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PERMUTATION POLYNOMIALS OVER FINITE RINGS
DALMA GORCSOS, GABOR HORVATH, AND ANETT MESZAROS

ABSTRACT. Let PPol(R) denote the group of permutation poly-
nomials over the finite, commutative, unital ring R under composi-
tion. We generalize numerous results about permutation polynomi-
als over Z,~ to local rings by treating them under a unified manner.
In particular, we provide a natural wreath product decomposition
of permutation polynomials over the maximal ideal M and over the
finite field R/M. Further, we give a necessary and sufficient con-
dition for a polynomial f € R[z] to be a permutation polynomial
considering f and f’ over the finite field R/M, thereby generalizing
a similar result for Z,». We characterize the group of permutation
polynomials over M whenever the condition MI®/MI = {0} ap-
plies by describing a polynomial being identically equal to 0 with
the help of the annihilators of the ideals M, = (r* | r € M). We
derive the size of PPol(R), thereby generalizing the same number
formulas for Z,~. Finally, we completely characterize when the
group PPol(R) is solvable, nilpotent, or abelian.

1. INTRODUCTION

Let R be a finite, commutative, unital ring. A polynomial f € R[] is
called a permutation polynomial if the function induced by f permutes
the elements of R. The permutation polynomials form a group under
composition. We denote this group by PPol(R).

Permutation polynomials have several applications when R is a finite
field, mostly in cryptography and coding theory (see e.g. [5] [7, &, 10, [15],
and for most recent results see e.g. [I12, Chapter VIII]). However, the
picture is much less clear when it comes to arbitrary commutative rings.
There are few existing results, mostly when the ring is a residue class
ring of the integers.

Let f be a polynomial with integer coefficients, f(x) = agz® + - - +
a1x+ag. Rivest [14] proved that f is a permutation polynomial modulo
2" if and only if a1 is odd, and (az+as+...) is even and (az+as+...)
is even, as well. This is a special case of a more general result [6]
Theorem 123|: the polynomial f is a permutation polynomial modulo
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p" for some prime p if and only if it permutes the elements of the finite
field F,, and if f'(x) = 0 has no solutions in F,. Singh and Maity
[16] used this characterization to obtain conditions modulo 3" and 5",
similar to those gave by Rivest for modulo 2".

Mullen and Stevens [I1] applied these characterizations to compute
the number of permutation polynomials over the residue class ring Z».
Let v(s) be the largest positive integer for which p*®*) | s!. That is,
v(s) = D02 [=]. Let N be the biggest positive integer for which

r=1lpr

v(N) <n. Then
N

|PP01<an>’ = p'(p _ 1)pp*2p Hpnfu(j).
7=0

Further, for §(N) =15, pﬂ%]([%] + 1) one has

| PPOl(an >

Some of these formulas have been generalized. Frisch [3] considered
,suitable” finite, commutative, unital, local rings, and computed the
number of permutation polynomials for such rings.

Determining the structure of PPol(R) would be a natural step af-
ter computing its size. However, by looking at the number formulas
above, one cannot hope to obtain very nice descriptions in the general
case. Indeed, even to enumerate and describe the p-Sylow subgroups
of PPol(Z,n) took considerable effort by Frisch and Krenn [4]. There
exist some results on the structure, though. Frisch [3] characterized
PPol(R) as a wreath product when R is a finite, commutative, unital,
local ring with maximal ideal of nilpotency class 2. There is another
wreath product characterization by Noébauer [13] for the residue class
rings Zpn.

The aim of this paper is to generalize most of these results by treat-
ing them in a unified manner. Every finite, commutative, unital ring
is a direct sum of local rings [9, VI.2, p. 95|, and the group of permu-
tation polynomials of a direct sum is the direct product of the groups
of permutation polynomials of the summands (Lemma [2.2)). As a con-
sequence, one only needs to consider local rings to understand how
permutation polynomials behave over an arbitrary finite, commuta-
tive, unital ring. Surprisingly, however, we have not found a short
proof for the latter fact in the literature. Thus we provided a short
and elementary proof in Section

Let R be a finite, commutative, unital ring, and [ be a nontrivial ideal
of R. Let PPolg(I) denote the restrictions of those polynomials onto I
whose restriction permutes the elements of I. We prove in Section
that PPol(R) is isomorphic to a subgroup of PPolg(1)!PPol(R/I) (see
Lemma . Here @ denotes the wreath product of two permutation
groups. Further, we prove in Theorem that if R is local, and I is

_ p'<p . 1)pp(NJrl)(an(N))+5(N)72p.
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its unique maximal ideal, then PPol(R) is in fact isomorphic to the
wreath product:

Theorem 1.1. Let R be a finite, commutative, unital, local ring with
mazimal ideal M. Then

PPol(R) ~ PPolgz (M) PPol(R/M).

This generalizes both Frisch’s [3] and Nobauer’s [13] characterization
by wreath products. Frisch in an email correspondence pointed out that
this fact is somewhat folklore, and was probably already known by
Nobauer. Nevertheless, it cannot be found anywhere in the literature
in such a general form. Therefore, we decided to include the proof of
this characterization in the preliminaries section (see Section [2.3)).

From the wreath product decomposition, one needs to understand
PPolg(I) to have a better grasp on PPol(R). In Lemma [3.2) we com-
pletely characterize when a polynomial of R[x] permutes the elements
of the ideal I. Together with Theorem one immediately arrives
at a complete characterization of a polynomial being a permutation
polynomial:

Theorem 1.2. Let R be a finite, commutative, unital, local ring with
mazimal ideal M. Assume M # {0}, and |R/M| = q. Then a polyno-
mial f € R|x] is a permutation polynomial over R if and only if f is a
permutation polynomial over the field F, and f' has no roots in F,.

Theorem generalizes the similar result for Z,», and has several
immediate consequences. For one, a polynomial is a permutation poly-
nomial if and only if it is a permutation polynomial modulo M?2. Fur-
ther, one can obtain a generalization of Rivest’s result [14]:

Corollary 1.3. Let R be a finite, commutative, unital, local ring with
mazimal ideal M such that R/M ~ Fy. Let f € R[x], f(x) = agz® +
--+ayx+ag. Then [ is a permutation polynomial if and only if a1 = 1
inFy, (ag+ag+...)=01inFy and (a3 +as+...) =0 in Fy.

The proofs of Theorem and Corollary are in Section [3| Then
we continue Section [3| by characterizing PPolg(M) for a local ring R
with maximal ideal M by understanding when two polynomials induce
the same function over M. Let M = (Tk | r e M) Using the annihila-
tors of M} we are able to characterize when a polynomial is identically
0 on M if ME/Ml = {0} holds. Further, we obtain a generalization of
the number formulas from [11], and even from [3] whenever our condi-
tion applies:

Theorem 1.4. Let R be a finite, commutative, unital, local ring with
maximal ideal M. Let t be the smallest positive integer for which Mt =
{0}, and let us assume t > 2. Finally, let ¢ = |R/M|, and let p
denote the characteristic of R/M. Then PPolg(M) = {a;_12'™' +
v+ axr+ag | ag € Myag € R\ M}, and if ¢ > t holds, then
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f(x) = a2 + - + ayx + ag is identically 0 on M if and only if
ap € Ann M, for every k =0,1,...,t —1. Then

(q—1)- R
¢TI A My| )

|IPPol(R)| = ¢! - (

Further, if p >t holds, then M), = M* for every k =0,1,...,t— 1.

Finally, another natural question is what finite groups can be repre-
sented as permutation polynomials of finite, commutative, unital rings.
In Section [4] we make a step in this direction. With the help of the
wreath product decomposition (Lemma we completely character-
ize when PPol(R) is solvable, nilpotent, or abelian.

Theorem 1.5. Let R be a finite, commutative, unital, local ring with
mazimal ideal M. Let ¢ = |R/M|. Then the size of PPol(R) is even,
and

(1) PPol(R) is solvable if and only if ¢ < 4,
(2) PPol(R) is nilpotent if and only if ¢ =2
(in which case PPol(R) is a 2-group),

(3) PPol(R) is abelian if and only if R ~ F,.

2. PRELIMINARIES

Let R be a finite, commutative, unital ring. A polynomial is a per-
mutation polynomial over R if and only if the function it determines
is permuting the elements of R, that is if it is bijective over R. Note,
that a function over a finite set is bijective if and only if it is surjective
if and only if it is injective. Therefore to find out whether or not a
polynomial is a permutation polynomial, it is enough to check whether
the function is surjective or injective. In the following let PPol(R) be
the group of permutation polynomials over R. Let I be an ideal of R,
and let PPolg(I) denote the restrictions of R — R polynomials onto
whenever this restriction is a permutation over I:

(1)  PPolgr(l) ={fIr: f € R[], f | is a permutation on [ }.
Further, let Ann I denote the annihilator of I, that is
AmI={reR:rs=0forallsel}.

2.1. Local rings. We summarise the most important properties of
local rings (see e.g. [9, Chapter V]). A ring R is local if and only of it
has a unique maximal ideal M. For a commutative, unital, local ring
R the factor R/M is field, and R\ M is the set of invertible elements
of R.

Lemma 2.1. Let R be a finite, commutative, unital, local ring with
mazimal ideal M. If |R/M| = q, then the size of M is a q-power.
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Proof. Now M'/M®1 is a vector space over R/M, let its dimension
over R/M be n;. Thus for every i we have |M*/M**!| = ¢™. Let t be
the smallest positive integer for which M* = {0}. Then

|M|: }M/le‘MQ/M3| ..... ‘Mt_l/Mt‘ :qnl.an.....qnt—l.

2.2. Direct products. Every finite, commutative, unital ring is a di-
rect sum of local rings [9, VI.2, p. 95]. We show that the group of
permutation polynomials of a direct sum of two rings is isomorphic to
the direct product of the group of permutation polynomials of the two
direct summands. Therefore, to understand the group of permutation
polynomials for finite, commutative, unital rings it is enough to inves-
tigate the group of permutation polynomials over finite, commutative,
unital, local rings.

Lemma 2.2. Let A, B be finite, commutative, unital rings. Then
PPol(A @ B) ~ PPol(A) x PPol(B).
Proof. We define homomorphisms
¢: PPol(A @ B) — PPol(A) x PPol(B),
1: PPol(A) x PPol(B) — PPol(A @ B),
and prove that they are inverses of each other.
Let f € PPol(A @ B), f(z) = > ;" cxaz”. Now, every ¢y € A® B

can be uniquely Written as ¢, = ay + by, where a, € A, b, € B. Let

fla(e) = yaa®, and f [p (z) = Zk o bk, We show that f |
is a permutation polynomial over A, f [p is a permutation polynomlal

over B. For that we prove f [ A — A injective. Suppose that
for some a,a’ € A we have f [4 (a) = 4 (a'). Further, from
ABCAﬂB {0} we have f [p ():boandf[ (a') = by. Then

fla) = f1a(a)+ f 15 (a) = f 14 (a) +bo,
fd) =f Ta(@)+f 15 (a') = [ [a (a')+bo.

Thus f(a) = f(a’). Since f is injective, we obtain a = a’. One can
prove that f [g: B — B is injective in a similar manner. Let

) ¢: PPol(A & B) — PPol(A) x PPol(B),
) fe(f1af1s)-

Now we prove that ¢ is a homomorphism by showing that the action
of f on A@ B is the same as the action of (f [4, f [5) on A x B:

fla+b)=(fla+fl)a+b)=[fTala+b)+ [ Ip(at+b)=

m

=> apla+b)*+ i bi(a + )"

k=0 k=0
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Again, AB C AN B = {0}, thus if we multiply an element from A by
one from B, then the product is 0. Hence

m

fla+b) = axd +> bb* = f [a(a) + f 5 (),
k=0

k=0
and ¢ is a homomorphism.

For the other direction let g € PPol(A),h € PPol(B). Let m be
the maximum of the degrees of g(z) and h(z). Let g(z) = Y |-, axz”,
and h(z) = Y;" bpx®, where a, € A, b, € B. Consider the sum
f =g+ h. We show that f is a permutation polynomial over A & B
by proving that it is injective. Assume that for some 1,79 € A& B
we have f(ry) = f(rg). Since r1,7y € A @ B, they can be written as
r1 = a1 + by, r9 = as + by for some aq,as € A, by,by € B. Now,

f(r1) = fla1 +b1) = glar + b1) + h(as + b1)

= ap(ar + 00"+ belar +00)" =) araf + > bl

k=0 k=0 k=0 k=0
= g(a1) + h(by).
Again, we made use of the fact AB C AN B = {0}. Similarly,

f(r2) = g(az) + h(bs).
From f(r;) = f(ry) we obtain

g(ar) = g(az) = h(bz) = h(b),

where the left-hand side is an element of A, the right-hand side is an
element of B, AN B = {0}, thus

g(a1) = g(az), h(b1) = h(b2).

Now, g and h are injective, hence a; = as, by = by, and thus r; = rs.
Therefore f = g+ h € PPol(A@® B). Let

; W : PPol(A) x PPol(B) — PPol(A & B),
3) (g,h) = g+ h.
Finally, we show that ¢ and ¢ (defined by (2) and (3))) are inverses

of each other. For this we show that ¢ o ¥ = idppoia)xpproi(s) and
Yo = idppoiasn)- Let (g, h) € PPol(A) x PPol(B) be arbitrary, then

po(g,h)=p(g+h)=((g+h)la,(g+h)IB)=(g9,h),

and ¢ 09 = idppoi(a)xproi(B)- Now, let f € PPol(A @ B) be arbitrary,
then

Vvouo(f)=v(fTa,fls)=fla+fIs=1
and 1 o ¢ = idppoapp)- Thus ¢ and v are indeed inverses of each
other. In particular, ¢: PPol(A @& B) — PPol(A) x PPol(B) is an
isomorphism. Il
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2.3. Wreath product. Based on [2] we recall the definition of wreath
products of permutation groups. Let I and T be two sets, where T' =
{0,...,|T|—1}. Let G; be a permutation group acting on I, and G be
a permutation group acting on 7'. Let G'ITl denote the |T'|-fold direct
product of G, where the coordinates are indexed by 0,...,|T| — 1.

That is, the elements of G'ITl are tuples (go, ..., gjr|-1), where gs € G
(0 € T). Now, the wreath product of G; and Gr is

G Gr =G x G,

where the conjugation action of G permutes the coordinates of G‘ITI.
Further, Gy G acts on I x T as

(905 - - gir1-1, M) (7, 6) = (g5(7), h(6))

for every go,..., 911 € Gr,h € Gp,v € I,6 € T. Note, that the
wreath product of two permutation groups is solvable if and only if
both permutation groups are solvable.

Notation 2.3. Let R be a finite, commutative, unital ring, let I be
an ideal of R, furthermore let T be any representation system of R/I.
Let us identify the elements of 7" and R/I. Then any r € R can be
uniquely written as r = v + 0, where v € [,0 € T. Let us identify
the elements of R and I x T, such that (v,9) € I x T corresponds to
v+0 € R.

Let PPolg(I) be defined as in (1), and consider the wreath prod-
uct PPolp(I) ! PPol(R/I). Its elements are tuples (go, g1, -, gjr|-1, h),
where g5 € PPolg(I) and h € PPol(R/I). Now PPolg(/) acts on I,
and PPol(R/I) acts on R/I. However, due to the identification of 7'
and R/I, we can consider the action of PPol(R/I) on T. Thus, the
wreath product PPolg(I) ! PPol(R/I) acts on R (identified by I x T)
as

(90) g1y -+ 9|T)-15 h)(’yv 5) - (95(7)7 h((S))
Lemma 2.4. With R and I being as in Notation we have
PPol(R) < PPolg(I) ! PPol(R/I).

Proof. For every f € PPol(R) we assign (go,¢1,-.-,9r|-1,h) from
PPolg (1) ! PPol(R/I) such that their actions on R are the same. That
is, for every v € 1,6 € T we have f(y+6) = (g0, 91, - 9r-1, ) (7, 0).

First, we define h. Since f is a polynomial over R, it can be con-
sidered as a polynomial over R/I, as well. Let h be the polynomial
f over R/I. By the identification of 7" and R/I, we can consider h
as a function T — T. We prove that h permutes the elements of T
Indeed, if h were not surjective on 7', then for some t € T'\ h(T") the
permutation f would not map into the coset of t. Thus h € PPol(R/I).
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Next, we define g5 (6 € T'). Fix 6 € T, and let gs: I — R be defined
by gs(v) = f(y+0) — h(d) for v € I. Then g5 is a polynomial function
over R, and

h(0) = f(0) = f(y+0) (mod I).
Hence gs(v) = f(vy+6) — h(6) =0 (mod I), thus gs: [ — I.

Now, we show that gs is injective. Suppose that gs(71) = gs(72) for
some 71,7 € I. Then from the definition of gs() we obtain f(v;+9) =
f(y2 + ), and the injectivity of f yields v; = 2. Thus g5 € PPolg (7).

Finally, we prove that the action of f is the same as the action of
the tuple (go, 91,-- -, gjr|-1,h). Indeed,

(90, g1, -, 9|1)-1, h)(% 5) =
= (95(7), h(6)) = gs(7) + h(6) =

I
-
)
+
Nt

|

>
<
+
=
=

I
(g
=)
+
Nt

g

Theorem [1.1] states that Lemma [2.4 holds with equality if R is local
and [ is its maximal ideal. Now, we prove Theorem

Proof of Theorem[I.1l Let us use the identifications of Notation [2.3]
By Lemma 2.4 we have PPol(R) < PPolg(M) ! PPol(R/M). We show
that equality holds. For this we need to prove that the action of every
tuple (go, 91,---,9r-1,h) € PPolg(M) ¢ PPol(R/M) is an action of a
polynomial function. Let exp R* denote the exponent of the multi-
plicative group of R. That is, exp R* is the least positive integer k
for which 7* = 1 holds for every r € R*. Recall that R* = R\ M.
Further, let
exp R*

u(z) = H (x —r)
reR\M

Let s € R be arbitrary. If s € R\ M then one of the factors in the
product is 0 yielding u(s) = 0. If s € M, then for every r € R\ M we
have (s —r) € R\ M = R*. Therefore, [].cp (s —7) € R yielding

exp R*
<HTER\]\/[<S - 7’)) = 1. That is,

1, ifse M,
u(s) = .
0, if s¢ M.

Let
F(2) =3~ ((gs(x = ) + h(6)) - ulw - 9).
5T
Now, f(z) is a polynomial, since gs(z) and u(z) are polynomials, and
h(6) is a constant for every 4. Finally, we prove that f acts on R the
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same way as (9o, g1, - --,gjr|-1,h) actson M xT. Fory € M,§ € T we
have

Fr+0) =2 ((gs((v+06) = 8)) + h(8)) - ul(y +8) = ).
§'eT
Now u((y+9)—=90)=1if§ =0, and u((y+0)—0") =0if § # .
Therefore,

fOy+0)=(g5(y+5—=6)+h(5) uly+d—9)
= (g5(7) + 1(8)) - u(y) = gs(7) + h(d).

By the identification of R and M xT we have gs(v)+h(d) = (gs(7), h(9)).
Thus,

F(y+0) = (95(7), h(9)) = (90, 915 -+ g1, 1) (7, 0)-

3. PERMUTATION POLYNOMIALS WHEN M’ = {0}

Notation 3.1. Throughout this section R denotes a finite, commuta-
tive, unital, local ring with maximal ideal M. Let t be the smallest
positive integer for which M* = {0}, and let us assume ¢ > 2. Finally,
let ¢ = |R/M|, and let p denote the characteristic of R/M.

By Theorem [I.1]one needs to investigate PPol(R/M) and PPolg(M)
in order to understand PPol(R). Since R/M is a finite field, we have
PPol(R/M) =~ Sig/m. We continue by describing PPolz(I) for an
arbitrary ideal 1.

Lemma 3.2. Let I < R, I # {0}. Then
a2 + -+ ayx + ag € PPolg(l) <= ag € I,a; € R\ M.
(Note, that the condition on a; is on the mazimal ideal, and not on I.)

Proof. Let f € R[z] be a polynomial such that f [; is a permutation
over I. Let f(x) = a,a™ +- -+ a1x + ag. Substituting x = 0 we obtain
f(0) = ag € I. Note, that f(z) is a permutation polynomial on I if
and only if f(z) — ag is a permutation polynomial on I. Thus, from
now on we assume ag = 0, and we show a; € R\ M.

Suppose to the contrary that a; € M. Recall, that ¢ is the smallest
positive integer for which M* = {0}, thus I C M yields I' = {0}, as
well. Let g be the t-fold iteration of f with itself, that is g = fofo---of.
Now, g is a permutation polynomial over I. Let g(z) = bzt +-- -+
box? + byx for some by, by, ..., b1 € R. (We can cut g at degree (£ —1)
due to I* = {0}.) Here, by = a}, yielding b, = 0 if a; € M. Hence,
g(x) = by x o o+ by

Iterate g with itself ¢ times. Then we obtain a (permutation) poly-
nomial whose lowest degree term corresponds to 22", Since ¢ < 2! and
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2t = 0 for x € I, the obtained polynomial is identically zero over I.
Consequently, a power of f maps every element of I to 0, while it should
permute the elements of I. This contradiction implies that a; ¢ M.
Finally, we show that f(z) = a,z" + -+ + asx® + ayx + ag, where
ap € I, ay € R\ M, is a permutation polynomial on /. It suffices to
show that f is injective on I. Assume that for some u,v € I we have

f(u) = f(v). Now,
f(u) = apu™ + -+ + agu® + ayu + ay,
f(v) = apv™ + -+ 4 axv® + agv + ag,
and
flu)=f(v) = (u=v)(ar+az(utv)+- - an (@' +u" 2o+ 0" ).

Here, the second factor is in the coset (a; + M), hence invertible by
a; ¢ M. Therefore, f(u) = f(v) yields u = v. Thus f € PPolg(I).
Therefore, PPolg(I) = {a,2"+-- -+ a1x+ag | ap € I,a1 € R\M}. O

An immediate corollary is Theorem and Corollary [1.3}

Proof of Theorem[1.4 Let S = {si1,...,5,} be an arbitrary repre-
sentation system for R/M. By the proof of Theorem a polyno-
mial f € R[z] is a permutation polynomial over R if and only if f
is a permutation polynomial over R/M ~ F,, and for every s € S
we have f(z+s) — f(s) € PPolg(M). By Lemma the latter
is equivalent to the linear term of f(x +s) being in R\ M. Let
f(x) = apx™+ -+ -+ asx® + ax + agp, then the linear term of f(x + s) is

(nansn’l + -+ 2a38 + al) r=f(s)x.
Since S = {s1,...,5,} is a representation system for R/M ~ F,, the

linear term of f(z+s) is in R\ M for every s € S if and only if
f'(s) # 0 for every s € IF,. 0

Proof of Corollary[1.3, Let f € R[z], f(x) = agz® + -+ + a17 + ay.
Now, by Theorem the polynomial f permutes the elements of R if
and only if f is a permutation polynomial over R/M ~ Fy, and f’ has
no roots in Fy. The former is equivalent to (a1 +az +az+...) =1 1in
Fy. The second is equivalent to f'(0) = 1 in Fy and f/(1) = 1 in Fy,
that is a; = 1in Fy and (a1 + a3 +...) = 1 in F,. Putting these three
conditions together finishes the proof of Corollary U

We continue investigating the structure of PPolg(7).
Lemma 3.3. Let [ < R, [ # {0}. If I* = {0}, then
PPolg(l) ={aix+ao|ay € I,a; € R\ M} ~ (I,+) x (R/AnnI)*.

Proof. From Lemma we have that a,z" + --- + a1x + ag is a per-
mutation polynomial over I if and only if ag € I, a; € R\ M. Now,
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I? = {0} implies that we can cut every polynomial at degree 1. There-
fore, PPolg(I) = {a1z+ap | ap € I, a1 € R\ M }.

Now, we determine when two linear polynomials define the same
function over I. Let f(x) = a1z + ag, g(x) = bix + by, and assume
f(s) = g(s) forall s € I. Substituting z = 0 implies ay = by. Therefore,
a;s = bys for all s € 1, yielding (a; —by)s = 0, which holds for all s € 1
if and only if a; — b; € Ann .

Finally, R/ Ann [ is a local ring with maximal ideal M/ Ann I, thus
(R/Annl)* = (R/Annl)\ (M/AnnI). Putting all these together we
have PPol(R) ~ (I,+) x (R/ Ann I)*. O

We obtain one of Frisch’s results [3] as an immediate consequence.

Corollary 3.4. Let R be a finite, commutative, unital, local ring with
mazimal ideal M, and assume M?* = {0}. Then

PPol(R) ~ ((M,+) x (R/M)*) 2 Sr/m-

Proof. Theorem [I.I]and Lemma[3.3] proves the corollary provided M =
Ann M holds. Since M is the unique maximal ideal, we have Ann M C
M. Further, M? = {0} implies M C Ann M. O

The ideas of Lemma can be further generalized under certain
conditions.

Notation 3.5. Let R be a unital ring, I < R. Let [, = (r*|r € )
(k > 0) be the ideal generated by all k-powers. Note Iy = R, I} = I.

Theorem 3.6. Let R, M, t, q and My, be defined as in Notations[3.]]
and[3.5 Assume ¢ > t. Then f(z) = apa™+---+axz+ag (ay € R) is
identically zero on M if and only if a;, € Ann My, for allk =0,...,t—1.

Proof. Note first, that we may assume a; = --- = a,, = 0, since z' = 0
for every x € M. Substituting z = 0 yields f(0) = ap = 0. Thus
ap € {0} = Ann R = Ann M. Let r € R\ M be arbitrary. If x € M,
then rz € M, thus the polynomial f(rz) is identically zero for every
x € M. Thus f(rx) = a1t + -+ 4 agr®z® + ayre = 0 for all
x € M. Let us write this in the following way:

a1 xr
ay1?
(4) (r r® ..ot , = 0.
4yt
Since q > t there exists invertible elements 71, ..., r;_1 from different
cosets of M. From we have
rooor? o it arz 0
ry T3 ri as7? 0
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That is, the vector (alm Y at_lxt’l)T is multiplied by a Van-

dermonde-matrix. Let D be the determinant of this Vandermonde-
matrix. Then

D=rry...ri [ (ri—my).

1<i<j<t—1

Now, every r; (1 <i <t —1) is invertible, and every (r; —r;) (1 <i <
j < t—1) is invertible because r; and r; are from different cosets of M.
Thus, D is invertible. Therefore, the zero vector is the unique solution
of the homogeneous system of linear equations , and we have

a1 x 0

ayz? 0

a;_qxtt 0
Thus agz® =0 for all x € M (k=1,2,...,t —1). Hence a, € Ann M;
(k=0,1,....t—1). 0

Corollary 3.7. Let R, M, t, q and My, be defined as in Notations[3.1]
and [3.8. Assume ¢ >t > 2. Then

(a—1)-|R""
iy [Ann M |

[PPoly(M)| =

Proof. By Lemma f(z) = aza™ + -+ - + ayx + ap is a permutation
polynomial over M if and only if ag € M, a; € R\M. By Theoremf
is identically zero if and only if a;, € Ann M;. Thus, to obtain different
polynomials from PPolg(M), one can choose aq in |M|-many ways, a;

. R* . R
n \Alnnfv|m'many ways, and a; in g emany ways (2 < k<t 1).

Finally, note that Ann M; ; = M. Thus, we have
R R R
PPolgr(M)| = |M| - . —
olg(M)] = [M] - Ann M, H Ann M| Ann M,;_,
|
R | B R
= M =
(M} |Ann M| H 5 [Ann M| M|

R 1 (¢—1)- IR
= ] H = .
|Ann M, | [ Ann M| g TT2 [Ann M|

0

By a result of Anderson, Knopp, and Lewin [I], if k! is invertible,
then the ideal M, equals to the ideal power M*:

Lemma 3.8 ([Il, Theorem 5]). Let R be a commutative ring with ideal
I. If k! is invertible in R, then I), = I*.
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Corollary 3.9. Let R, M, t, q and p be defined as in Notation 3.1,
Assumep > t. Then f(x) = aya™+- - -+a1x+ag (ar € R) is identically
zero on M if and only if a, € AnnM* for all k = 0,1,...,t — 1.
Further,

t—1
PPolp(M)| = —4— DR

q - [1;= [Ann M¥|
Proof. By Theorem f(x) is identically zero on M if and only if
ap € Ann My, for every ai. If p >t > k, then k! is invertible in R. By
Lemma [3.8] we obtain M), = M* for all k =0, 1,...t — 1. Corollary [3.7]
proves the statement on |PPolg(M)|. O

Proof of Theorem[I.4l Almost everything is proved in Lemma[3.2] The-
orem and Corollaries [3.7] and The only statement left to prove
is about [PPol(R)|. By Theorem [L.1} PPol(R) ~ PPolg(M)? S, hence

1) t—1 q
PPOI(R)| = ! - [PPol(M)|" = gt - | — L)1 |
q- Hk‘:l ’AHH Mk:|

g

4. SOLVABILITY, NILPOTENCY AND COMMUTATIVITY OF PPol(R)
We prove Theorem in this section.

Proof of Theorem[I.5 Throughout this section R denotes a finite, com-
mutative, unital, local ring with maximal ideal M. Let ¢ = |R/M]|. By
Theorem [1.1| we have PPol(R) ~ PPolg(M)1S,. Since the size of S, is
even, so must be the size of PPol(R). For characterizing the solvability
of PPol(R), we need the following.

Lemma 4.1. Let [ < R. If I? = {0} then PPolg(I) is solvable.

Proof. Now, PPolg(l) ~ (I,+) x (R/Annl)* by Lemma Since
(I,+) and (R/ AnnI)* are abelian, PPolg(I) is solvable. 0

First, we prove the statement about solvability. If ¢ > 4, then S,
is not solvable. Thus, by Theorem PPol(R) is not solvable, either.
Let t be the smallest positive integer for which M? = {0}. We prove
that PPol(R) is solvable if ¢ < 4 by induction on t.

If t =1 then M? = {0}. By Theorem we have PPol(R) ~
PPolgr(M)1S,. Now, PPolg(M) solvable by Lemma [£.1] S, is solvable
since ¢ < 4. Thus PPol(R) is solvable, as well.

Assume now, that the statement holds for (¢ — 1). That is, PPol(R)
is solvable if M2 = {0}, and let us assume M? = {0}. Let I =
M%7 Then I? = M? = 0. Now, PPol(R) < PPolz(I)PPol(R/I) by
Lemma By Lemma [4.1] we obtain that PPolg([) is solvable. By
the induction hypothesis, PPol(R/I) is solvable. Therefore, PPolg(1)?
PPol(R/I) is solvable, yielding that PPol(R) is solvable, as well.
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Now, we prove the statement about nilpotency. By Theorem the
group S, is isomorphic to a factor of PPol(R). Hence if PPol(R) is
nilpotent, then so is S,, implying ¢ = 2. Again, let ¢ be the smallest
positive integer for which M? = {0}. As with the case for solvability,
we prove that PPol(R) is a 2-group (and hence nilpotent) if ¢ = 2 by
induction on ?.

If t = 1 then M? = 0. By Corollary we have PPol(R) ~
((M,4) x (R/M)*)1S,. Since ¢ = 2, |(R/M)*| = 1. By Lemma [2.]]
the size of (M, +) is a power of ¢ = 2. Thus the size of PPolg(M) ~
(M, +)x(R/M)* is a power of 2. The size of S, is 2. Hence |PPol(R)| =
|PPolg(M)[* - 2 is a power of 2, as well.

Assume now, that the statement holds for (¢ — 1). That is, PPol(R)
is a 2-group if M*> ' = {0}, and let us assume M? = {0}. Let
I = M?*"". Now, PPol(R) < PPolg(I) 1 PPol(R/I) by Lemma By
Lemma [3.3| we have PPolg(I) ~ (I,+) x (R/Ann ). Since M is the
unique maximal ideal, (I, +) < (M, +), hence || divides |M|, which is
a power of ¢ = 2 by Lemma . Further, M/ Ann [ is the unique max-
imal ideal in R/ Ann I, hence |(R/Annl)*| = (¢—1)-|[M/Annl| =
|M/ Ann I| diving |M|, which is a power of 2 by Lemma 2.1 Hence
PPolg(I) is 2-group. By the induction hypothesis, PPol(R/I) is a 2-
group. Now, |PPolg(I) PPol(R/I)| = |PPolg(I)|P*" /DL [PPol(R/T)|
is a power of 2. Hence PPol(R) can be embedded into a 2-group, thus
PPol(R) is a 2-group, as well.

Finally, we show that PPol(R) is abelian if and only if R ~ F,. We
have already proved that PPol(R) is nilpotent if and only if ¢ = 2. By
Lemma 2.1 we have that | M| is a power of 2. Assume first that [M] > 2.
By Cauchy’s theorem there exists 0 # r € M such that r +r = 0.
Now {z+— z,z+— z+ 1} < PPolg(M). Thus Z, is a subrgroup of
PPolg(M). By Theorem [1.1) we have Zy 1 Sy ~ {x — z, x> x+ 71}
Sy < PPol(R). However, Zy ! Sy ~ Dy is not commutative. Therefore,
if PPol(R) is abelian, then ¢ = 2 and |M| < 1, that is, M = {0}.
Furthermore, if ¢ = 2, M = {0}, then R ~ F,, and PPol(FFy) ~ S,
which is indeed abelian. U
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