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1. Introduction

The author proved in a recent paper [1] the following asymptotic expansion for the Gamma function Γ (x) x
e

x 2π
x

1/x

∼


n≥0

Gn

x2n
(1.1)

holds as x → +∞. It was shown that the coefficients Gn satisfy the recurrence

G0 = 1, Gn =
1
2n

n−1
k=0

B2k+2Gn−k−1

2k + 1
, n ≥ 1. (1.2)

Here Bk denotes the kth Bernoulli number. In this paper we will prove that (1.1) holds also in the sector |arg z| ≤ π − δ,
0 < δ ≤ π as z → ∞. Then we will focus attention on the growth of the coefficients Gn as n becomes large. The calculation
of higher terms by the recurrence relation can be exceedingly laborious. However, in the theory of asymptotic expansions,
it is often not necessary to know the exact value of the late terms. Several times accurate numerical approximations of them
are enough for practical purposes.

Through the paper we denote the Stirling numbers of the second kind by S (m, k) and define them by the generating
function

xk

(1 − x) (1 − 2x) · · · (1 − kx)
=


m≥k

S (m, k) xm (1.3)

for every nonnegative integer k. It is known that they can be given explicitly by

S (m, k) =
1
k!

k
j=0

(−1)j

k
j


(k − j)m .
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We also need the Stirling coefficients γn which are given by the following asymptotic expansion:

m! ∼

m
e

m √
2πm


n≥0

γn

mn
(1.4)

asm → +∞. An exact explicit expression for these coefficients was unknown for a long time. The author proved in a recent
paper [2] that

γn =
Γ

3n +

3
2


√
π

2n
k=0

2n+k+1

(2n + 2k + 1) (2n − k)!

k
j=0

(−1)k−j S (2n + 2k − j, k − j)
j! (2n + 2k − j)!

.

Now we are in a position to formulate our main results.

Theorem 1.1. For every positive integer N we have

Γ (z) =

 z
e

z 2π
z


N−1
n=0

Gn

z2n

z 
1 + O


1

z2N−1


(1.5)

as z → ∞ in the sector |arg z| ≤ π − δ, 0 < δ ≤ π . Here the square root and the logarithm in exp

z log


z


n≥0 Gnz−2n


take their principal values. The coefficients Gn are given by the recurrence (1.2). Moreover, for every integer r > 0

Gn =

r−1
k=0

Gk
B2n−2k

(2n − 2k) (2n − 2k − 1)
+ O


B2n−2r

(2n − 2r) (2n − 2r − 1)


(1.6)

as n tends to infinity.

As a corollary of the expansion (1.6) we will derive a complete asymptotic series for Gn in terms of 1/ (n − 1).

Theorem 1.2. The coefficients Gn have the asymptotic expansion

Gn ∼ (−1)n−1

n − 1
πe

2n−2n − 1
π3


k≥0

gk
(n − 1)k

(1.7)

as n → +∞, where g0 = 1, g1 = γ1/2 = 1/24 and

gk =
γk

2k
+

k
j=2

⌊j/2⌋
m=1

(−1)m 22m−kπ2mGmγk−jS (j − 1, 2m − 1)

for k ≥ 2.

The following closed-form approximation is a consequence of (1.5).

Corollary 1.1. The Gamma function has the asymptotic approximation

Γ (z) =

 z
e

z 2π
z


1 +

1
12z2 −

1
10

z 
1 + O


1
z5


which holds as z → ∞ in the sector |arg z| ≤ π − δ, 0 < δ ≤ π .

2. The proof of the theorems

To prove (1.5) we shall use the following theorem of Love [3].

Theorem 2.1. Let S = {z : α ≤ arg z ≤ β}, where −π ≤ α < β ≤ π , be a sector in the complex plane. If

g (z) ∼


n≥1

gn
zn

as z → ∞ in S and

h (w) =


n≥1

hnw
n
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in a neighborhood of w = 0, then

h (g (z)) ∼


n≥1

pn
zn

as z → ∞ in S, where pn is the coefficient of z−n in the formal expansion of
n≥1

hn


k≥1

gk
zk

n

.

Proof of formula (1.5). It is well known that

logΓ (z) ∼


z −

1
2


log z − z +

1
2
log (2π)+


n≥1

B2n

2n (2n − 1) z2n−1

valid as z → ∞ in the sector |arg z| ≤ π − δ, 0 < δ ≤ π [4, p. 140]. Here and through the proof log denotes the principal
value of the logarithm. Simple algebraic manipulation gives

1
z
log

Γ (z) z
e

z  2π
z

∼


n≥1

B2n

2n (2n − 1) z2n
.

Now we apply Theorem 2.1 with S = {z : −π + δ ≤ arg z ≤ π − δ} and

g (z) =
1
z
log

Γ (z) z
e

z  2π
z

, h (w) = ew − 1.

We find that Γ (z) z
e

z  2π
z

1/z

− 1 ∼


n≥1

pn
zn
.

On the positive real line both this and (1.1) hold. Thus, from the uniqueness theorem on asymptotic series it follows that
p2n = Gn and p2n+1 = 0 for all n ≥ 0, hence Γ (z) z

e

z  2π
z

1/z

− 1 ∼


n≥1

Gn

z2n

as z → ∞ in the sector |arg z| ≤ π − δ, 0 < δ ≤ π . By the definition of an asymptotic expansion, for every positive integer
N , there exist positive numbers CN andMN,1, such that Γ (z) z

e

z  2π
z

1/z

=

N−1
n=0

Gn

z2n
+
ϕN (z)
z2N

(2.1)

where |ϕN (z)| ≤ CN for |z| > MN,1 and |arg z| ≤ π − δ, 0 < δ ≤ π . Especially Γ (z) z
e

z  2π
z

1/z

= 1 + O


1
z2


hence

0 <

N−1
n=0

Gn

z2n
+
ϕN (z)
z2N

 < 2

when |z| > MN,2 > 0 and |arg z| ≤ π − δ, 0 < δ ≤ π . Thus, (2.1) can be written as

Γ (z) =

 z
e

z 2π
z


N−1
n=0

Gn

z2n

z

1 +
ϕN (z)

z2N
N−1
n=0

Gnz−2n


z

(2.2)
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when |z| > MN,3 := max

MN,1,MN,2


and |arg z| ≤ π − δ, 0 < δ ≤ π . Since for every positive integer N ,

limz→∞

N−1
n=0 Gnz−2n

= 1, we conclude that
ϕN (z)

z2N
N−1
n=0

Gnz−2n

 ≤
2CN

|z|2N
<

1
2

(2.3)

as |z| > MN,4 > 0 and |arg z| ≤ π − δ, 0 < δ ≤ π . The inequality |log (1 + z)| ≤ − log (1 − |z|) < 2 |z| (|z| < 1/2) and
(2.3) yield

1 +
ϕN (z)

z2N
N−1
n=0

Gnz−2n


z ≤ exp

− |z| log

1 −


ϕN (z)

z2N
N−1
n=0

Gnz−2n






< exp


|z|
4CN

|z|2N


= exp


4CN

|z|2N−1


for |z| > MN,4 > 0 and |arg z| ≤ π − δ, 0 < δ ≤ π . Since exp (x) < 1 + 2x for 0 ≤ x < 1 < 1.2564 · · ·, by (2.3) we have

exp


4CN

|z|2N−1


< 1 +

8CN

|z|2N−1 .

Thus, 1 +
ϕN (z)

z2N
N−1
n=0

Gnz−2n


z

= 1 + O


1

z2N−1



as z → ∞ in the sector |arg z| ≤ π − δ, 0 < δ ≤ π . From this and (2.2) the formula (1.5) follows. �

To prove (1.6) we shall use the following theorem of Bender about formal power series [5, Theorem 2] (quoted in
[6, Theorem 7.3]).

Theorem 2.2. Suppose that

A (x) =


n≥1

anxn, F (x, y) =


n,k≥0

fnkxnyk,

B (x) =


n≥0

bnxn = F (x, A (x)) , D (x) =


n≥0

dnxn =
∂F (x, y)
∂y


y=A(x)

.

Assume that F (x, y) is analytic in x and y in a neighborhood of (0, 0), an ≠ 0 and

(i)

an−1 = o (an) as n → +∞,

(ii)
n−r
k=r

|akan−k| = O (an−r) for some r > 0 as n → +∞.

Then

bn =

r−1
k=0

dkan−k + O (an−r) as n → +∞.

Proof of formula (1.6). As we saw in the previous proof the formal expansion

exp


n≥1

B2n

2n (2n − 1) z2n


∼


n≥0

Gn

z2n
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holds in the sector |arg z| ≤ π − δ, 0 < δ ≤ π as z → ∞. From this we have the following formal generating function

exp


n≥1

B2n

2n (2n − 1)
xn


=


n≥0

Gnxn.

We wish to apply Theorem 2.2 with

A (x) =


n≥1

B2n

2n (2n − 1)
xn, F (x, y) = ey.

It follows that

B (x) = D (x) =


n≥0

Gnxn.

From the representation

an =
B2n

2n (2n − 1)
= (−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n)

it is clear that condition (i) of Theorem 2.2 holds. On the other hand

2 (2n − 2)!

(2π)2n
< |an| <

4 (2n − 2)!

(2π)2n
,

thus (ii) holds for every integer r > 0 since for n > 2r

n−r
k=r

|akan−k| <

n−r
k=r

4 (2k − 2)!

(2π)2k
4 (2n − 2k − 2)!

(2π)2n−2k

=
2 (2n − 2r − 2)!

(2π)2n−2r

n−r
k=r

4 (2k − 2)!

(2π)2k
4 (2n − 2k − 2)!

(2π)2n−2k

(2π)2n−2r

2 (2n − 2r − 2)!

< |an−r |
8

(2π)2r (2n − 2r − 2)!

n−r
k=r

(2k − 2)! (2n − 2k − 2)!

< |an−r |
8

(2π)2r (2n − 2r − 2)!
(2 (2r − 2)! (2n − 2r − 2)! + (n − 2r − 1) (2r)! (2n − 2r − 4)!)

< |an−r |
8

(2π)2r
(2 (2r − 2)! + (2r)!) .

Since F (x, y) = ey is analytic in x and y, it follows that

Gn =

r−1
k=0

Gk
B2n−2k

(2n − 2k) (2n − 2k − 1)
+ O


B2n−2r

(2n − 2r) (2n − 2r − 1)


for every integer r > 0 as n → +∞. �

Proof of Theorem 1.2. Using

B2n

2n (2n − 1)
= (−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n)

in (1.6) we find that

Gn = (−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n)


r−1
k=0

(−1)k (2π)2k Gk
ζ (2n − 2k)
ζ (2n)

(2n − 2k − 2)!
(2n − 2)!

+ O


(2n − 2r − 2)!
(2n − 2)!


.

Since

ζ (2n − 2k)
ζ (2n)

= 1 + O


1

4n−k


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as n → +∞, it follows that

Gn = (−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n)


r−1
k=0

(−1)k (2π)2k Gk
(2n − 2k − 2)!
(2n − 2)!

+ O


(2n − 2r − 2)!
(2n − 2)!


for every integer r > 0 as n → +∞. This can be written as

Gn = (−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n)


r−1
k=0

(−1)k (2π)2k Gk

(2n − 2)2k
+ O


1

(2n − 2)2r


where

(x)m =


x (x − 1) · · · (x − m + 1) , m ≥ 1,
1, m = 0

is the falling factorial. This leads us to the formal asymptotic series

Gn ∼ (−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n)


k≥0

(−1)k (2π)2k Gk

(2n − 2)2k
(2.4)

which holds as n → +∞. By the Stirling formula (1.4) we have

(−1)n−1 2 (2n − 2)!

(2π)2n
ζ (2n) ∼ (−1)n−1


n − 1
πe

2n−2n − 1
π3


k≥0

γk

2k

1

(n − 1)k
. (2.5)

From the generating function of the Stirling numbers (1.3) one can easily verify that

1
(2n − 2)2k

=


m≥2k

S (m − 1, 2k − 1)
2m

1
(n − 1)m

for k ≥ 1. Hence
k≥0

(−1)k (2π)2k Gk

(2n − 2)2k
= 1 +


k≥1

(−1)k (2π)2k Gk


m≥2k

S (m − 1, 2k − 1)
2m

1
(n − 1)m

∼ 1 +


m≥2


⌊m/2⌋
k=1

(−1)k (2π)2k GkS (m − 1, 2k − 1)
2m


1

(n − 1)m

as n tends to infinity. By plugging this and (2.5) into (2.4) and performing the product of the asymptotic series we finally
have

Gn ∼ (−1)n−1

n − 1
πe

2n−2n − 1
π3


k≥0

gk
(n − 1)k

as n → +∞, where g0 = 1, g1 = γ1/2 = 1/24 and

gk =
γk

2k
+

k
j=2

⌊j/2⌋
m=1

(−1)m 22m−kπ2mGmγk−jS (j − 1, 2m − 1)

for k ≥ 2. �

Proof of Corollary 1.1. Since
2

n=0

Gn

z2n
= 1 +

1
12z2

+
1

1440z4
,

by formula (1.5) we have

Γ (z) =

 z
e

z 2π
z


1 +

1
12z2

+
1

1440z4

z 
1 + O


1
z5


(2.6)

as z → ∞ in the sector |arg z| ≤ π − δ, 0 < δ ≤ π . On the other hand for
120z2 > 1

1 +
1

12z2 −
1
10

= 1 +
1

12z2
1

1 −
1

120z2
= 1 +

1
12z2

+
1

1440z4
+

1
172800z6 − 1440z2

.
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Table 1
Approximations for G40 with various r , using (3.1).

Exact numerical value of G40 −3.16528798320637051517856337854 · 1051

Value of r 5
Approximation for G40 −3.16528798320642434418777493911 · 1051

Error 5.382900921156057 · 1037

Value of r 10
Approximation for G40 −3.16528798320637051518803217341 · 1051

Error 9.46879487 · 1030

Value of r 15
Approximation for G40 −3.16528798320637051517856716638 · 1051

Error 3.78784 · 1027

Since for |z| > 1 1
172800z6 − 1440z2

 < 1
171360 |z|6

we obtain
1 +

1
12z2 −

1
10

z

=


1 +

1
12z2

+
1

1440z4
+ ψ (z)

z

=


1 +

1
12z2

+
1

1440z4

z

1 +

ψ (z)
1 +

1
12z2

+
1

1440z4

z

where |ψ (z)| ≤ 1/

171360 |z|6


and |z| > 1. From ψ (z)

1 +
1

12z2
+

1
1440z4

 < 1440
1319

1
171360 |z|6

=
1

156961 |z|6

it follows that

1 +

ψ (z)
1 +

1
12z2

+
1

1440z4

z ≤


1 +

 ψ (z)
1 +

1
12z2

+
1

1440z4


|z|

<


1 +

1
156961 |z|6

|z|

< exp


1
156961 |z|5


< 1 +

2
156961 |z|5

,

since exp (x) < 1 + 2x for 0 ≤ x < 1 < 1.2564, . . .. Thus,
1 +

1
12z2 −

1
10

z

=


1 +

1
12z2

+
1

1440z4

z 
1 + O


1
z5


as z → ∞. Comparing this with (2.6) the statement follows. �

3. Numerical examples

From (1.6) we have the following approximation formula

Gn ≈

r−1
k=0

Gk
B2n−2k

(2n − 2k) (2n − 2k − 1)
. (3.1)

Table 1 shows the numerical performance of this approximation for n = 40 and r = 5, 10 and 15 as well.
Another family of approximations comes from (1.7)

Gn ≈ (−1)n−1

n − 1
πe

2n−2n − 1
π3

r
k=0

gk
(n − 1)k

. (3.2)

Table 2 shows the numerical performance of this approximation for n = 40 and r = 0, 5 and 10 as well.
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Table 2
Approximations for G40 with various r , using (3.2).

Exact numerical value of G40 −3.16528798320637051517856337854 · 1051

Value of r 0
Approximation for G40 −3.16364091760415824540255075458 · 1051

Error −1.64706560221226977601262396 · 1048

Value of r 5
Approximation for G40 −3.16528798354896112475362750946 · 1051

Error 3.4259060957506413092 · 1041

Value of r 10
Approximation for G40 −3.16528798320644784339852009652 · 1051

Error 7.732821995671798 · 1037
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