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ABSTRACT: The paper presents the modeling and control design of a variable-geometry suspension system,
which is applied as independent wheel steering for in-wheel electric vehicles. The variable-geometry suspen-
sion modifies the tilting of the wheel, which has an effect on the steering of the wheels through the variation
of the scrub radius. In the paper the model of the suspension-steering system and the relationship between the
steering and the suspension geometry are formulated using nonlinear dynamical equations. The model is val-
idated through a high-fidelity multi-body suspension model SimMechanics. In the paper the robust combined
feedforward-feedback control design of the independent steering system is presented. Finally, the proposed
control system is used in different vehicle scenarios.

1 INTRODUCTION AND MOTIVATION

The variable-geometry suspension is a novel intelli-
gent actuator in road vehicle control. The purpose of
the actuator is to modify the geometry of the vehicle
suspension, by which the lateral and vertical dynam-
ics of the vehicle are improved. Familiar applications
of the variable-geometry suspension system are the
rear-wheel steering with the modification of the toe-
angles (Lee, Lee, Ha, & Han 1999, Goodarzia, Oloo-
mia, & Esmailzadehb 2010), the improvement of ve-
hicle handling (Lee & Han 2001) and trajectory track-
ing through wheel tilting (Németh & Gáspár 2013).
The system is also used for the control of narrow tilt-
ing vehicles (Piyabongkarn, Keviczky, & Rajamani
2004). The advantages of the variable-geometry sus-
pension are the simple structure, low energy con-
sumption and low cost compared to other mechanical
solutions such as an active front wheel steering, see
(Evers, van der Knaap, Besselink, & Nijmeijer 2008,
Lee, Sung, & Lee 2005).

The in-wheel electric drive offers new possibilities
in the steering of the vehicle, such as independent
steering. The goal of the independent steering concept
is to improve the lateral dynamics of the vehicle us-
ing individually controlled wheels. The independent
steering control for the rear wheels to modify the toe
angle is presented by (Lee, Lee, Ha, & Han 1999).
The analysis of the independent wheel-steering sys-
tem for heavy vehicles is found in (Ronci, Artuso, &
Bocci 2011). (Wang, Wang, Jin, & Song 2011) pro-
poses an indirect power steering measure called dif-
ferential drive torque assisted steering, and validates
its feasibility. (Hu, Jing, Wang, Yan, & Chen 2015)

presents a fault-tolerant control approach for a four-
wheel independently actuated electric vehicle in or-
der to realize normal driving requirements when the
active steering system is in complete failure. In this
paper the variable-geometry suspension control is ap-
plied for independent steering control purposes. The
advantage of this solution is that the controls of the
variable-geometry suspensions are independent from
each other. Thus, the steering of the left and right
wheels can also be achieved independently. The con-
tributions of the paper are the modeling and valida-
tion of the suspension system and the robust control
design of the trajectory tracking control.

The paper is organized as follows. The modeling of
the independent steering incorporating the variable-
geometry suspension model in Section 2. Then the
modeling of the lateral dynamics is presented is in
Section 3. The robust control design of the system in
a hierarchical structure is found in Section 4. Section
5 demonstrates the efficiency of the control system.
Finally, Section 6 summarizes the contribution of the
paper.

2 MODELING OF THE
VARIABLE-GEOMETRY SUSPENSION

In this section the modeling of independent steering
is proposed. The variable-geometry suspension per-
forms the modification of the wheel position and ori-
entation. Thus, the wheel camber angle and the scrub
radius of the suspension vary. In the following, the
formulation of the lateral vehicle model with the con-
sideration of the camber angle and scrub radius is pre-
sented.
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The purpose of the variable-geometry suspension
is to perform the wheel camber angle and the scrub
radius modification. The camber angle results in a lat-
eral force on the tyre-ground contact. Since the lon-
gitudinal force has a rotatory effect on the wheel, the
scrub radius of the wheel influences the steering dy-
namics of the wheel. Therefore, a lateral force from
the wheel steering through the scrub radius modifica-
tion results.

Since the variable-geometry suspension has one ac-
tuator in each wheel, it is necessary to find a suspen-
sion construction with which the lateral force gener-
ation of the camber and the scrub radius is in coordi-
nation. Thus, the forces from the wheel tilting and the
steering from the scrub radius have the same effect
on the vehicle dynamics. In the paper the McPher-
son construction is used to perform the motion of the
wheel. The actuator is incorporated in the suspension
between the wheel hub and the wheel. It is able to
generate an active torque Mact around B to tilt the
wheel. However, it also has a countereffect −Mact on
the hub. In the McPherson construction the suspen-
sion is able to rotate around the connection point A
of the chassis. Moreover, the arm connects the hub D
and the chassis C with joints, which are able to guar-
antee the rotation and the motion of the suspension.

The scheme of the variable-geometry suspension is
shown in Figure 1. Several forces influence the mo-
tion of the suspension and the wheel. The force of the
suspension compression and damping Fsusp is formu-
lated as

Fsusp = ssusp

(
zw + zw,0
sin ε1

)
+ dsusp

żw
sin ε1

(1)

where ssusp and dsusp are the stiffness and damping
coefficients, zw,0 is the joint position, resulting from
the static suspension compression.

The lateral force on the tyre is Fy. It is derived from
the Magic Formula, see (Pacejka 2004). Ftyre is the
force from the tyre compression, which has a direc-
tion to the wheel:

Ftyre =
(rw cosγ − ltyre sinγ − rw − zw) + ztyre,0

cosγ /styre
(2)

where styre is the tyre stiffness, rw is the wheel radius
and ztyre,0 is the static compression of the tyre.

The motion of the suspension is described by three
dynamic equations. First, the vertical motion of the
wheel hub zw is formulated (3). Second, the torque
on the suspension is described to derive the rotation
of the wheel hub ε3, see (4). Third, the tilting of the
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Figure 1: Scheme of the suspension construction

wheel γ is formulated (5).

msuspz̈w = −Fsusp sin ε1 + Ftyre cosγ+

+ Farm sin ε2 (3)

Jsuspε̈3 = Fsusplsusp + Farmlarm −Mact (4)

Jwγ̈ =Mact − Ftyreltyre − Fyly (5)

The arm of the lateral tyre force is

ly = rw cosγ − ltyre sinγ. (6)

where rw and ltyre are construction parameters.
Since the inertia and the stiffness of the suspension

through Fsusp and Farm are high, the effect of Mact

on the suspension motion is relatively small. Thus, in
practice the angle ε3 is constant, thus ε̈3 = 0. There-
fore, Farm is computed as:

Farm =
Mact − Fsusplsusp

larm
(7)

Thus, it is assumed that ε1, ε2 and larm, lsusp can be
handled as constant suspension parameters.

The nonlinear variable-geometry suspension model
is validated through the complex mechanical multi-
body simulation system Matlab/SimMechanics. In
SimMechanics the construction of the suspension has
been built, and the modification of the wheel camber
angle has been analyzed, see Figure 2. In the multi-
body simulator the wheel and the arms are defined
as body elements, whose mass and inertia values are
calculated using a computer-aided design software. In
the mechanical model several physical constraints us-
ing joint elements are involved, by which the connec-
tion points of the bodies are constructed. The tyre-
ground contact is modeled as an elastic connection,
which is able to guarantee the compression of the tyre.
Furthermore, the lateral and longitudinal motions of
the tyre are allowed using planar joint constraints.
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Figure 2: SimMechanics model of the suspension

Since the presented model formulates the motion of
the suspension and the wheel, it can be used for con-
trol design purposes. Therefore, the nonlinear suspen-
sion model (3)-(5) is transformed into a linear control-
oriented form. During the linearizing the following
assumptions are made.

• In the formulation small wheel tilting angles are
considered. As a result cosγ = 1 and sinγ = γ
approximations are placed into (3)...(5).

• Since γ values are small, the lateral tyre force
Fy is approximated in a linear form: Fy = Cα,
where α is the side-slip angle of the tyre. Dur-
ing the wheel tilting motion α= tan

(
rw γ̇
v

)
≈ rw γ̇

v
yields the lateral side-slip angle, which is the an-
gle between the longitudinal and the lateral com-
ponent of the velocity vector. Thus, the resulting
lateral tyre force is

Fy = C
rwγ̇

v
(8)

• The static compressions of the suspension and
the tyre are neglected, see (1) and (2).

The approximations yield the following trans-
formed model of equations (3)...(5)

msuspz̈w =

(
1 +

lsusp
larm

sin ε2
sin ε1

)
(−ssuspzw−

−dsuspżw) + styre(−ltyreγ − zw) +
sin ε2
larm

Mact

(9)

Jwγ̈ =Mact − styreltyre(−γltyre − zw)−

−C rwγ̇
v

(rw − ltyreγ) (10)

It can be seen that in (10) a nonlinear term C rw γ̇
v
·

ltyreγ is found. Since in the approximation the small

wheel camber angles are considered, the γ ≈ 0 is used
to avoid the nonlinearities. Thus, the following state-
space representation of the variable-geometry suspen-
sion model is yielded

ẋsusp = Asuspxsusp +Bsuspususp (11)

where the state vector is x = [żw zw γ̇ γ]
T and

u =Mact.

3 MODELING OF THE LATERAL DYNAMICS

The lateral motion of the vehicle is influenced by the
modification of the camber angle. Moreover, the cam-
ber angle influences the scrub radius of the wheel,
which results in wheel steering. The lateral dynam-
ics of the vehicle is influenced in two ways: the wheel
camber angle and the steering angle have lateral force
effects. Therefore, in the lateral dynamics both effects
are considered.

The lateral motion is described by the following
equations, see (Rajamani 2005)

Jψ̈ = C1l1

(
δ− β − ψ̇l1

v

)
−C2l2

(
−β +

ψ̇l2
v

)
(12)

mv(ψ̇+ β̇) = C1

(
δ− β − ψ̇l1

v

)
+C2

(
−β +

ψ̇l2
v

)
(13)

where m is the vehicle mass, J is the yaw-inertia of the
vehicle, l1 and l2 are geometric parameters, C1 and C2 are
cornering stiffness values, ψ is the yaw angle of the vehicle
and β is the side-slip angle.

The steering rotation of the wheel is formulated using a
dynamical equation, such as

δ̈i =
rδ,iFl,i
Jδ,i

(14)

where i represents the left i= l or the right i= r wheel. rδ,i
is the scrub radius, Fl,i is the longitudinal traction/braking
force on the wheel and Jδ,i is the inertia of the steering
system for one wheel.

In the actuation of the variable-geometry suspension the
scrub radius rδ,i through the camber angle γ is modified.
The relationship between γ and rδ,i is determined by the
suspension geometry and the positions of the suspension
arms. Thus, in the formulation of the relationship between
γ and rδ,i the chassis roll angle is considered. The rela-
tion of γ and rδ,i is examined using SimMechanics simula-
tions of the suspension construction, the results are shown
in Figure 3.

The analysis presents that the relationship between γ
and rδ,i can be approximated by a linear function, and the
roll angle can be handled as a nonlinear offset in the for-
mulation. Thus, the following model is formed:

rδ,i = ε1γi + ε2ϕ
2 + ε3ϕ+ ε4 (15)
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Figure 3: Relation between the scrub radius and the camber an-
gle

where ε1...4 are construction parameters and ϕ is the chas-
sis roll angle. Thus, (14) is transformed as

δ̈i =
ε1Fl,i
Jδ,i

γi +
(ε2ϕ

2 + ε3ϕ+ ε4)Fl,i
Jδ,i

. (16)

In case of a single-track model (12) δ represents a com-
mon steering wheel, computed as the average of the left
and right steering wheel angles:

δ =
δl + δr

2
(17)

The lateral dynamics of the vehicle is formed using
(12), (16) and (17). The states of the model are defined
as xlat =

[
ψ̇ β δ̇l δl δ̇r δr

]T . The chassis roll an-
gle is handled as a disturbance of the system, such as
wlat =

[
ε2ϕ

2 + ε3ϕ+ ε4
]
. The state-space representation

is

ẋlat = Alatxlat +Blat,1wlat +Blat,2ulat (18)

where the control input vector is ulat =
[
γl γr

]T .

4 CONTROL DESIGN OF THE SUSPENSION
SYSTEM

In the followings the control design of the independent
steering system is presented. The goal of the control is to
guarantee the trajectory tracking of the vehicle through the
modification of the front wheel steering angle. The control
strategy covers two layers:

• the high-level control computes the required steer-
ing angle δref , with which the predefined trajectory
is computed,

• the torque actuation is calculated by the low-level
control, which realizes the steering angle command
of the high-level layer. It means that the low-lever
control must guarantee the tracking of δref . For the
design of the control the model (11) is used, see
(Németh, Fényes, & Gáspár 2016).

In the rest of the paper the design of the high-level con-
trol using a combined robust feedback-feedforward strat-
egy is presented. The control is based on the control-
oriented lateral vehicle model (18). It contains a distur-
bance, which is the roll angle of the chassis. Since the

chassis roll angle is considered to be measured, wlat is a
measured disturbance of the system. In the control strategy
the input ulat contains two elements, such as

ulat =

[
γl,ff + γl,fb
γr,ff + γr,fb

]
(19)

where the index ff is related to the feedforward compensa-
tion of the disturbance, while fb is denoted to the feedback
control input.

The feedforward compensation of the disturbance is
computed as follows. (16) is rewritten using the sum
ulat,ff + ulat,fb, such as

δ̈i =
ε1Fl,i
Jδ,i

γi,ff +
ε1Fl,i
Jδ,i

γi,fb +
(ε2ϕ

2 + ε3ϕ+ ε4)Fl,i
Jδ,i

(20)

The role of γi,ff is to compensate the measured distur-
bance ϕ. Thus, the feedforward control input is derived
from the equation

ε1Fl,i
Jδ,i

γi,ff +
(ε2ϕ

2 + ε3ϕ+ ε4)Fl,i
Jδ,i

= 0 (21)

which results that

γi,ff = −ε2ϕ
2 + ε3ϕ+ ε4

ε1
. (22)

However, in practice the measurement of ϕ is imprecise. It
means that the compensation of the measured disturbance
incorporates an error ϕe. The state-space representation of
the compensated system is

ẋlat = Alatxlat +Blat,1ϕe +Blat,2ulat,fb (23)

The value of the disturbance, which is resulted by ϕe, is in
the range of the sensor noise. Thus, the feedforward com-
pensation reduces the disturbance significantly. The rest of
the disturbance is compensated through the robust feed-
back controller.

The feedback is designed based on the robust H∞ con-
trol method. The role of the feedback is to guarantee the
trajectory tracking of the vehicle. It means that the vehicle
must follow a reference yaw-rate signal ψ̇ref . The perfor-
mance is defined as

zlat,1 = ψ̇ref − ψ̇ |zlat,1| →min (24)

where ψ̇ref is computed using the velocity and the steer-
ing wheel angle of the driver, see (Rajamani 2005). More-
over, the performance zlat,1 must be reached using mini-
mum control input ulat =

[
γl γr

]T :

zlat,2 = ulat,fb |zlat,2| →min
(25)

The performances are compressed in a vector zlat =[
zlat,1 zlat,2

]T . The state-space representation of the sys-
tem for the control design which incorporates the perfor-
mances and the measurement is the following:

ẋlat = Alatxlat +Blat,1ϕe +Blat,2ulat,fb (26a)

zlat = Clat,1xlat +Dlatulat,fb (26b)

ylat = Clat,2xlat (26c)
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where the measured signal is y = ψ̇. The augmented plant
for the H∞ design is illustrated in Figure 4. In the robust
control design weighting functions are considered, which
are formed as transfer functions, e.g. Wp,1, Wp,2 are the
weights on the performance signals and Wref scales the
reference signal. In the robust control design the distur-
bance of the system is also handled through the block
Wdist. This transfer function represents the amplitude and
frequency range of the chassis roll measurement error.

P

Klat

Wp,1

Wp,2

ulat,fb

ψ̇

ψ̇ref

y = ψ̇

zlat,1

zlat,2

ϕe

Wdist

Wref

Figure 4: Closed-loop interconnection structure

The objective of H∞ control is to minimize the H∞-
norm of the cosensitivity function Tz∞w. More precisely,
the problem can be stated as follows (Scherer & Weiland
2000, Boyd, Ghaoui, Feron, & Balakrishnan 1997). The
LMI problem ofH∞ performance is formulated as follows:
the closed-loop RMS gain from w to z∞ does not exceed Γ
if and only if there exists a symmetric and definite positive
matrix X∞ such thatAclX∞ +X∞A

T
cl X∞Bcl CTcl

BT
clX∞ −ΓI DT

cl
Ccl Dcl −ΓI

 < 0 (27)

with Γ > 0. It means that it is necessary to find an admissi-
ble control Klat for the open-loop plan P , which satisfies
the following design criteria:

• the closed-loop system must be asymptotically stable,

• the closed-loop transfer function from w to z∞ satis-
fies the constraint:

‖Tz∞w‖∞ < Γ, (28)

for a given real positive value Γ,

where the index cl is related to the matrices of the closed-
loop system. The resulted robust control design guarantees
the trajectory tracking of the vehicle through the computa-
tion of the appropriate γl,fb, γr,fb.

Finally, the control inputs of the high-level layer are
computed as

γi = γi,ff + γi,fb (29)

The resulted γl, γr signals are used as the reference of the
low-level layer, see (Németh, Fényes, & Gáspár 2016).

5 SIMULATION EXAMPLE

Finally, a simulation example is presented, in which the
efficiency and the operation of the suspension system is
demonstrated. In the simulation the vehicle must perform
a double-lane change maneuver, which is formulated as a
trajectory tracking control task. The selected vehicle is a
full-size passenger car, whose mass is 1690 kg, the front
suspensions are McPherson types. The simulation scenario
is performed in CarSim, the control algorithm is imple-
mented in Matlab/Simulink.

Figure 5: Vehicle trajectory

The course and the trajectory of the vehicle are illus-
trated in Figure 5. Since the vehicle avoids lane departure
during the maneuvers, the designed control is successful,
the steering of the front wheels is adequately actuated. In
this simulation the velocity of the vehicle is 130 km/h.
The details of the simulation are shown in Figure 6.

The yaw-rate tracking performance is shown in Figure
6(a). It can be seen that the tracking of the vehicle is per-
formed with only a small error. This is the reason why lane
departure is avoided. The camber angle control input of
the front left wheel is presented in Figure 6(b). The feed-
forward input γff compensates for the effect of the chas-
sis roll, see Figure 6(c). Moreover, the feedback signal γfb
guarantees the yaw-rate tracking. The total camber angle,
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Figure 6: Simulation results
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which is the sum of γff and γfb yields the steering angle,
see Figure 6(d).

As a consequence, the resulted control strategy is able
to guarantee the trajectory tracking of the vehicle through
the modification of the camber and the steering angles.

6 CONCLUSIONS

In the paper the modeling and control of independent steer-
ing based on the variable-geometry suspension have been
proposed. In the presented solution the variation of the
camber angle and the scrub radius of the wheels are ac-
tuated. The nonlinear formulation and the control-oriented
linearizing of the suspension system, together with the
modeling of the lateral dynamics have been presented. The
multi-body analysis of the suspension system showed that
the chassis roll angle has an important role in the po-
sitioning of the wheels. In the paper a robust combined
feedforward-feedback control strategy is proposed, which
is able to guarantee the trajectory tracking of the vehicle
and to compensate for the disturbance effect of the chassis
roll.
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