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G. Pokol: Quasi-linear analysis of waves and runaways

Motivation

« Magnetic field threshold for runaway production at ~2.2 T

» Recent results on EXEL wave suggest destabilization by a moderate
number of runaway electrons in near-critical electric field.

See previous talk by Anna Komar:
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« We speculate similar low thresholds for other runaway distributions.
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Outline

1. The quasi-linear treatment (structure and conditions)

2. Example of whistler wave instability
[Fulop POP 2006, Pokol PPCF 2008, Fulop POP 2009]

1. Model and solution
2. Limitations and difficulties
3. Recent developments

3. Quasi-linear analysis of the EXEL wave
1. Distribution function — linear growth rate
2. Quasi-linear equations
3. Numerical solution
4. Possible outcomes, further studies implied =» Work to be done!

4, Summary
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The quasi-linear treatment

Structure: Dlstrlbutlon
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Conditions:
1. Wave amplitude small enough for the linear approximation to hold.
2. Incoherent, wide spectrum waves to avoid particle trapping.

3. Small growth and damping rates compared to the real part of wave
frequency.
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Example of whistler wave instability
Model runaway distribution

« Pure secondary generation with avalanche mechanism
(Rosenbluth and Putvinski, NF 37):
T = dmeim2,c? /neet In A is the collision time

dny = (B —1) E = e|lE)|T/meoc the normalized parallel electric field

dt
“zr cyz = \/3(Z +5)/mInA

 Kinetic equation for relativistic electrons in homogenous magnetic
field with conditions £ > 1 and pL <p|~p

of 1+7Z 1 & of p = vyv/c is the normalized momentum
"ot A Ip| T2 j 8prl Op | v = 4/1 + p? the Lorentz factor
« Distribution function of runaway electrons:
C E—-1)t/T —p an?
f(p||,pm)=—eXp(( )t/ ” —ﬂ> a=(E-1)/1+2)
P ¢z 2P|
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Example of whistler wave instability
Whistler wave dispersion

Homogenous plasma wave dispersion in electromagnetic
approximation for coordinates B = (0,0,B),k = (k1,0,k) and B =0

k2 c? k22
€11 — e €9 — — ) + €2 =0
wz w 12

The dielectric tensor is: T is the dyadic unit
elk,w)=1I+ x;(k,w)+ x.(k,w) + Xx,(k,w) X, 1s the susceptibility tensor

For cold plasma, [k| > [k)|, wei € w K wee, ke > wpiand kifc? /w2, > 1
we get the whistler wave dispersion:

g = kk”v%/wd
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Example of whistler wave instability
Linear growth rate

 Instability growth rate for small runaway perturbation
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« The ultra-relativisticy ~ p; resonance condition:
P|| = Pres = _nwce/(kuc —wp)

« Growth rate with the runaway susceptibility expanded:

Y Wgwfﬂn k%i w2 1 o0 > 9 o NWee Ofr  p1 Ofy
= 73 2 72 .9 dpL Z n~Jy, +
wo  wy wi kictl—yJo kjep OpL  py Op|
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Example of whistler wave instability
Linear growth rate

Substituting » = —1 to get the dominant anomalous Doppler
resonance, and doing the algebra, we arrive to the analytical
expression:

2
T W lczv?4

exp
dey wgi wo [(k”c — wo)cy

Yi(wo, k, k||) =

This has a maximum inside
the range of validity: Y
kva/wp; = 1/2
kjc = 2wee/cz

Wo = Wee/ €z

T ow?

Lo Ty
ymax — — P exp(—1) =1.3-10 Y=
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Example of whistler wave instability

Damping dominated by electron-ion collisions [Brambilla POP 2].

Wave stability

Ya=1.5 7';;'1
Additional convective damping:

v, = (dw/dk )/ (4L,)=v3kj/4wuL,

Yi—Ya— Yo >0 gives the stability threshold:
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Example of whistler wave instability
Quasi-linear equations

1. Time evolution of runaway distribution function
[Stix: Waves in plasmas]:

) me? ~NEL|? (k(1 — A) + ky)? p? .

ot 4 (2 + k) w2
where A — kypjc k% c? and i = “= kipjc/y O N kjc 0
Wee wz%e p1 op1 v Op

2. Time evolution of the wave energy:
5 = 2ZOWi W) = FIEOP

3. Linear growth rate from perturbation analysis on the modified
distribution.
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Example of whistler wave instability
Semi-analytic solution

Diffusion for v ~ gy, k, < k. and o > kjc/w. 90€s purely in the
perpendicular direction:

%, 0 0 t
f_21 ! T(p|,t) = /0 dt'D(py,t')

or  p. 5PLpl Op1
With the diffusion constant:

mlelwiw? 1

D(p,t) = —52 cz—/k

2,,4
€0MnC V4 P)|

bimes 1 Wik, t)  (bir(1— 4) + ky)?
"k (kypje — wee) K |

where integration is along the line of resonance:

k) Wes ( Wee )
lr = —5 | C—
vi ik
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Example of whistler wave instability
Semi-analytic solution

Analytical solution with the unperturbed distribution as
Initial condition:

_ o (B—-Vt/re—py __opl
flos,p),t) = omezb(py,t) ¥ ( cz 2¢(p,t))

¢(p|,t) = 2a7(p),t) +p|

The linear growth rate decreases with decreasing velocity
space anisotropy:

2 29)2 I —(———%ce
'Yk;(k, k”,t) = 4 wpr kl UA 1(C)6|: C (k”c—wo)cz] L ’Yd . "}/,U

= 2
dez wp; wo ¢

¢ = kicz¢(wce/(k\lc - wO)a t)/wgea
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Example of whistler wave instability
Semi-analytic solution
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Example of whistler wave instability
Limitations - difficulties

Analytical distribution with constant electric field (needed for
semi-analytical solution)

Ultra-relativistic condition (limiting isotropization that can be
modelled)

Assumptions narrowing down the region of validity in wave
parameters (only close to most unstable waves can be taken)

Question is if pitch angle scattering causes losses?
(not modelled)

Effect of continued runaway production modelled by increasing
amplitude of the distribution (not correct, gives false dynamics)

Marginal stability even for strong runaway beams
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Example of whistler wave instability
Recent developments

Analytical distribution with constant electric field (needed for
semi-analytical solution) > CODE/LUKE

Ultra-relativistic condition (limiting izotropization that can be
modelled) = general resonance condition

Assumptions narrowing down the region of validity in wave
parameters (only close-to most unstable waves can be taken)
-> more general wave dispersion, EXEL wave

Question is If pitch angle scattering causes losses?
(not modelled) = coupling to CODE/LUKE

Effect of continued runaway production modelled by increasing
amplitude of the distribution (not correct, gives false dynamics)
-> coupling to CODE/LUKE

Marginal stability even for strong runaway beams - EXEL
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Qua5| -linear analysis of the EXEL wave
Distribution function — linear growth rate

e Distribution to be taken from CODE or LUKE

 Calculating for EXEL wave = closed form solution of
w® — W (26 +wi, + 3wy, +wt [Ki 4 26 (W, + 2wy, ) + wh (Wi + 3wy, )]
—w? [k4c4(wge + wge) + kgcgwge(S/nge + nge +1/2w2 cos 20) + wge] =
—1/2k*c*w ., (1 + cos 20)
» Growth rate has to be calculated numerically [Anna’s talk]
{uﬁ(mé?_cu&) = S {—x11 (11 — K /w?) (33 — kT Jw?) — 2xanens (€33 — KT Jw?) —
Y29 [(611 — K cg/wg) (633 — k2 Q/wg) — kﬁkic’i/w'ﬂ —
x33 (11 — en (K /w? + k”czg/w )+ k2k||c4/w4 +ely] } /Plw, k,0)
Plw, k,0) = 8w" — 6w (2k7c + wl, + 3wy, ) + 4w’ [k 4+ 2K (W, + 2wr,) + w2 (Wi + 3wy, )]
— 2w [k4c4(wge + wge) + kgcgwﬁe(?)/nge + 2%3.9 + 1/2uw2, cos 260) + wge]
* Numerical growth rate calculation to be repeated in each
time step = must be effective - start with ultra-relativistic

resonance
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Qua5| -linear analysis of the EXEL wave
Quasi-linear equations

At this point we keep the ultra-relativistic resonance
condition - diffusion in perpendicular direction with

- ﬂ'gegwg Wit kg sin &
D(pL,p”,t) — 5 5 fd@[ k( ) ZP(OJU, kgeapﬂ)dw ]

€020 pﬁwg(k, &) L — ccost
where
|1 W wee /o —p ﬁi:”k:2 e® 2
T k2ol PR [ ) 2
Plwo, k,0,p)) = e

ex|? + ley|? + lesf?

with polarization

2
W2 Wee JWo kjkic
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wi — k2c? —wz, —wi, F k2L Jwg T Wi + ket —w

and k=k,.s calculated numerically.
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Qua5| -linear analysis of the EXEL wave
Numerical solution

 For ultra-relativistic resonance condition and no coupling to

electric field or collision terms
of 1 8  of

p1
or piOpy. ~Opy

can be calculated for each resonant momentum, and
Interpolated for each time step by calculating

t -
T(p,t) = /0 dt'D(py,t")

For generalized resonance condition and/or for coupled
simulation to CODE diffusion has to be solved in each time

step.
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Quasi-linear analysis of the EXEL wave

Possible outcomes, further studies implied

Result of first runs: diffusion in perpendicular direction for

ultra-relativistic resonance

—> will need to go for general resonance condition

- Integration changes in 20
the runaway susceptibility
terms of the linear growth 15
rate, and diffusion equation
will have to be generalized: ™ 10}
perpendicular direction |

-> curve on the p plane

10
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Quasi-linear analysis of the EXEL wave
Possible outcomes, further studies implied

« Result: significant isotropization

- will need to look at loss 20
mechanisms and effect
on runaway generation
—> couple to CODE/LUKE  »,

15

10} v

10

15 20 25
Py

» Result: losses at destabilized wave location (homogenous
approx.) =2 will need to see global effects with electric field

—> couple to GO
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Summary

Calculated quasi-linear diffusion for whistler wave back in
2008-2009, but stopped development because of problems
with the instability and lack of tools to proceed.

Now we have tools that can help, and found EXEL
Instability that might be important.

More-or-less finished linear growth rate calculations.

Have equations for quasi-linear diffusion for the ultra-
relativistic limit.

Equations are to be implemented.

Depending on the results further steps are foreseen.

REM Workshop, Goteborg, 20th May, 2013




