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Suppose A is a discrete infinite set of nonnegative real numbers. We say that A is
type 2 if the series s(x) = >, f(z+ ) does not satisfy a zero-one law. This means
that we can find a non-negative measurable “witness function” f : R — [0, +00) such
that both the convergence set C(f,A) = {z : s(x) < +oo} and its complement the
divergence set D(f,A) = {z : s(x) = +o0} are of positive Lebesgue measure. If A is
not type 2 we say that A is type 1. The main result of our paper answers a question
raised by Z. Buczolich, J-P. Kahane, and D. Mauldin. By a random construction
we show that one can always choose a witness function which is the characteristic
function of a measurable set. We also consider the effect on the type of a set A
if we randomly delete its elements. Motivated by results concerning weighted sums
> enf(nz) and the Khinchin conjecture, we also discuss some results about weighted
sums

o]

Z enf(z+ An).

n=1

© 2018 Published by Elsevier Inc.

1. Introduction

The original research leading to this paper started with questions concerning convergence properties of

series of the type Y, f(nx) for nonnegative measurable functions f.
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First there were results about the periodic case. This is the case where f : R — R is a periodic measurable
function and without limiting generality we can assume that its period p = 1.
Results of Mazur and Orlicz in [19] imply that if the periodic function f is the characteristic function of
a set of positive (Lebesgue) measure, then for almost every x we have ) f(nx) = oo. Thus, in the periodic
case we have a zero-one law: the series either converges or diverges almost everywhere.
In this case it is more interesting to consider the Cesaro 1 means of the partial sums of our series.
A famous problem is the Khinchin conjecture [16] (1923):
Assume that EC(0,1) is a measurable set and f(x) = xg({x}), where {x} denotes the fractional part of
x. Is it true that for almost every x
L
P 2 00) = )
n—

(In our paper p denotes the Lebesgue measure.)

Even at the time of the statement of the Khinchin conjecture it was a known result of H. Weyl [22], that
there is a positive answer to the above question if f is Riemann integrable.

However in 1969 Marstrand [18] showed that the Khinchin conjecture is not true. Other counterexamples
were given by J. Bourgain [6] by using his entropy method and by A. Quas and M. Wierdl [20]. For further
results related to the Khinchin conjecture we also refer to [2] and [3].

In the non-periodic measurable case there was a question of Heinrich von Weizséker [21] concerning a
zero-one law:

Suppose f : (0,+00) — [0,+00) is a measurable function. Is it true that Y -, f(nx) either converges
(Lebesgue) almost everywhere or diverges almost everywhere, i.e. is there a zero-one law for Y f(nx)?

J. A. Haight in [14] also considered a similar question and his results implied that there exists a measurable
set HC(0,00) such that if f(z) = xm(z), the characteristic function of H then [;° f(z)dz = oo and
Yoo, f(nx) < oo everywhere.

In [11] Z. Buczolich and D. Mauldin answered the Haight—Weizsédker problem.

Theorem 1.1. There exists a measurable function f : (0,+00) — {0,1} and two nonempty intervals
Ip, 1C[3,1) such that for every x € I, we have Y ", f(nx) = +oo and for almost every x € I
we have Y " | f(nx) < +oco. The function f is the characteristic function of an open set E.

Later with Jean-Pierre Kahane in papers [9] and [8] we considered a more general, additive version of the
Haight—Weizséiker problem. After a simple exponential/logarithmic substitution and change of variables one
obtains almost everywhere convergence questions for the series ), f(z + A) for non-negative functions
defined on R. Taking A = {logn : n = 1,2,...} we obtain an “additive” version of the question answered
in Theorem 1.1. Of course, one can consider other infinite, unbounded sets A, different from {logn : n =
1,2,..}.

In fact, in [15] Haight already considered this more general case in the original “multiplicative” setting.
He proved, that for any countable set AC[0, +00) such that the only accumulation point of A is +o00 there
exists a measurable set £C(0,4o00) such that choosing f = xg we have > ., f(A\r) < oo, for any = but
Jg+ f(x)dx = oco.

In [9] we introduced the notion of type 1 and type 2 sets. Given A an unbounded, infinite discrete set of
nonnegative numbers, and a measurable f : R — [0, 4+00), we consider the sum

s(w) = sp(x) = flw+N),
AEA
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and the complementary subsets of R:
C=C(f,A) ={z:s(x) < oo}, D =D(f,A) ={z: s(x) = c0}.

Definition 1.2. The set A is type 1 if, for every f, either C(f,A) =R a.e. or C(f,A) = 0 a.e. (or equivalently
D(f,A) =0 a.e. or D(f,A) =R a.e.). Otherwise, A is type 2.

That is, for type 1 sets we have a “zero-one” law for the almost everywhere convergence properties of the
series )y f(x 4+ A), while for type 2 sets the situation is more complicated.

Example 1.3. Set A = UgenAy, where A, = 27*NN [k, k + 1). In Theorem 1 of [9] it is proved that A is type
1. In fact, in a slightly more general version it is shown that if (ng) is an increasing sequence of positive
integers and A = UgenAy where Ay = 27NN [ng, ngr1) then A is type 1.

Example 1.4. Let (nj) be a given increasing sequence of positive integers. By Theorem 3 of [9] there is an
increasing sequence of integers (m(k)) such that the set A = UpenAg with Ay, = 270NN [ng, npyq) is
type 2.

According to Theorem 6 of [9] type 2 sets form a dense open subset in the box topology of discrete sets
while type 1 sets form a closed nowhere dense set. Therefore type 2 is typical in the Baire category sense in
this topology. Indeed, this is in line with our experience that it is more difficult to find and verify that a A
is type 1.

Definition 1.5. The unbounded, infinite discrete set A = {A1, A2, ...}, A1 < Ay < ... is asymptotically dense
if d, = X\, — An_1 — 0, or equivalently:

Va >0, lim #(ANz,z+a]) = .
Tr—r 00
If A is not asymptotically dense we say that it is asymptotically lacunary.
We recall Theorem 4 from [9].

Theorem 1.6. If A asymptotically lacunary, then A is type 2. Moreover, for some f € C'{)"(R), there exist
intervals I and J, I to the left of J, such that C(f,A) contains I and D(f,A) contains J.

We denote the non-negative continuous functions on R by C*(R), and if, in addition these functions tend
to zero as  — 400 they belong to Cj (R).

In [9] we gave some necessary and some sufficient conditions for a set A to be type 2. A complete character-
ization of type 2 sets is still unknown. We recall here from [9] the theorem concerning the Haight—Weizsiker
problem. This contains the additive version of the result of Theorem 1.1 with some additional information.

Theorem 1.7. The set A = {logn :n = 1,2,...} is type 2. Moreover, for some f € Cy (R), C(f,A) has full
measure on the half-line (0,00) and D(f,A) contains the half-line (—o0,0). If for each c, f;roo eYg(y)dy <
+00, then C(g,A) =R a.e. If g € Cf (R) and C(g,A) is not of the first (Baire) category, then C(g,A) =R
a.e. Finally, there is some g € Cif (R) such that C(g,A) =R a.e. and f0+°° eYg(y)dy = +o0.

From the point of view of our current paper the following question (QUESTION 1 in [9]) is the most
relevant:
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Question 1.8. Ts it true that A is type 2 if and only if there is a {0,1} valued measurable function f such
that both C(f,A) and D(f,A) have positive Lebesgue measure?

In Section 3 we give a positive answer to this question. This result is very useful if one tries to study
type 2 sets. In later sections of this paper and in another forthcoming paper [7] one can see applications of
this result.

In Section 4 we take some type 1 sets from Example 1.3 and investigate the effect of random deletion of
elements with probability q. We see in Theorem 4.3 that in the basic case of Example 1.3, that is, when
ng = k after randomization A stays type 1. However in Theorem 4.5 we show that for some other ngs one
can turn a type 1 set into a type 2 set by random deletions.

In [9] two questions were stated. We have already mentioned Question 1, which is the main motivation
for our paper. Question 2 was the following: Given open sets G1 and Gy when is it possible to find A and
f such that C(f,A) contains G1 and D(f,A) contains G2 ¢ This question was essentially answered in our
recent paper [10].

In the periodic case, corresponding to the Khinchin conjecture, several papers considered weighted aver-
ages »_ ¢k f(ngx). See for example [1], [4], and [5]. This motivates the following definition:

Definition 1.9. We say that an asymptotically dense set A is e-type 2 with respect to the positive sequence
¢ = ()02, if there exists a nonnegative measurable “witness” function f such that the series s.(x) =
Se,f(x) = >0 enf(z 4+ Ay) does not converge almost everywhere and does not diverge almost everywhere

either. Of course, those A which are not ec-type 2 will be called e-type 1.

In the sense of our earlier definition, A is type 2 if it is e-type 2 with respect to ¢, = 1. We also say in this
case that A is 1-type 2. For the corresponding convergence and divergence sets we introduce the notation
Ce(f,A) and D¢(f, A).

In Theorem 5.1 of Section 5 we see that if a set A is 1-type 2, then it is e-type 2 with respect to any
positive sequence ¢. The key property behind this theorem is the fact that for 1-type 2 sets there is a always
a witness function which is a characteristic function according to the result of Theorem 3.1. This motivates
the following definition.

Definition 1.10. A positive sequence ¢ is a x-sequence if for any c-type 2 set A there is always a characteristic
function to witness this property.

It would be interesting to see whether Theorem 5.1 holds for all y-sequences.

It is also worthful to notice that there exist sequences which are not x-sequences. Indeed, if > ¢, con-
verges, then for any function f bounded by K we have s f(z) = > oo cnf(z + Ap) < >0 cp K, and
hence s¢ y converges everywhere. On the other hand, by Theorem 5.1 there are c-type 2 sets A, in this case
with unbounded witness functions.

Hence it is also a natural question for further research to characterize y-sequences.

Finally, in Theorem 5.2 we prove that there are sequences ¢ such that every discrete set A is e-type 2.

2. Preliminaries

In the proof of Proposition 1 of [9] we used a simple argument based on the Borel-Cantelli lemma which
we state here as the following lemma.

Lemma 2.1. Suppose that A is type 2 and f is a bounded witness function for A. If we modify f on a set
E such that u(E N (x,00)) < e(x) where €(x) is a positive decreasing function tending to 0 at infinity, and
satisfying

Please cite this article in press as: Z. Buczolich et al., Random constructions for translates of non-negative functions, J. Math.
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D el = K)#(AN[L,1+1)) < oo, (1)
leN

then the convergence and divergence sets in [—K, K| for the modified function f do not change apart from

a set of measure 0.
3. Characteristic functions as witness functions for type 2

Theorem 3.1. Suppose that A is type 2, that is there exists a measurable witness function f such that both
D(f,A) and C(f,A) have positive measure. Then there exists a witness function g which is the characteristic
function of an open set and both D(g,A) and C(g,A) have positive measure.

Proof. First we observe that it is sufficient to find a suitable g which is the characteristic function of a
measurable set: then we can modify it on a set of finite measure which does not change the measure of
D(g,A) and C(g,A).

Fix bounded sets D C D(f,A) and C C C(f, A) of positive measure, satisfying CUD C [ K, K] for some
K € N. We will suitably modify the function f by a sequence of steps such that the function obtained after
each step satisfies the condition concerning the measures of D and C. Consider the intervals I; = (—o0, 1),
I, =[1,2), Iy = [2,3), .... For n = 1,2, ... we will choose sufficiently small real numbers ¢,, > 0 and define
fo such that fo(z) = f(x) + ek in I, C C C(fo,A) and D C D(fo,A). As fo > f, the second condition is
obviously satisfied. Furthermore, as A is discrete and bounded from below, for fixed n there is a bounded
number of \;s with \; € I,, — [- K, K]. Thus by choosing ¢,, small enough, we can ensure that

1
Z f0($+)\i)<2—n+ Z flz4+XN) forany z € C C [-K, K].
T+ A€l z+M€El,

As a consequence, for any x € C' we have sg (x) < s¢(z) + 1 < oo, thus C C C(fo,A), as we stated. Hence
fo is a function such that both D(fy, A) and C(fo, A) have positive measure, and fj is bounded away from
zero on any interval of the form (—oo,t).

Now take fi(z) = min(fo(z),1). For any = € D(fo,A), if the sum » ., fo(z + A) contains infinitely
many terms which are at least 1, then these terms immediately guarantee that

Z filz 4+ \) = oo. (2)

AEA

On the other hand, if there are only finitely many such terms, then the sums associated to f; and fy
differ only in these finitely many terms, which also yields (2). Then we have D(f1,A) = D(fo,A), and
consequently C(f1,A) = C(fo,A). Thus we obtained a function f; which is bounded by 1. Moreover, both
D(f1,A) and C(f1,A) have positive measure, and f; is bounded away from zero on any interval of the form
(—00,t).

Given f;, we can construct a function f; with a rather simple range. Namely, for any = we choose k, € N
such that - < fi(z) < . As the range of f is contained by (0,1], there is such a k,. Now take
f2(z) = zi. Since we have £ f1 < fo < f1, we may deduce C(f2,A) = C(f1,A) and D(f2,A) = D(f1,A).
Moreover, as f; is bounded away from zero on any interval of the form (—oo,t), we have that fo has finite

range in each such interval and vanishes nowhere. We can also assume f =1 in (—00,0). As A is discrete
and bounded from below the convergence and divergence sets remain the same.

Consider now the interval [k —1, k) for k& € N. The range of f is finite in [k — 1, k), let it be {c1,ca, ..., ¢ }.
Now for any level set {f2 = ¢;} we can define a relatively open set U; C [k — 1,k) such that {fo = ¢;} N
[k —1,k) C U; and
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W) < ul{fa = e} Nk — 1, k) + 2

9
for some 0 to be chosen later. Each U; is a countable union of intervals. By choosing a sufficiently large
finite subset of these intervals we can obtain a set V; such that
O,
p(U:) < plV) + o
The intervals forming V; are relatively open in [k — 1, k). Hence by adding finitely many points to each of
them we can get sets V; which are finite unions of intervals of the form [z,y). Finally, let V;* = V/, and for
1=2,...,1let

1—1
ve=vi\(UW
j=1

Then the sets V;* are disjoint and each of them is a finite union of intervals of the form [z, y) as such intervals
form a semialgebra. Moreover, the complement V* of their union in [k — 1, k) is also a set of this form. We
define f3 using these sets: on V;* let f3 = ¢;, and on V* let f3 = c;.

Ok
. Hence fs and f3 can differ only in a set of

When we redefine our function in V;* we modify it in a set of measure at most and when we redefine

1 s,

it in V* we modify it in a set of measure at most ) ;_, 3*

measure at most

l

1
25k Z ? < 25k-

i=1

Put e(x) = >, ~, 0k If we choose a sufficiently rapidly decreasing sequence (J;) then we can ensure that

D el = K)#(AN [T+ 1)) < oo. (3)

leN

Since (3) is assumption (1) of Lemma 2.1, if we define f5 in each of the intervals [k — 1, k) using the previous
procedure, then the convergence and divergence sets are the same for fo and f3 almost everywhere in
[ K, K]. Moreover, the range of f3 is a subset of the range of f2 in any interval (—oo,t), and each bounded
interval can be subdivided into finitely many subintervals of the form [a, b) such that fs is constant on each
of these subintervals. Denote the family of all these subintervals in R by Z. We know that the sum sy,
diverges in D apart from a null-set and converges in C apart from a null-set. For the sake of simplicity we
assume that the sum sz, diverges in the entire set D and converges in the entire set C: if that does not
hold, we can modify our initial sets. For ease of notation in the sequel we will denote f3 by f, in fact it can
be assumed that f was originally of this form.

In the following step we replace the family of intervals Z by a “finer” family J. Precisely, if I € Z, first
we subdivide it into sufficiently short subintervals Iy, ..., I,, of equal length such that for any x € CU D we
have that z + A € I; for at most one A € A for any i = 1,2, ..., m. In order to avoid technical complications,
we define them to be closed from the left and open from the right, hence guaranteeing that they are disjoint.
As C'U D is bounded, it is clear that this is possible. The family J will consist of all the previous short
intervals for each I € 7.

Now we define a sequence of random variables. Consider the intervals in J in increasing order: Ji, Js, ...
Let J, € J. Then we have that f = 27" on J, for some k, € N. We define the sequence (X,,) of
random variables such that they are independent and X,, = 1 with probability 27"~ otherwise X,, is 0. By
Kolmogorov’s consistency theorem such random variables can be defined on a suitable probability measure
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space (). Given these random variables, we can define a random characteristic function: for any w € € and
x €R let g(w,x) = Xp(w) if ¢ € Jp.
We claim that almost surely, that is for P almost every w

Sg(wax) = Zg(wax + )‘)

AEA

converges in C apart from a p null-set, and diverges in D apart from a p null-set. Proving the claim finishes
the proof of the theorem as we can define g = g(w) for one of the ws of these almost sure events.
First let us consider the hehavior of sy4(w,z) in D. Fix x € D. Also fix A € A. Let us observe that

Plg(w,z+ ) =1) = f(z + A).
Indeed if f(z + A) = 27" for some k € N, we have that = + A lies in an interval J,, where f = 27", thus
Plg(w,z+ ) =1)=P(X,(w) =1)=27" = f(x + \),

as we claimed. As a consequence, by the definition of D for x € D we clearly have that

D Plgw,z+A) =1)=Y  fl@+)) =oc. (4)

AEA AEA

Observe the events appearing in the leftmost expression. For fixed A, the value g(w,z + A\) depends on at
most one of the independent random variables X7, X, .... Moreover, by the procedure by which we replaced
T by J, for fixed n and 2 the random variable X, affects at most one of the values g(w, x4+ A), A € A. Thus
by the independence of (X,,), for fixed z € D the events

Ao = {w: glw,o+2) = 1) (5)

are also independent. As the series of their probabilites diverges, by the second Borel-Cantelli lemma we have
that with probability one infinitely many of them occur, which is equivalent to the fact that s4(w,z) = cc.
Thus for any fixed 2 € D we obtain s4(w,z) = oo almost surely.

Now let us define Qp = {(w,z) : 2 € D, sy(w,x) = oo} C Q x D. We claim that it is measurable.
Indeed, let

D, ={(w,x): g(w,z+ ) =1}

It would be sufficient to verify that such a set is measurable as

o0 oo
Qp =limsupQ,, = m U Qx,
k—oo n=1k=n

clearly holds. Now we simply observe that for fixed k£ the set D can be subdivided using finitely many
intervals in each of which g(w,z + A;) depends only on one of the random variables in the sequence (X,,).
Consequently, €2, can be written as a finite union of rectangles, hence it is measurable in the product
space, which verifies our claim: Qp is measurable. By the earlier observations we obtain for its measure

taxp(Qp) = / lngwdx:/ /1Qde dx:/ldx:,u(D).
D

QxD D Q
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Hence Qp is of full measure in the product space 2 x D. Thus almost surely s,(w,z) diverges in D apart
from a null-set, that is

P(w: sy(w,z) = 0 for a.e. z € D) =P(Qp) = 1.

The behavior of s4(w, ) in C can be treated similarly. More precisely, the beginning of the argument up
to (4) can be repeated and in place of (4) we obtain

ZIP’(g(w,x+>\):1):Zf(x+)\)<oo (6)

AEA AEA

for fixed x € C. We do not even have to check independence in this case; we can simply apply the first
Borel-Cantelli lemma which tells us that with probability 1 only finitely many of the events Ay, in (5)
occur for x € C, hence for fixed z € C almost surely sy(w,x) < oco. The conclusion is also similar: the
measure of Q¢ = {(w,z) : x € C', s4(w,x) < 00} C Q x C equals

uoxc(Qe) = / ].chwdx:/ /1gcdw dx:/ldx:ﬂ(C).
C

QxC C Q

(The measurability of Q¢ can be verified analogously to that of Qp.) Hence Q¢ is of full measure in the
product space Q x C. Thus sy (w, x) converges in C apart from a null-set almost surely, as we stated, that is

P(w: sg(w,x) < oo for ae. z € C) =P(Q) = 1.

This concludes the proof: the choice g = g(w) for any w € ), N QY satisfies the claims of the theorem, thus
there exists a satisfactory characteristic function. 0O

4. Randomly deleted points from A

Lemma 4.1. Assume that C C [0,1) is Lebesque measurable, that is C € L[0,1). Then for almost every
x €10,1) we have

lim #(xz+2"Z)NC)

n——o00 2—"n

— 1(0). (7)

Proof. Consider the measurable function 1< and the negatively indexed increasing sequence of o-algebras
Fo={(A+2"Z)Nn[0,1) : A € L£(]0,1))}, n € —N. Moreover, denote by F_. their intersection. By
Lebesgue’s density theorem one can easily see that F_., contains only full measure sets and null-sets. Hence
the conditional expectation E(1¢|F_o) is almost everywhere constant, therefore it equals E(1¢) = u(C).
On the other hand, by Theorem 5.6.3 in [13] about backwards martingales we know that

E(lc|Fn) = E(1o|F-x) (8)
almost surely as n — —oo. Next we show that

#((x+2"Z) N C)

E(LolFo) (@) = T

, for pae. z €0,1) for all n € —=N. (9)

The function on the right-handside of (9) is defined for any x € R. It is Lebesgue measurable and invariant
under translations by values in 2"Z, hence its restriction onto [0, 1) is clearly F,, measurable. Suppose that
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A’ € F,,. We denote by A the one periodic set obtained from A’, that is A = A’ +7Z. Then A + 2"k = A for
any k € Z. Moreover, for any n € —N

1
#((x + 2"Z)NC
/ )du /(Zlc+2nk ) Alx)dp(z) (10)
0 keZ
1
/ (Z Loponk ()1 aponp(z ))du(az)
0 keZ
o—n_q (m-+1)2"
=2 Z Z loyork(2)1ayonk(x)dp(x)
m=0 KEZ ,on
However,
(m+1)2™
Z / Losonk(@)layon(x Z / 1ogonk(2)1 aqonk(x)dp(z)
kE€Z ,on kEZ )
= S WANCA [k~ (k4 D2') = 4(AN C) = (AN C)
keZ

Hence the left-hand side of (10) equals pu(A’ N C). Since we have this property for any A’ € F,, we proved
(9). Using this result in (8) and taking limit in (8) we obtain (7). O

Let

A= G 27NN [k, k + 1)). (11)
k=1

We know from Example 1.3 that Ais type 1.

Definition 4.2. Let 0 < p < 1. Then we say that A C A is chosen with probability p from A if for each A € A
the probability that A € A is p and different points of A are chosen stochastically independently.

That is, we consider Q = {0,1}" with the product measure P which is obtained as the product of the
measures which assign probability p to {1} and ¢ = 1 — p to {0}. We order the elements of A in increasing
order, that is A= {A\1 < Xy < ...} and for an element w of our probability space Q we assign the random
set A, which is obtained from A by keeping A if wk, the kth entry of w is 1 and deleting it otherwise.
To make this a little more precise we consider independent identically distributed random variables Xy (w)
with values in {0,1} with X} (w) = wg. Then P(Xy, =1) =p, P(X;, =0) = ¢=1—p and we keep Ay in A,
if Xk (w) =1.

We say that a property holds almost surely if the P measure of those ws for which A, has this property
equals 1.

For ease of notation often we omit the subscript w and we just speak about almost sure subsets ACA.

It is clear that almost surely if A C A is chosen with probability p from A then A is an infinite discrete
set.

Theorem 4.3. Suppose that 0 < p < 1 and A is chosen with probability p from A= U, (27NN [k, k+1)).
Then almost surely A is type 1.
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Lemma 4.4. Suppose that 0 < p < 1 and A is chosen with probability p from A. Then almost surely A
satisfies the following:
For every L € N there exists N € N such that for all x > N we have

#(AO {x,x + QLL)) >p.2/7E=2 (12)
where J = |x].

Proof. We will use the notation from Definition 4.2. We consider A = A,, obtained from A by using the
i.i.d. random variables X = Xy (w) = wg.

We recall from the standard Chebyshev’s inequality proof of the Weak Law of Large Numbers (see for
example [13, Ch. 2.2]) that there exists a constant C,, depending only on p such that for any K,n € N

X o+ Xkin C
]P’{‘ Kot ¥ Ak >p(1—2—1-9)}<—p. (13)
n n
Observe that A N [J,J+1)={ s _1, 90 141,y A07 14971} for any J € N.
We say that w is J-L'-good if
s, X (@)
=0 27 —141.27 L 45 W _1.
s 2J—L' 2 —p Sp(l_Q 19) (14)
holds for every [ = 0, ...,2Ll —1.
If w is J-L'-good for every J > Jy then we say that w is Jy—L'—co-good.
By (13) one can see that
P{w: wis J-L'-good} > 1 — 28 . —» 15
{w:wis J-L'-good} >1— 5D (15)
and hence
P{w : wis Jo—L'— d} >1 gt . G 16)
{w:wis Jy oo-good} > —Z Y (

J>Jo

It is easy to see that if L’ is sufficiently large, say L’ = L + 100 and A = A,, for a Jy—L'—co-good w, then
(12) holds with N = Jp.

Using (16) it is also clear that for PP a.e. w there is a Jy such that w is Jy—L'—0o-good. This completes
the proof of the lemma. O

Proof of Theorem 4.3. Let 0 < p < 1 and assume that A has been chosen with probability p from A.

Pursuing a contradiction, we assume that A is type 2.

By Theorem 3.1 we can choose a measurable set S C R such that f = 1g witnesses that A is type 2.
Thus u(D(f,A)) > 0 and u(C(f,A)) > 0 and therefore we can choose R € N and an interval I of length
R — 1 such that p(D(f,A)NI)>0and u(C(f,A)NI) > 0. Then using the Lebesgue Density Theorem we
choose intervals Ip and I¢ subsets of I of length 2% where L € N such that

u(Ie NC(f,A)) > (1 - %) gL (17)
and

u(Ip N D(f,A)) > 0. (18)
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We assume without loss of generality that Ig = [0, 2%) and Ip = [g—iv, _(12\[;1)) for some N € Z. Since the

cases N < 0 are easier than the ones when N > 0 we provide details only for the case N € N.

Note that we have
N < R-2F. (19)

For each n € N we define C: = {z € C(f,A)NIc: (x+A)N[n,00) NS = 0}. Since f is a characteristic
function, it follows that US2,C = C(f, A) N I¢ and therefore we can choose C C C(f,A)NIc and M € N
such that

and
(C+A)N[M-27L )N S =0. (21)

For each n > L define n* = | 57| and let

C, = {x elo: #((x+27%2)nC) > (1 - 21§’+5)2H for all k > <n+N)*}

and E, = C,, — QALCID. Note that for all n > L we have C,, C C,4+1 C Ig and by a rescaled version of
Lemma 4.1 we know that

w(Cyp) = 271 = pu(I¢) and hence u(Ip\E,) — 0. (22)

Note also that Cy, is 55wy periodic on I¢ and Ej, is 55w+ periodic on Ip for all n > L.
For each n € N define

Su={ye [2%"2‘?1) - MNC, =0},

and

s;:{ye [” n+1):(y—A)ﬁC’:(Z)}.

oL’ 9L

Using Lemma 4.4, we may assume that we can choose P € N such that
1 J—L—2
#(Aﬁ[x,x+2—L))>p-2 for all z > P, (23)

where J = |z].
Next we show that

n n+1

5t 50 ) C Si C Sy (24)

if n > B:=max{M,(P+ L)-2" +1}, thenSﬁ[

Assume that n > B. Since n > M, by (21) we have (C+A)NSN[3%, %) = 0 and therefore SN[4%, 5H) C
Sy

Now suppose that y € [z, "’2+1)\Sn. Then we can choose z € C),, and A € A such that x + A = y. Since

A=y—z< "Z—ng <n*+1by (11) and ACA we have A € 27""Z which implies

. . 1 . 1
y+2 " Z=12+2"""Z and (y — A) N [0,2—L)c(y+2—" Z)n [OQ—L) (25)
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From the definition of C,, we have that

£((z+2- N 'Z) N O) > (1—21§+5) 9N =L that is
2}% g +N) L o #(<($ 4otV 7)1 {0, QLL))\C)
- (a0 a)0)
It follows that

—n* *_ _ *_ p o
#((z+27"Z)NC)>2" L—2R+5(2(H+N) Ly =2on L(l—mz(nJrN) n )

Using (n + N)* —n* < N*+ 1 and by (19), R > N*, we conclude that

£y +27"Z)NC) = #((z+27"Z)NC) > (1 Sy AR (26)
>

Now using (23) with y — L in place of x we find that since y — LL

B

Using (25), (26), the last inequality and the pigeon-hole principle, we conclude that there must exist 2’ € C
and X € A such that ' + X = y and therefore y ¢ S/,. It follows that S/, C S,, and we are done with the
proof of (24).

Next we continue with some definitions. For each n € N we define D,, = (S,,—A)NIp and let D), = D,,NE,
and D) = D,\D,,. Note that if x € Ip\D,, and n > B, then (x + A)N S, = 0 so f(z + A) = 0 for all

A€ [”+N x, ”'FQ—IXH — z). From these considerations it follows that

D(f,A)NIp C MLy UpZy, Dy = (MR Uy D) U (MR, Uney, D).

Furthermore, for all n € N we have D!/ C Ip\E, where Ip\E,+1 C Ip\E, and by (22), u(Ip\E,) — 0
and therefore

u(MRZ, Uy, D) = 0. (27)

Thus, if we can prove that (N2, U . D/ ) = 0 we can conclude that pu(D(f,A) NIp) = 0, which
contradicts (18) and finishes the proof of the theorem. Actually we prove that D] = ) for large n.

Suppose that n > B. Then n* > L and X" = 51 € 27 ""7.. We show that
n 1
(Cn+27)msn:(0n+)\)msn:®. (28)

Indeed, suppose that y =  + X’ with € C,, then we show that one can find 2’ € C,, and X' € A such that
Yy = 1:’ + A and hence y ¢ S,. This follows easily, since C,, is 1* periodic on I¢ and one can apply (23)
for " =z + 2 2L 1 and observe that there are points of A in (z —|— 2L Lo+ 5 ). Select such a point A’. Then
N’ — X € 27" Z and hence if we let ' = x + (\" — ') then y = 2’ + X" and 2’ € [0, 5 ). Since C,, is 27"
periodic in [0, 5 ) we obtained that ' € Cy,, proving (28).

Now recall that Cy, is 5575+ periodic on I¢. This implies that Cp, + X" = Cy, + 3% is 2(,7+N) periodic

on [3t, ). By (28)

$,CC, =[5 "5 )\ (G0 + 57)
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n

. ~ . 1 . . n+1 . _ N - 1
Obviously C), is also 577+ periodic on (3, %5z ). Since we also know that E,, = C, — 5z is SR

periodic on [g—év, 7(]2\’{1)), it follows that

(Cp — 2~ N NY N E, = 0. (29)

Now observe that if y € C,, and y — A € E,, then we have \ € [Mp=L Niptl) Moreover, we also have
that A € [AEn=L NEndly n A implies that A € 2= +M)N. Since S, C C,, it follows from (29) that
(Sp, — A) N E, = 0, which implies that D/, = () for n > B. This concludes the proof of Theorem 4.3. O

Theorem 4.5. Suppose that (my) and (ng) are strictly increasing sequences of positive integers. For each
k € N, define Ay, = 27NN [ng,ng+1) and let A= Uy Ak. Moreover, fit 0 < p < 1 and suppose that
A is chosen with probability p from A. Set q = 1—p. For fized (my,), if (ng) tends to infinity sufficiently
fast then almost surely A is type 2. Notably, if the series > po 1 — (1 — qgmk)nkﬂ_nk diverges then almost
surely A is type 2.

Remark 4.6. If m; = k then by Example 1.3, A is type 1 for any nj and hence it may happen that a type
1 set is turned into a type 2 set by random deletion of its elements.

Proof. Let Aj denote the event in which there exists a € N such that [a,a + 1)C[ng, ng41) and [a,a+ 1) N
A = (). We can quickly deduce that the probability of the complement is

Nk+1—Nk

P(A;) = (1-¢*")
Consequently,

Ng+1—Nk

P(Ay) =1 (1-¢*")

By assumption, the series of these probabilites diverges. Consider now the sequence of events (Ax)¢2 ;. They
are clearly independent, hence by the second Borel-Cantelli lemma the aforementioned divergence implies
that almost surely infinitely many of the events Aj occurs. However, this immediately yields that almost
surely the set A is asymptotically lacunary and hence by Theorem 1.6 it is type 2. O

5. c-type 1 and 2 sets

The following theorem is a nice consequence of Theorem 3.1.
Theorem 5.1. If a set A is 1-type 2, then it is c-type 2 with respect to any positive sequence ¢ = (¢,)5 4.

Proof. By Theorem 3.1, choose an open set such that its characteristic function f witnesses that A is 1-type
2. Then both D(f,A) and C(f,A) have positive measure. Choose a bounded D C D(f, A) and a bounded
C C C(f,A) of positive measure. Then the set {f # 0} equals a countable union of intervals Iy, I, .... We
will construct g verifying the statement such that for any € Iy, k = 1,2, ... we have g(x) = ay f(x) for
some ay > 0. We define oy, as follows: since D is bounded, for any k£ = 1,2, ... there are finitely many
Akyy ey Ak, such that x + Ag, € Iy for some € D and ¢ = 1,...,m. As ¢, > 0 for each n, we have that
the finite set {cg,, ..., cx, } is bounded away from 0. Thus aj can be chosen sufficiently large to guarantee
agcr, > 1 for ¢ =1,...,m. By this choice for any z € D we have that

ST gz )= D flat ).

)\]‘ : CL‘Jr)\jEIk )\]‘ : I+/\j€Ik
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However, if we add these latter sums for all the intervals Iy, we find that our sum diverges. As a consequence,
ZZO:1 eng(x + Ay) diverges for any x € D, which guarantees the positive measure of the divergence set.

Concerning the convergence set, we have an easy task: for any z € C' we have that z + X € {f # 0} only
for finitely many As since otherwise Y -, f(z + A,,) would diverge as {f # 0} = {f = 1}. Thus we also
have z + A € {g # 0} only for finitely many As. This guarantees that > > | ¢,g(z + A,) converges for any
x € C, which guarantees the positive measure of the convergence set. O

The previous theorem displays that the sequence ¢, = 1 is minimal in some sense: the family of type 2
sets is as small as possible. It is natural to ask whether all y-sequences have this property.

Theorem 5.2 shows that not all sequences have this property by showing the other extreme: sequences
for which every A is c-type 2.

Theorem 5.2. Suppose that ¢ = (cy,) is a sequence of positive numbers satisfying the following condition:

o0
Z ¢; <2 "¢, for every n € N. (30)
j=n+1

Then every discrete set A is c-type 2.

Proof. Let A = {A1,Ag,...} with \; < Ay < ... and A, = o0. Choose y,, / oo such that y,11 —yn, > 1
and AN [yn, yn + 3] # 0 for all n € N. For each n € N let

{5+ n< i 1)

and define
1 o0
dy = —=—— and f = Zdnyymynﬂ]. (31)
2jer, € n=1
Claim 5.3. [0, 3] C D¢(f, A).
Proof. Let x € [0, 3]. Then for every j € T, we have & + \; € [yn,yn + 1]. Hence f(z + A;) = d,,. Thus we

obtain

;cjf(x+>\ Zchfx—F)\ :Z_:di =

n=1jeT,

finishing the proof of Claim 5.3. O
Claim 5.4. (—oo, —1) C Ce(f, A).
Proof. Let z € (—oo, —1). For each n € N define
Bo(x) ={j: @+ X € [yn,yn + 1]}-

Note that if j € Ry, (x), then \; > y, + 3 and it follows that j > i for all i € T,,. Therefore, using (30) we
obtain

Z c; <27 Z cj.

JER, () JET,
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1 Therefore using (31) we deduce

2

3 o0 o0 o0

4 ITIIESVID SIb SISTISSED ST P SRPs)
5 Jj=1 n=1j€R, () n=1 JERR ()

6 <D A2 =) 27"=1. O

7 n=1 JET, n=1

8

9 Clearly the proof of Claim 5.4 also concludes the proof of Theorem 5.2. O

10

11 Acknowledgments

12
13 Z. Buczolich thanks the Rényi Institute where he was a visiting researcher for the academic year 2017-18.
14 B. Hanson would like to thank the Fulbright Commission and the Rényi Institute for their generous

15 support during the Spring of 2018, while he was visiting Budapest as a Fulbright scholar.

16
17  Uncited references

18Q5
19 [12] [17][These references can be
20 removed.

>1  References

22

3 [1] C. Aistleitner, I. Berkes, K. Seip, M. Weber, Convergence of series of dilated functions and spectral norms of GCD matrices,

Acta Arith. 168 (3) (2015) 221-246.

24 [2] J. Beck, From Khinchin’s conjecture on strong uniformity to superuniform motions, Mathematika 61 (2015) 591-707.

o5 [3] I. Berkes, On the asymptotic behaviour of Y f(ngx). I. Main Theorems, II. Applications, Z. Wahrsch. Verw. Gebiete 34
(1976) 319-345, 347-365.

26 [4] I. Berkes, M. Weber, On the convergence of Y ¢ f(ngx), Mem. Amer. Math. Soc. 201 (943) (2009), viii+72 pp.

27 [5] I. Berkes, M. Weber, On series Y cx f(kz) and Khinchin’s conjecture, Israel J. Math. 201 (2) (2014) 593-609.

[6] J. Bourgain, Almost sure convergence and bounded entropy, Israel J. Math. 63 (1988) 79-97.

28 [7] Z. Buczolich, B. Hanson, B. Maga, G. Vértesy, Type 1 and 2 sets for series of translates of functions, submitted for

29Q publication, http://arxiv.org/abs/1805.12419.

| Z. Buczolich, J-P. Kahane, R.D. Mauldin, Sur les séries de translatées de fonctions positives, C. R. Acad. Sci., Paris Sér.

30

I Math. 329 (4) (1999) 261-264.
31 [9] Z. Buczolich, J-P. Kahane, R.D. Mauldin, On series of translates of positive functions, Acta Math. Hungar. 93 (3) (2001)
32 171-188.

[10] Z. Buczolich, B. Maga, G. Vértesy, On series of translates of positive functions III, Anal. Math. 44 (2) (2018) 185-205.
33 [11] Z. Buczolich, R.D. Mauldin, On the convergence of Y | f(nz) for measurable functions, Mathematika 46 (2) (1999)
34 337-341.
35 [12] Z. Buczolich, R.D. Mauldin, On series of translates of positive functions II, Indag. Math. (N.S.) 12 (3) (2001) 317-327.

[13] R. Durrett, Probability: Theory and Examples, 4th edition, Cambridge University Press, 2010.
36 [14] J.A. Haight, A linear set of infinite measure with no two points having integral ratio, Mathematika 17 (1970) 133-138.
37  [15] J.A. Haight, A set of infinite measure whose ratio set does not contain a given sequence, Mathematika 22 (1975) 195-201.
[16] A. Khinchin, Ein Satz tiber Kettenbruche mit arithmetischen Anwendungen, Math. Z. 18 (1923) 289-306.

[17] C.G. Lekkerkerker, Lattice points in unbounded point sets, I, Indag. Math. 20 (1958) 197-205.

(18] J.M. Marstrand, On Khinchin’s conjecture about strong uniform distribution, Proc. Lond. Math. Soc. (3) 21 (1970)

540-556.

[19] S. Mazur, W. Orlicz, Sur quelques propriétés de fonctions périodiques et presque-périodiques, Studia Math. 9 (1940) 1-16.
41 [20] A. Quas, M. Wierdl, Rates of divergence of non-conventional ergodic averages, Ergodic Theory Dynam. Systems 30 (1)
© (2010) 233-262.

[21] H. yon Weizséicker, Zum Konvergenzverhalten der Reihe $22, f(nt) fiir A-messbare Funktionen f : Rt — R, Diplomar-
43 beit, Universitdt Miinchen, 1970.
44 [22] H. Weyl, Uber die Gleichverteilung von Zahlen modulo Eins, Math. Ann. 77 (1916) 313-352.

38
39
40

45
46
47
48

Please cite this article in press as: Z. Buczolich et al., Random constructions for translates of non-negative functions, J. Math.
Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.08.030

© 0 N o o b~ W N =

A DA DB DA B DB DB DS WWWW W W W W W WN N DNDNDDNDNDNDNDNDND R R R R s s s =
o N o o0 b W N H O © 00 N o0 g b~ W NN =R O ©W 00 N o b W NN FE O VW o N o 0 b W NN = O


Query text:
Inserted query:
Q5: Reference(s) given here were noted in the reference list but are missing from the text - please position each reference in the text or delete it from the list: [12], [17].

Query text:
Inserted query:
Q6: Please complete and update the reference(s) given here (preferably with a DOI if the publication data are not known): [7].

Original text:
Inserted Text:
v.

Zoltán Buczolich
Textbox
These references can be removed.

Zoltán Buczolich
Note
This paper is submitted this preprint information is the latest.

http://arxiv.org/abs/1805.12419

	Random constructions for translates of non-negative functions
	1 Introduction
	2 Preliminaries
	3 Characteristic functions as witness functions for type 2
	4 Randomly deleted points from  Λ
	5 c-type 1 and 2 sets
	Acknowledgments
	References




