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Abstract. Suppose A is a discrete infinite set of nonnegative real numbers.
We say that A is of type 1 if the series s(z) = >, f(z + \) satisfies a zero-one
law. This means that for any non-negative measurable f: R — [0, +00) either the
convergence set C(f,A) = {z : s(z) < 400} = R modulo sets of Lebesgue zero, or
its complement the divergence set D(f,A) = {x : s(x) = 400} = R modulo sets of
measure zero. If A is not of type 1 we say that A is of type 2.

We show that there is a universal A with gaps monotone decreasingly con-
verging to zero such that for any open subset G C R one can find a characteristic
function fg such that G C D(fg,A) and C(fa,A) = R\ G modulo sets of measure
zero. We also consider the question whether C'(f, A) can contain non-degenerate
intervals for continuous functions when D(f, A) is of positive measure.

The above results answer some questions raised in a paper of Z. Buczolich,
J-P. Kahane, and D. Mauldin.

1. Introduction

This paper was written for the Kahane memorial volume of Analysis
Mathematica. We selected a topic related to Jean-Pierre Kahane’s work

and decided to answer some questions raised in paper [1] by Z. Buczolich,
J.-P. Kahane, and D. Mauldin.

* Corresponding author.

T Research was supported by the Hungarian National Research, Development and Innovation
Office-NKFIH, Grant 124003.

 The second named author was supported by the UNKP-17-2 New National Excellence of the
Hungarian Ministry of Human Capacities, and by the Hungarian National Research, Development
and Innovation Office-NKFIH, Grant 124003.

§ The third named author was supported by the Hungarian National Research, Development
and Innovation Office-NKFIH, Grant 124749.

Key words and phrases: almost everywhere convergence, asymptotically dense, Borel-Cantelli
lemma.

Mathematics Subject Classification: primary 28A20, secondary 40A05.

0133-3852 (© 2018 Akadémiai Kiadd, Budapest


mailto:buczo@cs.elte.hu
mailto:magab@cs.elte.hu
mailto:vertesy.gaspar@gmail.com

186 7. BUCZOLICH, B. MAGA and G. VERTESY

This line of research was started in another joint paper with Dan Mauldin
[3]. In that paper we considered a problem from 1970, originating from the
Diplomarbeit (Thesis) of Heinrich von Weizséker [8].

Suppose that f: (0,4+00) — R is a measurable function. Is it true that
Yooy f(nx) either converges (Lebesgue) almost everywhere or diverges al-
most everywhere, i.e. is there a zero-one law for > f(nx)?

This question also appeared in a paper of J. A. Haight [5]. In [5] it was
proved that there exists a set H C (0,00) of infinite measure, for which for
all x,y € H, x # y the ratio z/y is not an integer, and furthermore

() for all z > 0, nx € H if n is sufficiently large.

This implies that if f(x) = xg(x), the characteristic function of H,
then [ f(z)dz =00 and ) o f(nz) < co everywhere. Lekkerkerker in
[7] started to study sets with property (}).

In [3] we answered the Haight—Weizséker problem.

THEOREM 1.1. There exists a measurable function f: (0,+o00) — {0,1}
and two nonempty intervals Ir, I, C [%, 1) such that for every x € I, we
have Y07 | f(nx) = +oo and for almost every x € Iy we have Y~ | f(nz) <
+o00. The function f is the characteristic function of an open set E.

Jean-Pierre Kahane was interested in this problem and soon after our
paper had become available we started to receive faxes and emails from him.
This cooperation led to papers [1] and [2].

We considered a more general, additive version of the Haight—Weizséker
problem. Since > 0% | f(nz) = Y_°° | f(e!°8= 18" that is using the function
h = foexp defined on R and A = {logn:n=1,2,...} we were interested
in almost everywhere convergence questions of the series ), ) h(z + \).

Taking more general sets than A = {logn :n =1,2,...} was also moti-
vated by a paper of Haight [6]. He proved, using the original multiplicative
notation of our problem, that if A C [0,4+00) is an arbitrary countable set
such that its only accumulation point is 400 then there exists a measur-
able set E' C (0,4+00) of infinite measure such that for all z,y € E, x # y,
x/y & A, and for a fixed x there exist only finitely many A € A for which
Az € E. This implies that choosing f = xg we have ), ., f(Az) < oo, but
Jgs [(z) dx = oco.

Next we recall from [1] the definition of type 1 and type 2 sets. Given A
an unbounded, infinite discrete set of nonnegative numbers, and a measur-
able f: R — [0, +00), we consider the sum

s(z) =) fla+N),

AEA
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ON SERIES OF TRANSLATES OF POSITIVE FUNCTIONS 187

and the complementary subsets of R:
C=C(f,A) ={z:s(zx) <oc}, D=D(fA)={x:s(x)=o00}.

DEFINITION 1.2. The set A is of type 1 if, for every f, either C'(f,A) =R
a.e. or C(f,A) =0 a.e. (or equivalently D(f,A) =0 a.e.or D(f,A) =R a.e.).
Otherwise, A has type 2.

That is for type 1 sets we have a “zero-one” law for the almost every-
where convergence properties of the series ., f(z + A), while for type 2
sets the situation is more complicated.

DEFINITION 1.3. The unbounded, infinite discrete set A = {A1, A\a,. ..},
A1 < Ao < --- is asymptotically dense if d,, = A\, — A\,_1 — 0, or equivalently:

Va > 0, li_)m #(ANz,z+ a]) = co.

If d,, tends to zero monotone decreasingly, we speak about decreasing gap
asymptotically dense sets.
If A is not asymptotically dense we say that it is asymptotically lacunary.

We denote the non-negative continuous functions on R by C*(R), and
if, in addition these functions tend to zero in +oo they belong to Cy (R).

In [1] we gave some necessary and some sufficient conditions for a set A
being of type 2. A complete characterization of type 2 sets is still unknown.
We recall here from [1] the theorem concerning the Haight—Weizséker prob-
lem. This contains the additive version of the result of Theorem 1.1 with
some additional information.

THEOREM 1.4. The set A ={logn:n=1,2,...} has type 2. Moreover,
for some f € Cf(R), C(f,A) has full measure on the half-line (0,00) and

D(f,A) contains the half-line (—o0,0). If for each c, fjoo eYg(y) dy < 400,
then C(g,A) =R a.e. If g€ C;(R) and C(g,A) is not of the first (Baire)
category, then C(g,A) =R a.e. Finally, there is some g € Cy"(R) such that
C(g,A) =R a.e. and f0+°° eYg(y) dy = +o0.

As A used in the above theorem is a decreasing gap asymptotically dense
set and quite often it is much easier to construct examples with lacunary As,
in our paper we try to give examples with a decreasing gap asymptotically
dense A.

One might believe that for type 2 As C(f,A), or D(f,A) are always half-
lines if they differ from R. Indeed in [1] we obtained results in this direction.
A number ¢ > 0 is called a translator of A if (A+¢)\ A is finite. Condi-
tion (x) is said to be satisfied if T'(A), the countable additive semigroup of
translators of A, is dense in RT. We showed that condition (x) implies that
C(f,A) is either (), R, or a right half-line modulo sets of measure zero.
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188 7. BUCZOLICH, B. MAGA and G. VERTESY

In [4] we showed that this is not always the case. For a given « € (0,1)

k ) k
and a sequence of natural numbers n; < ng < --- we put A = J~, .

Agk = o*Z N [ng, Nag1)-
If a = % for some ¢ € {2,3,...}, then a slight modification of the proof

of [1, Theorem 1] shows that A" s of type 1 and condition (x) is satisfied.

If « € Q, then one can apply [1, Theorem 5] to show that A" is of type 2.
P

The difficult case is when a = £ with (p,q) =1,p,g>1, p<gq. In this
case we showed that A®)" is of type 2. In the cases A(g)k, (p > 1) condition
(%) is not satisfied and we also showed in [4] that there exists a characteristic
function f such that C(f,A) does not equal (), R, or a right half-line modulo
sets of measure zero. This structure of C'(f, A) had not been seen before our
paper [4].

From the point of view of our current paper the following question [1,
Question 2] is the most relevant:

QUESTION 1.5. Given open sets G; and G when is it possible to find
A and f such that C(f,A) contains Gy and D(f, A) contains Go?

It was remarked in [1] that if the counting function of A, n(z)=

#{A N0, z]} satisfies a condition of the type

V¢ < 0Va€eR limsup n@tl+a)—n(z+a) < +00
(as is the case for A = {logn}) then either C'(f,A) has full measure on R
or C(f,A) does not contain any interval.

It was also mentioned in [1] that if A is asymptotically lacunary then it
is possible to construct f € C; (R) such that both C(f,A) and D(f, A) have
interior points.

In this paper we give an almost complete answer to Question 1.5. In
Section 2 we prove Theorem 2.1. This theorem states that there is a uni-
versal decreasing gap asymptotically dense A such that for any open subset
G C R one can find a characteristic function fg such that G C D(fg,A) and
C(fa,A) =R\ G modulo sets of measure zero. We also show that one can
also select a gg € C; (R) with similar properties.

In Section 3 we consider the question of subintervals in C'(f,A) when f €
C’J (R). In Theorem 3.1 we prove that there exists a universal asymptotically
dense infinite discrete set A such that for any open set G C R one can select
an fg € Cf (R) such that D(fg, A) = G. In this case there is no exceptional
set of measure zero, D(fg, A) equals G exactly. On the other hand, A is
not of decreasing gap. As Theorem 3.4 shows it is impossible to find such
a universal A with decreasing gaps. In Theorem 3.4 we prove that if A is
a decreasing gap asymptotically dense set, f € CT(R) and z is an interior
point of C(f,A) then [z,+00) N D(f,A) is of zero Lebesgue measure.
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ON SERIES OF TRANSLATES OF POSITIVE FUNCTIONS 189

The example provided in Theorem 3.3 demonstrates that there is a de-
creasing gap asymptotically dense A and an f € Cf (R) such that D(f, A)
and C(f,A) both contain interior points. Of course, as Theorem 3.4 shows
the interior points of D(f, A) are to the left of those of C(f,A).

2. A universal decreasing gap asymptotically dense A set

Let © denote the one-dimensional Lebesgue measure.

We denote by N := {n € Z : n > 1} the set of natural numbers. For every
A BCRweput A+ B:={a+b:ac Aandbe B} and A—B:={a—b:
a € Aandbe B}.

The integer, and fractional parts of z € R are denoted by |z]| and {z},
respectively.

THEOREM 2.1. There is a strictly monotone increasing unbounded se-
quence (Ao, A1,...) = A in R such that A\, — A\,—1 tends to 0 monotone de-
creasingly, that is A is a decreasing gap asymptotically dense set, such that
for every open set G C R there is a function fg: R — [0,+00) for which

1) u({x¢G:§fc(w+>\n) ~}) =0

(2) Zf(;(a: + Ap) =00 for every x € G,
n=0

moreover fa = Xu, for a closed set Ug CR. By (1) and (2) we have
D(fa,A) DG, and C(fg,A) =R\ G modulo sets of measure zero.
One can also select a gi € Cff (R) satisfying (1) and (2) instead of fc.

REMARK 2.2. Observe that in the above theorem we construct a uni-
versal A and for this set, depending on our choice of G we can select a
suitable fg such that D(fg, A) = G modulo sets of measure zero.

PROOF. Let
I:={(.k):jeNandkeZn0,25-27)}
with the following lexicographical ordering: if (4, k), (7, %) € 7 then
(.k) <z (G, k) & (j<jor(j=jandk<Fk)).

Given (j,k) € Z we define its immediate successor (7, I;:) the following way:
let j:=jand k:=k+1if k<2j-27—1,and let j:=j+1 and k:=0 if
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k=2j-27 —1. Tt is clear that starting with (1,0) by repeated application
of taking the immediate successor we can enumerate Z and hence we will be
able to do induction on Z. We will also introduce the operation of taking

the predecessor of (j,k) # (1,0) which will be denoted by (j, k) and which

is defined by the property (7, /j:) = (J,k).
For every (j,k) € T let

Liw=1[j—(k+1)27,j—k277] = [ag,,.br,,]-
In (6) a set Uj , will be defined such that with a properly selected A we have
B) ILijxCUjr—A={zecR:3necNU{0} such that z + \, € U1}

and

(4) ,u({x € [—J,7] : 3 infinitely many (j*,k*) € Z
for which € (Ujs = — A) \ Lj+ = }) = 0.
Let G be an arbitrary open subset of R and let
Ug = | J{Uj 4= : (5", k) € T and I;. - C G}.

Put

(5) folz) = {1 ifx € Ug,

0 otherwise.

We will prove that A and fg satisfy the conditions of the theorem.
Now we define the sets U; ;. Before doing this, we recall and introduce
some notation. For every (j,k) € Z let

eap, :=j— (k+1)-2779 (that is, az,, is the left endpoint of I; ),

e by, :=j—k-279 (that is by, , is the right endpoint of I; ),
=27k

— 22j~2j+k

® bjj = ajk + Ejp
See Fig. 1. This and the other figure in this paper are to illustrate con-
cepts and they are not drawn to illustrate a certain step, for example with

a fixed j of our construction.
Let

E 1 ) )
(6) Ujk = UZ:JO [aj7k + zEjzyk, a;r + zEj%k + Ej’k] C [aj7k, ijk].

Next we prove a useful lemma.
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27 Ang i = ik = br,,
—
—j 0 ar,, by, J bjk = ajk+ Ejk
A A N O A | 1
1T T 17T T =17 I
Liw e @jk
Ui
@k bk
2
Ejk H
B,

Fig. 1: Definition of I, and Uj

LEMMA 2.3. For every (j,k) € T we have

.-
(7) ajk < Jék and Ech > ZEA,IAC’
moreover,

(8) E; /2 is an integer multiple of E. -

PROOF. It is enough to prove (7) for a;j as Ejj = ajj,i.

First suppose that k < 2j -2/ — 1, then 7 = j, k=k+1and

o 92j-27+(k+1)  a

9 7 — 223.2]+k = = —
Ifk=2j-27 —1then j=j+1, k=0 and

22(j+1)-2(j+1) aj i
9227141 922it141

(10) A5 ) = 92527 +k _ 92j-2742j-27—1 _ 94j27—1 _

Using Ej ), = ajj,i from (9) and (10) it follows that (8) holds. O

Next we turn to the definition of A.

During the definition of A we will use the notation d,, := A, — A\n_1, in
fact, often we will define d,, and that will provide the value of A\, given the
already defined A\,,_1. Let A\g := a1 — by, , and ng 10 = 0.

Suppose that for a (j,k) € Z we have already defined ngj; and A,
for n < ngjr, Ang,,. = ajr —br,, and aino’j,k/EszC is a positive integer (or
no,jk = 0). Now we need to do our next step to define these objects for

(7, k)-
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Step (j,k). Let N1jk = Nojk + 2*jEj_7,§ + ZEJ_,i For every integer n
€ [nojk+1,n1 % let dy := jzk - Ej?’k Thus we have
—j 2 -1
(11) )\nl,j,k = )\n(),j,k + (2 JEj,k; + 2E],k)(EJ27k o E.ik)
=aj,—br,, +277 —27E;, +2E;;, — 2E3,
= ajg — ar;, + 2B — 277 Ejx — 25,
= bjk —ar, + Ej — 270 By — 2E5, > by —ar,,
and (from the second row of (11))

(12) A, = ajk — b, +277 = 279E; + 2B, — 2E°, < aj — by, + 1.

Since ajy, —ay,, = 222 *+* — (j — (k+1)-277) and 277 E}; are both in-
teger multiples of Eyzk = (27 2~F)2 from the third row of (11) we obtain
that

(13) An, ., is an integer multiple of Efk
By Lemma 2.3 and (12) we have

a;p—br, >2ak—(+1) > aj+j+1>a;6—br, +1> A, .

]7
We set
a.; — b[ﬁ = A
o 2,k 3.k 1,5,k
gk
and
(15) dy, = fk/Q for every integer n € (nl,jk’no,@iﬁ]-

We obtain by (14)

(novjvk B nl"]7k)E.]27k

Mok )\nle,k + 2
= )\nw’k + ajjc — blj,ic — )\nl,j,k = ajJ% — bIj,;;’
and by (8), dy, .. = E]2k/2 is an integer multiple of E]?k, hence (13) implies
that ’
(16) A is an integer multiple of Ejk for n € (n1jx, no,jJ%]'
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ON SERIES OF TRANSLATES OF POSITIVE FUNCTIONS 193

Thus we can proceed to the next step. By repeating this procedure we
can carry out the above steps for all (j, k) € Z and hence we can define A.

Now we prove (3). We fix (j, k) and choose an arbitrary point = from I; .
Let n; denote the smallest integer for which

I THAn, =Gk

We have x € Ij; C [—j,j]. From x+ X\, ,, =2 +a;, — by, it follows
that

T+ A —aj,k:x—bfmgo.

10,5,k

Therefore, n, > ng j and hence
(18) dn <dpy, 41 = Efk - Ej?’k for every n € [ng, 00).
By minimality of n, we have
T+ An, — @ < dn, < Ej — B3

Next we will show that = + A, € Uj. Using (18)

T+ >\nz — aj.k dnz Eik B EJ37k -1

(19) o< |t < < A o
.k J.k Jik
We also infer
(20) ANy =T A, Y dn
ne(ng,ny]
T+ N, —as;
< T4 A, + Lg—gﬂﬁ (E}) — Ejy)
j7k

T+ A, —ajk

— aj,k + (.%' =+ )\nm — a/ng) + L 3
Ej,k

|(E2— B

T+ N, —a; T+ N, —a; )
=ajr+ L—gg MJ Efk + Efk{—;g J’k} using (19)
Ji:k 5.k

<ajr+ (B —VE}, + B}y <ajr+ Ejg = by
From (11) and (20) we obtain
A, Sbjp—2 < bjk—ar, <Ay,
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/ : _ 12 3 /
hence ng, n; < nq j, which means that d,, = Ej,k — Ej,k for every n € (ng,n.].

This implies that the first inequality in (20) is, in fact an equality, that is

T+ N, —as; T+ N, —a;
—— j’kJ By + Efk{—n L }

(21) 2+ A =ajp+ L
’ Ejy B},

Using (19) and (21) we can see that there exists an integer ¢ = L:H’\EE%J

€ [O,E;Ji — 1] such that
aj+iEN S a4 Ay < g+ 0B, + B

that is = 4+ \p, € Uj i, which implies (3).

We continue with the proof of (4). Suppose (7, k), (j, k), (j, k) € Z. Then
they are strictly monotone increasing in this order and are adjacent in the
lexicographical ordering of Z. We have by Lemma 2.3 and the third row

of (11)

(22) T+, o =J+a;5 —ar, +2E;; — Q_jEj,fc - 2E§J~c
<a;j+ 27 +1< Zaj’;C < G ks
that is Ujx — An, ,, is to the right of j. By (16), A\n/E? 5k is an integer for
every n € (ny ;, Mo,k Therefore, (22) implies that
(23) Bk = [bjk— Angurd] N (U — A)
= [Bik = Ao r ] 0 (U = {An i1 € (ny 55 m056]})

C [bjk = Mng,ard] N U [iE3 . iE2, + E3,].
1€EL

Similarly, by using (7)
(24) —Jj+A
>2a,— (27 +1) > ajr+ Ejr = bjg,

— —j + ajjg — blj,l% > aj,]; — (2] + 1)

10,5,k

that is Uj, — A, . is to the left of —j. Since by (13) and (15) A,/(E k/2)

0,5,k

is an integer for every n € [ny i, anl%]’ (24) implies that

(25) Aj7k = [—j, Gj ke — )\nl,j,k] N (Uj,k — A)
- [_j7aj7k_)\nlijkj| ( {)\ tne nlv.yk’nO]k]})
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C [~d,ajk — Any,a] N UZEZ [iE2,/2,iE3 /2 + E3,].
We want to estimate the following expression from above:
(26) #([=3,31 0 (Ujse = M)\ k)
< (A Ulajn — Ay ar,, JUbL o bje = Ang ] U Bjk).-
By (23) and (25) we have
@0 uau B < u( a0 (UiEk 2 i 2+ Bl
i€z

2
= B3 ——= =4j - Ej,
s E2k;/2 s

and using the third row of (11), we also have
(28) /‘([ajvk - )‘nl,y‘,mafj,k])
=ay, — (a/j7k - (aj,k —aj;, + 2Ej7k - 2_jEj7k - 2Ej2,k))
=2E;x — 277 Ej — 2B}, < 2Ej.
Moreover,
(29) [bI] k’b - )\no,j,k] - b] k— ((Z] k— b 1, k) - blj,k = b.%k — Qi k= EJvk
Writing (27), (28) and (29) into (26) yields
(=4, 3] 0 Uk = M)\ Lj) < (45 +3) - Ejpe

Thus

(j*.k*)eT
< 1 ([=4, 51 0 (U gor = D)\ Ij- o)
(7% k*)eT
s
n u([=5%, 5710 (Uje e — M)\ Ij- 1)
(5%,k*)ET
< > 2+ (4% +3) - Eje
(G* k)T (k)T
>
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196 7. BUCZOLICH, B. MAGA and G. VERTESY

oo 2j* 2" 1

<2522 L)+ Y Z (45" + 3) Eje -
7j*=1  k*=0

o
<d4j% 20+ N 25720 (45% + 3)27 %

i=1
2 2] + Z +6] ) —2j5%.20" 45~ < o0,
7*=1

which by the Borel-Cantelli lemma implies (4).
Let G be a fixed open subset of R. If z € G, then {(j,k)€Z:
x € I;;, C G} is an infinite set, hence according to (3) and (5)

Z fG($ + >\n) -
n=0

Ifz e R\Gand > 7, fa(x+X,) =00, then {n e N: z+ X, € Ug} is an in-
finite set, which implies that {(j*, k*)eZ: 1 CGand x € (Ujs - —A)}
is also infinite, indeed x 4+ A, € Ug if and only if

there exists (5%, k") € Z such that [« C G and  + A, € Uj» -

and for a finite subset J C {(j*, k") € T} the set ;. e s Uj+ - is bounded
and hence this set can contain only finitely many x + A,. Thus (4) im-
plies (1).

Next we see how one can modify fg to obtain a g € C’(]L (R) still sat-
isfying (1) and (2). In [1] there is Proposition 1, which says that one can
modify fe to obtain a g € Cf (R) such that C(fe, ) = C(gg, A) a.e. and

D(fa,\) = D(g9g,\) a.e. Since we want to preserve (2) we cannot change
D(fg,\) by an arbitrary set of measure zero. Hence in the next construc-
tion a little extra care is needed.

Put

(30) AN:{)\GA:)\SloN} and LN:#AN.

Observe that Ug N (—00,0] =0, Ug does not contain a half-line, and
U N[0, N] is the union of finitely many disjoint closed intervals for any
N € N. Choose an open Ug D Ug such that it does not contain a half-line,
and

(31) ,u((f]g\Ug)ﬂ[N—l,N]) < % for any N € N.
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ON SERIES OF TRANSLATES OF POSITIVE FUNCTIONS 197

Select a continuous function ge such that gg(z) = fe(z) for z € Ug,
ga(z) =0 if 2 ¢ Ug and |gg| < 1. Hence gg > fg on R, and D(gg, A)
D D(fg,A) D G. Tt is also clear that 0 < gg — fo < X v, = ha, and

Z(gg(x+)\) f(;x—i-)\ Zh@&?—i-)\
AEA AEA

Next we prove that

(32) Z hg(x 4+ A) is finite almost everywhere,
AEA

yielding that C(gg, A) equals C(fg, A) modulo a set of measure zero. Put
Heg koo ={z € [-K,K]: Y cp ha(z 4+ X) = 0o}. We will show that

(33) for any K > 1 we have u(Hg i 00) = 0.

This clearly implies (32).

Observe that if x € Hg i o0, then there are infinitely many As such that
x4+ € Ug\Ug, thatis, z € (Us\Ug) —A\)N[—K, K]. Thus, by the Borel-
Cantelli lemma to prove (33) it is sufficient to show that

(34) > (U \Ug) = A\) N [-K, K]) < o0

AEA

This is shown by the following estimate

> u(((Ua\ Us) = A) N[-K, K])

AEA

[
]
M8

p((((Ua\Ug) N[N = 1,N]) = \) N[-K, K])

>
M
>
2
ﬂ.

(]

w(((U\Ug) N[N = 1,N]) N [A— K\ + K])

M= £
>
m
=

w(((Ua\Ug) N[N = 1,N]) N [A = K, X + K])

2
8 I
>
m
=

+ > > u(((Ue\Us)N[N —1,N])n[A— K, A+ K])

N=K+1)XeA
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(with a finite Sy)

=S+ > > w((Uc\Ug) N[N —1,N)) N [A— K, A+ K])

N=K+1 XeA
A<ION

(now using (30) and (31))

< S+ Z Ly —— < oo0.
N=K+1 Ly

So far we have shown that g satisfies (1) and (2). Since gg € C*T(R),
but not in COJF(R). We need to adjust it a little further. Since G is open,
choose an increasing sequence of compact sets Gx C G N [—K, K| such that

7%_1Gk =G. Put My =0. Choose M; € R such that for any x € G; we
have

Z gG('T‘}')\) > 1,

AEA
Mo+10<A< M,

and gg(Mi + 5) = 0. This latter property can be satisfied since by assump-

tion Ug does not contain a half-line.
In general, if we already have selected My _1 such that go(Mg_1+
5(K — 1)) = 0 then choose Mk € R such that for any x € G we have

(35) Z ga(x + ) > K,
AEA
M1 +10K <A< M

and go(Mg +5K) =0. For x < M; +5 we put gg(z) = gg(z). For K > 1
and z € (Mg_1 +5(K — 1), Mg 4+ 5K] we put gg(z) = =ga(z).

It is clear that g € Cy (R).

Since gg < gg we have C(gg,A) D C(g9a,A). If we can show that
G C D(gg,A) then we are done. Suppose x € G. Then there is a K, such

that x € Gk for any K > K,. Therefore, for these K we have x € [— K, K,|
C [~ K, K] and by using (35)

> ga(z +X) = > %?G(JH—)\) > 1,

AEA AEA
Mg _1+6 K <A<Mg+4K Mg _1+6K<A<Mg+4K

for any K > K, and hence x € D(gg,A). O
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3. Subintervals in C(f, A)

THEOREM 3.1. There exists an asymptotically dense infinite discrete set
A such that for any open set G C R one can select an fg € C’SL(R) such that
D(f,A)=G.

REMARK 3.2. As Theorem 3.4 shows in the above theorem we cannot
assume that A is a decreasing gap set. On the other hand, in our claim we
have D(f,A) = G, that is, there is no exceptional set of measure zero where
we do not know what happens. This also implies that if the interior of R\ G
is non-empty then C'(f,A) contains intervals.

v,

a; Ej
[ ] =l
ar, by, U.
J
L aj =2 by =2/ +27%
-

Fig. 2: Definition of I;, U; and related sets

PROOF. Denote by Zp = {[(k—1)/2,k/2'] : k,l € Z, 1 > 0} the system
of dyadic intervals. It is clear that one can enumerate the elements of Zp in
a sequence {I; };’;1 which satisfies the following properties

kji—1 k
oli 7 9l

| =

(86) I = lar, br) = | | cl=5q1 and wry =27 >

<

We denote by Tj the closed interval which is concentric with I; but is of
length three times the length of I;.
We put

Uj = [aja b]] = [Zja 2j + 2_2j]
and
Uj=laj — 272797 b + 2777771 = [@;,by].

See Fig. 2.

We suppose that fj(z) =0 if z ¢ U;, fj(x) =277 if x € U;, the func-
tion f; is continuous on R and is linear on the connected components of
U; \ U;. We define

(37) Ay ={k-277 7 keZ}n [P k275,27 +27% — (k; —1)27Y]
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={k-27¥ ke Z}n [a; —br,b; —ar,]
and put A = U;’il A1 ;. Observe that if z € I; then

r+minAy; < by, +minAy; = by, +a; — by, = a;

and
r+maxAy; > ay, +max Ay =ay, +b; —aj, = by,
hence
diam Uj i 2_2j s
(38) Do SN 2 St = e = 1

On the other hand, by (36)
Uj —Aj= [mint — maxAl,j,maxUj — min ALj]
= [@; = bj + ar,,b; — a; + by, |
_ [alj _ 92 _ 2—21__j—17b1j Loy 2—2j_j—1]
1 1 L -
C |:a[j — —,,b[j +—] C [a[j -2 J’b[j + 2 J] :IJ
J J

thus

(39) Y filw+N) =0 ifzel-jj), x¢1;
AEAL;

Suppose G C R is a given open set and put Jg = {j:I; C G}. Let
fa(z) =3 2;c7, fi(x). Then fq is continuous and non-negative on R and
clearly lim,_,~ f(z) = 0.

We claim that

(40) > falw+A) = oo

AEA;

exactly on G.

Indeed, if € G then there are infinitely many js such that x € I; C Tj
C G. This means that (38) holds for infinitely many j € J& and hence (40)
is true when z € G.

Next we need to verify that (40) does not hold for « ¢ G. Suppose that
Jo > 10, jo € Jg, ¢ G and x € [—jo, jo]. Then = ¢ I, and by (39) we have

(41) > filz+ N =0.

AEAL j,

Analysis Mathematica 44, 2018



ON SERIES OF TRANSLATES OF POSITIVE FUNCTIONS 201
Next assume that j < jo. Then by using (36) and (37) we have
max{z +A: A€ Ay} <jo+2 +27% — (kj —1)27b
<jo4+Y +27F 4 <2420 1 <20 1 <02l _g,
Hence,
(12) > filw+N) =0
AEAL
If jo < j then
min{z +A: XA € Ay} > —jo+2/ —j
>0 95 14207 41 >200 41 >0,

and hence in this case we also have (42).
Therefore, from (41) and (42) it follows that

(43) Y film+A) =0 for jo € Ja, jo =10, |z] < jo.
AEA,

This implies
Yofalw+N < D filw+A) < oo

AEA, AEAL;
j<max{10,|z|}

Since A; is not asymptotically dense we need to choose an asymptotically
dense Ay such that

(44) Z ij(x + ) < 400 holds for any = € R.
AEA; j=1

Then for any open G C R

> fale+N) < D> filz+ ) < 400

AEA, A€, j=1

holds and if we let A = A; U Ay then A is asymptotically dense and D(fg, A)
=G.

To complete the proof of this theorem we need to verify (44) for a suit-
able Ay. For j > 10 put

o0

Agj={k-27:keZ}n (2" +2(j—-1),2' +2j], and Ay = J_ 10
-

A27j
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Suppose = € [—jo, jo] and jo > 10. Then for j > jo from z + X € U; it
follows that 2/ —1 < 2 + X < j + A, and hence
A>2 5 —1>271 1935 -1).
Similarly, z + A € Uj implies 2/ 41 > x + A > —j + A, and hence
A< 4j+1<2 425
Thus from x + A € U; it follows that A € Ay ;. Since the length of U is less

than 2-27% < 277 there is at most one A € A, j for which fj(z+ X) # 0 and
for this A\ we have f;(z + ) =277, Put M, = max{10, |z|}. Then

D BLATTE VD S0 Sy ATTSIRED Sl SR TS

AeA; j=1 AEA j=1 J=M,+1 XAy

ZZf]erA Z 277 < 4o00. O

A€A; j=1 j=M,+1

In Theorem 2.1 we verified that for decreasing gap asymptotically dense
sets D(f,A) can contain an open set, while C(f, A) equals the complement
of this open set only almost everywhere.

The next example shows that one can define decreasing gap asymptoti-
cally dense As for which one can find nonnegative continuous fs such that
both C(f,A) and D(f,A) have interior points.

THEOREM 3.3. There exists a decreasing gap asymptotically dense A and
an f € CF(R) such that I; = [1,2] C D(f,A) and Iy = [4,5] C C(f,A).

PROOF. Put f(z) =22"" if z € [10§,105 4+ 1] for a j € N. Set f(z) =0
if z € {105 —1/4,105 + 5/4} for a j € N, and also put f(z) =0 for z <0.
We suppose that f is linear on the intervals where we have not defined it so
far. Put Ay ; = {k-27% : k€ Z}n [10j —10,10j —2) and Ay j = {k - 22"
ke Z} N [105 —2,105). Let A =J;2,(A1; U Az ;). Observe that A is a de-
creasing gap asymptotlcally dense set

One can see that for x € I; we have

d flz+A) > i 22" 27" = 4o

AEA j=1
and for x € I
o) ) .
Yo fe+ <> 22727 < oo,
AEA j=1

It is also clear from the construction that lim,_,, f(z) =0. O
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Observe that in the above construction I; C D(f,A) was to the left of
I, c C(f,A). The next theorem shows that for decreasing gap asymptoti-
cally dense As and continuous functions this situation cannot be improved.
If z is an interior point of C'(f, A) then the half-line [z, 00) intersects D(f,A)
in a set of measure zero. As Theorem 3.1 shows if we do not assume that
A is of decreasing gap then it is possible that D(f, A) has a part of positive
measure, even to the right of the interior points of C(f, A).

THEOREM 3.4. Let A be a decreasing gap and asymptotically dense set,
and let f: R — [0,400) be continuous. Then if x is an interior point of

C(f,A) then

(45) 1([z, +00) N D(f,A)) = 0.

PROOF. Proceeding towards a contradiction assume the existence of a
non-degenerate closed interval I C C(f,A). Suppose that there is a bounded
subset D1(f,A) C D(f,A) with positive measure to the right of I. Choose
an interval J = [az, bs] to the right of I such that

(46) p(J)=p(I)/10 and wu(JND(f,A))=a>0.

We put Di(f,A) = JND(f,A). We suppose that A = {\1, Ag,...} is indexed
in an increasing order. Select IV such that

p)
4 — Ap— — f > N.
(47) An )\n1<100 orn>N

We clearly have that > 2. f(x+ A;) diverges on D;(f,A). More-
over, if n € N, which is to be fixed later, for large enough M we have
Zi]\iN f(z+4 X)) >nin aset Dy(f,A) C D1(f,A) of measure larger than §.
Hence we have

(48) / fo+)\ dr> "
Da(f,A) ;

Assume that i € {N,N +1,..., M}. We choose (i) such that
(49) aJ—l—)\i—)\q/(i)EI, but aJ—l—)\i—)\v(i)H ¢ 1.

Since a; is to the right of I it is clear that A, > A;, therefore (i) >
> N and hence (47) implies that ~(i) is well- deﬁned that is (49) can be
satisfied. . .

It is also clear that there exists M such that (i) < M holds for i €
{N,N+1,...,M}.
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By (46), (47), and (49) we have

(50) J+Xi =Xy €I and hence  Do(f,A) + Xj — Ay C 1.
Next we verify that

(51) if i #4 then ~(i') # v(i).

Indeed, we can suppose that i < i, and proceeding towards a contradic-
tion we also suppose that (i) = y(i). We know that aj + A\ — A4 € I,
moreover aj + Ay — Ayry € I holds as well. Since y(i) = 7(i') we have

aj+ Ay _)\’Y(i') =aj+\ —)\7(2‘) — N+ Ny €L
Using the first half of (49) and A\ < \;—1 < A; we also obtain
aj+Xi— A — A+ A <ag+ A — Ay — At Ao €L

Since A is of decreasing gap and 7(i) >4 we have A4 — Ay <
Ai — Ai_1, and hence

aj+ N — A“f(i) ANt hi<aj+ - )"Y(i) — )\py(l')Jrl + )"Y(i) el,

which contradicts (49).
By using (50) and (51) we infer

(52) / fo+A dx—Z/ Fl@+ X = A + Ay do
Ds(f,A) ;

D2 (f,A)
B Z/Dng-H\ Y

Thus by (48) we obtain

(%)

M
f(t+Av(i))dt§/IZf(t+Aj)dt
j=N

M na
/Zf(a:—i—)\i)de—,
Li=N 2

as the left-hand side of (52) gives an upper bound for the integral in (48).

However, wa ~ f(x + ;) is continuous, which yields that this integrand is
at least ?I) in a non—degenerate closed subinterval Iy C I. Thus we have
s(x) = Z)\GA flx+A)> 4#( yin I;. Hence, if we choose n to be large enough,

we find that s(z) > 1in I;.
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Now by applying the very same argument to I instead of I, we might ob-
tain that s(z) > 724 in a non-degenerate closed subinterval Is C I;. Thus

dp(ly)
if we choose n; to be large enough, we find that s(z) > 2 in I. Proceeding
recursively we obtain a nested sequence of closed intervals Iy, Is, ... such

that s(x) > k for x € I. As this system of intervals has a nonempty inter-
section, we find that there is a point in I with s(x) = co, a contradiction.
]

Acknowledgements. During the Fall semester of 2017, when this pa-
per was prepared, all three authors visited the Institut Mittag-Leffler in
Djursholm and participated in the semester Fractal Geometry and Dynam-
ics. We thank the hospitality and financial support of the Institut Mittag-
Leffler. Z. Buczolich also thanks the Rényi Institute where he was a visiting
researcher for the academic year 2017-18.

References

[1] Z. Buczolich, J.-P. Kahane and R. D. Mauldin, On series of translates of positive func-
tions, Acta Math. Hungar., 93 (2001), 171-188.

[2] Z.Buczolich, J.-P. Kahane, and R. D. Mauldin, Sur les séries de translatées de fonctions
positives, C. R. Acad. Sci. Paris Sér. I Math., 329 (1999), 261-264.

[3] Z. Buczolich and R. D. Mauldin, On the convergence of > 2 | f(nz) for measurable
functions, Mathematika, 46 (1999, 337-341.

[4] Z. Buczolich and R. D. Mauldin, On series of translates of positive functions. 11, Indag.
Math., N. S., 12 (2001), 317-327.

[5] J. A. Haight, A linear set of infinite measure with no two points having integral ratio,
Mathematika, 17 (1970), 133-138.

[6] J. A. Haight, A set of infinite measure whose ratio set does not contain a given sequence,
Mathematika, 22 (1975), 195-201.

[7] C. G. Lekkerkerker, Lattice points in unbounded point sets, I. Indag. Math., 20 (1958)
197-205.

[8] H.v. Weizsécker, Zum Konvergenzverhalten der Rethe X521 f(nt) fiir A\-messbare Funk-
tionen f: Rt — RT, Diplomarbeit, Universitdt Miinchen (1970).

Analysis Mathematica 44, 2018






	On series of translates of positive functions. III
	Abstract
	Introduction
	A universal decreasing gap asymptotically dense  Lambda set
	Subintervals in C(f, Lambda)
	Acknowledgements.

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


