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1. Introduction and previous results

Let f ðzÞ ¼
P

kP0akzk be a holomorphic function on the open unit disk that satisfies jf(z)j < 1. In 1913, Landau [2] showed that
Xn

k¼0

ak

�����
����� 6 Gn;
where
Gn ¼ 1þ 1
2

� �2

þ 1 � 3
2 � 4

� �2

þ 1 � 3 � 5
2 � 4 � 6

� �2

þ � � � þ 1 � 3 � � � ð2n� 1Þ
2 � 4 � � � ð2nÞ

� �2
is the nth Landau constant [6,8]. Moreover, if Tn(f) is a polynomial operator associated to f(z), then its norm is given by
kTnk = Gn.

The investigation of the asymptotic behavior of Gn was begun by Landau, who proved that
Gn �
1
p

log n;
then Watson [8] established the following asymptotic formula
Gn ¼
1
p

logðnþ 1Þ þ 1
p
ðcþ 4 log 2Þ þ oð1Þ:
Here c = 0.577215. . . is the Euler–Mascheroni constant. Recently, Zhao [9] gave a much better approximation as follows
Gn ¼
1
p

logðnþ 1Þ þ 1
p
ðcþ 4 log 2Þ � 1

4pðnþ 1Þ þ
5

192pðnþ 1Þ2
þ O

1

ðnþ 1Þ3

 !
:

More recently, Mortici [3] extended this asymptotic formula to
Gn ¼
1
p

logðnþ 1Þ þ 1
p
ðcþ 4 log 2Þ � 1

4pðnþ 1Þ þ
5

192pðnþ 1Þ2
þ 3

128pðnþ 1Þ3
� 341

122880pðnþ 1Þ4
þ O

1

ðnþ 1Þ5

 !
:
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In this paper we will show that the asymptotic formulas mentioned above are the first few terms of a complete asymptotic
expansion for Gn in terms of 1/(n + 1).

2. The main results

Theorem 2.1. The Landau constants Gn have the following asymptotic expansion
Gn �
1
p

log nþ 1
2

� �
þ 1

p
ðcþ 4 log 2Þ �

X
kP1

ak

nþ 1
2

� �k
ð2:1Þ
as n ? +1, where
ak ¼
Bk

pk
þ
Xk

j¼1

ð�1Þkþj 2j

j

� �2 ðj� 1Þ!Sðk; jÞ
24jp

:

Here Bk denotes the kth Bernoulli number and S(k, j) is the Stirling number of the second kind.
The Bernoulli numbers and the Stirling numbers of the second kind can be computed by the formulas
Bk ¼
Xk

i¼0

1
iþ 1

Xi

r¼0

ð�1Þr
i
r

� �
rk
and
Sðk; jÞ ¼ 1
j!

Xj

i¼0

ð�1Þj�i j

i

� �
ik
(see, e.g., [5, p. 591 and p. 624]). As a corollary we prove the asymptotic expansion in terms of 1/(n + 1) that we mentioned in
the first section.

Theorem 2.2. The Landau constants Gn have the following asymptotic expansion
Gn �
1
p

logðnþ 1Þ þ 1
p
ðcþ 4 log 2Þ �

X
kP1

bk

ðnþ 1Þk
ð2:2Þ
as n ? +1, where
bk ¼
1

2kpk
þ
Xk

j¼1

aj

2k�j

k� 1
j� 1

� �
:

The computation of the first few coefficients ak and bk leads us to the
Conjecture 2.1. For every k P 1 we have bk = (�1)kak.
This would be an amazing relationship between the two asymptotic expansions.
A particular case of (2.2) is
Gn ¼
1
p

logðnþ 1Þ þ 1
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Since
1
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and
3

128pðnþ 1Þ3
¼ 3

128p nþ 3
4

� �3 þ O
1

nþ 3
4
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 !
;

we find that
Gn ¼
1
p

log nþ 3
4

� �
þ 1

p
ðcþ 4 log 2Þ þ 11

192p nþ 3
4

� �2 þ O
1

nþ 3
4
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 !
:

Thus, we obtain an asymptotic formula with a fourth order error term. This suggests an asymptotic series for Gn in terms of 1/
(n + 3/4). This can be derived in a similar way as we will prove (2.2) from (2.1). This time we get
Gn �
1
p

log nþ 3
4

� �
þ 1

p
cþ 4 log 2ð Þ þ 11

192p nþ 3
4
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4
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4

� �6 �
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4

� �8

þ 317959723

17716740096p nþ 3
4

� �10 � � � � :
At least, the first few odd indexed coefficients are zero. It seems that we obtain an alternating even type asymptotic series for
the Gn’s. We propose the following open problem.

Open problem 2.1. The Landau constants Gn have the following asymptotic expansion
Gn �
1
p

log nþ 3
4

� �
þ 1

p
ðcþ 4 log 2Þ �

X
kP1

ð�1Þkck

p nþ 3
4

� �2k
as n ? +1, where the coefficients ck are positive rational numbers.
3. The proofs of the theorems

Our proofs will be based on the following theorem of Cvijović and Klinowski [1].

Theorem 3.1. The Landau constants Gn have the following expansion
Gn ¼
1
p

w nþ 3
2

� �
þ 1

p
ðcþ 4 log 2Þ �

X
kP1

2k

k
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2
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2
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� � :

Here w = C

0
/C denotes the digamma function.
Proof of theorem 2.1. It is well known that
wðxþ 1Þ � log x�
X
kP1

Bk

k
1
xk
as x ? +1 (see, e.g., [4, p. 295]). From this, it follows that
1
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as n ? +1. The Stirling numbers S(m,k) of the second kind satisfy the identity
xk

ð1� xÞð1� 2xÞ � � � ð1� kxÞ ¼
X
mP0

Sðm; kÞxm;
where the series converges for jxj < 1 (see, e.g., [7, p. 34]). This gives
1
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X
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when jyj > 1. Hence
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This yields the asymptotic expansion
X
kP1
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as n ? +1. Putting this and (3.1) together completes the proof. h
Proof of theorem 2.2. Series transformation gives
X
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¼
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1
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X
kP1

1
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:

Putting this forms into (2.1) yields (2.2). h
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