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PERMUTATION POLYNOMIALS OVER FINITE RINGS

DALMA GÖRCSÖS, GÁBOR HORVÁTH, AND ANETT MÉSZÁROS

Abstract. Let PPol(R) denote the group of permutation poly-
nomials over the �nite, commutative, unital ring R under composi-
tion. We generalize numerous results about permutation polynomi-
als over Zpn to local rings by treating them under a uni�ed manner.
In particular, we provide a natural wreath product decomposition
of permutation polynomials over the maximal idealM and over the
�nite �eld R/M . Further, we give a necessary and su�cient con-
dition for a polynomial f ∈ R[x] to be a permutation polynomial
considering f and f ′ over the �nite �eld R/M , thereby generalizing
a similar result for Zpn . We characterize the group of permutation
polynomials over M whenever the condition M |R/M | = { 0 } ap-
plies by describing a polynomial being identically equal to 0 with
the help of the annihilators of the ideals Mk =

(
rk | r ∈M

)
. We

derive the size of PPol(R), thereby generalizing the same number
formulas for Zpn . Finally, we completely characterize when the
group PPol(R) is solvable, nilpotent, or abelian.

1. Introduction

Let R be a �nite, commutative, unital ring. A polynomial f ∈ R[x] is
called a permutation polynomial if the function induced by f permutes
the elements of R. The permutation polynomials form a group under
composition. We denote this group by PPol(R).
Permutation polynomials have several applications when R is a �nite

�eld, mostly in cryptography and coding theory (see e.g. [5, 7, 8, 10, 15],
and for most recent results see e.g. [12, Chapter VIII]). However, the
picture is much less clear when it comes to arbitrary commutative rings.
There are few existing results, mostly when the ring is a residue class
ring of the integers.
Let f be a polynomial with integer coe�cients, f(x) = adx

d + · · ·+
a1x+a0. Rivest [14] proved that f is a permutation polynomial modulo
2n if and only if a1 is odd, and (a2+a4+ . . . ) is even and (a3+a5+ . . . )
is even, as well. This is a special case of a more general result [6,
Theorem 123]: the polynomial f is a permutation polynomial modulo
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pn for some prime p if and only if it permutes the elements of the �nite
�eld Fp, and if f ′(x) = 0 has no solutions in Fp. Singh and Maity
[16] used this characterization to obtain conditions modulo 3n and 5n,
similar to those gave by Rivest for modulo 2n.
Mullen and Stevens [11] applied these characterizations to compute

the number of permutation polynomials over the residue class ring Zpn .
Let ν(s) be the largest positive integer for which pν(s) | s!. That is,
ν(s) =

∑∞
r=1[

s
pr
]. Let N be the biggest positive integer for which

ν(N) < n. Then

|PPol(Zpn)| = p!(p− 1)pp−2p
N∏
j=0

pn−ν(j).

Further, for δ(N) = 1
2

∑∞
r=1 p

r[N
pr
]
(
[N
pr
] + 1

)
one has

|PPol(Zpn)| = p!(p− 1)pp(N+1)(n−ν(N))+δ(N)−2p.

Some of these formulas have been generalized. Frisch [3] considered
�suitable� �nite, commutative, unital, local rings, and computed the
number of permutation polynomials for such rings.
Determining the structure of PPol(R) would be a natural step af-

ter computing its size. However, by looking at the number formulas
above, one cannot hope to obtain very nice descriptions in the general
case. Indeed, even to enumerate and describe the p-Sylow subgroups
of PPol(Zpn) took considerable e�ort by Frisch and Krenn [4]. There
exist some results on the structure, though. Frisch [3] characterized
PPol(R) as a wreath product when R is a �nite, commutative, unital,
local ring with maximal ideal of nilpotency class 2. There is another
wreath product characterization by Nöbauer [13] for the residue class
rings Zpn .
The aim of this paper is to generalize most of these results by treat-

ing them in a uni�ed manner. Every �nite, commutative, unital ring
is a direct sum of local rings [9, VI.2, p. 95], and the group of permu-
tation polynomials of a direct sum is the direct product of the groups
of permutation polynomials of the summands (Lemma 2.2). As a con-
sequence, one only needs to consider local rings to understand how
permutation polynomials behave over an arbitrary �nite, commuta-
tive, unital ring. Surprisingly, however, we have not found a short
proof for the latter fact in the literature. Thus we provided a short
and elementary proof in Section 2.2.
LetR be a �nite, commutative, unital ring, and I be a nontrivial ideal

of R. Let PPolR(I) denote the restrictions of those polynomials onto I
whose restriction permutes the elements of I. We prove in Section 2.3
that PPol(R) is isomorphic to a subgroup of PPolR(I) oPPol(R/I) (see
Lemma 2.4). Here o denotes the wreath product of two permutation
groups. Further, we prove in Theorem 1.1 that if R is local, and I is
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its unique maximal ideal, then PPol(R) is in fact isomorphic to the
wreath product:

Theorem 1.1. Let R be a �nite, commutative, unital, local ring with
maximal ideal M . Then

PPol(R) ' PPolR(M) o PPol(R/M).

This generalizes both Frisch's [3] and Nöbauer's [13] characterization
by wreath products. Frisch in an email correspondence pointed out that
this fact is somewhat folklore, and was probably already known by
Nöbauer. Nevertheless, it cannot be found anywhere in the literature
in such a general form. Therefore, we decided to include the proof of
this characterization in the preliminaries section (see Section 2.3).
From the wreath product decomposition, one needs to understand

PPolR(I) to have a better grasp on PPol(R). In Lemma 3.2 we com-
pletely characterize when a polynomial of R[x] permutes the elements
of the ideal I. Together with Theorem 1.1, one immediately arrives
at a complete characterization of a polynomial being a permutation
polynomial:

Theorem 1.2. Let R be a �nite, commutative, unital, local ring with
maximal ideal M . Assume M 6= { 0 }, and |R/M | = q. Then a polyno-
mial f ∈ R[x] is a permutation polynomial over R if and only if f is a
permutation polynomial over the �eld Fq and f ′ has no roots in Fq.

Theorem 1.2 generalizes the similar result for Zpn , and has several
immediate consequences. For one, a polynomial is a permutation poly-
nomial if and only if it is a permutation polynomial modulo M2. Fur-
ther, one can obtain a generalization of Rivest's result [14]:

Corollary 1.3. Let R be a �nite, commutative, unital, local ring with
maximal ideal M such that R/M ' F2. Let f ∈ R[x], f(x) = adx

d +
· · ·+a1x+a0. Then f is a permutation polynomial if and only if a1 = 1
in F2, (a2 + a4 + . . . ) = 0 in F2 and (a3 + a5 + . . . ) = 0 in F2.

The proofs of Theorem 1.2 and Corollary 1.3 are in Section 3. Then
we continue Section 3 by characterizing PPolR(M) for a local ring R
with maximal ideal M by understanding when two polynomials induce
the same function overM . LetMk =

(
rk | r ∈M

)
. Using the annihila-

tors of Mk we are able to characterize when a polynomial is identically
0 on M if M |R/M | = { 0 } holds. Further, we obtain a generalization of
the number formulas from [11], and even from [3] whenever our condi-
tion applies:

Theorem 1.4. Let R be a �nite, commutative, unital, local ring with
maximal ideal M . Let t be the smallest positive integer for which M t =
{ 0 }, and let us assume t ≥ 2. Finally, let q = |R/M |, and let p
denote the characteristic of R/M . Then PPolR(M) = {at−1xt−1 +
· · · + a1x + a0 | a0 ∈ M,a1 ∈ R \ M}, and if q ≥ t holds, then
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f(x) = at−1x
t−1 + · · · + a1x + a0 is identically 0 on M if and only if

ak ∈ AnnMk for every k = 0, 1, . . . , t− 1. Then

|PPol(R)| = q! ·

(
(q − 1) · |R|t−1

q ·
∏t−2

k=1 |AnnMk|

)q

.

Further, if p ≥ t holds, then Mk =Mk for every k = 0, 1, . . . , t− 1.

Finally, another natural question is what �nite groups can be repre-
sented as permutation polynomials of �nite, commutative, unital rings.
In Section 4 we make a step in this direction. With the help of the
wreath product decomposition (Lemma 2.4) we completely character-
ize when PPol(R) is solvable, nilpotent, or abelian.

Theorem 1.5. Let R be a �nite, commutative, unital, local ring with
maximal ideal M . Let q = |R/M |. Then the size of PPol(R) is even,
and

(1) PPol(R) is solvable if and only if q ≤ 4,
(2) PPol(R) is nilpotent if and only if q = 2

(in which case PPol(R) is a 2-group),
(3) PPol(R) is abelian if and only if R ' F2.

2. Preliminaries

Let R be a �nite, commutative, unital ring. A polynomial is a per-
mutation polynomial over R if and only if the function it determines
is permuting the elements of R, that is if it is bijective over R. Note,
that a function over a �nite set is bijective if and only if it is surjective
if and only if it is injective. Therefore to �nd out whether or not a
polynomial is a permutation polynomial, it is enough to check whether
the function is surjective or injective. In the following let PPol(R) be
the group of permutation polynomials over R. Let I be an ideal of R,
and let PPolR(I) denote the restrictions of R→ R polynomials onto I
whenever this restriction is a permutation over I:

(1) PPolR(I) = { f �I : f ∈ R[x], f �I is a permutation on I } .

Further, let Ann I denote the annihilator of I, that is

Ann I = { r ∈ R : rs = 0 for all s ∈ I } .

2.1. Local rings. We summarise the most important properties of
local rings (see e.g. [9, Chapter V]). A ring R is local if and only of it
has a unique maximal ideal M . For a commutative, unital, local ring
R the factor R/M is �eld, and R \M is the set of invertible elements
of R.

Lemma 2.1. Let R be a �nite, commutative, unital, local ring with
maximal ideal M . If |R/M | = q, then the size of M is a q-power.
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Proof. Now M i/M i+1 is a vector space over R/M , let its dimension
over R/M be ni. Thus for every i we have |M i/M i+1| = qni . Let t be
the smallest positive integer for which M t = { 0 }. Then

|M | =
∣∣M/M2

∣∣ · ∣∣M2/M3
∣∣ · · · · · ∣∣M t−1/M t

∣∣ = qn1 · qn2 · · · · · qnt−1 .

�

2.2. Direct products. Every �nite, commutative, unital ring is a di-
rect sum of local rings [9, VI.2, p. 95]. We show that the group of
permutation polynomials of a direct sum of two rings is isomorphic to
the direct product of the group of permutation polynomials of the two
direct summands. Therefore, to understand the group of permutation
polynomials for �nite, commutative, unital rings it is enough to inves-
tigate the group of permutation polynomials over �nite, commutative,
unital, local rings.

Lemma 2.2. Let A, B be �nite, commutative, unital rings. Then

PPol(A⊕B) ' PPol(A)× PPol(B).

Proof. We de�ne homomorphisms

ϕ : PPol(A⊕B)→ PPol(A)× PPol(B),

ψ : PPol(A)× PPol(B)→ PPol(A⊕B),

and prove that they are inverses of each other.
Let f ∈ PPol(A ⊕ B), f(x) =

∑m
k=0 ckx

k. Now, every ck ∈ A ⊕ B
can be uniquely written as ck = ak + bk, where ak ∈ A, bk ∈ B. Let
f �A (x) =

∑m
k=0 akx

k, and f �B (x) =
∑m

k=0 bkx
k. We show that f �A

is a permutation polynomial over A, f �B is a permutation polynomial
over B. For that we prove f �A : A → A injective. Suppose that
for some a, a′ ∈ A we have f �A (a) = f �A (a′). Further, from
AB ⊂ A ∩B = { 0 } we have f �B (a) = b0 and f �B (a′) = b0. Then

f(a) = f �A (a)+ f �B (a) = f �A (a) +b0,

f(a′) =f �A (a′)+f �B (a′) = f �A (a′)+b0.

Thus f(a) = f(a′). Since f is injective, we obtain a = a′. One can
prove that f �B : B → B is injective in a similar manner. Let

(2)
ϕ : PPol(A⊕B)→ PPol(A)× PPol(B),

f 7→ (f �A, f �B) .

Now we prove that ϕ is a homomorphism by showing that the action
of f on A⊕B is the same as the action of (f �A, f �B) on A×B:

f(a+ b) = (f �A +f �B)(a+ b) = f �A (a+ b) + f �B (a+ b) =

=
m∑
k=0

ak(a+ b)k +
m∑
k=0

bk(a+ b)k.
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Again, AB ⊂ A∩B = { 0 }, thus if we multiply an element from A by
one from B, then the product is 0. Hence

f(a+ b) =
m∑
k=0

aka
k +

m∑
k=0

bkb
k = f �A (a) + f �B (b),

and ϕ is a homomorphism.
For the other direction let g ∈ PPol(A), h ∈ PPol(B). Let m be

the maximum of the degrees of g(x) and h(x). Let g(x) =
∑m

k=0 akx
k,

and h(x) =
∑m

k=0 bkx
k, where ak ∈ A, bk ∈ B. Consider the sum

f = g + h. We show that f is a permutation polynomial over A ⊕ B
by proving that it is injective. Assume that for some r1, r2 ∈ A ⊕ B
we have f(r1) = f(r2). Since r1, r2 ∈ A ⊕ B, they can be written as
r1 = a1 + b1, r2 = a2 + b2 for some a1, a2 ∈ A, b1, b2 ∈ B. Now,

f(r1) = f(a1 + b1) = g(a1 + b1) + h(a1 + b1)

=
m∑
k=0

ak(a1 + b1)
k +

m∑
k=0

bk(a1 + b1)
k =

m∑
k=0

aka
k
1 +

m∑
k=0

bkb
k
1

= g(a1) + h(b1).

Again, we made use of the fact AB ⊂ A ∩B = { 0 }. Similarly,

f(r2) = g(a2) + h(b2).

From f(r1) = f(r2) we obtain

g(a1)− g(a2) = h(b2)− h(b1),
where the left-hand side is an element of A, the right-hand side is an
element of B, A ∩B = {0}, thus

g(a1) = g(a2), h(b1) = h(b2).

Now, g and h are injective, hence a1 = a2, b1 = b2, and thus r1 = r2.
Therefore f = g + h ∈ PPol (A⊕B). Let

(3)
ψ : PPol(A)× PPol(B)→ PPol(A⊕B),

(g, h) 7→ g + h.

Finally, we show that ϕ and ψ (de�ned by (2) and (3)) are inverses
of each other. For this we show that ϕ ◦ ψ = idPPol(A)×PPol(B) and
ψ ◦ϕ = idPPol(A⊕B). Let (g, h) ∈ PPol(A)×PPol(B) be arbitrary, then

ϕ ◦ ψ(g, h) = ϕ(g + h) = ((g + h) �A, (g + h) �B) = (g, h),

and ϕ ◦ ψ = idPPol(A)×PPol(B). Now, let f ∈ PPol(A⊕ B) be arbitrary,
then

ψ ◦ ϕ(f) = ψ(f �A, f �B) = f �A +f �B= f,

and ψ ◦ ϕ = idPPol(A⊕B). Thus ϕ and ψ are indeed inverses of each
other. In particular, ϕ : PPol(A ⊕ B) → PPol(A) × PPol(B) is an
isomorphism. �
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2.3. Wreath product. Based on [2] we recall the de�nition of wreath
products of permutation groups. Let I and T be two sets, where T =
{0, . . . , |T |−1}. Let GI be a permutation group acting on I, and GT be

a permutation group acting on T . Let G
|T |
I denote the |T |-fold direct

product of GI , where the coordinates are indexed by 0, . . . , |T | − 1.

That is, the elements of G
|T |
I are tuples (g0, . . . , g|T |−1), where gδ ∈ GI

(δ ∈ T ). Now, the wreath product of GI and GT is

GI oGT = G
|T |
I oGT ,

where the conjugation action of GT permutes the coordinates of G
|T |
I .

Further, GI oGT acts on I × T as

(g0, . . . , g|T |−1, h)(γ, δ) = (gδ(γ), h(δ))

for every g0, . . . , g|T |−1 ∈ GI , h ∈ GT , γ ∈ I, δ ∈ T . Note, that the
wreath product of two permutation groups is solvable if and only if
both permutation groups are solvable.

Notation 2.3. Let R be a �nite, commutative, unital ring, let I be
an ideal of R, furthermore let T be any representation system of R/I.
Let us identify the elements of T and R/I. Then any r ∈ R can be
uniquely written as r = γ + δ, where γ ∈ I, δ ∈ T . Let us identify
the elements of R and I × T , such that (γ, δ) ∈ I × T corresponds to
γ + δ ∈ R.

Let PPolR(I) be de�ned as in (1), and consider the wreath prod-
uct PPolR(I) oPPol(R/I). Its elements are tuples (g0, g1, . . . , g|T |−1, h),
where gδ ∈ PPolR(I) and h ∈ PPol(R/I). Now PPolR(I) acts on I,
and PPol(R/I) acts on R/I. However, due to the identi�cation of T
and R/I, we can consider the action of PPol(R/I) on T . Thus, the
wreath product PPolR(I) o PPol(R/I) acts on R (identi�ed by I × T )
as

(g0, g1, . . . , g|T |−1, h)(γ, δ) = (gδ(γ), h(δ)).

Lemma 2.4. With R and I being as in Notation 2.3, we have

PPol(R) ≤ PPolR(I) o PPol(R/I).

Proof. For every f ∈ PPol(R) we assign (g0, g1, . . . , g|T |−1, h) from
PPolR(I) oPPol(R/I) such that their actions on R are the same. That
is, for every γ ∈ I, δ ∈ T we have f(γ+ δ) = (g0, g1, . . . , g|T |−1, h)(γ, δ).
First, we de�ne h. Since f is a polynomial over R, it can be con-

sidered as a polynomial over R/I, as well. Let h be the polynomial
f over R/I. By the identi�cation of T and R/I, we can consider h
as a function T → T . We prove that h permutes the elements of T .
Indeed, if h were not surjective on T , then for some t ∈ T \ h(T ) the
permutation f would not map into the coset of t. Thus h ∈ PPol(R/I).



8 DALMA GÖRCSÖS, GÁBOR HORVÁTH, AND ANETT MÉSZÁROS

Next, we de�ne gδ (δ ∈ T ). Fix δ ∈ T , and let gδ : I → R be de�ned
by gδ(γ) = f(γ + δ)− h(δ) for γ ∈ I. Then gδ is a polynomial function
over R, and

h(δ) ≡ f(δ) ≡ f(γ + δ) (mod I).

Hence gδ(γ) = f(γ + δ)− h(δ) ≡ 0 (mod I), thus gδ : I → I.
Now, we show that gδ is injective. Suppose that gδ(γ1) = gδ(γ2) for

some γ1, γ2 ∈ I. Then from the de�nition of gδ(γ) we obtain f(γ1+δ) =
f(γ2 + δ), and the injectivity of f yields γ1 = γ2. Thus gδ ∈ PPolR(I).
Finally, we prove that the action of f is the same as the action of

the tuple (g0, g1, . . . , g|T |−1, h). Indeed,

(g0, g1, . . . , g|T |−1, h)(γ, δ) =

= (gδ(γ), h(δ)) = gδ(γ) + h(δ) =

= f(γ + δ)− h(δ) + h(δ) = f(γ + δ).

�

Theorem 1.1 states that Lemma 2.4 holds with equality if R is local
and I is its maximal ideal. Now, we prove Theorem 1.1.

Proof of Theorem 1.1. Let us use the identi�cations of Notation 2.3.
By Lemma 2.4 we have PPol(R) ≤ PPolR(M) o PPol(R/M). We show
that equality holds. For this we need to prove that the action of every
tuple (g0, g1, . . . , g|T |−1, h) ∈ PPolR(M) o PPol(R/M) is an action of a
polynomial function. Let expR× denote the exponent of the multi-
plicative group of R. That is, expR× is the least positive integer k
for which rk = 1 holds for every r ∈ R×. Recall that R× = R \M .
Further, let

u(x) =

 ∏
r∈R\M

(x− r)

expR×

.

Let s ∈ R be arbitrary. If s ∈ R \M then one of the factors in the
product is 0 yielding u(s) = 0. If s ∈M , then for every r ∈ R \M we
have (s− r) ∈ R \M = R×. Therefore,

∏
r∈R\M(s− r) ∈ R× yielding(∏

r∈R\M(s− r)
)expR×

= 1. That is,

u(s) =

{
1, if s ∈M,

0, if s /∈M.

Let

f(x) =
∑
δ∈T

(
(gδ(x− δ)) + h(δ)

)
· u(x− δ).

Now, f(x) is a polynomial, since gδ(x) and u(x) are polynomials, and
h(δ) is a constant for every δ. Finally, we prove that f acts on R the
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same way as (g0, g1, . . . , g|T |−1, h) acts on M × T . For γ ∈M, δ ∈ T we
have

f(γ + δ) =
∑
δ′∈T

(
(gδ′((γ + δ)− δ′)) + h(δ′)

)
· u((γ + δ)− δ′).

Now u ((γ + δ)− δ′) = 1 if δ = δ′, and u ((γ + δ)− δ′) = 0 if δ 6= δ′.
Therefore,

f (γ + δ) = (gδ (γ + δ − δ) + h (δ)) · u (γ + δ − δ)
= (gδ(γ) + h(δ)) · u(γ) = gδ(γ) + h(δ).

By the identi�cation ofR andM×T we have gδ(γ)+h(δ) = (gδ(γ), h(δ)).
Thus,

f(γ + δ) = (gδ(γ), h(δ)) = (g0, g1, . . . , g|T |−1, h)(γ, δ).

�

3. Permutation polynomials when M t = { 0 }

Notation 3.1. Throughout this section R denotes a �nite, commuta-
tive, unital, local ring with maximal ideal M . Let t be the smallest
positive integer for which M t = { 0 }, and let us assume t ≥ 2. Finally,
let q = |R/M |, and let p denote the characteristic of R/M .

By Theorem 1.1 one needs to investigate PPol(R/M) and PPolR(M)
in order to understand PPol(R). Since R/M is a �nite �eld, we have
PPol(R/M) ' S|R/M |. We continue by describing PPolR(I) for an
arbitrary ideal I.

Lemma 3.2. Let I CR, I 6= {0}. Then
anx

n + · · ·+ a1x+ a0 ∈ PPolR(I)⇐⇒ a0 ∈ I, a1 ∈ R \M.

(Note, that the condition on a1 is on the maximal ideal, and not on I.)

Proof. Let f ∈ R[x] be a polynomial such that f �I is a permutation
over I. Let f(x) = anx

n+ · · ·+a1x+a0. Substituting x = 0 we obtain
f(0) = a0 ∈ I. Note, that f(x) is a permutation polynomial on I if
and only if f(x) − a0 is a permutation polynomial on I. Thus, from
now on we assume a0 = 0, and we show a1 ∈ R \M .
Suppose to the contrary that a1 ∈ M . Recall, that t is the smallest

positive integer for which M t = {0}, thus I ⊆ M yields I t = { 0 }, as
well. Let g be the t-fold iteration of f with itself, that is g = f◦f◦· · ·◦f .
Now, g is a permutation polynomial over I. Let g(x) = bt−1x

t−1+ · · ·+
b2x

2+ b1x for some b0, b1, . . . , bt−1 ∈ R. (We can cut g at degree (t− 1)
due to I t = { 0 }.) Here, b1 = at1, yielding b1 = 0 if a1 ∈ M . Hence,
g(x) = bt−1x

t−1 + · · ·+ b2x
2.

Iterate g with itself t times. Then we obtain a (permutation) poly-
nomial whose lowest degree term corresponds to x2

t
. Since t < 2t and
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xt = 0 for x ∈ I, the obtained polynomial is identically zero over I.
Consequently, a power of f maps every element of I to 0, while it should
permute the elements of I. This contradiction implies that a1 /∈M .
Finally, we show that f(x) = anx

n + · · · + a2x
2 + a1x + a0, where

a0 ∈ I, a1 ∈ R \M , is a permutation polynomial on I. It su�ces to
show that f is injective on I. Assume that for some u, v ∈ I we have
f(u) = f(v). Now,

f(u) = anu
n + · · ·+ a2u

2 + a1u+ a0,

f(v) = anv
n + · · ·+ a2v

2 + a0v + a0,

and

f(u)−f(v) = (u−v)(a1+a2(u+v)+· · ·+an(un−1+un−2v+· · ·+vn−1)).

Here, the second factor is in the coset (a1 +M), hence invertible by
a1 /∈ M . Therefore, f(u) = f(v) yields u = v. Thus f ∈ PPolR(I).
Therefore, PPolR(I) = {anxn+ · · ·+a1x+a0 | a0 ∈ I, a1 ∈ R\M}. �

An immediate corollary is Theorem 1.2 and Corollary 1.3:

Proof of Theorem 1.2. Let S = { s1, . . . , sq } be an arbitrary repre-
sentation system for R/M . By the proof of Theorem 1.1 a polyno-
mial f ∈ R[x] is a permutation polynomial over R if and only if f
is a permutation polynomial over R/M ' Fq, and for every s ∈ S
we have f (x+ s) − f (s) ∈ PPolR(M). By Lemma 3.2 the latter
is equivalent to the linear term of f (x+ s) being in R \ M . Let
f(x) = anx

n+ · · ·+ a2x
2 + a1x+ a0, then the linear term of f(x+ s) is(

nans
n−1 + · · ·+ 2a2s+ a1

)
x = f ′ (s)x.

Since S = { s1, . . . , sq } is a representation system for R/M ' Fq, the
linear term of f (x+ s) is in R \ M for every s ∈ S if and only if
f ′ (s) 6= 0 for every s ∈ Fq. �

Proof of Corollary 1.3. Let f ∈ R[x], f(x) = adx
d + · · · + a1x + a0.

Now, by Theorem 1.2 the polynomial f permutes the elements of R if
and only if f is a permutation polynomial over R/M ' F2, and f

′ has
no roots in F2. The former is equivalent to (a1 + a2 + a3 + . . . ) = 1 in
F2. The second is equivalent to f ′(0) = 1 in F2 and f ′(1) = 1 in F2,
that is a1 = 1 in F2 and (a1 + a3 + . . . ) = 1 in F2. Putting these three
conditions together �nishes the proof of Corollary 1.3. �

We continue investigating the structure of PPolR(I).

Lemma 3.3. Let I CR, I 6= {0}. If I2 = { 0 }, then

PPolR(I) = {a1x+ a0 | a0 ∈ I, a1 ∈ R \M} ' (I,+)o (R/Ann I)×.

Proof. From Lemma 3.2 we have that anx
n + · · · + a1x + a0 is a per-

mutation polynomial over I if and only if a0 ∈ I, a1 ∈ R \M . Now,
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I2 = { 0 } implies that we can cut every polynomial at degree 1. There-
fore, PPolR(I) = { a1x+ a0 | a0 ∈ I, a1 ∈ R \M }.
Now, we determine when two linear polynomials de�ne the same

function over I. Let f(x) = a1x + a0, g(x) = b1x + b0, and assume
f(s) = g(s) for all s ∈ I. Substituting x = 0 implies a0 = b0. Therefore,
a1s = b1s for all s ∈ I, yielding (a1− b1)s = 0, which holds for all s ∈ I
if and only if a1 − b1 ∈ Ann I.
Finally, R/Ann I is a local ring with maximal ideal M/Ann I, thus

(R/Ann I)× = (R/Ann I) \ (M/Ann I). Putting all these together we
have PPol(R) ' (I,+)o (R/Ann I)×. �

We obtain one of Frisch's results [3] as an immediate consequence.

Corollary 3.4. Let R be a �nite, commutative, unital, local ring with
maximal ideal M , and assume M2 = { 0 }. Then

PPol(R) '
(
(M,+)o (R/M)×

)
o S|R/M |.

Proof. Theorem 1.1 and Lemma 3.3 proves the corollary providedM =
AnnM holds. SinceM is the unique maximal ideal, we have AnnM ⊆
M . Further, M2 = { 0 } implies M ⊆ AnnM . �

The ideas of Lemma 3.3 can be further generalized under certain
conditions.

Notation 3.5. Let R be a unital ring, I C R. Let Ik =
(
rk | r ∈ I

)
(k ≥ 0) be the ideal generated by all k-powers. Note I0 = R, I1 = I.

Theorem 3.6. Let R, M , t, q and Mk be de�ned as in Notations 3.1
and 3.5. Assume q ≥ t. Then f(x) = anx

n+ · · ·+ a1x+ a0 (ak ∈ R) is
identically zero onM if and only if ak ∈ AnnMk for all k = 0, . . . , t−1.
Proof. Note �rst, that we may assume at = · · · = an = 0, since xt = 0
for every x ∈ M . Substituting x = 0 yields f(0) = a0 = 0. Thus
a0 ∈ { 0 } = AnnR = AnnM0. Let r ∈ R \M be arbitrary. If x ∈ M ,
then rx ∈ M , thus the polynomial f(rx) is identically zero for every
x ∈ M . Thus f(rx) = at−1r

t−1xt−1 + · · · + a2r
2x2 + a1rx = 0 for all

x ∈M . Let us write this in the following way:

(4)
(
r r2 . . . rt−1

)
·


a1x
a2x

2

...
at−1x

t−1

 = 0.

Since q ≥ t there exists invertible elements r1, . . . , rt−1 from di�erent
cosets of M . From (4) we have

(5)


r1 r21 . . . rt−11

r2 r22 . . . rt−12
...

...
. . .

...
rt−1 r2t−1 . . . rt−1t−1

 ·


a1x
a2x

2

...
at−1x

t−1

 =


0
0
...
0


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That is, the vector
(
a1x a2x

2 . . . at−1x
t−1)T is multiplied by a Van-

dermonde-matrix. Let D be the determinant of this Vandermonde-
matrix. Then

D = r1r2 . . . rt−1 ·
∏

1≤i<j≤t−1

(ri − rj).

Now, every ri (1 ≤ i ≤ t− 1) is invertible, and every (ri− rj) (1 ≤ i <
j ≤ t−1) is invertible because ri and rj are from di�erent cosets of M .
Thus, D is invertible. Therefore, the zero vector is the unique solution
of the homogeneous system of linear equations (5), and we have

a1x
a2x

2

...
at−1x

t−1

 =


0
0
...
0

 .

Thus akx
k = 0 for all x ∈M (k = 1, 2, . . . , t− 1). Hence ak ∈ AnnMk

(k = 0, 1, . . . , t− 1). �

Corollary 3.7. Let R, M , t, q and Mk be de�ned as in Notations 3.1
and 3.5. Assume q ≥ t ≥ 2. Then

|PPolR(M)| = (q − 1) · |R|t−1

q ·
∏t−2

k=1 |AnnMk|
.

Proof. By Lemma 3.2 f(x) = anx
n + · · · + a1x + a0 is a permutation

polynomial overM if and only if a0 ∈M , a1 ∈ R\M . By Theorem 3.6 f
is identically zero if and only if ak ∈ AnnMk. Thus, to obtain di�erent
polynomials from PPolR(M), one can choose a0 in |M |-many ways, a1

in
|R×|
|AnnM1| -many ways, and ak in |R|

|AnnMk|
-many ways (2 ≤ k ≤ t − 1).

Finally, note that AnnMt−1 =M . Thus, we have

|PPolR(M)| = |M | · |R×|
|AnnM1|

·

(
t−2∏
k=2

|R|
|AnnMk|

)
· |R|
|AnnMt−1|

=

= |M | · |R×|
|AnnM1|

·

(
t−2∏
k=2

|R|
|AnnMk|

)
· |R|
|M |

=

=
|R×|
|AnnM1|

· |R|t−2 ·
t−2∏
k=2

1

|AnnMk|
=

(q − 1) · |R|t−1

q ·
∏t−2

k=1 |AnnMk|
.

�

By a result of Anderson, Knopp, and Lewin [1], if k! is invertible,
then the ideal Mk equals to the ideal power Mk:

Lemma 3.8 ([1, Theorem 5]). Let R be a commutative ring with ideal
I. If k! is invertible in R, then Ik = Ik.
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Corollary 3.9. Let R, M , t, q and p be de�ned as in Notation 3.1.
Assume p ≥ t. Then f(x) = anx

n+· · ·+a1x+a0 (ak ∈ R) is identically
zero on M if and only if ak ∈ AnnMk for all k = 0, 1, . . . , t − 1.
Further,

|PPolR(M)| = (q − 1) · |R|t−1

q ·
∏t−2

k=1 |AnnMk|
.

Proof. By Theorem 3.6 f(x) is identically zero on M if and only if
ak ∈ AnnMk for every ak. If p ≥ t > k, then k! is invertible in R. By
Lemma 3.8 we obtain Mk =Mk for all k = 0, 1, . . . t− 1. Corollary 3.7
proves the statement on |PPolR(M)|. �

Proof of Theorem 1.4. Almost everything is proved in Lemma 3.2, The-
orem 3.6, and Corollaries 3.7 and 3.9. The only statement left to prove
is about |PPol(R)|. By Theorem 1.1, PPol(R) ' PPolR(M) oSq, hence

|PPol(R)| = q! · |PPolR(M)|q = q! ·

(
(q − 1) · |R|t−1

q ·
∏t−2

k=1 |AnnMk|

)q

.

�

4. Solvability, nilpotency and commutativity of PPol(R)

We prove Theorem 1.5 in this section.

Proof of Theorem 1.5. Throughout this sectionR denotes a �nite, com-
mutative, unital, local ring with maximal idealM . Let q = |R/M |. By
Theorem 1.1 we have PPol(R) ' PPolR(M) oSq. Since the size of Sq is
even, so must be the size of PPol(R). For characterizing the solvability
of PPol(R), we need the following.

Lemma 4.1. Let I CR. If I2 = { 0 } then PPolR(I) is solvable.

Proof. Now, PPolR(I) ' (I,+) o (R/Ann I)× by Lemma 3.3. Since
(I,+) and (R/Ann I)× are abelian, PPolR(I) is solvable. �

First, we prove the statement about solvability. If q > 4, then Sq
is not solvable. Thus, by Theorem 1.1 PPol(R) is not solvable, either.
Let t be the smallest positive integer for which M2t = { 0 }. We prove
that PPol(R) is solvable if q ≤ 4 by induction on t.
If t = 1 then M2 = { 0 }. By Theorem 1.1 we have PPol(R) '

PPolR(M) o Sq. Now, PPolR(M) solvable by Lemma 4.1, Sq is solvable
since q ≤ 4. Thus PPol(R) is solvable, as well.
Assume now, that the statement holds for (t− 1). That is, PPol(R)

is solvable if M2t−1
= { 0 }, and let us assume M2t = { 0 }. Let I =

M2t−1
. Then I2 =M2t = 0. Now, PPol(R) ≤ PPolR(I) oPPol(R/I) by

Lemma 2.4. By Lemma 4.1 we obtain that PPolR(I) is solvable. By
the induction hypothesis, PPol(R/I) is solvable. Therefore, PPolR(I) o
PPol(R/I) is solvable, yielding that PPol(R) is solvable, as well.
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Now, we prove the statement about nilpotency. By Theorem 1.1 the
group Sq is isomorphic to a factor of PPol(R). Hence if PPol(R) is
nilpotent, then so is Sq, implying q = 2. Again, let t be the smallest

positive integer for which M2t = { 0 }. As with the case for solvability,
we prove that PPol(R) is a 2-group (and hence nilpotent) if q = 2 by
induction on t.
If t = 1 then M2 = 0. By Corollary 3.4 we have PPol(R) '

((M,+)o (R/M)×) o Sq. Since q = 2, |(R/M)×| = 1. By Lemma 2.1
the size of (M,+) is a power of q = 2. Thus the size of PPolR(M) '
(M,+)o(R/M)× is a power of 2. The size of Sq is 2. Hence |PPol(R)| =
|PPolR(M)|2 · 2 is a power of 2, as well.
Assume now, that the statement holds for (t− 1). That is, PPol(R)

is a 2-group if M2t−1
= { 0 }, and let us assume M2t = { 0 }. Let

I =M2t−1
. Now, PPol(R) ≤ PPolR(I) o PPol(R/I) by Lemma 2.4. By

Lemma 3.3 we have PPolR(I) ' (I,+)o (R/Ann I)×. Since M is the
unique maximal ideal, (I,+) ≤ (M,+), hence |I| divides |M |, which is
a power of q = 2 by Lemma 2.1. Further, M/Ann I is the unique max-
imal ideal in R/Ann I, hence

∣∣(R/Ann I)×∣∣ = (q − 1) · |M/Ann I| =
|M/Ann I| diving |M |, which is a power of 2 by Lemma 2.1. Hence
PPolR(I) is 2-group. By the induction hypothesis, PPol(R/I) is a 2-

group. Now, |PPolR(I) o PPol(R/I)| = |PPolR(I)||PPol(R/I)|·|PPol(R/I)|
is a power of 2. Hence PPol(R) can be embedded into a 2-group, thus
PPol(R) is a 2-group, as well.
Finally, we show that PPol(R) is abelian if and only if R ' F2. We

have already proved that PPol(R) is nilpotent if and only if q = 2. By
Lemma 2.1 we have that |M | is a power of 2. Assume �rst that |M | ≥ 2.
By Cauchy's theorem there exists 0 6= r ∈ M such that r + r = 0.
Now {x 7→ x, x 7→ x+ r } ≤ PPolR(M). Thus Z2 is a subrgroup of
PPolR(M). By Theorem 1.1 we have Z2 o S2 ' {x 7→ x, x 7→ x+ r } o
S2 ≤ PPol(R). However, Z2 o S2 ' D4 is not commutative. Therefore,
if PPol(R) is abelian, then q = 2 and |M | ≤ 1, that is, M = { 0 }.
Furthermore, if q = 2, M = { 0 }, then R ' F2, and PPol(F2) ' S2,
which is indeed abelian. �
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