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Introduction

Approximating the domain of attraction (DOA) is often a
fundamental task in the analysis and control of nonlinear
systems. The stability properties of dynamical systems
are most often studied using Lyapunov functions. There-
fore, an extensive literature exists on the computational
construction of Lyapunov functions [1].

Due to their advantageous properties and the avail-
ability of efficient numerical solvers, the use of linear
matrix inequalities (LMI) and semidefinite programming
(SDP) techniques became popular in the field of system
an control theory. Important results were announced in
[2, 3] in the context of linear uncertain systems, their sta-
bility analysis and control synthesis.

Recently, an optimization based method for DOA es-
timation was published in [4], where the authors use
Finsler’s lemma and affine parameter dependent LMIs to
compute rational Lyapunov functions for a wide class of
locally asymptotically stable nonlinear systems. Based on
these results an improved method was published in [5, 6],
where the transformation of the model to the form re-
quired for optimization is done automatically using the
linear fraction transformation (LFT) and further auto-
matic model simplification steps, which results in the di-
mension reduction of the optimization task. As the di-
mensions of the problem are reduced the method is ca-
pable to solve more complex systems. For example, in
[6] the DOA is estimated for a 3-dimensional rational un-
certain system (bioreactor model with an applied propor-
tional and integral substrate feedback law).

The dynamical descriptive power of Lotka-Volterra
systems is so extensive that LV models “have the sta-
tus of canonical format” within the class of smooth non-
linear dynamical systems [7]. Besides modeling biolog-
ical/ecological environments, they are widely used in
other scientific fields like or neural nets [8] or in econ-
omy, where the Goodwin-Lotka-Volterra models are ap-
plied for modeling the predator-pray mechanism of the

technological substitution [9, 10]. In order to model the
correlation between the employment rate and the wage
share of the working population, the authors of [11] used
a stochastic extension of the Goodwin-model. Some im-
portant results that makes LV models even more attractive
are the existing techniques to represent a general nonlin-
ear system with a multidimensional LV model [12]. The
analysis of stability and behaviour of LV systems has an
extended literature [13]. In [14], Plank has shown that n-
dimensional LV systems are Hamiltonian if they fulfill
some algebraic properties [14, Theorem 3.1]. He demon-
strated that, when using an appropriate Poisson structure,
one can obtain the system’s Hamiltonian function, which
is a key object in determining the system’s DOA. Fur-
thermore, Hamiltonian function candidates were defined
in [14, Section IV.].

In this paper, the local stability properties of LV mod-
els are analysed by applying the underlying method pre-
sented in [6]. The stability region is estimated on a few lo-
cally stable 2-, 3-, and 4-dimensional benchmark LV sys-
tems. The DOA of an uncertain 2D system is also deter-
mined. The applied method is presented in detail in tech-
nical report [15]. The main motivation of our work was to
evaluate the applicability of the approach [4] on a general
polynomial system class having low-degree monomials,
and to study the limits of the method as the number of
dimensions of the state space increase.

System class, dynamical system representation

Our computational mehods can handle general nonlinear
systems of the form

@(t) = f(x(t),6(t))

. . €))

z(t) eR™, zg € X, §(t) € D, 6(t) € D
where X C R™ and D,D C R? are given polytopes,
x is the state vector function with its initial condition
2o = x(0), and § is a smooth, bounded vector function of



uncertain parameters with bounded time derivative. From
now on, the time arguments of = and § will be suppressed.
We assume that function f : R” XD +— R™ of Eq. (1) is a
well defined smooth rational mapping, with the property
£(0,0) =0 for all § € D. In other words, z* = 0 € R"
is a locally asymptotically stable equilibrium point of (1)
forall § € D.

We are looking for an appropriate rational Lyapunov
function V (x, §) which satisfies the following conditions:

v(x) <V

V(z,0,0)

x,0) < wvy(x), ¥(x,0) € X x D

( . (@
< —vg(x), ¥(,8,0) €X' x D x D
where vy, vy, v4 are continuous positive functions on X.
Due to conditions (2) any closed level set of the Lyapunov
function contained entirely in X bounds an invariant re-
gion of the state space. Our objective is to find a Lya-
punov function which fulfills conditions (2) and to deter-
mine its maximal invariant level set completely inside X
In [4], a Lyapunov function was searched in the form:

T

V(2,8) = nf (,8)Pmy(a,), m = [ﬂ

} 3)

where P € R™*™ is a constant symmetric matrix, not
necessarily positive definite, and 7 : R” x D +— RP is a
mapping, in which each element is a monomial in (z, ¢),
or a smooth rational function with monomial numerator.
The arguments of 7 and 7, will be suppressed below.

Using LFT and further algebraic simplification steps
the system equation & = f(z,d) = A(x,d)x can be
transformed to the differential-algebraic representation
that was introduced in [6]:

&= f(z,0)r =Ax+Br x9€ X

N C))

0 =Nz, (z,0)m €D, oeD
where A € R™"*™ and B € R™*? are constant matrices,
and Ny, (z,0) € RY*™ is an affine matrix function in
(x, ) also called as an “annihilator”.

The SDP problem for estimating the DOA

In this section, we present how to construct the semidefi-
nite optimization task (SDP), which will uniquely charac-
terize an appropriate Lyapunov function and its maximal
invariant level set £, as an estimate of the true domain
of attraction. We assume that polytopes X', ) and D are
already given.

Using the model representation (4), and having a
Lyapunov function candidate of the form (3), we can
formulate sufficient LMIs for the Lyapunov conditions
(2). According to Finsler’s lemma [4, Lemma 2.1], if
there exist real-valued matrices L, € R™*? and L, €

R('n+2p+n2 +np) x (2¢+n?+nq) , st

Y(z,5) € 9(X x D) :

5
P+ Ly Ny, (%,8) + N\ (z,6) L] >0 ©)

V(z,0,8) € 9(X x D x D) : ©
Py + Pl + LNy, (2,8,0) + N (2,8,8) LT < 0

then conditions (2) are met for every (z, 0, 5) € X x
D x D. Variables P, and Ni, (2,6, 5) are define in [15]
in Egs. (3.16) and (3.22), respectively. 9(-) denotes the
corner points (vertices) of a given polytope.

Since the Lyapunov conditions are satisfied within X,
we are looking for the maximal a-level set ¢, = {x €
X | V(z) = a, 1 < a}, which lies inside X. That level
set will be invariant, in the sense that every trajectory en-
tering this region will never leave it.

We define o > 1 as a free variable of the optimization
task, and we constrain ¢, to be inside X’. One can observe
that by maximizing o we obtain an unbounded feasible
solution, as the function V'(x, §) can be scaled arbitrarily.
Therefore, we define an auxiliary polytope ) around the
locally stable origin inside X, constraining the 1-level set

={z € X |V(x)=1} tobe around Y.

According to Finsler’s lemma, for every kK = 1, My
and | = 1, My, if there exist real-valued matrices
Ley, Le, € R M, M, € RUPHDX1 gt

8)Qr >0, Y(z,8) € 9(F) x D) ()
8)Qr <0, Y(z,6) € 9(FY) xD) (®)

QF P{)(a,
Qt PV (a,

than &, is inside X and e is around ). Variables Qy,
Qk» Pé,?)(a:,(S), PC(:)(JU,(S) are defined in [15] in Egs.
(3.36) and (3.34), F.¥) denotes the kth facet of X,
furthermore, My denotes the number of facets of X.

The SDP task can be summarized as follows. In or-
der to find the maximal invariant level set ¢, of the Lya-
punov function, one should maximize «, under the fol-
lowing conditions:

Eq.(5) V(z,0) is positive on X x D
Eq.(6) V(z,,0)is negativeon X x D x D
Eq. (7) e lies inside X

Eq. (8) Y isinside ;1

The free Variaples of the optirnization task are «, P,
Ly, L,, L, L,, M., and M., for k = 1, My and
l=1,My.

Finding the most appropriate outer polytope

In case of a 2D systems, polytope X is evaluated
manually through iterations. When having a higher-
dimensional system (n > 3), we applied the same iter-
ative procedure as it was presented in [6].
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Figure 2: The obtained Lyapunov function

Lotka-Volterra systems
The n-dimensional LV equation has the form

lL‘i :Zfi(Aif—Fbi), AER”XH, beR", 9)

where A; denotes the ith row of matrix A. We translate
the system into its, by assumption, unique interior equi-
librium point z* = —A~1b by introducing z = = + =*:

i, = (z; + ") Az (10)

The LFT produced second order monomials of = in vec-
tor 7.

Numerical results on a 2D LV system

After translating to its unique interior equilibrium point,
the equation of the centered system is:
1

-2 -3
14 1

A; denotes the ith row of model matrix A. In Fig. 1, we
can see the shape of the manually chosen polytope X,
and the obtained invariant « level set of the Lyapunov
function (Fig. 2). We can also observe that the regions
where the Lyapunov function’s time derivative is positive
(green region) are completely outside of X’

i‘i:(xi—i—xf)Aim, A= |:

Summary and further results

In this work, we successfully computed the Lya-
punov function of LV systems by using the improved
optimization-based method presented in [6, 15]. In each
case, we gave an invariant region as the estimated DOA.

The conference presentation and the final paper will
contain already existing interesting computation results
and discussion on the stability regions of higher (3,4) di-
mensional LV models as well as on the monomial selec-
tion for constructing the Lyapunov functions.
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