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Abstract. We construct a special class of discrete p-summations to describe
the transition between the well known (trigonometric) Lagrange and Hermite—
Fejér interpolations. We give general properties, operator norm and convergence
order for these cases.

1. Introduction

In one of his papers, Bernstein [1] gives the following class of trigonomet-
ric interpolation functions on equidistant point systems with an odd number
of nodes, which can be used to describe the transition between the well
known (trigonometric) Lagrange and Hermite-Fejér types of interpolation:

1 %sin%(w—mk)singh%l(x—xk)f( )
- 2 T—xn Tk),
@2m+1)(2h+1) = sin® £t
where 2m + 1 is the number of nodes, 0 < h < m and z = 272:11.

In this paper we study generalizations of these functions using the tech-
nique of p-summation. After some general properties, the precise operator
norm and uniform convergence (with order) are investigated.

2. Preliminaries

2.1. Summation of discrete Fourier series. Let (5, denote the lin-
ear space of complex valued 27-periodic continuous functions defined on
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R = (—00,00). With the maximum norm

(2.1) 1flloe = max[f()]  (f € Can)
the (Car, | - ||o) space is a Banach space.

Let us fix a natural number M € N = {1,2,...} and consider the equidis-
tant point system

271'.

(2.2) XM = {«'L’k,M = kM

k:QL”wM—l}

Let Z denote the set of integers and define the discrete trigonometric
Fourier coefficients of f € Cy, with respect to the point system (2.2) by

(23) fuli) =42 3 flapae 5 (e D)
k=0

The n-th discrete Fourier partial sum of the function f € Cy; corre-
sponding to the point system Xj; can be defined as

(2.4) (Sparf)(x) == jf: far(G)e®.

j=—n

Now we define summation of discrete Fourier series. Fix the real even
function ¢ and the number M € N. The n-th discrete p-sums with respect
to the point system (2.2) of the function f € Cy, are defined by

n

25) (S5ad)@ = ¥ ¢(2) fu)es® @eR, feCu neN).

j=—n

Thus for every function ¢ we have a two-parameter operator family.
Since ¢ is an even function thus for every f € Cor and all n, M € N we
have

2M—1
(2.6) (Syaf) @) = 37 > f@ran) DR (@ = wx0),
k=0
where
A A
2.7 D7 (t) = - = ] cosjt teR).
2.1 =5+ (F)wsit R
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34 7S. NEMETH

Let T,, (n € N) be the linear space of all complex valued trigonometric
polynomials of degree not exceeding n:

ijx

Tp:=span{e’?: —n < j < n}.
Then
St (Coms |l o) = (T Il o)

is a bounded linear operator for all fixed n, M € N.

Conditions of uniform convergence and other properties in this general
case were investigated in [5,6], while a summary on many discrete linear
interpolatory operators was given in [3].

2.2. Definition of ¢, functions. Our aim is to investigate interpo-
lation methods which form some kind of transition between the (trigono-
metric) Lagrange and Hermite-Fejér interpolations with a special class of
summation functions.

DEFINITION 2.1. For v € [0, 1) let ¢, be the continuous function which
is 1 on the interval [—a, ], 0 on R\[—1, 1] and is linear on [—1, —a] and [«, 1],
i.e.on z € [0,1]

1, if 05z
palz) = {1 -
¢ :1:’ if a<z=s1
11—«

The function ¢, (see Fig. 1) is called the Fejér summation function if
a =0, and a de la Vallée Poussin-type summation function if 0 < a < 1.
In the following, we investigate properties of the operators Sﬁw. Similar

types of operators were investigated (among others) in [2].
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Note that the term j = n of the sum (2.7) is zero for every ¢,-summation,
so the degree of the polynomial S7%,f (f € Caz) is at most n — 1: deg S¥y, f
<n-1.

3. Results

The operator S,f"}w has the following projection property.

THEOREM 3.1. Let a € [0,1) be an arbitrary number and suppose that
n< M. If

0 < s £ min {na, M —n},
then for every trigonometric polynomial T' € T4 the identity
(SpuT) () =T(x) (zeR)
holds.

We will give a necessary and sufficient condition for S;ff}w f to interpolate
the function f.

THEOREM 3.2. Let o € [0,1). S,ffo interpolates f € Cor on the point
system X (i.e. (S;fj\/[f) (xknr) = fl@im), k=0,1,...,M —1) if and only
if one of these conditions holds:

M
() a =" —1,

1
(b) M =2n—-1 anda>1—g.

REMARK 3.1. For arbitrary parameters M, n, «; satisfying condi-
tion (b), there exists ag € [0,1) such that

Sywrf =58 f  (f € Car)

and condition (a) holds for the parameters M, n, «s.
Indeed, suppose that M =2n —1 and a7 > 1 — %, and let ap = % -1

=1- % It is clear that condition (a) holds for the values M, n, asg, and
one can easily see that in (2.5) we have

j j 1, if j=-n+1,—n+2,...,n—1,
Pon <_> = Pas <_> = o
n n 0, if j=-n,n.

Consequently S;f’”]’\} f= Sfj\} f for every f € Car.

Now we show how we can obtain the (trigonometric) Lagrange and
Hermite—Fejér interpolation polynomials as special cases.
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36 7S. NEMETH

THEOREM 3.3. (a) The (trigonometric) Lagrange interpolation, odd
case: If

M
M =2m+1, n:m—klz{—}—i-l and o=
2 n n

then S“’Mf is the uniquely determined trigonometric polynomial of degree <

[%] =m = n — 1 which interpolates the function f € Cor at the points X ;.

(b) The (trigonometric) Lagrange interpolation, even case: If

M M —
M =2m, n:m+1:7+1 and o = i
n

2
—1-Z
n

then SV’ [ s a (not uniquely determined) trigonometric polynomial of degree
<M _ = n—1 which interpolates the function f € Coy at the points X .

(¢) The (trigonometric) Hermite—Fejér interpolation: Fix an arbitrary
natural number M. Let n=M, a =0 and f € Cor. Then S“’ wf is the
uniquely determined trigonometric polynomial of degree < (n — 1) which sat-

isfies the following Hermite—Fejér interpolation properties:

(Sf;}wf) (xk,M) :f($k,M)7 (Srfjwf)/(l‘k,M) =0 (k:()?l?aM_l)

Next, we give a two-sided estimation of the operator norm

(3.1) .S MH = Sup{” E;V[fH lfll = 1}
) M—1
- xén[oggr) {M lg) | g (x — 2x,m)| }

We will prove the following theorem concerning the norm of the opera-
tor S‘p“

THEOREM 3.4. To any interpolatory operator S“O there exist positive
constants c1, co independent of n and M such that the inequalities

2 2
—logN 4 = | Syl = —log N+

hold for every n, M, where N = 2n 7

Let us denote the error of the n-th degree best approximation of
f € C27r by
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Choose the index sequences (ng, k € N) and (My, k € N) arbitrarily. We
shall investigate the convergence of the operator sequence

(32) S;f:,Mk : (CQ’/H H ’ ||oo) - (CQﬂv H ’ ||oo) (k; € N)

Using the estimations above, we have (cf. [1, p. 150]) the following result.

THEOREM 3.5. Let f € Cor. Consider the trigonometric polynomial se-
quence 590 M f (k € N). Suppose that
(i) Mk — 400 (k — +00), and let
.. Mk — Nk Mk
=—— Ny=—""— (k€eN).
Then SSO v J interpolates fat the points Xy, for every k € N, and

187750, = £l = { S log N+ O} Banon () (€ Can),

COROLLARY 3.1. Let f € Cy.. Consider the polynomial sequence
Sf:"Mkf (k € N). Suppose that conditions (i) and (ii) of Theorem 3.5 hold,
an

(iii) the sequence
My,
Ny = ——— keN
T 9 — My (k€ N)
is bounded.
Then the sequence S::ka (k € N) converges uniformly to f.

By Theorem 3.5 the order of convergence is near the best approximation.
For a sequence of the (trigonometric) Lagrange interpolation polynomi-
als, if My — +oo (k — +00) then the sequence
N M, My, if My is odd
k= —— = M
2ny, — My, ZEif My is even

is not bounded so we do not have uniform convergence.

A sequence of the (trigonometric) Hermite—Fejér polynomials satisfies
conditions (i)—(iii) and therefore uniformly converges for any f € Ca,. More-
over for any fixed 0 < o < 1 if conditions (i) and (ii) hold for a sequence
S% S then

Mk _1+O¢
2nk—Mk_1—a

is constant (i.e. bounded), so S@ v, S uniformly converges to f.

Nj, =
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38 7S. NEMETH

4. Proofs

4.1. Proof of Theorem 3.1. Let us consider an arbitrary polynomial

T(z)= Xs: et (x € R).

l=—s

Then
(SiT) @) = Y va () Tl
j=—n

where

S

N 1 M-1 -
Tu(j) = M Z ql Z PUETR VP E Y
k=0

l=—s

We have s £ M —n and s < na < n, which means that
s—(=8)<M—-—n+n=M,
so in T (j) the inner sum is 1 if [ = j and 0 otherwise. Hence

(ST () = D (L) egete

4 n
j==s
Since s < na < & < « then gpa(%) =1forevery —s<j<s. 0O

4.2. Proof of Theorem 3.2. First we recall the following statement
(cf. [5, Lemma A, p. 137]):

LEMMA 4.1. Suppose that ¢ : R — R is an even function supported in
[—1,1], (0) =1 and M = n. The polynomial S;f’Mf interpolates the func-
tion f at the points Xyr if and only if

(4.1) ¢(%>+¢(M;j):1 (j=1,2,...,M—1).

- This lemma visually states that for j=1,2,...,M —1 the points
(%, @(%)) from the graph of ¢ are positioned symmetrically to the point

S

(%, %) on the interval [0, %] This property is demonstrated in Fig. 2.
Starting the proof of the theorem, first, let us assume (a). In this case it

is enough to show that the graph of ¢, on the interval (O, %) is symmetrical
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to the point (%, %) Namely in this case

0o () + @a <% —a:) =1

holds and considering Lemma 4.1 the polynomial S:f"}\/[ f interpolates f.
The graph of ¢, is symmetrical to the point (%, %) because the center

points of the intervals (0, %) and (a, 1) are the same, and

(a+1>_1—“7+1_1
e\T2 )T a2

Now let us assume that condition (b) holds. From « =1 — 1 we have
that @a(”T_l) =1, and also we can see that

Pa (W) :%<(2n—1)_(n_1)

n n

) — ou(1) =0,

This means that (4.1) holds for j =n — 1 and j = n, as well. It also implies
that for every j <n —1 we have goa(%) =1, and gooé(Mn_J) =0, so (4.1)
holds for every j < n — 1. From this we get that it is true for every j = n,

and by using Lemma 4.1 we proved that S75,f interpolates f.

Conversely let us assume that S:ff}w f interpolates f € Cy,, that means
condition (4.1) holds. We consider two cases:
(i) If &« <1 -1, then we have “=1 € (a,1). Using (4.1) for j =n, and

M-—n\ _ M—-n <
- )—1,whence — S .

considering ¢, (1) = 0, we get cpa(
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Now using (4.1) for j =n — 1 we can write

e () e (P ) m e ()
= ¢q (ngl) = ¢a (n;1> — @a(1),

and considering that ¢, is linear on [, 1], this can only happen if o =
that means condition (a) holds.

(i) If 2= < o, then we only have to show that M = 2n — 1. Consider
(4.1) for j =n — 1. We get

o <M—§ln—1)> o

because in this case cpa( - ) = 1. It can only happen if # > 1, so

M 2 2n —1.
M —n
e (F50) -
n

Observe that we have
as well, because @a(%) = (. This means that @ < 5,80 M < 2n. Putting
these together we have M =2n —1. O

M-—n

n 9

4.3. Proof of Theorem 3.3. (a) The degree of the polynomial S“ﬂ wlf

in this caseisn — 1= [%], and it interpolates f at the points X because
condition (b) of Theorem 3.2 holds.
M

(b) The degree of the polynomial S‘pr in this caseisn —1= 5 = [%],
because M is an even number. Also we have
n—2 2n—-1)—-n M-n

o = = = y
n n n

so condition (a) of Theorem 3.2 holds, meaning that S M f interpolates f.

(c) It was shown (cf. [5, Theorem 1, p. 142]) that S‘p ./ is the Hermite—
Fejér interpolation polynomial if ¢ is the Fejér summatlon function. In our
case @, is the Fejér summation function if & = 0. From Theorem 3.2 condi-
tion (b) cannot hold, so necessarily « = == = 0, meaning M =n. [

4.4. Proof of Theorem 3.4. Sf‘}w has the interpolation property, so
considering Remark 3.1 we can assume that

M M—n

4.2 ==-1=
(4.2) a=— -
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and [ ] <n< M.

Let H :=2n— M. Observe that M and H have the same parity and
1<HSM.

Let f € Co,. First we give two different forms of the polynomial

2 M-1

(Syaf)(x) = i > f@ran)Dge (z — zp )
k=0

M—1
Z%Qf(xk,zw{ +Zs0a( )COSJ(CE—ﬂko)}

LEMMA 4.2. The polynomial S‘D‘}Wf has the form

M

H
(5558) ( Z 07 D) 52T 1)

n,M . r—x
SlIl2 k,M

PRrROOF. Via induction one can easily prove that

sin ha 2cosx +2cos3x + ...+ 2cos (h — 1)z, h even,
sin

(4.3) -
1+2cos2x+...4+2cos(h— 1)z, h odd.

Considering (2.6) we have to show that
M . H
sin 5 (z — xp ar) sin 5 (z — xp 0r)

4.4 2 ’ 2 L = D (x — Tp.)-
(4.4) 2H sin? Tk n (@ = 2rar)
Since

M—n M (227:,—M) MEH
o= = =
n n n
and
j j . M-H
ST B
l—a 1-(2_7) H

thus the used values of ¢, are
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First, let us assume that M =2m+1and H =2h+1,son=m-+h+ 1.
The following identity was showed by S. N. Bernstein in [1, p. 147]:

2m+1

1 sin 2 sin 2h+1 1
4.6 = 2h+1
(46) 2(2h + 1) st z C2(2h+1) [( +1)
m— m+h
2(2h + 1) Z cosjr + 2 Z (m—l—h—i—l—j)cosjm}
j=1 j=m—h+1

Observe that (4.6) completes the proof of this case as the coefficients of
cosines are the needed @a(#ﬁﬂ) values.

Now consider the case M = 2m and H = 2h (cf. [1, p. 151]). This means
n =m + h. By (2.6) now we have to show that

(4.7)

sin ma sin hx 1 sinmx sinhx
D= (z +Z<pa( )cosy:v— = '

4hsin2% h 2tang sing ’

where the middle fraction is (cf. [7, p. 50])

sin mx 1 n i . 1
= — COS )T — — coSmx.
2tang 2 T2

For the last fraction we shall use (4.3). We consider two cases:
(i) If h = 21 + 1 then the right side of (4.7) becomes

1 1 & 1 l
U1 (5 —i—jzlcoij— §cosm:c> . (1+22c052jx>.

J=1

We multiply the second and third terms and use the trigonometric identity
for cos pzx - cosqz (p,q € N). The result becomes

2ll[;_—k(Qljtl) Z cos jx + Z m—i_;‘ycosjsn].
T j=1 j=m—21
h—1

Here if we write | = *5=, we get the wanted wa(#ﬁ) coefficients for the

cosines.

(ii) If h = 21 then the right side of (4.7) becomes

1

1 & 1 ’
TR <§ +jz:1(:oij - Ecosmx> : (2;:1005 (25 — 1)3:)
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Again, we multiply the second and third terms and use the trigonometric
identity. The result becomes

m—21[ m+2[—1 .
21 —
[ +2lZcosyx+ Z ucoij}
J=m—2l+1
Here if we write [ = %, we get the wanted @a(ﬁ) coefficients for the

cosines.
Cases (i) and (ii) together yield (4.7), so the proof of the lemma is com-
plete. [

Also from the form (2.6) by using the trigonometric identity
o8 j(x — Tp,pr) = COS jx cos jp, pr + sin jx sin jog ar,

one can get the following simple form of S“D v f (el 1, p. 147]).

LEMMA 4.3.
Ao "
(4.8) (Syarf) (@) = — + ZA cos jx + Bjsin jz,
j=1
where
j 9 M-l
Aj=va (L) 5 X Sl eosiona, G S m);
k=0
j o M-1
Bj = ¢a (E) "7 2 f(@kar)sinjaiar, (J =n).
k=0

With these lemmas at hand, we can show the following identity (cf. [1,
p. 148]).

LEMMA 4.4. If M,H € N, 1 < H < M and X, is the point system de-
fined by (2.2) then

PROOF. From (4.4) and (4.5) with M = H we obtain that

M—-1 . 2 H M-1 H-1 .
1 sin® 5 (z — 2p,) 2 [1 H—j )
MH ’;) sin? —35_3;’“” M kz::o 2 * jz:l H cos j (@ = ) |-
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By changing the order of sums this equals

2

(4.9) M[(Mgzl >+Z( . Zcosg x—ka))]

Since X is an equidistant point system, one can see that the following
equation holds:

M-1

> cosj(@—apn) =0 (zeR, j=1,2,...,M—1).
k=0

Using this in (4.9) we get our statement. [J

Now we prove the following statement regarding the operator norm (cf.
[1, pp. 148-150]).

LEMMA 4.5. Consider the interpolatory operator S7°5, and N = ﬁ
(a) If N € N then the norm of the operator is

H H—_Z _i 1 + 1 +...+¥
— sin ﬂw N |sin ﬁﬂ' sin %7‘( sin QgNlﬂ

(b) If N is not a natural number then the norm can be estimated as

L W

NI~ 1 1
E:: n T < |sy H—[N+1]Z SESTE

2N o=0 SN g T

PRrOOF. First let us assume that N := % € N. Using this, the index
k in (3.1) can be expressed as k = AN + o, where A=0,1,...,H — 1 and
0=0,1,...,N — 1. For the norm of operator S“’M we get

IS5l

1 N=b oAl 81n]\24(a:+297r+211\f) sin
= max { —— —

ze[0,2r) | MH =0 =0 SIHQ%(xﬁ_%_’_%
Let
A(z) —LN_l H-1 Sln%(x-i-%"i‘%) sm%(aH_?%_i_z\Tw)‘
- in2 1 20m | 2\
MH 0=0 =0 sin §(x+%+T7r)
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Then, we have

sin —

M 2 2 M
<x+ﬂ+ﬂ>‘ = sin(;x—i—gw—i—]\@m)‘

2 M H
M M M
= sin;x-cos(g—i—N/\)ﬂ—i-(:os?a:-sin(g—i—NA)w = |sin —zx|,
SO
Lt 42 A2 s o 3+ 37
A('r) Z Z om 2\
= iz sin® gz + 3+ )
Additionally,
oy a2 s’ (a-+ 5 + )
x . ,
Wi L 5 TG i %
where
H 2 2\ H 2
sm;(z—k% 7%) = sm(; (x+%)+)\7r>’
H 2 H 2
= sin5<x+%) 'COS)\W—FCOS?(ZE—F%) - sin A
. H( +2@77)
=|sin — [z + ——
2 M)’
implying that
‘stle 1 H_lsiHQ%(x—i—%ﬂ—i—Q/\T’r)

A = )
(@) = MH ; |sin%(x+%)‘ AZO st;(x—l—Qm—i-%’r)

Here, considering Lemma 4.4 in the case M = H, the inner sum be-
comes H?, thus

H| M |"A 1
A(a:):Msm2 E;O|S (CB—{-QQﬂ-)‘.

Finally, with the substitution x = %, by 77 = N we have

sin 2y

max A(xr) = max {
xz€[0,2m) ye[0,2nH)
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N N-1
B sin 5 1
—mgfo%;;){ N Z|sin(§+§(;)\}'

0=0

Now let us have a closer look at the function

. N_.|N—1
_[singz 1
il i PR Y e

Using simple evaluation one can easily see that By is 2W’T—periodical and

27 27
By (W—.Z‘):BN(-f), T e [Ovﬁila

so By is even within each period.

Also observe that By (z) 2 1 and By(0) = 1. Now if the function had a
local maximal value on the interval (0 = ) then due to its parity there would
be at least 4 local extrema on the interval [O, N ), and by its periodicity there
would be at least 4N extrema on the interval [0, 27), which is not possible.
So the function takes its only maximal value on the interval [O, %“) at the

point = &, and due to periodicity

1
IS5 "_xéf[})af)BN( z) = NZ@~

Now suppose that N is not an integer. As above, for the norm of the
operator 579, we have

1 N2 sin Mz

o H
Sin — Xk M) S —(.’L’ — XL M)
4 10 — m 2 ) 2 )
H MH xG[Oag(Tr) MH ];) Sin2 $*1‘2k,1w

Here we can get the lower bound

T |

|Srall 2 ™ Z T

—p S Q[N} ™

by discarding some members of the sum and taking similar steps as in the
previous case.
We can also get the upper bound

NI
19l = > o
- [N+1] o=0 Sin [;_fl]
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in a similar way. [J

To complete the proof of Theorem 3.4, let N € N and

=N Z 1+2g

—0 sin SN 7T
Using that Ly = 2log N +O(1) (cf. [1, (13)] or [4, p. 108]) we can get the es-

timation of the theorem. If N is a noninteger value, we obtain the statement
in a similar way using part (b) of Lemma 4.5. O

4.5. Proof of Theorem 3.5. Let p;, := ||Sf:"Mkf — f|l .- Denote by
QM —n, the trigonometric polynomial of degree My — ny for which

Consider the inequality
(4.11) |(Snan ) (@) = F(@)] <
< (S f) (@) = @ty ()] + | Qt—n () — f ()]

Using Theorem 3.1 the interpolatory polynomial can be written in the
following form:

(S::,kzwkf) (.CU) = QMk_nk (l‘) + (Ss:f/\/fk (f - QMk:—nk)) (.ZL')
Using Theorem 3.4 leads to the inequality
(5200 (@) = Quia ()] £ {Z 108 N +0() - B (1),

which together with (4.11) gives

o < {1 + Zlog N + O(l)}  Erte—n ()

= {ilogN+ 0(1)} B, (f). O

Acknowledgements. The European Union and the Furopean So-
cial Fund have provided financial support to the project under the Grant
Agreement no. TAMOP 4.2.1/B-09/1/KMR-2010-0003. The author thanks
Lészl6 Szili for his guidance during the preparation of this work. He also
thanks the referee’s advices.

Acta Mathematica Hungarica 139, 2013



48 ZS. NEMETH: ON LAGRANGE AND HERMITE-FEJER INTERPOLATIONS. I

References

[1] S. N. Bernstein, Sur une classe de formules d’interpolation, in: Collected Works, Vol. II
(Moscow, 1954), pp. 146-154 (in Russian).

[2] O. Kis and J. Szabados, On some de la Vallée Poussin type discrete linear operators,
Acta Math. Hungar., 47 (1986), 239-260.

[3] J. Szabados, Discrete linear interpolatory operators, Surveys in Approzimation Theory,
2 (2006), 53-60.

[4] J. Szabados and P. Vértesi, Interpolation of Functions, World Sci. Publ. Co. (Singapore,
New Jersey, London, Hong Kong, 1990).

[5] L. Szili, On the summability of trigonometric interpolation processes, Acta Math. Hun-
gar., 91 (2001), 131-158.

[6] L. Szili and P. Vértesi, On uniform convergence of sequences of certain linear operators,
Acta Math. Hungar., 91 (2001), 159-186.

[7] A. Zygmund, Trigonometric Series, Vol. I and Vol. II, Cambridge University Press
(Cambridge, 1959).

Acta Mathematica Hungarica 139, 2013




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


