombi orsékonvex lemez esetén legyen X,, = {P,..., P,} egy
fiiggetleniil, egyenletes eloszlas szerint valasztott ponthalmaz K"™-bdl, a K lemez gombi
r-orsokonvex dualisabol. Ekkor definidlhaté egy K koré irt véletlen korpoligon gy, mint
conv . (X,,) dudlisa. Ez a |11} Section 5]-beli modell gdmbi megfelel&je.

Ahhoz, hogy a koriilirt esetben aszimptotikus eredményeket tudjunk meghatarozni,

sziikségiink van a K és K" kozotti kapcsolat ismeretére.
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1. lemma. Legyen K C S? eqy gombi konvex lemez. Ekkor K"-re, a K lemez gombi

orsokonvex dudlisdra

(i) Per(K") =sinr - 2m — cosr - Per(K) — sinr - SArea(K) és
(17) SArea(K") = (1 —cosr) - 21 —sinr - Per(K) + cosr - SArea(K).

Tovdbbd, ha K hatdra C? sima, és k,(x) > cotr minden x € K hatdrpontra, akkor a

(iid) sin®r - (k) (") — cotr)(ky(x) — cotr) =1

osszefliggés szintén teljestil.

A lemma bizonyitasaban tovabba a dudlis lemez hatara explicit paraméterezésre keriil
az eredeti lemez paraméterezésének fliggvényében.

A lemma segitségével a fenti konstrukciora a kévetkezé eredményeket kaptuk.

3. tétel. Legyen K C S? hatdra C® sima, és k, > cotr. A fenti jelolésekkel

lim E(SArea(K, \ K))n?* =T (g) (sinr) 2.

n—oo
‘§/2((1—cosr)~27T—sin7’-L+cos7’-A)2.é/Aﬁg_l/gds

3

=~

oK

€s
lim E(Per(K,) — Per(K))n*3 =T (g) (sin )~/

n—oo
.i/Q((l—cosr)-27r—sinr~L+cosr~A)2 ./Aﬁgl/g </£g— cotr) s,

3
0K

ahol L := Per(K) és A := SArea(K).



1 Introduction

With their 1963 paper [18], Rényi and Sulanke launched the investigation of the now
well-studied topic of random polytopes. For a convex body K in R¢, the convex hull of
n independently chosen points from K according to the uniform probability distribution
is called a uniform random polytope in K. The questions of interest are mainly focused
on the asymptotic behaviour of this random object, for example, the expectation of the
volume of K missed by the random polytope.

More recently, similar problems started to arise in different settings. Consider the
following notion of convexity in the plane: the r spindle convexr hull of a set H is the
intersection of all discs of radius r containing H. The spindle convex hull of finitely many
points is called a disc-polygon, which is the intersection of finitely many discs. The notion
of spindle convexity, including it’s higher dimensional form, was studied in [3], see also [8].
With the use of this form of convexity, one can define a similar uniform model of random
disc-polygons in a spindle convex body K, and investigate its asymptotic properties. Such
results on the expected number of vertices of the random disc-polygon K, the expectation
of the missed area Area(K \ K,), and the perimeter deviation Per(K) — Per(K,,) were
given in [7], in two different settings: either choosing points from an ry spindle convex
disc with some value 0 < ry < r, or from a circular disc of radius r. In the former, the

3 similarly to the linear convex

expected number of vertices has order of magnitude n'/
case, but in the latter, the expectation tends to a finite constant, which has no analogue
in linear convexity. In [5], Fodor generalised these results to higher dimensions, and
showed a similar distinction between the two types of models. Recently, results have also
been obtained for the series expansion [|9] and variance [6}/11] of the expected number of
vertices, as well as a central limit theorem in [10].

In a recent paper by Marynych and Molchanov [15], it was shown that the f-vector
of a uniform random r ball-polytope in a ball of radius r converges in distribution, and
in power moments of all orders, to the f-vector of the polar body of the zero cell of a
Poisson hyperplane tessalation induced by the unit ball, or equivalently, the convex hull
of a Poisson point process induced by the unit ball (see |15, Corollary 6.7]). Specifically,
as the expected number of facets of the convex hull of the above point process is known,
it follows that the expected number of facets of a uniform random ball-polytope tends to
a finite number, namely 2-¢d!x2, where x4 denotes the volume of the unit ball of RY. This
result is a special case of a much broader theorem, which is set in a more general notion
of strong convexity with respect to an arbitrary convex body.

Another approach to random polytopes was introduced by Barany, Hug, Reitzner
and Schneider in their 2017 paper [1]. They considered the spherical counterpart of the

problems discussed previously: the n random points are chosen from a half-sphere, and
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a random spherical polytope is obtained by taking their spherical convex hull i.e. the
intersection of all half-spheres containing them. It was shown by the authors that the
expected number of facets tends to a constant (dependent on the dimension d) as n — oo,
and this constant coincides with the limit obtained in the corresponding dimensional
Euclidean spindle convex case.

In [2], Besau et al. considered the following related problem: a uniform random
spherical polytope is constructed in a so-called wedge, which in the intersection of two
half-spheres whose defining hyperplanes are orthogonal. They obtained that the number
of facets in this construction is of order logn.

In [16], the authors introduced the notion of spherical spindle-convezity (see also [4])
as an extension of the previous two models. Namely, for some set X in S? contained in a
spherical disc of radius 0 < r < 7/2, its (closed) spherical r spindle convexr hull, denoted
by conv ,.(X), is the intersection of all spherical circular discs of radius r containing X,
and X is spherically r spindle convex if it coincides with conv,(X). Similarly to the
planar case, for a finite point set X, conv .(X) is called a spherical disc—polygon, which is
the intersection of finitely many spherical discs. We note that as a special case, r = 7/2
gives us half-spheres and the usual notion of spherical convexity. They determined the
following result: if K is a spherically convex disc with C? boundary and with the property
that k,(s) > cotr for every € 0K, where k, denotes the geodesic curvature, and K, is

a uniform spherical disc—polygon in K, then

W=

lim E(SArea(K \ K,))n = { SEy (§) / (kg — cotr)?ds, (1)

n—oo 3 3
oK
where A denotes the surface area SArea(K), and I'(-) is the Gamma function, and the
integration is taken with respect to arc length. In the case when K is a sphericaul circular
disc of radius 7, the expectation tends to the constant 72/2 without normalisation.
In this work, we first determine a similar result concerning the perimeter deviation in

the above model.

Theorem 1. Let K be a spherical convex disc with C° boundary and with the property
that k,(z) > cotr for every x € 0K, where k, = k,(s) denotes the geodesic curvature.
Then

lim E((Per(K) — Per(Kn))ng =

n—oo

where A denotes SArea(K).



Similarly to case of the surface area, if the points are chosen from a spherical circular

disc of radius r, we obtain a different order of magnitude.

Theorem 2. Let K be a spherical circular disc of radius . Then

E(Per(K) — Per(K,)) =n"'-7°(1 — cosr) cot r+
(1 —cosr)?

+n 2. 273 -
sinr

(1 —cot’r) +o(n"%) asn — co.

Note that this means that for 0 < r < 7/2, the expectation of the perimeter deviation
is of order of magnitude n~'. However, when r = /2, i.e. we are in standard spherical

1is 0, hence the order of magnitude is actually n 2.

convexity, the coefficient of n™

In addition to the results on perimeter deviation, we also introduce a notion of duality,
which is the spherical counterpart of the planar spindle convex duality defined in [§] (see
also [3]). This provides a natural way to define a model for circumscribed disc-polygons.
For a spherically spindle convex disc K, let X,, = {P;,...,P,} be an independently
chosen set of points from K" according to the uniform probability distribution. Then a
random circumscribed disc-polygon K, can be defined as the dual of conv,(X,). This

is the spherical analogue of the model defined in |11, Section 5]. In this model of random

circumscribed spherical disc-polygons, we obtain the following results.

Theorem 3. Assume that K has C° boundary, and r, > cotr. With the notation above,
5
lim E(SArea(K, \ K)n?? =T (5) (sinr)~2/3.
n—o0

.§/2((1—COST)-27T—sin7“-L+cosr-A)2'Z/Aﬁ;g_l/?)ds
oK

3
and
lim E(Per(K,) — Per(K))n2/3 =T (g) (sin r)_2/3-
n—oo

.\3/2((1 —cosr)-27r—?s)inr.L+cosr-A)2 -/Alig_l/3 <,€g B cotr) ds,

oK

where L and A denote Per(K) and SArea(K), respectively.

The paper is structured as follows. In Section 2, we state and prove some geometric
lemmas necessary for the proof of Theorems |1l and [2, which are discussed in Section [3| In
Section[d], we define the spherical spindle convex dual of a set, and consider the relationship

between a set and its dual. Finally, in Section [} we show the assertions of Theorem [3]



2 Geometric tools

In the section, we introduce some terminology, and prove some lemmas used in the proof
of Theorems [ and 21

By the distance of two points, we will generally mean their spherical distance. We
will also use the usual o and O notation, and write f ~ g as x — xo when f = f(z) and
g = g(x) are asymptotically equal, that is, f(x)/g(x) — 1 as © — xo.

A subset D of a spherical spindle convex disc K is called an r spherical disc cap if
D = cl (KN B°) for some spherical disc B of radius r, where cl () and -¢ denote the closure
and complement of a set, respectively.

From now on, we fix the radius r of the spindle convexity, and will generally omit it

from the notation.

Lemma 1 ([16], Lemma 2). Let D = cl (K N B€) be a nonempty spherical disc-cap. Then
there is a unique point o of OK and a nonnegative real number t such that the spherical
center of B is of distance r +t from xy along the great circle determined by the normal

plane at xq.

Lemma 2. Let K be a spherical spindle convex disc with C° boundary and with the
property that k,(z) > cotr for every x € OK, and let o be an arc-length parametrisation
of OK. We denote by A(t, so) the area of the spherical disc-cap with vertex o(so) and height
t, and by AO(t, so) the central angle of the circular arc that determines this disc-cap. Then

AO(t,s0) = 1 t2 + 9532 + O(t?)  and  A(t, s0) = vit®? + vat®? + O(t7/?),

where the coefficients are dependent on sy, namely

9 2 2 4 2
pr— . —_— v —_ — . —_—
Y7 sinr AV 173 AV
2

p 2 —3Ak; — Scotr - Ak} — 2(1+ cot? r)Ar? — tKI ARy + Z(K))?
2 AV sinr - Ar3 ’
and
2 —3Aky — 2cotr - Ak} — 2(1+ cot? r)AR] — £k Akg + §(K))?
Vg = )
Ak, Ar3

where Ak, = Akgy(S0) = kg(So) — cotr.

Proof. We may assume without loss of generality that o is a parametrisation with positive
orientation, so = 0, p(0) = (0,0,1) and ¢(0) = (1,0,0), hence p(0) x ¢(0) = (0,1,0).
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It is straightforward to check geometrically that ¢ = r4-0 X 0— 0, hence we can express
the first four derivatives of g in terms of the orthonormal basis (9, 0 X 9, ), and by the
smoothness condition on the boundary, we obtain the fourth-order series expression for

o(s) around p(0):

o(s) = (s — %(/@2 +1) — %Iigli; + O(s%),
52 s3 s
L it S+ )=y = 1)+ O(S),
s st 5
1= 5+ (R 4+ 1)+ 0(s )). 2)

Now, let C' = C(t) be the spherical disc that determines the spherical disc-cap with vertex
0(0) and height ¢. Then clearly by Lemma [1] C has center (0,sin(r + ¢), cos(r +t)), and
hence an othonormal basis in the plane containing dC' is given by the vectors (1,0,0) and

(0, — cos(r + t),sin(r + t)), thus dC can be parametrised as

(Sinr cos @, cosrsin(r 4+ t) + sinr cos(r + t) sin ¢,

cos 1 cos(r 4+ t) — sinrsin(r + ) sin go) : v €[0,2x], (3)

since the Euclidean radius of the dC' is sinr, and its center is of distance cosr from the
origin. Note that the closest point of C' to o(0) is at the parameter value ¢ = 37/2.

Our first aim is to express the intersection points z, and z_ of 0K and 0C in terms
of t.

Consider the orthogonal projection of the construction to the tangent plane z =1 to
the sphere at o(0), or equivalently, the zy plane. It is straightforward to check from the

above parametrisations that the projection of 0K is described by the function

{L‘2 3 4

i T
K(IE) = 759 + E’i; + ﬂ(ﬁlg + 3/€g + 3’%3) + f(x)v

where f(z) = O(z®), and the necessary arc of the projection of dC by
C(z) := cosrsin(r +t) — cos(r + t)Vsin?r — 22,

for arbitrary ¢ when r = /2, and for t < 7/2 —r when r < 7/2.

Thus equating K (z) = C(x) gives us an implicit relationship between t and x at the
points of intersection. Using implicit differentiation (see [14]), we can derive the fourth-
order Taylor expansion of ¢ around 0, and obtain

2 3 4

o x>, x
t—g(/@g—cotr)—l——/ﬁg—l——

G 51 (k) + 3K, + kg — 3cot’ r — 9cot” r) + O(a”).
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Figure 1. Projection of a disc-cap to the tangent plane

Note that since OK is of class C5, the function K (z), and by consequence the remainder
term f(z) is four times differentiable. If a function is O(z™) and is differentiable at 0, its
derivative is O(z"!) around zero, which in our case implies that the first four derivatives
of f(x) equal 0 at x = 0. Since the implicit differentiation used above requires at most
the fourth derivative of K (x) at point z = 0, the term f(z) does not affect the results.

By introducing the notation Ak, = k4 — cot r, the above formula can be reformulated
as

273 4

x? x
t = 7Al€g + E/@lg + ﬂ(/ﬂ)lgl + 3Ak] + 9cot AR, 4 9(1 4 cot® 1) Aky) + O(a°).
We note that while this theoretically could be computed by hand, it is an extremely long
calculation, which we used a computer for, see .

By [9] Lemma 2 (see also Lemma 2 in a more general form), the inverse of the

above function is of the form

ry = Oyt + Cot + Cst®? + O(t?) and z_ = —Cyt'/% + Cot — C5t%/? + O(?),
where
2 — Ky
Ci= [~ Cp=—ot d
! Ak, 7 3ArR2 o
o 2 —1Ak) — 3cotr - Ak — 2(1+ cot? r)Ar2 — K1 ARy + = (k])?
° Ak Ak} '
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Now, by we have sinr cos ¢ = x, hence for the point = of intersection, the parameter

value 6, can be expressed as

3
3m xg T

6, = — o) =
+ 2 +sinr+6sin3r+ (er)

3
Iy Gy Gy ( G .013 )t3/2+0(t2).

2 sinr sinr sinr  6sin°r

Using a similar argument for #_, we obtain that

AO=0, —0_ =

3
201t1/2+ .2 <C+ G >t3/2+0(t2)

sinr sinr 6sin’r

which yields the statement of the lemma after some algebraic manipulations.

The surface area can be computed via the integral

Z‘+C(1‘ :c+Ca7) 9
// - dyde = //1+$—+—+h() + L 4 g(x)dyds,
\/1—x2—y il 2

where f(z) = O(2°) and g(y) = O(y*). We will also use an expansion of C'(z), namely

2

C(z) =t+O(t*) + %(Cotr —t+0(t%)) + %(Cotr +0(t)) + O(2").

Clearly, K(x) and C(x) are positive for all values of x € [z_, x| by the construcion.

For small enough ¢, and some M > 0, it also holds that

T, < MtYV? C(z) < Mt, |h(z)| < Ma®,
v > —Mt"?, K(x) < Ma?, l9(y)| < My*

for the values of x and y that are in the domaininterval for fixed . Then

Ty zy C(x)
/ / x)dydz| < / / |h(z)|dydz <
_ K ;17) _
6 M? 7 7 2M? 9/2
< [ Mt-Mx dydsz-t(x+—:c7)dx< Tt .
Similarly,
x4 C(CE) T4 C(x)
dyde| < [ [ lotldys <
~ K(z) a0
2M
< —/05( dydr < —t* (v, —2_) < T-tn/Q.



Hence the integrals of f(z) and g(y) carry no significant terms.
After integrating with respect to y, we obtain that the surface area is equal to
T4 1'2 1'3
/ t+ Ot — 5 (Akq +O(t?)) — Em;—I—
4

xz
+ 53 (HZ + 3AK) + 9 cot AR, + 9Nk, (1 4 cot? ) + O(t2))dx +O(t"?).

Using a similar argument as before, the integral of O(t3) and 220(#?) is O(t"/?), and the
integral of z*O(#?) is O(t°/?), thus the terms not explicitly determined carry no signif-
icant terms. The remaining terms are all necessary, and computing the integral of the

polynomial yields the desired result after a long but straightforward calculation. O]

For the proof of Theorem [, we need a similar geometric result for when K is a spherical
circular disc of radius r. In that case, a disc-cap of height ¢ is the complement of the
intersection of two circular discs of radius r whose spherical centers are of distance ¢, or
equivalently their set theoretical difference. Clearly, the surface area and central angle do
not depend on the vertex of the disc-cap, hence we reduce the above notation to A(t) for
the surface area and Af(t) for the central angle. By Lemma 6 of [16], the corresponding

central angle is
int
Af(t) = 2 arccos (L - cot r) :

1+ cost

For the area, we need an improvement on Lemma 5 of [16].

Lemma 3. Let A(t) denote the surface area of the set theoretical difference of two spherical
circular discs of radius r whose distance is t. Then
in(t/2 tan(t/2
Alt)y=2- <2 arcsin (M) + 2 cosrarccos <M> — T COS 7’) :
sinr tanr

Moreover, the third-order expansion of A(t) around t =0 is
1
A(t) = 2sinr -t — Ecosrcotr 3+ O(t%).

Proof. We determine the surface area of the intersection of two such discs, which yields
the statement when substracted from SArea(K) = 27(1 — cosr).

Let A be the center of one of the discs, B and C' the two intersection points of their
boundaries, and D the midpoint of the segment connecting B and C, which coincides with
the midpoint of the segment connecting the two centers, see Figure[2] By the construction,
d(A,B) =r, d(A,D) = t/2, and the angle ADB is /2. Let 5 and « denote the angles
DBA abd BAC, respectively, and let a = d(B, D). We use spherical trigonometry in the
triangle ABD. By the spherical sine theorem, sin 5 = sin(¢/2)/sinr. By the spherical
cosine theorem used for the side AB, cosr = cosacos(t/2), and for the side BD
cosa — cosrcos(t/2)  tan(t/2)

2) = =
cos(a/2) sinrsin(t/2) tanr
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Figure 2. The surface area of the intersection of two spherical discs.

The surface area of half of the intersection is then obtained by subtracting the area of

the triangle from the area of the circular sector:
a-(l—cosr)—(a+pB+m/2—m),

which yields the assertions after substituting in the above formulas obtained for o and

3. 0

3 Proof of Theorems 1 and 2

In the proof of Theorem [l we closely follow the proof of the corresponding planar result
in , Theorem 1.2], whose argument is based on the technique used in by Rényi and
Sulanke.

Let P, and P, be two disctinct points in K. There are exactly two spherical discs or
radius r that contain both points in their boundaries. Let D~ (P, P») and D (P, P»)
denote the spherical disc-caps determined by these discs, i.e. the closure of the subset
of K that is not covered by the corresponding disc. We also introduce the notation
A= (P, Py)) = A(D™ (P, P,)) and AY(Py, P,) = A(D*(Py, P2)). Furthermore, let i( Py, P,)
denote the length of the shorter r-arc connecting P, and Ps.

The random pair of points P;, P, € K determines an edge of conv .(K,) if and only
if D=(Py, P,) or DY(Py, P,) don’t contain more points from K,. Hence our goal is to
determine E (Per(K) — Per(K,)) = Per(K) — (3) - I,, where

15



I, = E(I(Pl, P, is an edge of K,,) - i( Py, Pg)) =

- %// <<1_@>H+ (1_W)H> y

X i(Pl, PQ)dPldPQ

To compute this integral, we carry out the transformation described in [16] Section 3,
which can be described as follows. For every pair of distinct points Py, P, € K, there are
exactly two disc-caps where both points are contained in the boundary of the defining
spherical disc. Each of these is uniquely determined by its vertex o(s) and height ¢ by
Lemmal[I] After fixing a circle on which the two points lie, we can define an orthonormal
basis in the plane the circle’s contained in, in which the points can each be described by
a single parameter, say ¢; and ¢o. In general, this transformation is twofold, but because
of the properties of the specific integrand here, every cap gets counted exactly twice.

By Lemma 3 in [16], and the fact that in the new parametrisation we have i(Py, Py) =

sinr|p; — o, carrying out the above transformation yields

1 Hs) At s)\" >
In:—/ / / / (1— ) ) ~sinr - |1 — ol
A? 0K JO L(s,t) J L(s,t) A

-sin® r(sin(r + t)k,(s) — cos(r + t))|sin(¢1 — @9)|dp1de;dtds.

After integrating with respect to ¢ and s, and we obtain

I, = Sizzr /8 ) /0 " (1 - #)H (sin(r + 1)y (s) — cos(r +1))-

-2(2 — Afsin Af — 2 cos Af) dtds

Fix ¢ > 0. There exists some ¢’ > 0 such that for all 0 < ¢ < ¢’ the following conditions
hold:

i) | sin(r 4 t)rg(s) — cos(r +t) — sinr - (Arg(s) + (1 + cot? r + cot rrg(s))t)| < et
by the first order series expansion of the trigonometric functions;

i) |A(t,s) — (0,32 + v2t5/2)‘ < et*? using the expansion of A(t,s) in Lemma [}

19
< =t

1 6
iii ) ‘2(2 — Afsin AG — 2 cos Af) — a (ﬁ‘ft? + <419§z92 — ﬁ) t3) :

15

using the expansion of Af in Lemma [2] as well as the sixth-order Taylor polynomial
x1/6 — 25/90 + o(2%) of 2(2 — xsinz — 2cosx), and

. 96
iv) ‘(1 + cot?r + cot rig(s) £ 5) (4191‘192 _ 7 5) A< o

15
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by the boundedness of the expression in the absolute value on the left hand side.
Using essentially the same analytical tools as in [7] (see (5.17) and the preceding

formula), we obtain that

A

lim E(Per(K) — Per(K,))n¥? = lim (Per(K) - (n) /8 i} In(s)ds> n?3,

n—o0 n—o0 2

-3 t/ n
I(s) := SIEQT /0 <1 — A(Z S)) (sin(r + t)ry — cos(r +t))-
- 2(2 — Afsin A — 2 cos Af) dt.

By the choice of ¢/,

R c 4 t/ A n
I,(s) < Sg;l; / (1 _ Al S)) (Akg(s) + (1 + cot® r + cot Ty (s) + £)t)-
0
98
: (19‘{752 + (419?02 - 1—é + 5) t3) dt

. 4 _ "
_ sin r/ (1 _ Ui V2 %5/2) - (Dy#* + Dy D5t?) dt,
0 A A

where Dy := Ak, 97 and

98
Dy D5 = 91(1 + cot? r + cot rAk, + €) + Ak - (419?192 - 1—; + 5) +e.

By the same analytical computation as in the proof of Theorem 1.2 of [7], using the
tools (5.13)-(5.16) therein, we obtain that

_ D5  (8\ w—e_ (11
Ve (She (3) - 2ot () v
23 \3 I 3

~

We can obtain a similar lower bound, and as ¢ was arbitrary, /,(s) is equal to the

sin*rD;

9n2v?

fn(s) <

formula on the right hand side with ¢ = 0.
If we write in the formulas for D; and v;, we see that sin* 7D, /(18v?) = 1, and since

/. o 1ds = Per(K ), in the limit the perimeter cancels out, hence

lim E(Per(K) — Per(K,))n®? = lim (Per(K) . (Z) /a . fn(s)ds> n2/3 =

n—oo n—oo

in*rD, A2/3 11 DY 8
e R

After expanding the formulas, we obtain that the limit of the expectation is finally

equal to
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2 A2 5\ 1 5(k! 2 _ 3" A
¢/ —T (= —/ AkY3(3AK, + 4cotr) — () "o s —
V3 \3) 1 ) 0 AR

2A2_(5\ 1 5(k!)* — 3k Ak
= /=T (—) —/ AH;/3(3/€9 + cotr) — (ry) 8/39 ?ds.
V3 \3) 1 ) AR

By an elementary calculation, the last term in the integral is exactly the derivative of

the expression xj / Amf/ 3, hence its integral is zero. The remaining expression is exactly
the statement of the theorem.

In the case when K is the circular disc of radius r, we follow similar steps. The integral
transformation used is geometrically similar to the previous one, and its Jacobian is given

by Lemma 1 of |16], hence we obtain

n—so0 n—oo \ 2 A?

2sin®
lim E(Per(K,)) = lim (")ﬂx

t/ n
X / (1 - %) sint - (2 — Afsin Af — 2 cos Af)dt,
0

where A := SArea(K) = 27(1 — cosr), and the upper bound of the integral ¢ is some
appropriately small fixed number. Using the appropriate series expansions, we obtain

that the integral is of the form

¢ 2sinr cotrcosr "
1-— b+ ——— 2+ O X
/0 ( Ty e ))

X (t - % + O(t5)) (4 —mcotr-t+O(t%))dt.

Using similar analytical tools as above, we obtain the statement of the theorem.

4 A spherical spindle-convex duality

We define the spherical r-convex dual of the set H as
H ={yeS*|HCB(y.r)}=()Br).
zeH

It is clear that if H = K is an r spindle convex disc, K = (K")", justifying the name
'duality’. If K has C!' boundary, then for any x = o(s) € 0K, the smoothness guarantees
that there is a unique point, denoted by x" := z"(s), such that the spherical disc with
center z" and radius r supports K at x, i.e. B(x",r) contains K, and their supporting
great circles at x coincide (see Figure |3l By the definition of the dual set, " € K", and
more specifically it is a boundary point. It is also straightforward to check that (2")" = x.

We note that in the special case of r = 7/2, it is easy to see that K™/? = —K°, where
K°={y € S5%|(y,x) <0Vx € K} is the spherical polar body.

18



Figure 3. The spherical spindle convex dual

Lemma 4. Let K C S? be a spherically convex disc. Then for the r-spindle convex dual
K" of K we have

(i) Per(K") =sinr - 2w — cosr - Per(K) — sinr - SArea(K) and
(73) SArea(K") = (1 —cosr) - 21 —sinr - Per(K) 4 cosr - SArea(K).

Furthermore, if K has C? boundary with the property that k,(x) > cotr for every x € 0K,
the equality

(iii) sin®r - (kj(2") — cot r)(ky(x) — cotr) =1

also holds.

Proof. First, we assume K is of class C? and k, > cotr, and let o(s) be an arc-length
parametrisation of K with positive orientation. Then the center z" of the support r-disc

at x = o(s) € OK can be explicitly determined using the parametrisation of 0K, namely
" =cosr - o(s) +sinr - o(s) x o(s).
Hence a parametrisation of K" is given by
((s) = cosr - p(s) +sinr - o(s) x o(s), s € [0, Per(K)]. (4)
Differentiating and using the relationship § = x4 - ¢ X 0 — o, we obtain that ((s) =

—0(s) - sinr - (kg(s) — cotr). Hence
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Per(K) Per(K)
Per(K") = / IC(s)|ds = / sinr(ky(s) — cotr)ds =
0 0
Per(K)
= sinr/ Kg(s)ds — cosr - Per(K),
0

and as the Gaussian curvature of S? is constant 1, by the Gauss-Bonnet theorem we have

Per(K)
/ Kg(s)ds = 2m — / 1dA = 27 — SArea(K),
0 K

which yields the first part of the assertion. Since (K")" = K, using the corresponding
formula for K := K" and some algebraic manipulations, we obtain the second expression.

For the curvature, again a simple computation yields that

|§(s) X ((s)] = Sinzr(/fg(s) — cot r)2/<;(5),
hence the curvature £"(s) of OK” at 2" (s) is

. |( X C| B K(s)
K'(s) = IC[? - sin(r) - (ky(s) — cotr)

and since (z")" = z, we can express k(s) in terms of £"(s) in a similar way, which yields

the desired equality.
As the duality transformation is continuous, for general K we can obtain the results

for surface area and perimeter by using standard approximating tools.
O

Corollary 1. For the spherical polar body K° = —K™? we have
Per(K°) + SArea(K) = 2.

We note that if we consider the perimeter and surface area as special intrinsic volumes,
the case for the polar body follows from combining Theorem 4.3.1 and Corollary 4.3.3 of

[12] in dimension 2.

Lemma 5. Let K be a spherical convex disc with C? boundary and with the property that
kg(x) > cotr for every x € OK. Then
/ F(z"(s))ds = / F(x(s)) -sinr - (ky(s) — cotr)ds
oK™ oK

for any integrable function F'.

Proof. Let p be an arc-length parametrisation of 0K of positive orientation again. Using
the parametrisation of K" described in , as well as the second-order series expansion

of o(As) and o(As) x 9(As) around p(0) and o(0) x 9(0), respectively, we obtain that

(As - sinr(ky(s) — cot T))2
2

(€0),¢(As)) =1 - +o(As?).
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On the other hand,
2

(€(0),¢(As)) =cosd=1— % + o(d?),

where d denotes the spherical distance of ((0) and ((As), or equivalently, the angle
between them as vectors. As it is well-known that d is asymptotically equal to the length
of the arc of K" between ((0) and ((As), it is enough to show that d is asymptotically

equal to As - sinr(k,(0) — cotr) as As — 0. From the above formulas, we have that

(As - sinr(ky(0) — cotr))? o(d?*)  o(As?)
2 e e (5)
It is clear geometrically that As — 0 asd — 0 and d — 0 as As — 0. Assume that for
some sequence of the quotient As,, sinr(xy(0) — cotr)/d, — ¢ € [0,00] as n — co. Then

the limit of the formulas in exist, and we obtain that

. si _ 2 2 2 2
2 — lim (Asy, - sinr(kg(0) — cotr)) — lm 1 o(d;)  o(As;) Asy

If ¢ < oo, the rightmost limit is 1, hence ¢? = 1, but since all values are positive, we have
¢ = 1. If ¢ = oo, we have that d,/As, sinr(ky(0) — cotr) — 0, and as the formulas are
symmetric in d,, and As,, sinr(k,(0) — cot r), this leads to a contradiction by the previous

point. 0

5 A circumscribed model

In this section, we prove the asymptotic formulae stated in Theorem |3| regarding the
expectation of the area- and perimeter deviation of a spherical spindle convex disc K
and a circumscribed spherical disc-polygon K(,). Recall that K(,) is obtained by taking
the spherical spindle convex dual of the spherical spindle convex hull of n uniformly
distributed, independent points chosen from K.

By Lemma [4, we have

Per(K(,)) — Per(K) = cosr - (Per(K") — Per(K(,))) + sinr - SArea(K" \ K(,),

(6)
SArea(K(,) \ K) = sinr - (Per(K") — Per(K(,)) — cosr - SArea(K" \ K,,),

and by definition, K (n) 15 @ uniform disc-polygon in K.

To be concise, we use the notation Akg(s) = k,(s) —cotr as previously, and Arj(s) =
Ky(s) — cotr for the dual disc, as well as A(-) for SArea(-). From , and using the
integral transformation in Lemma [5we obtain
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2A(K")?
lim E(SArea(K" \ K, /=—— T AK! (s ))1/3d =
n—00 3 8KT 9
J[2A(KT)?_ (5 1 s
——2 T = Ak, ds =
3 3 sin ’I“Alﬁlg ST Es

2A(KT 5)
= <—)I’ =) (sinr)'/? Ar?3ds.
3 3 ok’
Similarly, from Theorem [I] we have

lim E(Per(K") — Per(K(,)) - n?3 =

n—oo

2A(KT)?
=/ %F (g) / (Akp)3 (ZAH; +cotr) ds =
oK™
[2A(K)? (5 / 1 1/3 3 eotr) sinrAsd
= _ — _ —_— 1n —
3 3) Jox \sin®rAx, 4sin®rAx, COMT ) SIS

J2AKTY? (5N, . / 3
=3\ —TI = /3 AR [ ———— tr | ds.
3 3 (sinr) . A Gy A, +cotr | ds

Combining these results with @, we have

lim E(SArea(K,, \ K))n% = MF (?) :

3
- (sinr)'/? / A/@f/?’ (sinr (m + cot T) — cos r) ds,
oK

and

)2
lim E(Per(K,) — Per(K))n2/3 = %F <§> )
n—oo

3
'(SinT)1/3/AI£§/3 cosT | ——5——— +cotr | +sinr | ds,
4sin” rAk,
oK

which yield the desired formulas after simplification of the integrand, and substituting
A(K™) with (1 — cosr)2m — sinrPer(K) + cos A(K) from Lemma [4]
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Computation of the perimeter of a spherical uniform
random disc-polygon

Notation: x for the curvature, xg for the geodesic curvature, xg' and xg' ' forits first and second
derivatives, respectively,
and Ak for kg-cot(r)

Implicit differentiation to obtain t in terms of x

The starting functionis C (x) -K (x) as described in the paper.
The value of G, [0, 0] is the n-th derivative at ¢ = 0 of the function representing (in terms of x) the
implicit function C (x) - K (x) = 0.

in[-1:= G[X_, t_] :=Cos[r] *Sin[r+t] -Cos[r+t] »Sqrt[(Sin[r])~2-x"2] -
(kg *X"2/2+xg8"*X*3/6+ (kg'' +3 *xg+3kg"3) x4/ 24)

m[-]:= G1[x_, t_] := -D[G[Xx, t], x] /D[G[x, t], t]
Gl[x, t] /. {x>»>0, t >0}
Out[-]=
0

in[-]:= G2[x_, t_] :=D[G1[x, t], x] +D[G1[x, t], t] *G1[x, t]
Assuming[r <Pi/2 & r >0 && t < r, Simplify[G2[x, t] /. {x >0, t - 0}]]
Out[e]=
xg - Cot[r]

mml-]:= G3[x_, t_] :=D[G2[x, t], x] +D[G2[x, t], t] *G1[x, t]
Assuming[r < Pi/2 && r > 0, Simplify[G3[x, t] /. {x >0, t - 0}]]
out[e]=

xg’

in[-1:= G4[x_, t_] :=D[G3[x, t], x] +D[G3[x, t], t] *G1[x, t]
a = Assuming[r <Pi/2 && r > 0, Simplify[G4[x, t] /. {x >0, t >0, k"2 > kg"2+1}]]

Out[]=

(6xg+2xg’-3Cot[r] Csc[r]?+Cos[3r] Csc[r]?) +xg”

N w

We summarize the coefficients of the series expansion here (already including the factorials),
and introduce the new notation Akg = kg - cot(r):
n[-]:= d2 1= Axg / 2
d3 :=xg'/6
d4d := (xg'' +9%xAxg/ (SIn[r]) "2+ 9 % Axkg”2 % Cot[r] +3 * Axkg"3) / 24
We simplified the fourth coefficient manually, check that it is correct:

in[-]:= Simplify[(a-d4 x24) /. {Akg » kg - Cot[r]}]
out[e]=
0
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Coefficients of the inverse i.e. obtaining x in terms of ¢

inf-]= €L =1/ (d2)~(1/2)
C2 = Simplify[-d3/ (2%xd272)]
€3 = Simplify[-d4/ (2+d2~(5/2)) +5%d372/ (8 xd2" (7/2))]

out[e]=

V2
Jorg
out[-]=
xg’
) BAng
Out[-]=
5 (xg')?-3Axg (3Kg (Axg? +3aKkgCot[r] +3Csclr]?) +xg”)
18 /2 axg’’?
The x coordinates of the intersection points are then
mf-]= xm[t_] :=-CLlxt"~(1/2) +C2xt-C3xt~(3/2)

Xp[t 1 :=Clxt”r(1/2) +C2+t+C3%t"(3/2)

Central angle

in[-1:= © := Collect [Simplify[
2%Cl*tr(1/2) /Sin[r] +2/Sin[r] % (C3+C1~3/ (6% (SIn[r])~2)) *t~(3/2)1, t]
61 = Coefficient[o, t~ (1/2)]
62 = Coefficient[oe, t~ (3/2)]
Out[-]=

2 \/E Cscr]
\AKE

Out[e]=
Axg Csc[r] 3Cot[r] -~ Csc[r] 5Csc[r]®> 5Cscir] (xg')? Csc[r]xg’

_ + _
\/E \/E A\ AKE 3 \/E AKg3/2 9 \/E AKg7/2 3 \/E AKgS/Z

Surface Area

mn[-]:= Unprotect [C]

mn[-]:= C[x_] :=t+x*2/2% (Cot[r] -t) +x*4 /8« (Cot[r] -t) / (Sin[r]) "2
K[X_] :=X"2/2%kg8+X"3/6%xkg" +X"4/24% (k8'"' +3 *xg8"3 +3 % Kg)

After integrating with respect to y, we collect the coefficients, specifically x* and x*

in[-]:= e2[t_] := Coefficient[
Collect[Simplify[Series[Series[Collect[Expand[Integrate[1+x"2/2+3xx"4/8+
y*"2/2+3+y~4/8, {y, K[x], C[x]1}]1, x], {x, @, 4}1, {t, @, 2}11, x], x"2]
Collect[Simplify[e2[t]], t]
out[e]=

1, 1
—t°Cot[r] +—- (-2xg+2Cot[r])
4 4
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in[-]:- e4[t_] := Coefficient]
Collect[Simplify[Series[Series[Collect[Expand[Integrate[1+x"2/2+3*x"4/8+
y*2/2+3+y"4/8, {y, K[x], C[x]}11, x], {x, @, 4}1, {t, @, 2}1], x], x"4]
Collect[Simplify[-24 xed[t]], t]

Out[e]=
X , [9Cot[r] 3Cot[r]? 5
3xg (3+xg%) -6Cot[r] +t - -3Cot[r] Cscr]?+xg”
2 2
Which by a manual simplification yields
nf-]= kg'' +9 % Akg » ((Cot[r])”~2+1) + Akg"2 %9 xCot[r] +
3xAxkg"3 + 3/2t"2Cot[r] (2-2Cot[r]*2+Csc[r]"2)
Out[«]=
3
3.xg> +9 axg? Cot[r] + 9 Axg (1+Cot[r]?) + — t? Cot[r] (2-2Cot[r]?+Csc[r]?) +xg”
2
This isin fact correct:
in[-]:= Simplify[
Collect[Simplify[-24 xed[t]], t] - (xg'' +9 *Axgx ((Cot[r])"~2+1) + Akg"2*9 % Cot[r] +
3%Axg"3 + 3/2t"2Cot[r] (2-2Cot[r]”~2+Csc[r]”2)) /. Akg » xg - Cot[r]]
out[e]=

%]

We integrate the significant terms:

ml-1:= Int[t_, x_] :=t-x"2/2%Akg-Xx"3/6%xxg" -
X4 /24 % (kg"'"' +9 % Akgx ((Cot[r])~2+1) + Akg"2 %9 xCot[r] + 3 *x Akg”"3)
vl = Collect [Expand[Coefficient [Integrate[Int[t, x], {x, xm[t], xp[t]}], t, 3/2]], Axg]
v2 = Collect [Expand[Coefficient [Integrate[Int[t, x], {x, xm[t], xp[t]}], t, 5/2]], Axg]

Out[e]=

442
3 \/AKE
Out[«]=
342 3
! 5 e 342 Cotir] oo -2 V2CotIr]? 2 (xg)? 2 xg”
5 2 \oxg - s Jn i Axg3/2 ! 9 axg?/2 5/2
Kg Xg AKE 15 Axg

The final formula

in[-]:= D1 = Axg * 814
D1D2 := 9174 % (1/ (Sin[r]) *2+ Axg * Cot[r]) + Akg * (4* 81”3 * 92 -0681"6/ 15)

The expression in the integral is



4 PerimeterDeviation.nb

in[-]:= Ihat = Collect [Simplify[
Expand[ (Sin[r]) "4+« A~(2/3) + (DL *Vv2* (8/3) » (5/3) »Gamma[5/3] /v1l~(5/3) -
DID2 % (5/3) *Gamma[5/3] /v1~(2/3)) / (18 xv1~2)]1], AKE]

out[e]=
1 3)2/3 5 2\1/3 5
- (f) %3 pxgt’? Gamma[f] + (f A%3 axg!’® Cot [r] Gamma[f] -
2 \2 3 3 3
5 A%/3 Gamma[g} (xg')2 A3 Gamma[g} xg’
6 22/3 31/3 AKgS/B - 2 22/3 31/3 AKgS/B
in[-]:= Ihat = Collect [Simplify[Expand[ (Sin[r]) "4 xA™(2/3) » (5/3) *
Gamma[5 /3] (D1 %Vv2« (8/3) -D1D2 % v1) / (18 x V1~ (11/3)) 1], Axg]
Out[e]=
1 3,2/3 5 2\1/3 5
- (f) %3 pxgt? Gamma[f] + (f A%3 axg!’® Cot [r] Gamma[f] -
2 \2 3 3 3

5 A%/3 Gamma E | (xgh?  A*3Gamma E | xg”

6 22/3 31/3 AKg8/3 * 2 22/3 31/3 AKg5/3

We factor out the following constant:

1= ¢ =Gamma[5/3] % (2/3)~(1/3) xA”(2/3)
Out[e]=

[3]1/3 A2/3 Gamma[E]
3 3

and obtain

in[-]:= Collect[Simplify[Expand[Ihat / c]], Axg]

out[e]=

3AKg4/3 s 5 (Kg/)z Kg//
TP akgYPcot(r] -

.
12 Axg?®3 4 nxg®’3
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