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Abstract

In this work, we consider the asymptotic behaviour of the expectation of the

perimeter deviation of a uniform random spherical disc-polygon in a spherical spindle-

convex disc with smooth boundary. We also introduce a notion of duality on the

sphere, define a model of random circumscribed disc-polygons, and determine some

asymptotic results about them.
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Magyar nyelvű összefoglaló

Rényi és Sulanke [18] cikkükkel elind́ıtották a véletlen politópok mára sokat kutatott

területének vizsgálatát. Egy Rd-beli K konvex testből választott n darab független, K-

ban egyenletes eloszlású pont konvex burkát K-ba ı́rt uniform random politópnak ne-

vezzük. Ezen véletlen objektumokon folytatott vizsgálatok nagyrészt aszimptotikus jel-

legűek, például hogyan viselkedik K politóp által nem lefedett tartomány térfogata, ha a

választott pontok n száma tart végtelenbe?

Az elmúlt évtizedben más geometriai környezetben is elkezdtek a fenti problémákkal

foglalkozni. Tekintsük a következő konvexitásfogalmat a śıkon: a H ponthalmaz r-

orsókonvex burka az összes őt tartalmazó r sugarú körlemez metszete. Egy véges pont-

halmaz orsókonvex burkát körpoligonnak h́ıvjuk. Az orsókonvexitás fogalma, ide értve a

fogalom magasabb dimenziós megfelelőjét, a [3] cikkben tárgyalt, lásd továbbá [8]. Ezen

konvexitásfogalom seǵıtségével az eredetihez hasonlóan definiálhatunk uniform véletlen

körpoligonokat. A terület- valamint kerületkülönbség várható értékre vonatkozó aszimp-

totikus eredményeket a [7] cikk tárgyalja, két különböző felállásban. Az egyikben az

alaptest, amelyből a pontokat válogatjuk, egy r0-orsókonvex lemez, ahol 0 < r0 < r,

mı́g a másikban egy r sugarú körlemez. Az előbbiben a csúcsszám várható értéke n1/3

nagyságrendű, akárcsak a lineárisan konvex esetben, azonban az utóbbiban a várható

csúcsszám egy konstanshoz tart, normalizálás nélkül, amelynek a lineárisan konvex eset-

ben nincs megfelelője. A [5] cikkben Fodor általánośıtotta ezen eredményeket magasabb

dimenzióra, ahol hasonló, nagyságrendbeli eltérés jelenik meg a két konstrukció között.

A random politópok egy másik megközeĺıtése Bárány, Hug, Reitzner és Schneider 2017-

es [1] cikkjében szerepel, amelyben a probléma gömbi megfelelőjét vizsgálták: a véletlen

pontokat egy félgömbből választották, majd ezek gömbi konvex lezártját tekintették, azaz

az összes őket tartalmazó félgömb metszetét. A cikk szerint a hiperlapok várható értéke

egy konstanshoz tart n → ∞ mellett, méghozzá ugyanahhoz a konstanshoz, amelyhez a

megfelelő dimenziós orsókonvex esetben is.

A dolgozatban a szerzők a fenti két modell egy közös kiterjesztését vizsgálják, a gömbi

orsókonvexitás fogalmát, lásd [16]. Legyen X ⊂ S2 része egy gömbi r sugarú körlemeznek

valamely rögźıtett 0 < r ≤ π/2 sugár esetén. Ekkor X gömbi r-orsókonvex burka az

összes őt tartalmazó r sugarú gömbi körlemez metszete, amelyet conv r(X) jelöl. Ha

X = conv r(X), akkor azt mondjuk, hogy X egy gömbi r-orsókonvex lemez, valamint

ha X véges, akkor conv r(X)-t gömbi körpoligonnak nevezzük, amely véges sok gömbi

r-körlemez metszeteként áll elő.

Ha r = π/2, akkor visszakapjuk a gömbön használatos szokásos konvexitásfogalmat,

hiszen ekkor egy r-körlemez egy fél gömbfelületnek felel meg.

A szerzők [16] cikkükben igazolták, hogy ha K kétszer folytonosan differenciálható
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-jelölésben C2 - határú lemez, amely bármely x ∈ ∂K határpont-jára κg(x) > cot r, ahol

κg a megfelelő pontbeli geodetikus görbületet jelöli, és Kn egy uniform véletlen körpoligon

K-ban, akkor

lim
n→∞

E(SArea(K \Kn))n
2
3 =

3

√
2A2

3
Γ

(
5

3

) ∫
∂K

(
κg − cot r

) 1
3ds,

ahol A := SArea(K), Γ(·) jelöli a gamma függvényt, és az integrálás ı́vhossz szerint

történik. Belátták továbbá azt is, hogy ha K egy r sugarú gömbi körlemez, akkor a

várható csúcsszám π/2-höz tart n-beli normalizálás nélkül.

A dolgozatban meghatározunk egy, a fentihez hasonló, kerületkülönbségre vonatkozó

eredményt a fenti modellben.

1. tétel. Legyen K egy gömbi konvex lemez, amely határa C5 sima, és minden x ∈ ∂K

határpontjára κg(x) > cot r, ahol κg jelöli a megfelelő pontbeli geodetikus görbületet. Ekkor

lim
n→∞

E
(
(Per(K)− Per(Kn)

)
n

2
3 =

=
3

√
2A2

3
Γ

(
5

3

) ∫
∂K

(
κg − cot r

) 1
3

(
3κg + cot r

4

)
ds,

ahol A := SArea(K).

A területhez hasonlóan, ha a pontokat egy r sugarú gömbi körlemezből választjuk,

más nagyságrendet kapunk.

2. tétel. Legyen K egy r sugarú gömbi körlemez. Ekkor

E(Per(K)− Per(Kn)
)
= n−1 · π3(1− cos r) cot r+

+ n−2 · 2π3 (1− cos r)2

sin r
(1− cot2 r) + o(n−2) ha n → ∞.

Eszerint 0 < r < π/2 esetén a kerületkülönbség nagyságrendje n−1. Azonban r = π/2

esetén, azaz a standard gömbi konvexitásfogalom használatakor, az n−1 tag együtthatója

0, ı́gy a nagyságrend n−2.

A kerületkülönbségre vonatkozó álĺıtások mellett bevezetünk továbbá egy dualitásfogal-

mat, amely a [8] cikkbeli śıkbeli orsókonvex dualitásfogalom gömbi megfelelője, lásd

továbbá [3]. Ennek seǵıtségével természetes módon definálható véletlen körüĺırt körpoli-

gonok egy t́ıpusa. Egy K gömbi orsókonvex lemez esetén legyen Xn = {P1, . . . , Pn} egy

függetlenül, egyenletes eloszlás szerint választott ponthalmaz Kr-ből, a K lemez gömbi

r-orsókonvex duálisából. Ekkor definiálható egy K köré ı́rt véletlen körpoligon úgy, mint

conv r(Xn) duálisa. Ez a [11, Section 5]-beli modell gömbi megfelelője.

Ahhoz, hogy a körüĺırt esetben aszimptotikus eredményeket tudjunk meghatározni,

szükségünk van a K és Kr közötti kapcsolat ismeretére.
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1. lemma. Legyen K ⊂ S2 egy gömbi konvex lemez. Ekkor Kr-re, a K lemez gömbi

orsókonvex duálisára

(i) Per(Kr) = sin r · 2π − cos r · Per(K)− sin r · SArea(K) és

(ii) SArea(Kr) = (1− cos r) · 2π − sin r · Per(K) + cos r · SArea(K).

Továbbá, ha K határa C2 sima, és κg(x) > cot r minden x ∈ ∂K határpontra, akkor a

(iii) sin2 r · (κr
g(x

r)− cot r)(κg(x)− cot r) = 1

összefüggés szintén teljesül.

A lemma bizonýıtásában továbbá a duális lemez határa explicit paraméterezésre kerül

az eredeti lemez paraméterezésének függvényében.

A lemma seǵıtségével a fenti konstrukcióra a következő eredményeket kaptuk.

3. tétel. Legyen K ⊂ S2 határa C5 sima, és κg > cot r. A fenti jelölésekkel

lim
n→∞

E(SArea(K(n) \K))n2/3 = Γ

(
5

3

)
(sin r)−2/3·

· 3

√
2((1− cos r) · 2π − sin r · L+ cos r · A)2

3
· 3
4

∫
∂K

∆κ−1/3
g ds

és

lim
n→∞

E(Per(K(n))− Per(K))n2/3 = Γ

(
5

3

)
(sin r)−2/3·

· 3

√
2((1− cos r) · 2π − sin r · L+ cos r · A)2

3
·
∫
∂K

∆κ−1/3
g

(
κg −

cot r

4

)
ds,

ahol L := Per(K) és A := SArea(K).
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1 Introduction

With their 1963 paper [18], Rényi and Sulanke launched the investigation of the now

well-studied topic of random polytopes. For a convex body K in Rd, the convex hull of

n independently chosen points from K according to the uniform probability distribution

is called a uniform random polytope in K. The questions of interest are mainly focused

on the asymptotic behaviour of this random object, for example, the expectation of the

volume of K missed by the random polytope.

More recently, similar problems started to arise in different settings. Consider the

following notion of convexity in the plane: the r spindle convex hull of a set H is the

intersection of all discs of radius r containing H. The spindle convex hull of finitely many

points is called a disc-polygon, which is the intersection of finitely many discs. The notion

of spindle convexity, including it’s higher dimensional form, was studied in [3], see also [8].

With the use of this form of convexity, one can define a similar uniform model of random

disc-polygons in a spindle convex body K, and investigate its asymptotic properties. Such

results on the expected number of vertices of the random disc-polygonKn, the expectation

of the missed area Area(K \ Kn), and the perimeter deviation Per(K) − Per(Kn) were

given in [7], in two different settings: either choosing points from an r0 spindle convex

disc with some value 0 < r0 < r, or from a circular disc of radius r. In the former, the

expected number of vertices has order of magnitude n1/3, similarly to the linear convex

case, but in the latter, the expectation tends to a finite constant, which has no analogue

in linear convexity. In [5], Fodor generalised these results to higher dimensions, and

showed a similar distinction between the two types of models. Recently, results have also

been obtained for the series expansion [9] and variance [6, 11] of the expected number of

vertices, as well as a central limit theorem in [10].

In a recent paper by Marynych and Molchanov [15], it was shown that the f -vector

of a uniform random r ball-polytope in a ball of radius r converges in distribution, and

in power moments of all orders, to the f -vector of the polar body of the zero cell of a

Poisson hyperplane tessalation induced by the unit ball, or equivalently, the convex hull

of a Poisson point process induced by the unit ball (see [15, Corollary 6.7]). Specifically,

as the expected number of facets of the convex hull of the above point process is known,

it follows that the expected number of facets of a uniform random ball-polytope tends to

a finite number, namely 2−dd!κ2
d, where κd denotes the volume of the unit ball of Rd. This

result is a special case of a much broader theorem, which is set in a more general notion

of strong convexity with respect to an arbitrary convex body.

Another approach to random polytopes was introduced by Bárány, Hug, Reitzner

and Schneider in their 2017 paper [1]. They considered the spherical counterpart of the

problems discussed previously: the n random points are chosen from a half-sphere, and
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a random spherical polytope is obtained by taking their spherical convex hull i.e. the

intersection of all half-spheres containing them. It was shown by the authors that the

expected number of facets tends to a constant (dependent on the dimension d) as n → ∞,

and this constant coincides with the limit obtained in the corresponding dimensional

Euclidean spindle convex case.

In [2], Besau et al. considered the following related problem: a uniform random

spherical polytope is constructed in a so-called wedge, which in the intersection of two

half-spheres whose defining hyperplanes are orthogonal. They obtained that the number

of facets in this construction is of order log n.

In [16], the authors introduced the notion of spherical spindle-convexity (see also [4])

as an extension of the previous two models. Namely, for some set X in S2 contained in a

spherical disc of radius 0 < r ≤ π/2, its (closed) spherical r spindle convex hull, denoted

by conv r(X), is the intersection of all spherical circular discs of radius r containing X,

and X is spherically r spindle convex if it coincides with conv r(X). Similarly to the

planar case, for a finite point set X, conv r(X) is called a spherical disc–polygon, which is

the intersection of finitely many spherical discs. We note that as a special case, r = π/2

gives us half-spheres and the usual notion of spherical convexity. They determined the

following result: if K is a spherically convex disc with C2 boundary and with the property

that κg(s) > cot r for every x ∈ ∂K, where κg denotes the geodesic curvature, and Kn is

a uniform spherical disc–polygon in K, then

lim
n→∞

E(SArea(K \Kn))n
2
3 =

3

√
2A2

3
Γ

(
5

3

) ∫
∂K

(
κg − cot r

) 1
3ds, (1)

where A denotes the surface area SArea(K), and Γ(·) is the Gamma function, and the

integration is taken with respect to arc length. In the case when K is a sphericaul circular

disc of radius r, the expectation tends to the constant π2/2 without normalisation.

In this work, we first determine a similar result concerning the perimeter deviation in

the above model.

Theorem 1. Let K be a spherical convex disc with C5 boundary and with the property

that κg(x) > cot r for every x ∈ ∂K, where κg = κg(s) denotes the geodesic curvature.

Then

lim
n→∞

E
(
(Per(K)− Per(Kn)

)
n

2
3 =

=
3

√
2A2

3
Γ

(
5

3

) ∫
∂K

(
κg − cot r

) 1
3

(
3κg + cot r

4

)
ds,

where A denotes SArea(K).
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Similarly to case of the surface area, if the points are chosen from a spherical circular

disc of radius r, we obtain a different order of magnitude.

Theorem 2. Let K be a spherical circular disc of radius r. Then

E(Per(K)− Per(Kn)
)
= n−1 · π3(1− cos r) cot r+

+ n−2 · 2π3 (1− cos r)2

sin r
(1− cot2 r) + o(n−2) as n → ∞.

Note that this means that for 0 < r < π/2, the expectation of the perimeter deviation

is of order of magnitude n−1. However, when r = π/2, i.e. we are in standard spherical

convexity, the coefficient of n−1 is 0, hence the order of magnitude is actually n−2.

In addition to the results on perimeter deviation, we also introduce a notion of duality,

which is the spherical counterpart of the planar spindle convex duality defined in [8] (see

also [3]). This provides a natural way to define a model for circumscribed disc-polygons.

For a spherically spindle convex disc K, let Xn = {P1, . . . , Pn} be an independently

chosen set of points from Kr according to the uniform probability distribution. Then a

random circumscribed disc-polygon K(n) can be defined as the dual of conv r(Xn). This

is the spherical analogue of the model defined in [11, Section 5]. In this model of random

circumscribed spherical disc-polygons, we obtain the following results.

Theorem 3. Assume that K has C5 boundary, and κg > cot r. With the notation above,

lim
n→∞

E(SArea(K(n) \K))n2/3 = Γ

(
5

3

)
(sin r)−2/3·

· 3

√
2((1− cos r) · 2π − sin r · L+ cos r · A)2

3
· 3
4

∫
∂K

∆κ−1/3
g ds

and

lim
n→∞

E(Per(K(n))− Per(K))n2/3 = Γ

(
5

3

)
(sin r)−2/3·

· 3

√
2((1− cos r) · 2π − sin r · L+ cos r · A)2

3
·
∫
∂K

∆κ−1/3
g

(
κg −

cot r

4

)
ds,

where L and A denote Per(K) and SArea(K), respectively.

The paper is structured as follows. In Section 2, we state and prove some geometric

lemmas necessary for the proof of Theorems 1 and 2, which are discussed in Section 3. In

Section 4, we define the spherical spindle convex dual of a set, and consider the relationship

between a set and its dual. Finally, in Section 5, we show the assertions of Theorem 3.
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2 Geometric tools

In the section, we introduce some terminology, and prove some lemmas used in the proof

of Theorems 1 and 2.

By the distance of two points, we will generally mean their spherical distance. We

will also use the usual o and O notation, and write f ∼ g as x → x0 when f = f(x) and

g = g(x) are asymptotically equal, that is, f(x)/g(x) → 1 as x → x0.

A subset D of a spherical spindle convex disc K is called an r spherical disc cap if

D = cl (K∩Bc) for some spherical disc B of radius r, where cl (·) and ·c denote the closure
and complement of a set, respectively.

From now on, we fix the radius r of the spindle convexity, and will generally omit it

from the notation.

Lemma 1 ([16], Lemma 2). Let D = cl (K ∩Bc) be a nonempty spherical disc-cap. Then

there is a unique point x0 of ∂K and a nonnegative real number t such that the spherical

center of B is of distance r + t from x0 along the great circle determined by the normal

plane at x0.

Lemma 2. Let K be a spherical spindle convex disc with C5 boundary and with the

property that κg(x) > cot r for every x ∈ ∂K, and let ϱ be an arc-length parametrisation

of ∂K. We denote by A(t, s0) the area of the spherical disc-cap with vertex ϱ(s0) and height

t, and by ∆θ(t, s0) the central angle of the circular arc that determines this disc-cap. Then

∆θ(t, s0) = ϑ1t
1/2 + ϑ2t

3/2 +O(t2) and A(t, s0) = v1t
3/2 + v2t

5/2 +O(t7/2),

where the coefficients are dependent on s0, namely

ϑ1 =
2

sin r
·

√
2

∆κg

, v1 =
4

3
·

√
2

∆κg

,

ϑ2 =

√
2

∆κg

−1
2
∆κ4

g − 3
2
cot r ·∆κ3

g − 5
6
(1 + cot2 r)∆κ2

g − 1
6
κ′′
g∆κg +

5
18
(κ′

g)
2

sin r ·∆κ3
g

,

and

v2 =

√
2

∆κg

−1
5
∆κ4

g − 3
5
cot r ·∆κ3

g − 3
5
(1 + cot2 r)∆κ2

g − 1
15
κ′′
g∆κg +

1
9
(κ′

g)
2

∆κ3
g

,

where ∆κg = ∆κg(s0) = κg(s0)− cot r.

Proof. We may assume without loss of generality that ϱ is a parametrisation with positive

orientation, s0 = 0, ϱ(0) = (0, 0, 1) and ϱ̇(0) = (1, 0, 0), hence ϱ(0)× ϱ̇(0) = (0, 1, 0).

10



It is straightforward to check geometrically that ϱ̈ = κg ·ϱ× ϱ̇−ϱ, hence we can express

the first four derivatives of ϱ in terms of the orthonormal basis (ϱ̇, ϱ × ϱ̇, ϱ), and by the

smoothness condition on the boundary, we obtain the fourth-order series expression for

ϱ(s) around ϱ(0):

ϱ(s) =
(
s− s3

6
(κ2

g + 1)− s4

8
κgκ

′
g +O(s5),

s2

2
κg +

s3

6
κ′
g +

s4

24
(κ′′

g − κg − κ3
g) +O(s5),

1− s2

2
+

s4

24
(κ2

g + 1) +O(s5)
)
. (2)

Now, let C = C(t) be the spherical disc that determines the spherical disc-cap with vertex

ϱ(0) and height t. Then clearly by Lemma 1, C has center (0, sin(r + t), cos(r + t)), and

hence an othonormal basis in the plane containing ∂C is given by the vectors (1, 0, 0) and

(0,− cos(r + t), sin(r + t)), thus ∂C can be parametrised as(
sin r cosφ, cos r sin(r + t) + sin r cos(r + t) sinφ,

cos r cos(r + t)− sin r sin(r + t) sinφ
)
, φ ∈ [0, 2π], (3)

since the Euclidean radius of the ∂C is sin r, and its center is of distance cos r from the

origin. Note that the closest point of C to ϱ(0) is at the parameter value φ = 3π/2.

Our first aim is to express the intersection points x+ and x− of ∂K and ∂C in terms

of t.

Consider the orthogonal projection of the construction to the tangent plane z = 1 to

the sphere at ϱ(0), or equivalently, the xy plane. It is straightforward to check from the

above parametrisations that the projection of ∂K is described by the function

K(x) :=
x2

2
κg +

x3

6
κ′
g +

x4

24
(κ′′

g + 3κg + 3κ3
g) + f(x),

where f(x) = O(x5), and the necessary arc of the projection of ∂C by

C(x) := cos r sin(r + t)− cos(r + t)
√
sin2 r − x2,

for arbitrary t when r = π/2, and for t < π/2− r when r < π/2.

Thus equating K(x) = C(x) gives us an implicit relationship between t and x at the

points of intersection. Using implicit differentiation (see [14]), we can derive the fourth-

order Taylor expansion of t around 0, and obtain

t =
x2

2
(κg − cot r) +

x3

6
κ′
g +

x4

24
(κ′′

g + 3κ3
g + 9κg − 3 cot3 r − 9 cot3 r) +O(x5).
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Figure 1. Projection of a disc-cap to the tangent plane

Note that since ∂K is of class C5, the function K(x), and by consequence the remainder

term f(x) is four times differentiable. If a function is O(xn) and is differentiable at 0, its

derivative is O(xn−1) around zero, which in our case implies that the first four derivatives

of f(x) equal 0 at x = 0. Since the implicit differentiation used above requires at most

the fourth derivative of K(x) at point x = 0, the term f(x) does not affect the results.

By introducing the notation ∆κg = κg − cot r, the above formula can be reformulated

as

t =
x2

2
∆κg +

x3

6
κ′
g +

x4

24
(κ′′

g + 3∆κ3
g + 9 cot r∆κ2

g + 9(1 + cot2 r)∆κg) +O(x5).

We note that while this theoretically could be computed by hand, it is an extremely long

calculation, which we used a computer for, see [17].

By [9] Lemma 2 (see also [13] Lemma 2 in a more general form), the inverse of the

above function is of the form

x+ = C1t
1/2 + C2t+ C3t

3/2 +O(t2) and x− = −C1t
1/2 + C2t− C3t

3/2 +O(t2),

where

C1 =

√
2

∆κg

, C2 =
−κ′

g

3∆κ2
g

, and

C3 =

√
2

∆κg

−1
4
∆κ4

g − 3
4
cot r ·∆κ3

g − 3
4
(1 + cot2 r)∆κ2

g − 1
12
κ′′
g∆κg +

5
36
(κ′

g)
2

∆κ3
g

.
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Now, by (3) we have sin r cosφ = x, hence for the point x+ of intersection, the parameter

value θ+ can be expressed as

θ+ =
3π

2
+

x+

sin r
+

x3
+

6 sin3 r
+O(x5

+) =

=
3π

2
+

C1

sin r
t1/2 +

C2

sin r
t+

(
C3

sin r
+

C3
1

6 sin3 r

)
t3/2 +O(t2).

Using a similar argument for θ−, we obtain that

∆θ = θ+ − θ− =
2C1

sin r
t1/2 +

2

sin r

(
C3 +

C3
1

6 sin2 r

)
t3/2 +O(t2),

which yields the statement of the lemma after some algebraic manipulations.

The surface area can be computed via the integral

x+∫
x−

C(x)∫
K(x)

1√
1− x2 − y2

dydx =

x+∫
x−

C(x)∫
K(x)

1 +
x2

2
+

3x4

8
+ h(x) +

y2

2
+ g(x)dydx,

where f(x) = O(x6) and g(y) = O(y4). We will also use an expansion of C(x), namely

C(x) = t+O(t3) +
x2

2

(
cot r − t+O(t2)

)
+

x4

8

(
cot r +O(t)

)
+O(x6).

Clearly, K(x) and C(x) are positive for all values of x ∈ [x−, x+] by the construcion.

For small enough t, and some M > 0, it also holds that

x+ < Mt1/2, C(x) < Mt, |h(x)| < Mx6,

x− > −Mt1/2, K(x) < Mx2, |g(y)| ≤ My4

for the values of x and y that are in the domaininterval for fixed t. Then∣∣∣∣∣∣∣
x+∫

x−

C(x)∫
K(x)

h(x)dydx

∣∣∣∣∣∣∣ <
x+∫

x−

C(x)∫
0

|h(x)|dydx <

<

x+∫
x−

Mt ·Mx6dydx =
M2

7
· t
(
x7
+ − x7

−
)
dx <

2M2

7
t9/2.

Similarly,∣∣∣∣∣∣∣
x+∫

x−

C(x)∫
K(x)

g(y)dydx

∣∣∣∣∣∣∣ <
x+∫

x−

C(x)∫
0

|g(y)|dydx <

<
M

5

x+∫
x−

C5(x)dydx <
M6

5
t5(x+ − x−) <

2M6

5
· t11/2.

13



Hence the integrals of f(x) and g(y) carry no significant terms.

After integrating with respect to y, we obtain that the surface area is equal to∫ x+

x−

t+O(t3)− x2

2

(
∆κg +O(t2)

)
− x3

6
κ′
g+

+
x4

24

(
κ′′
g + 3∆κ3

g + 9 cot r∆κ2
g + 9∆κg(1 + cot2 r) +O(t2)

)
dx+O(t7/2).

Using a similar argument as before, the integral of O(t3) and x2O(t2) is O(t7/2), and the

integral of x4O(t2) is O(t9/2), thus the terms not explicitly determined carry no signif-

icant terms. The remaining terms are all necessary, and computing the integral of the

polynomial yields the desired result after a long but straightforward calculation.

For the proof of Theorem 2, we need a similar geometric result for whenK is a spherical

circular disc of radius r. In that case, a disc-cap of height t is the complement of the

intersection of two circular discs of radius r whose spherical centers are of distance t, or

equivalently their set theoretical difference. Clearly, the surface area and central angle do

not depend on the vertex of the disc-cap, hence we reduce the above notation to A(t) for

the surface area and ∆θ(t) for the central angle. By Lemma 6 of [16], the corresponding

central angle is

∆θ(t) = 2 arccos

(
sin t

1 + cos t
· cot r

)
.

For the area, we need an improvement on Lemma 5 of [16].

Lemma 3. Let A(t) denote the surface area of the set theoretical difference of two spherical

circular discs of radius r whose distance is t. Then

A(t) = 2 ·
(
2 arcsin

(
sin(t/2)

sin r

)
+ 2 cos r arccos

(
tan(t/2)

tan r

)
− π cos r

)
.

Moreover, the third-order expansion of A(t) around t = 0 is

A(t) = 2 sin r · t− 1

12
cos r cot r · t3 +O(t5).

Proof. We determine the surface area of the intersection of two such discs, which yields

the statement when substracted from SArea(K) = 2π(1− cos r).

Let A be the center of one of the discs, B and C the two intersection points of their

boundaries, and D the midpoint of the segment connecting B and C, which coincides with

the midpoint of the segment connecting the two centers, see Figure 2. By the construction,

d(A,B) = r, d(A,D) = t/2, and the angle ADB is π/2. Let β and α denote the angles

DBA abd BAC, respectively, and let a = d(B,D). We use spherical trigonometry in the

triangle ABD. By the spherical sine theorem, sin β = sin(t/2)/ sin r. By the spherical

cosine theorem used for the side AB, cos r = cos a cos(t/2), and for the side BD

cos(α/2) =
cos a− cos r cos(t/2)

sin r sin(t/2)
=

tan(t/2)

tan r
.

14



Figure 2. The surface area of the intersection of two spherical discs.

The surface area of half of the intersection is then obtained by subtracting the area of

the triangle from the area of the circular sector:

α · (1− cos r)− (α + β + π/2− π),

which yields the assertions after substituting in the above formulas obtained for α and

β.

3 Proof of Theorems 1 and 2

In the proof of Theorem 1, we closely follow the proof of the corresponding planar result

in [7, Theorem 1.2], whose argument is based on the technique used in [18] by Rényi and

Sulanke.

Let P1 and P2 be two disctinct points in K. There are exactly two spherical discs or

radius r that contain both points in their boundaries. Let D−(P1, P2) and D+(P1, P2)

denote the spherical disc-caps determined by these discs, i.e. the closure of the subset

of K that is not covered by the corresponding disc. We also introduce the notation

A−(P1, P2) = A(D−(P1, P2)) and A+(P1, P2) = A(D+(P1, P2)). Furthermore, let i(P1, P2)

denote the length of the shorter r-arc connecting P1 and P2.

The random pair of points P1, P2 ∈ K determines an edge of conv r(Kn) if and only

if D−(P1, P2) or D+(P1, P2) don’t contain more points from Kn. Hence our goal is to

determine E (Per(K)− Per(Kn)) = Per(K)−
(
n
2

)
· In, where

15



In = E
(
1(P1, P2 is an edge of Kn) · i(P1, P2)

)
=

=
1

A2

∫
K

∫
K

((
1− A−(P1, P2)

A

)n−2

+

(
1− A+(P1, P2)

A

)n−2
)
×

× i(P1, P2)dP1dP2.

To compute this integral, we carry out the transformation described in [16] Section 3,

which can be described as follows. For every pair of distinct points P1, P2 ∈ K, there are

exactly two disc-caps where both points are contained in the boundary of the defining

spherical disc. Each of these is uniquely determined by its vertex ϱ(s) and height t by

Lemma 1. After fixing a circle on which the two points lie, we can define an orthonormal

basis in the plane the circle’s contained in, in which the points can each be described by

a single parameter, say φ1 and φ2. In general, this transformation is twofold, but because

of the properties of the specific integrand here, every cap gets counted exactly twice.

By Lemma 3 in [16], and the fact that in the new parametrisation we have i(P1, P2) =

sin r|φ1 − φ2|, carrying out the above transformation yields

In =
1

A2

∫
∂K

∫ t(s)

0

∫
L(s,t)

∫
L(s,t)

(
1− A(t, s)

A

)n−2

· sin r · |φ1 − φ2|·

· sin2 r(sin(r + t)κg(s)− cos(r + t))| sin(φ1 − φ2)|dφ1dφ1dtds.

After integrating with respect to φ1 and φ2, and we obtain

In =
sin3 r

A2

∫
∂K

∫ t(s)

0

(
1− A(t, s)

A

)n−2

(sin(r + t)κg(s)− cos(r + t))·

· 2(2−∆θ sin∆θ − 2 cos∆θ) dtds

Fix ε > 0. There exists some t′ > 0 such that for all 0 < t < t′ the following conditions

hold:

i)
∣∣ sin(r + t)κg(s)− cos(r + t)− sin r ·

(
∆κg(s) + (1 + cot2 r + cot rκg(s))t

)∣∣ < εt

by the first order series expansion of the trigonometric functions;

ii)
∣∣A(t, s)− (v1t

3/2 + v2t
5/2)
∣∣ < εt5/2 using the expansion of A(t, s) in Lemma 2;

iii)

∣∣∣∣2(2−∆θ sin∆θ − 2 cos∆θ)− 1

6
·
(
ϑ4
1t

2 +

(
4ϑ3

1ϑ2 −
ϑ6
1

15

)
t3
)∣∣∣∣ < ε

6
t3

using the expansion of ∆θ in Lemma 2, as well as the sixth-order Taylor polynomial

x4/6− x6/90 + o(x6) of 2(2− x sinx− 2 cosx), and

iv)

∣∣∣∣(1 + cot2 r + cot rκg(s)± ε
)(

4ϑ3
1ϑ2 −

ϑ6
1

15
± ε

)∣∣∣∣ t4 < εt3
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by the boundedness of the expression in the absolute value on the left hand side.

Using essentially the same analytical tools as in [7] (see (5.17) and the preceding

formula), we obtain that

lim
n→∞

E(Per(K)− Per(Kn))n
2/3 = lim

n→∞

(
Per(K)−

(
n

2

)∫
∂K

În(s)ds

)
n2/3,

where

În(s) :=
sin3 r

A2

∫ t′

0

(
1− A(t, s)

A

)n (
sin(r + t)κg − cos(r + t)

)
·

· 2(2−∆θ sin∆θ − 2 cos∆θ) dt.

By the choice of t′,

În(s) ≤
sin4 r

6A2

∫ t′

0

(
1− A(t, s)

A

)n (
∆κg(s) + (1 + cot2 r + cot rκg(s) + ε)t

)
·

·
(
ϑ4
1t

2 +

(
4ϑ3

1ϑ2 −
ϑ6
1

15
+ ε

)
t3
)

dt

≤ sin4 r

6A2

∫ t′

0

(
1− v1

A
t3/2 − v2 − ε

A
t5/2
)n

·
(
D1t

2 +D1D
ε
2t

3
)
dt,

where D1 := ∆κgϑ
4
1 and

D1D
ε
2 = ϑ4

1(1 + cot2 r + cot r∆κg + ε) + ∆κg ·
(
4ϑ3

1ϑ2 −
ϑ6
1

15
+ ε

)
+ ε.

By the same analytical computation as in the proof of Theorem 1.2 of [7], using the

tools (5.13)-(5.16) therein, we obtain that

În(s) ≤
sin4 rD1

9n2v21

[
1 + n−2/3A2/3

(
Dε

2

v
2/3
1

Γ

(
8

3

)
− v2 − ε

v
5/3
1

Γ

(
11

3

)
+ 2ε

)]
.

We can obtain a similar lower bound, and as ε was arbitrary, În(s) is equal to the

formula on the right hand side with ε = 0.

If we write in the formulas for D1 and v1, we see that sin4 rD1/(18v
2
1) = 1, and since∫

∂K
1ds = Per(K), in the limit the perimeter cancels out, hence

lim
n→∞

E(Per(K)− Per(Kn))n
2/3 = lim

n→∞

(
Per(K)−

(
n

2

)∫
∂K

În(s)ds

)
n2/3 =

=

∫
∂K

sin4 rD1A
2/3

18v21

(
v2

v
5/3
1

Γ

(
11

3

)
− D0

2

v
2/3
1

Γ

(
8

3

))
ds.

After expanding the formulas, we obtain that the limit of the expectation is finally

equal to
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3

√
2A2

3
Γ

(
5

3

)
1

4

∫
∂K

∆κ1/3
g (3∆κg + 4 cot r)−

5(κ′
g)

2 − 3κ′′
g∆κg

3∆κ
8/3
g

ds =

=
3

√
2A2

3
Γ

(
5

3

)
1

4

∫
∂K

∆κ1/3
g (3κg + cot r)−

5(κ′
g)

2 − 3κ′′
g∆κg

3∆κ
8/3
g

ds.

By an elementary calculation, the last term in the integral is exactly the derivative of

the expression κ′
g/∆κ

5/3
g , hence its integral is zero. The remaining expression is exactly

the statement of the theorem.

In the case when K is the circular disc of radius r, we follow similar steps. The integral

transformation used is geometrically similar to the previous one, and its Jacobian is given

by Lemma 1 of [16], hence we obtain

lim
n→∞

E(Per(Kn)) = lim
n→∞

(
n

2

)
2 sin3 r

A2
×

×
∫ t′

0

(
1− A(t)

A

)n

sin t · (2−∆θ sin∆θ − 2 cos∆θ)dt,

where A := SArea(K) = 2π(1 − cos r), and the upper bound of the integral t′ is some

appropriately small fixed number. Using the appropriate series expansions, we obtain

that the integral is of the form∫ t′

0

(
1− 2 sin r

A
· t+ cot r cos r

12A
· t3 +O(t5)

)n

×

×
(
t− t3

6
+O(t5)

)(
4− π cot r · t+O(t3)

)
dt.

Using similar analytical tools as above, we obtain the statement of the theorem.

4 A spherical spindle-convex duality

We define the spherical r-convex dual of the set H as

Hr = {y ∈ S2 | H ⊆ B(y, r)} =
⋂
x∈H

B(x, r).

It is clear that if H = K is an r spindle convex disc, K = (Kr)r, justifying the name

’duality’. If K has C1 boundary, then for any x = ϱ(s) ∈ ∂K, the smoothness guarantees

that there is a unique point, denoted by xr := xr(s), such that the spherical disc with

center xr and radius r supports K at x, i.e. B(xr, r) contains K, and their supporting

great circles at x coincide (see Figure 3. By the definition of the dual set, xr ∈ Kr, and

more specifically it is a boundary point. It is also straightforward to check that (xr)r = x.

We note that in the special case of r = π/2, it is easy to see that Kπ/2 = −K◦, where

K◦ = {y ∈ S2 | ⟨y, x⟩ ≤ 0 ∀x ∈ K} is the spherical polar body.
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Figure 3. The spherical spindle convex dual

Lemma 4. Let K ⊆ S2 be a spherically convex disc. Then for the r-spindle convex dual

Kr of K we have

(i) Per(Kr) = sin r · 2π − cos r · Per(K)− sin r · SArea(K) and

(ii) SArea(Kr) = (1− cos r) · 2π − sin r · Per(K) + cos r · SArea(K).

Furthermore, if K has C2 boundary with the property that κg(x) > cot r for every x ∈ ∂K,

the equality

(iii) sin2 r · (κr
g(x

r)− cot r)(κg(x)− cot r) = 1

also holds.

Proof. First, we assume K is of class C2 and κg > cot r, and let ϱ(s) be an arc-length

parametrisation of ∂K with positive orientation. Then the center xr of the support r-disc

at x = ϱ(s) ∈ ∂K can be explicitly determined using the parametrisation of ∂K, namely

xr = cos r · ϱ(s) + sin r · ϱ(s)× ϱ̇(s).

Hence a parametrisation of ∂Kr is given by

ζ(s) = cos r · ϱ(s) + sin r · ϱ(s)× ϱ̇(s), s ∈ [0,Per(K)]. (4)

Differentiating and using the relationship ϱ̈ = κg · ϱ × ϱ̇ − ϱ, we obtain that ζ̇(s) =

−ϱ̇(s) · sin r · (κg(s)− cot r). Hence
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Per(Kr) =

∫ Per(K)

0

|ζ̇(s)|ds =
∫ Per(K)

0

sin r(κg(s)− cot r)ds =

= sin r

∫ Per(K)

0

κg(s)ds− cos r · Per(K),

and as the Gaussian curvature of S2 is constant 1, by the Gauss-Bonnet theorem we have∫ Per(K)

0

κg(s)ds = 2π −
∫
K

1dA = 2π − SArea(K),

which yields the first part of the assertion. Since (Kr)r = K, using the corresponding

formula for K := Kr and some algebraic manipulations, we obtain the second expression.

For the curvature, again a simple computation yields that

|ζ̇(s)× ζ̈(s)| = sin2 r(κg(s)− cot r)2κ(s),

hence the curvature κr(s) of ∂Kr at xr(s) is

κr(s) =
|ζ̇ × ζ̈|
|ζ|3

=
κ(s)

sin(r) · (κg(s)− cot r)

and since (xr)r = x, we can express κ(s) in terms of κr(s) in a similar way, which yields

the desired equality.

As the duality transformation is continuous, for general K we can obtain the results

for surface area and perimeter by using standard approximating tools.

Corollary 1. For the spherical polar body K◦ = −Kπ/2 we have

Per(K◦) + SArea(K) = 2π.

We note that if we consider the perimeter and surface area as special intrinsic volumes,

the case for the polar body follows from combining Theorem 4.3.1 and Corollary 4.3.3 of

[12] in dimension 2.

Lemma 5. Let K be a spherical convex disc with C2 boundary and with the property that

κg(x) > cot r for every x ∈ ∂K. Then∫
∂Kr

F (xr(s))ds =

∫
∂K

F (x(s)) · sin r · (κg(s)− cot r)ds

for any integrable function F .

Proof. Let ϱ be an arc-length parametrisation of ∂K of positive orientation again. Using

the parametrisation of ∂Kr described in (4), as well as the second-order series expansion

of ϱ(∆s) and ϱ(∆s)× ϱ̇(∆s) around ϱ(0) and ϱ(0)× ϱ̇(0), respectively, we obtain that

⟨ζ(0), ζ(∆s)⟩ = 1−
(
∆s · sin r(κg(s)− cot r)

)2
2

+ o(∆s2).
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On the other hand,

⟨ζ(0), ζ(∆s)⟩ = cos d = 1− d2

2
+ o(d2),

where d denotes the spherical distance of ζ(0) and ζ(∆s), or equivalently, the angle

between them as vectors. As it is well-known that d is asymptotically equal to the length

of the arc of ∂Kr between ζ(0) and ζ(∆s), it is enough to show that d is asymptotically

equal to ∆s · sin r(κg(0)− cot r) as ∆s → 0. From the above formulas, we have that

(∆s · sin r(κg(0)− cot r))2

d2
= 1− o(d2)

d2
+

o(∆s2)

d2
. (5)

It is clear geometrically that ∆s → 0 as d → 0 and d → 0 as ∆s → 0. Assume that for

some sequence of the quotient ∆sn sin r(κg(0)− cot r)/dn → c ∈ [0,∞] as n → ∞. Then

the limit of the formulas in (5) exist, and we obtain that

c2 = lim
n→∞

(∆sn · sin r(κg(0)− cot r))2

d2n
= lim

n→∞
1− o(d2n)

d2n
+

o(∆s2n)

∆s2n
· ∆s2n
d2n

.

If c < ∞, the rightmost limit is 1, hence c2 = 1, but since all values are positive, we have

c = 1. If c = ∞, we have that dn/∆sn sin r(κg(0) − cot r) → 0, and as the formulas are

symmetric in dn and ∆sn sin r(κg(0)− cot r), this leads to a contradiction by the previous

point.

5 A circumscribed model

In this section, we prove the asymptotic formulae stated in Theorem 3, regarding the

expectation of the area- and perimeter deviation of a spherical spindle convex disc K

and a circumscribed spherical disc-polygon K(n). Recall that K(n) is obtained by taking

the spherical spindle convex dual of the spherical spindle convex hull of n uniformly

distributed, independent points chosen from Kr.

By Lemma 4, we have

Per(K(n))− Per(K) = cos r · (Per(Kr)− Per(Kr
(n))) + sin r · SArea(Kr \Kr

(n)),

SArea(K(n) \K) = sin r · (Per(Kr)− Per(Kr
(n)))− cos r · SArea(Kr \Kr

(n)),
(6)

and by definition, Kr
(n) is a uniform disc-polygon in Kr.

To be concise, we use the notation ∆κg(s) = κg(s)−cot r as previously, and ∆κr
g(s) =

κr
g(s) − cot r for the dual disc, as well as A(·) for SArea(·). From (1), and using the

integral transformation in Lemma 5,we obtain
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lim
n→∞

E(SArea(Kr \Kr
(n))) · n2/3 =

3

√
2A(Kr)2

3
Γ

(
5

3

)∫
∂Kr

(
∆κr

g(s)
)1/3

ds =

=
3

√
2A(Kr)2

3
Γ

(
5

3

)∫
∂K

(
1

sin2 r∆κg

)1/3

sin r∆κgds =

=
3

√
2A(Kr)2

3
Γ

(
5

3

)
(sin r)1/3

∫
∂K

∆κ2/3
g ds.

Similarly, from Theorem 1 we have

lim
n→∞

E(Per(Kr)− Per(Kr
(n))) · n2/3 =

=
3

√
2A(Kr)2

3
Γ

(
5

3

)∫
∂Kr

(∆κr
g)

1/3 ·
(
3

4
∆κr

g + cot r

)
ds =

=
3

√
2A(Kr)2

3
Γ

(
5

3

)∫
∂K

(
1

sin2 r∆κg

)1/3(
3

4 sin2 r∆κg

+ cot r

)
sin r∆κgds =

=
3

√
2A(Kr)2

3
Γ

(
5

3

)
(sin r)1/3

∫
∂K

∆κ2/3
g

(
3

4 sin2 r∆κg

+ cot r

)
ds.

Combining these results with (6), we have

lim
n→∞

E(SArea(Kn \K))n
2
3 =

3

√
2A(Kr)2

3
Γ

(
5

3

)
·

· (sin r)1/3
∫
∂K

∆κ2/3
g

(
sin r

(
3

4 sin2 r∆κg

+ cot r

)
− cos r

)
ds,

and

lim
n→∞

E(Per(Kn)− Per(K))n2/3 =
3

√
2A(Kr)2

3
Γ

(
5

3

)
·

· (sin r)1/3
∫
∂K

∆κ2/3
g

(
cos r

(
3

4 sin2 r∆κg

+ cot r

)
+ sin r

)
ds,

which yield the desired formulas after simplification of the integrand, and substituting

A(Kr) with (1− cos r)2π − sin rPer(K) + cosA(K) from Lemma 4.
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Computation of the perimeter of a spherical uniform 
random disc-polygon

Notation: κ for the curvature, κg for the geodesic curvature, κg' and κg'' for its first and second 
derivatives, respectively, 
and Δκ for κg-cot(r)

Implicit differentiation to obtain t in terms of x

The starting function is C(x)-K(x) as described in the paper.

The value of Gn [0, 0] is the n-th derivative at t 0 of the function representing (in terms of x) the 

implicit function C (x) - K (x) 0. 

I n [ ] : = G[x_, t_] := Cos[r] * Sin[r + t] - Cos[r + t] * Sqrt[(Sin[r])^2 - x^2] -

(κg * x^2 / 2 + κg' * x^3 / 6 + (κg'' + 3 * κg + 3 κg^3) x^4 / 24)

I n [ ] : = G1[x_, t_] := -D[G[x, t], x] / D[G[x, t], t]

G1[x, t] /. {x  0, t  0}

Ou t [ ] =

0

I n [ ] : = G2[x_, t_] := D[G1[x, t], x] + D[G1[x, t], t] * G1[x, t]

Assuming[r < Pi / 2 && r > 0 && t < r, Simplify[G2[x, t] /. {x  0, t  0}]]

Ou t [ ] =

κg - Cot[r]

I n [ ] : = G3[x_, t_] := D[G2[x, t], x] + D[G2[x, t], t] * G1[x, t]

Assuming[r < Pi / 2 && r > 0, Simplify[G3[x, t] /. {x  0, t  0}]]

Ou t [ ] =

κg′

I n [ ] : = G4[x_, t_] := D[G3[x, t], x] + D[G3[x, t], t] * G1[x, t]

a = Assuming[r < Pi / 2 && r > 0, Simplify[G4[x, t] /. {x  0, t  0, k^2  kg^2 + 1}]]

Ou t [ ] =

3

2
6 κg + 2 κg3 - 3 Cot[r] Csc[r]2 + Cos[3 r] Csc[r]3 + κg′′

We summarize the coefficients of the series expansion here (already including the factorials), 
and introduce the new notation Δκg = κg - cot(r):

I n [ ] : = d2 := Δκg / 2

d3 := κg' / 6

d4 := (κg'' + 9 * Δκg / (Sin[r])^2 + 9 * Δκg^2 * Cot[r] + 3 * Δκg^3) / 24

We simplified the fourth coefficient manually, check that it is correct:

I n [ ] : = Simplify[(a - d4 * 24) /. {Δκg  κg - Cot[r]}]

Ou t [ ] =

0



Coefficients of the inverse i.e. obtaining x in terms of t

I n [ ] : = C1 = 1 / (d2)^(1 / 2)

C2 = Simplify[-d3 / (2 * d2^2)]

C3 = Simplify[-d4 / (2 * d2^(5 / 2)) + 5 * d3^2 / (8 * d2^(7 / 2))]

Ou t [ ] =

2

Δκg

Ou t [ ] =

-
κg′

3 Δκg2

Ou t [ ] =

5 (κg′)2 - 3 Δκg 3 Δκg Δκg2 + 3 Δκg Cot[r] + 3 Csc[r]2 + κg′′

18 2 Δκg7/2

The x coordinates of the intersection points are then

I n [ ] : = xm[t_] := -C1 * t^(1 / 2) + C2 * t - C3 * t^(3 / 2)

xp[t_] := C1 * t^(1 / 2) + C2 * t + C3 * t^(3 / 2)

Central angle

I n [ ] : = θ := Collect[Simplify[

2 * C1 * t^(1 / 2) / Sin[r] + 2 / Sin[r] * (C3 + C1^3 / (6 * (Sin[r])^2)) * t^(3 / 2)], t]

ϑ1 = Coefficient[θ, t^(1 / 2)]

ϑ2 = Coefficient[θ, t^(3 / 2)]

Ou t [ ] =

2 2 Csc[r]

Δκg

Ou t [ ] =

-
Δκg Csc[r]

2
-
3 Cot[r] × Csc[r]

2 Δκg
-

5 Csc[r]3

3 2 Δκg3/2
+
5 Csc[r] (κg′)2

9 2 Δκg7/2
-

Csc[r] κg′′

3 2 Δκg5/2

Surface Area

I n [ ] : = Unprotect[C]

I n [ ] : = C[x_] := t + x^2 / 2 * (Cot[r] - t) + x^4 / 8 * (Cot[r] - t) / (Sin[r])^2

K[x_] := x^2 / 2 * κg + x^3 / 6 * κg' + x^4 / 24 * (κg'' + 3 * κg^3 + 3 * κg)

After integrating with respect to y, we collect the coefficients, specifically x2  and x4

I n [ ] : = e2[t_] := Coefficient[

Collect[Simplify[Series[Series[Collect[Expand[Integrate[1 + x^2 / 2 + 3 * x^4 / 8 +

y^2 / 2 + 3 * y^4 / 8, {y, K[x], C[x]}]], x], {x, 0, 4}], {t, 0, 2}]], x], x^2]

Collect[Simplify[e2[t]], t]

Ou t [ ] =

1

4
t2 Cot[r] +

1

4
(-2 κg + 2 Cot[r])
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I n [ ] : = e4[t_] := Coefficient[

Collect[Simplify[Series[Series[Collect[Expand[Integrate[1 + x^2 / 2 + 3 * x^4 / 8 +

y^2 / 2 + 3 * y^4 / 8, {y, K[x], C[x]}]], x], {x, 0, 4}], {t, 0, 2}]], x], x^4]

Collect[Simplify[-24 * e4[t]], t]

Ou t [ ] =

3 κg 3 + κg2 - 6 Cot[r] + t2
9 Cot[r]

2
-
3 Cot[r]3

2
- 3 Cot[r] Csc[r]2 + κg′′

Which by a manual simplification yields

I n [ ] : = κg'' + 9 * Δκg * ((Cot[r])^2 + 1) + Δκg^2 * 9 * Cot[r] +

3 * Δκg^3 + 3 / 2 t^2 Cot[r] (2 - 2 Cot[r]^2 + Csc[r]^2)

Ou t [ ] =

3 Δκg3 + 9 Δκg2 Cot[r] + 9 Δκg 1 + Cot[r]2 +
3

2
t2 Cot[r] 2 - 2 Cot[r]2 + Csc[r]2 + κg′′

This is in fact correct:

I n [ ] : = Simplify[

Collect[Simplify[-24 * e4[t]], t] - (κg'' + 9 * Δκg * ((Cot[r])^2 + 1) + Δκg^2 * 9 * Cot[r] +

3 * Δκg^3 + 3 / 2 t^2 Cot[r] (2 - 2 Cot[r]^2 + Csc[r]^2)) /. Δκg  κg - Cot[r]]

Ou t [ ] =

0

We integrate the significant terms:

I n [ ] : = Int[t_, x_] := t - x^2 / 2 * Δκg - x^3 / 6 * κg' -

x^4 / 24 * (κg'' + 9 * Δκg * ((Cot[r])^2 + 1) + Δκg^2 * 9 * Cot[r] + 3 * Δκg^3)

v1 = Collect[Expand[Coefficient[Integrate[Int[t, x], {x, xm[t], xp[t]}], t, 3 / 2]], Δκg]

v2 = Collect[Expand[Coefficient[Integrate[Int[t, x], {x, xm[t], xp[t]}], t, 5 / 2]], Δκg]

Ou t [ ] =

4 2

3 Δκg

Ou t [ ] =

-
1

5
2 Δκg -

3 2 Cot[r]

5 Δκg
+

-
3 2

5
-

3

5
2 Cot[r]2

Δκg3/2
+

2 (κg′)2

9 Δκg7/2
-

2 κg′′

15 Δκg5/2

The final formula

I n [ ] : = D1 := Δκg * ϑ1^4

D1D2 := ϑ1^4 * (1 / (Sin[r])^2 + Δκg * Cot[r]) + Δκg * (4 * ϑ1^3 * ϑ2 - ϑ1^6 / 15)

The expression in the integral is

PerimeterDeviation.nb     3



I n [ ] : = Ihat = Collect[Simplify[

Expand[(Sin[r])^4 * A^(2 / 3) * (D1 * v2 * (8 / 3) * (5 / 3) * Gamma[5 / 3] / v1^(5 / 3) -

D1D2 * (5 / 3) * Gamma[5 / 3] / v1^(2 / 3)) / (18 * v1^2)]], Δκg]

Ou t [ ] =

1

2

3

2

2/3

A2/3 Δκg4/3 Gamma
5

3
 +

2

3

1/3

A2/3 Δκg1/3 Cot[r] × Gamma
5

3
 -

5 A2/3 Gamma
5

3
 (κg′)2

6 × 22/3 × 31/3 Δκg8/3
+

A2/3 Gamma
5

3
 κg′′

2 × 22/3 × 31/3 Δκg5/3

I n [ ] : = Ihat = Collect[Simplify[Expand[(Sin[r])^4 * A^(2 / 3) * (5 / 3) *

Gamma[5 / 3] (D1 * v2 * (8 / 3) - D1D2 * v1) / (18 * v1^(11 / 3))]], Δκg]

Ou t [ ] =

1

2

3

2

2/3

A2/3 Δκg4/3 Gamma
5

3
 +

2

3

1/3

A2/3 Δκg1/3 Cot[r] × Gamma
5

3
 -

5 A2/3 Gamma
5

3
 (κg′)2

6 × 22/3 × 31/3 Δκg8/3
+

A2/3 Gamma
5

3
 κg′′

2 × 22/3 × 31/3 Δκg5/3

We factor out the following constant:

I n [ ] : = c = Gamma[5 / 3] * (2 / 3)^(1 / 3) * A^(2 / 3)

Ou t [ ] =

2

3

1/3

A2/3 Gamma
5

3


and obtain

I n [ ] : = Collect[Simplify[Expand[Ihat / c]], Δκg]

Ou t [ ] =

3 Δκg4/3

4
+ Δκg1/3 Cot[r] -

5 (κg′)2

12 Δκg8/3
+

κg′′

4 Δκg5/3
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