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Abstract

Standard adversarial training involves two agents, namely a generator and a discriminator, playing a
mini-max game. However, even if the players converge to an equilibrium, the generator may only recover
a part of the target data distribution, in a situation commonly referred to as mode collapse. In this work,
we present Triple-GMAN, a new approach to deal with mode collapse in generative adversarial learning.
First, we use multiple discriminators each enforcing the generator to cover an additional part of the target
distribution. To ensure these parts don’t overlap and collapse into the same mode, we add a classifier
as a third agent in the game that decides for each sample which discriminator the generator is trained
against. Through experiments on toy examples and real images, we show the merits of our method and

its superiority with respect to competing methods.

Keywords: unsupervised learning, game theory, generative adversarial network, mode col-

lapse
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1. Introduction

The means of obtaining as much variety as possible, but with the greatest

possible order... is the means of obtaining as much perfection as possible.
— G. W. Leibniz

1.1 Motivation

Era of supervised learning Recently supervised learning outperformed previous approaches that
relied on complex sets of delicate domain specific rules, handcrafted algorithms and on limited amount
of data. Nowadays professional expertise is getting replaced by big data and general learning algorithms
that are capable of utilizing the available computational power. On a restricted training set they perform
moderately, usually worse than their predecessors, mainly because of over-fitting and simply memorizing
the data rather than extracting knowledge that can be extrapolated from onto other areas of interest.
Scalability is the key for these approaches: while performance of expert designed algorithms saturates
rather fast, given increasing number of training data, today’s methods are capable of harnessing the
potential of millions of samples, learning from pure data, pushing results beyond state of the art (or
even surpassing human level). Just to mention a few classic tasks in which supervised deep learning
has been successful: image classification, object detection and segmentation, depth estimation and 3D
reconstruction, feature tracking, face and age recognition, natural language processing, translation, scene

understanding, scene description, imitation and inverse reinforcement learning, etc.

Problem of limited supervision Supervision means that there is always an oracle with which answers
our parametrized model is optimized. Scalable models are described by a single vague formulae: the more,
the better — as we add more and more training data, labeled by the oracle, a scalable model is able to
improve its generalization capabilities: to provide similar results to unseen samples the oracle would give.
However reaching performance beyond human level takes increasing order of magnitudes of training data
to improve slightly. Also the metric we use to measure the performance becomes questionable: are we
aiming specialists’ level of precision? Are we trying to fit a model on the most plausible answers using
multiple annotations for the same sample? In some cases labels can be obtained efficiently (e.g. user
preferences on a site), however in general, collecting and cleaning a training dataset involves expensive
human labour. The trend of recent directions is rather contradictory. The tasks we ought to solve
with machine learning should relieve us from the burdens of dull, unchallenging, repetitive tasks, while
annotating training samples in our precious and limited time actually opposes this goal. Our algorithms

are proven to be scalable, but are we?



1. MOTIVATION 3

The next step What if we were rather focusing on understanding how the presence of an unlabeled
large dataset could be used to our advantage. It costs almost nothing to monitor and record data-flows
and let the machines reveal the hidden pattern of what we are no longer able to handle due to the curse
of dimensionality. Let the algorithms build a model that is able to represent the results. A generative
model, is able to extrapolate from visible, real data points and show expectations for further observations.
Generative models can be incentivized to cluster the space of synthetic data by providing them latent
labels, which we call afterwards conditional sampling. If we have a functioning model, we can use its
own labeled data points for training supervised algorithms in the inner loop. The success of the resulting
ensemble mainly depends on how well the input space is covered (diversity) and the how much samples

resemble to real ones (quality).

Challenges The first non-trivial task we face is finding a way to quantize or measure somehow these
two key properties of generative models: diversity and sample quality. In case of supervised learning
approaches the evaluation of a model at a given time step, in a given state is rather straightforward,
since there is a way to derive equivalents of precision and recall in almost every situation (e.g. involving
a disjunct set of previously unseen samples). Even if we lack notion to measure performance of the
algorithm at a given iteration, we can still track its progress by monitoring the loss function over the

course of training.

On the contrary, it is still an open question of recent research whether there are any generic norm that
could evaluate a single approach alone or a model agnostic metric that could be used to compare two
algorithms. In many application the definition of sample quality is ill-posed, since realistic can refer to
multiple aspects of a given data point. For example imagine that the task is super resolution of low
light photos, and our algorithm captures a unique distribution of stars when enlarging the image but
completely ignores reflections on nearby objects. Application-wise the above algorithm could worth a
fortune, or just a weakly performing solution. On the other hand, diversity could be approached from
more principled ways, less depending on the applications’ criteria. However diversity in itself is not
enough, i.e. taking random samples from a uniform distribution quite covers the objective of diversity,
still far away from producing realistic samples with high probability. In this work we will analyze our
results using quantitative methods, but to provide a more insightful summary we will also include visual

inspection and qualitative evaluation of the samples drawn from the modeled distribution.

Our contributions We propose an algorithm, the Triple Generative Multi-Adversarial Networks, pro-
viding a lower bound on diversity of synthetic data (for visual explanation see Figure 1.1), while harnessing
the capabilities of Generative Adversarial Networks for high quality sample generation. First, we use mul-
tiple discriminators each enforcing the generator to cover an additional part of the target distribution.
To ensure these parts don’t overlap and collapse into the same mode, we add a classifier as a third agent
in the game that decides for each sample which discriminator the generator is trained against. Through
experiments on toy examples and real images, we show the merits of our method and its superiority with

respect to competing methods.
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Figure 1.1: Illustration of the expected behaviour our generator (Triple-GMAN) using two discriminators
(N =2), in case of a M = 1 Uni-modal (tp), M = 2 bi-modal (middle) and M = 3 tri-modal (bottom)
target distribution. At convergence, even in the worst case where both discriminators lead to mode
collapse, the classifier ensures their respective associated generated modes (in orange and blue) do not
overlap, therefore providing a lower bound on overall mode coverage.

1.2 Outline

Our main goal is to provide a concise manuscript of our work, well illustrated and elaborate on each

aspect of the implied mechanism.

Related works At the time of writing there are 3 classic schools of generative modeling: 1) auto-
encoders 2) auto-regressive models 8) adversarial networks. Even though every branch has its own domain
of challenges we consider comparing the core ideas on a high level and show high resolution samples from
each model to motivate our choice. Next, we are going to discuss the core concepts of standard adversarial

training, and the inherent stability issues along with recent advances tackling these problems.

Method By noticing that using a single discriminator often leads to the generator covering only a part
of the data, we bring more discriminators to the game so that each incentivises the generator to cover
an additional part of the real data. To ensure that these various target data parts do not collapse into
the same mode, we introduce a third player in the game, a classifier that decides which discriminator
should the generator be trained against for each inputted real or fake sample. We find that this strategy,

illustrated in Figure 3.1, yields better coverage of the real data at convergence and concordantly improves



2. OUTLINE 5

the stability of the training.

Experiments We showcase our method on demonstrative toy problems and show that it outperforms
competing methods vis-a-vis solving for mode collapse. We also show our method’s ability to generate

good quality and diversified samples covering various modes on datasets of real images.

Discussion During our experiments we inspected how the Multi-Adversarial game could be extended
for arbitrary number of adversaries while keeping the computational capacity in mind. We briefly discuss

our findings with strong conjectures that could motive future work.

Neural Network tutorial We also kept in mind those who are new to the field of generative models
and parametric function approximations and provided a short Neural Network tutorial in the Appendix A

to introduce the frequently used terms, the basic steps and our notation.



2. Related work

2.1 Generative models

Formally the objective of generative models is to recover a probability distribution p, from a fixed set

2

of real data samples x!, 22, ... 2™ that represents the true data distribution p,(x). Notice that in real

life tasks usually each sample is represented by a real valued multidimensional vector = € [0, 1]¢, for

example a 128x128 coloured images can be represented in [0, 1]49152

space. That means p,(z) is a 49152
dimensional joint probability distribution which renders sampling numerically intractable even if p, was

provided. Therefore different algorithms have emerged to provide solution for this problem.

Common property Even though the major classes of generative models approach the issue from
completely different ways, one thing is common between them: they use significantly less parameters
to represent the distribution than the complexity required to memorize every real sample z. It induces
learning a lossy-compression of data which, roughly speaking, will be the main objective for generative
models. In order to succeed in recovering the true data distribution p, (and to minimize their respective
objective function), the models must learn which part of the data is irrelevant, and which patterns could
be reused when drawing samples from the model distribution p,. In the era of Deep Learning generative
models are implemented by neural networks (for which we provide a general overview in Appendix A),
are a special type of deterministic parametric functions by default. The parameter set of a generative
model is referred as 6, and in order to use them as non-deterministic functions during training we often
condition them on a random variable z ~ pPrandom- We illustrated the workflow in Figure 2.1 that covers
the general goal and mechanism of generative models. Numerous variants exist that approach the same
problem from different aspects, however the three main categories are the following: Auto-encoders,

Auto-regressive models, Generative Adversarial Networks.

Auto-encoders One approach is to implement two neural networks, explicitly trained to learn a com-
pression. We start by designing the first network, the Encoder to project the input sample x to a latent
space that has smaller dimension than the input space. Using this latent representation z the second
network, the Decoder is tasked to learn the inverse of the Encoder, i.e. a mapping from the latent
space to the input space, outputting £. We train the Encoder and the Decoder jointly to minimize the
predefined distance between d(x,z). E.g. for image generation this distance is the photo-metric loss:
L(z,%) = |r — Z|. For increasing the robustness and the diversity of the model [27] introduce Variational
Auto-encoders (VAES), which redesigns the Encoder to output mean (1) and standard deviance (o) val-
ues which will be used to parametrize a Normal distribution N (u, o). Latent variable z is sampled from
N (u,0) and fed to the Decoder as in the original formulation. The latent space in VAEs encode rich
and diverse features that can be visualized via interpolations between different points z; and z5. This

approach lets us train VAEs in the framework of probabilistic graphical models. 8-VAEs [19] incentivizes
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Figure 2.1: General overview of non-deterministic generative algorithms. Our overall objective is to reduce
the distance between the real distribution p, and the generated distribution py. The first issue is that the
choice of distance function determines the success of the training. Secondly, in real life applications p, is
rarely provided, rather represented by a list of real samples. Furthermore, given a model joint probability
distribution of multiple dimensions is numerically difficult to handle and computationally expensive to
draw samples from. An efficient way to implement the model distribution is to use a neural network to
learn a mapping from a lower dimensional, random distribution (here a 1D distribution) into the space of
the target distribution (here a 2D distribution). To treat neural networks as non-deterministic parametric
function approximations, during training a random variable z is fed to the network. z is sampled from a
previously fixed latent distribution (here represented with a Gaussian).

the Encoder to disentangle latent space features by penalizing each dimension of N(u,o) that differs
from the standard Gaussian distribution N'(0,1). We illustrate training Auto-encoders in Figure 2.2 and

their limitations in image generation tasks 2.3.

\

1
1
Minimize |
1
1

Figure 2.2: A schematic workflow of training autoencoders. The Encoder projects the input sample
Zreal (blue) to a latent space that has smaller dimension than the input space. The second network,
the Decoder learns the inverse of the Encoder, i.e. a mapping from the latent space to the input space,
outputting ke (orange). We train the Encoder and the Decoder jointly to minimize the predefined
distance between d(z, Z).
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Figure 2.3: Even though Variational Auto-Encoders [27] (VAEs) are not producing mode
collapse, the quality of the produced samples improve logarithmically over time (Source:
https://blog.openai.com/generative-models/). Usually it takes several application specific modification
to the standard algorithm to produce fine detailed textures.

Auto-regressive models Another approach to tackle high dimensional probability density estimation
is using auto-regressive (AR) models, which decompose the complexity of the task by the following

formulation:
T

p(x) = Hp(l“ilﬂih oo mim1)p(xn)

i=2
, where we denote the dimension of the real data points with T. Given this decomposition AR model
only needs to predict the value of the t*"* dimension at step ¢ using the previous values. Formally this
is equivalent to recovering the conditional probability H§=2 p(xi|zy1, ..., xi—1)p(x1). In the task of image
generation AR models are well known for their ability to learn local, high frequency patterns, however on
a larger scale (e.g. colored images of 64x64) the approach is sensitive to the choice of the serialization. In
Pixel CNN|[37] multiple serialization techniques (row major, column major, diagonal, bi-directional, etc.)
are investigated. Scalability is another critic issue of AR models, since generating a sample requires the
model to first generate the sequence, element-by-element and we can only de-serialize the image when
every pixel is evaluated. We illustrate the workflow of training AR models in Figure 2.4 and show the

limits in image generation tasks in 2.5.

Measuring efficiency In low dimensional tasks we can make a histogram with arbitrary small bin
sizes to approximate both p, and p,. This is useful, because using numerical approximations we are able
to evaluate the following classic distances to measure the performance of an individual algorithm, using

the definitions of elementary distances from [2].

Let X be a compact metric set and X the set of all Borel subsets of X. Let Prob(X) denote the
space of probability measures defined on X. [2] defines the distances between two the distributions
P,,P, € Prob(X) as the following:.

e The Total Variation (TV) distance

Oy, Py) = sup [Pr(4) = Py(A)].
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Figure 2.4: A schematic workflow of training auto-regressive (AR) models. The multidimensional sample
is serialized into a sequence. We assume that the AR model (grey block) has an inner state which is
initialized randomly or with constant values in the first step, and is continuously altered by each step.
At each step ¢ the current element (blue numbered box) of the sequence is fed into the AR model along
with the state of the AR from the previous step, next the current state will be updated as a function of
the former two input, finally at each time step the next element of the sequence (orange numbered box)
will be sampled from the joint probability distribution HE:Q p(xilx1, ..., xi—1)p(x1). This property lets
the autoregressive model preserve information from different regions of the sequency
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Figure 2.5: Auto-regressive models like PixelCNN [37] are able to generate high quality local visual
features, which can be convincing in cases (left column) where repeated patterns occurs in the true data
distribution as well, e.g. Coral Reefs and Sandbars (left-top and left-bottom respectively). On the other
hand generating samples where global features (e.g. geometric shapes) span the entire sequence of the
serialized sample (right column) seem to be more difficult for auto-regressive models.
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e The Kullback-Leibler (KL) divergence

Py (z)
KL(P.||IP,) = [ 1 P.(x)d ,
@) = [108 (715 ) Prlointa)
where P is a density with respect to p, used in the definition P = fA P(x)dp. As mentioned in [15,
2] KL is famously asymmetric and we should pay attention to the order in which we evaluate the

divergence.

e The Jensen-Shannon (JS) divergence
JS(Br,y) = KL(Py,Pyn) + KL(Py, Py),

where P,,, = (P, +Pg)/2.

e The Earth-Mover (EM) distance

EM(P.,P,)= inf Eg,~ —yll|,

(B By) = _nf By [llz — o]

where [[(P,,P,) denotes the set of every joint distributions y(x,y) whose marginals are respectively
[1(P, and P).

e The Chi-square (x?) distance

2 _ (5177 - yi)2
X (P, Py) = 21: it

where x;,7; are the frequency values of the corresponding histogram at the i*” bin. We have to

note, that this distance is extremely sensitive to the binning size.

Considering findings in [13, 1, 2] throughout our experiments we will use K L divergence and y? distance

to validate our results.

2.2 Generative Adversarial Networks

Generative Adversarial Networks [16] (GANSs) consist in training a deep generative model through a
minimax game involving a competing generator and discriminator from a game theory perspective. The
discriminator is tasked with learning the difference between real and fake samples, whereas the generator
strives to maximize the mistakes of the discriminator. The information flow is illustrated in Figure 2.6.
At convergence, the generator approximates the real data distribution and allows sampling from it. The
generated samples, traditionally images, are shown to be sharper than models trained using pixel-wise
losses. Consequently, GANs have demonstrated impressive results in various domains such as image
generation [17], video generation [46], super-resolution [29], semi-supervised learning [9] and domain
adaptation [50].

Convergence stability issues of GANs

GANSs are trained with the objective of reaching a Nash-equilibrium [32], which refers to the state where
neither the discriminator nor the generator can further enhance their utilities unilaterally. Besides this
training being prone to instability, reaching the equilibrium can still lead to mode collapse [14, 1, 6, 7,

41], that is when the generator only covers the real data distribution partially and hence produces a
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| real || fake )

[ X real ] [ X fake ]

!

Generator

[ Z (noise) J

Figure 2.6: Information flow graph of standard Generative Adversarial Networks (GANs). First we
sample z from the latent noise distribution. The generator takes z as input and outputs a synthetic
sample T qe. The discriminator takes either samples from the true data distribution z..q; or synthetic
samples x¢qk. and predicts the source of the sample. The discriminator is trained to tell apart real
samples from fake ones, while the generator is trained to maximize the loss of the discriminator.

limited diversity of samples. To address the latter problem, the literature explores two main approaches:
Improving GAN learning to reach a better optimum [1, 34, 41, 2, 17, 5], or explicitly urging GANs to
produce various modes by design [7, 13, 11, 6, 31]. We hereby follow the latter strategy and propose a
new way of dealing with GAN mode collapse.

By noticing that using a single discriminator often leads to the generator covering only a part of the data,
we bring more discriminators to the game so that each incentivises the generator to cover an additional
part of the real data. To ensure that these various target data parts do not collapse into the same mode,
we introduce a third player in the game, a classifier that decides which discriminator should the generator
be trained against for each inputted real or fake sample. We find that this strategy, illustrated in Figure
3.1, yields better coverage of the real data at convergence and concordantly improves the stability of the

training.

We showcase our method on demonstrative toy problems and show that it outperforms competing methods
vis-a-vis solving for mode collapse. We also show our method’s ability to generate good quality and

diversified samples covering various modes on datasets of real images.

Similar approaches

There is a rich literature on improving training stability and increasing sample diversity for GANs. We

only focus in the following on a selection of works that relate closely to ours. [3] introduces theoreti-
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Figure 2.7: Our method is using multiple discriminators, similarly as in Generative Multi-Adversarial
Networks [11], however instead of training the generator by a mixture of discriminators, we train Ds
separately on samples of corresponding classes. The classification task is carried out by a third, classifier
network Q. @ is trained similarly to the classifier in Triple Generative Adversarial Networks [30], with
the difference that our method is not relying on ground truth labels. In [30] they allow missing labels,
therefore their method is semi-supervised, while our method can be trained both supervised and un-
supervised. For further information on Triple-GMAN see Section 3, for detailed visual description see
Figure 3.1.

cal formulation stating the importance of multiple generators and discriminators in order to completely
model the data distribution. Similar to this work, GMAN [11]| proposes to use multiple discriminators.
They explore 3 settings where the generator can either be trained against the best discriminator, the
averaged discriminators, or the weighted averaged discriminators. We improve on this strategy by adding
a classifier as a third component to the minimax game, with the task of predicting the optimal discrim-
inator for each input sample in training, and we compare our results to GMAN [11] in the experiments
Section (4). Like our proposed method, Triple-GAN [30] incorporates a classifier in the adversarial train-
ing. This work focuses more on disentangling the variation modes of the data: The generator and the
classifier characterize the conditional distribution of the labelled images, while the discriminator focuses

on identifying fake image-label pairs.

Several works propose to use multiple generators [4, 12, 31] and MADGAN [13] improves them by explic-
itly enforcing the generators to produce diverse modes. This is achieved by requiring the discriminator
to identify the generator that generated the fake samples along recognizing fake samples from reals. We

compare to this method as-well in our experiments Section (4).



3. Method

3.1 Preliminaries

Generative Adversarial Networks Generative adversarial networks refer to a two-player zero-sum
game, where the players are implemented by neural networks and are optimized in opposition to each
other. Different tasks are assigned to the players: Firstly, the generator G takes an input noise z ~ p(2)
and returns a sample z ok = G(z) that yields a model distribution fake. The discriminator D takes
both real samples .., from the training set that represents the real distribution and generated samples
from fake, and outputs a conditional probability distribution P(S | ) over the source of the sample. In
practice D is a binary classifier that ideally outputs 1 if the sample is real and 0 if the sample is fake.

Formally D is maximizing the log-likelihood of the true source:

Ls = E[logP(S =1 ‘ mreal)]+ (3 1)
Ellog P(S =0 zfqke)] |

Conditional generation We can condition the modeled distribution by reformulating G to take a code
vector ¢ as an additional input to produce fake sample 2. = G(z, ¢), as it is done in e.g. in InfoGAN]7]
variants. Defining a conditional probability distribution P(C | z) we obtain a second objective function,
the log-likelihood of the code vector.

Le = Ellog P(C = ¢ | z.)] (3.2)

We note that in other frameworks Lg and Lo are optimized concurrently by either G or D or both.
Furthermore, in supervised [36] and semi-supervised [8] settings, and in addition to ¢, the ground truth

labels y could be also provided along with z,q;, thus extending the parameters of G (i.e. G(z,y,¢)).

3.2 Our approach

Our framework consists of three main components: A conditional generator G, a classifier () and a set
of independent discriminators {D;}. We use categorical code vectors ¢ € {1,2...N}, where N = |{D;}|.
As illustrated in Figure 3.1, the flow of the graph starts with generating a fake sample z = G(z,¢) and
feeding it to the classifier to get the categorical probability distribution:

P(C | z) = Q(z).

13
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Algorithm 1 Triple-GMAN training algorithm. One may draw new samples before each update to
improve optimization stability, for brevity we excluded these steps.

1: for number of training iterations do

Sample minibatch of m noise samples {z(*), ..., 2™} from noise prior py(z).

Sample minibatch of m code samples {c¢1), ..., (™} from code prior pg(c).

Sample minibatch of m examples {z("),... z(™} from data generating distribution pqaca(z).
Update @ by ascending its stochastic gradient:

Veq% i —clogQ (G (zm’ c<i>))

2
3:
4:
5

6: Decide for every input which of the N discriminator to use by sampling from likelihood Q.
o(i) ~Q (x(i)> 6(1) ~Q (G (z(i), c(i))) .
7: Update the discriminator by ascending its stochastic gradient:
1 & , N
- N0 ~ Da, () (z))) }
Ve”’m Zl {log Dg s (aj ) + log (1 Ds 5 (G (z ,C ) .
8: Update the generator by descending its stochastic gradient:

m

V@Q;L;log (1 — Ds(iy (G (z(i),c(i)))> .

By sampling ¢ from Q(x), i.e. é ~ Q(x), we define here D := D; as the discriminator that will receive
the sample z. We are now able to evaluate Lg by using the defined binary distribution D(x), and the
conditional objective function Lo by using cross-entropy. Next, we train G by minimizing Lp, D by

maximizing Lp, and () by minimizing L. For the implementation of the training steps see Algorithm 1.

We note that even though we decide which discriminator to use by sampling from Q(z), the resulting com-
putation graph is completely differentiable with respect to x, therefore the gradients for the parameters

of both the generator ¢, and discriminator ¢4 can be obtained similarly to the standard setting:

V,Ls = Vo log (1 - D(G(2,0)))

VoO,Ls =V, [log (D(m,eal)) + log (1 — D(G(z, c)))} .

Once D is selected using Q(z), training requires no further modifications to the standard GAN op-
timization algorithm. Furthermore, different variants that aims to improve GAN learning to reach a
better optimum [1, 33|, like changing the objective function to approximate Wasserstein distance [2],

stabilization using gradient penalties [41, 17, 5, 32] is completely compatible with our design.
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Figure 3.1: Triple-GMAN, our proposed framework. Here ~ denotes a sampling operation from the
categorical probability distribution Q(x). Using the resulting category index é ~ Q(z) we select the
corresponding discriminator D;—. and connect it to the computation graph. From the perspective of
Treal a0d Tfqre the respective computation graph is differentiable, and can be trained identically to the
standard GAN [15] algorithm.




4. Experiments

We demonstrate our performance on a diverse set of tasks with increasing complexity involving probability
density estimation and image generation. To illustrate the functioning of our method, we set up two low-
dimensional experiments (Section 1) using Gaussian Mixture Models as the target probability density
function. For the 1D Gaussian Mixture case, we compare our robustness against other approaches by
reproducing the experiment setting detailed in [13] and we outperform all competing methods. For the
2D Gaussian Mixture case, we compare our robostness against GMAN [11] and show that we outperform
this latter.

For both the 1D and 2D case, we show how our training dynamics change according to the number of
discriminators and show how our approach, unlike GMAN [11], is able to utilize the capacity of multiple
discriminators. We finally demonstrate our results on commonly investigated datasets: MNIST, CIFAR10
and CelebA in Section 2.

4.1 Synthetic low dimensional distributions

In our approach the role of the @) network is to partition the real and synthetic datapoints into different
clusters, and each discriminator is consequently only trained on a separate cluster. In order to fully
understand how this helps the training, we experimented with two mixture of Gaussian variants: a 1D
GMM with 5 modes, as used in [13], and a classic 2D circular GMM with 8 modes on the unit circle.

Observations

Comparing against other GAN variants In Table 4.1, we show that our method outperforms other
GAN architectures on 1D task by a large margin in terms of Chi-square distance and KL-Divergence.
We believe that the success is due to the Q network’s capability to learn to partition the underlying
distribution easily. We also show in Table 4.3, that our method achieves better performance in terms of
both KL-Divergence an Chi-square than GMAN [11]. It was shown in [48], that using a softmax classifier,
trained with cross-entropy often results in radial clusters by nature. Therefore it could be argued that
our success on the 2D task is merely achieved by a fortunate choice of the Q network’s loss function and
the architecture rather than the actual implied mechanism. However, it is straightforward to see that
our success in the 1D task contradicts this claim. In this task, the modes of the input space lie on the
same line and do not form a radial pattern, still the @) network is able to assign different discriminators

to each separate clusters of the true data distribution, to distribute them in the most efficient way.

Benchmarking multiple discriminators We study how game dynamics change with regards to
the number of discriminators used by both GMAN [11] and our method. The clustering mechanism

is illustrated on 1D task in the bottom row of Figure 4.1. We see in this experiment that classes of

16
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Figure 4.1: To study the behaviour of multi-discriminator settings with different number N of discrimi-
nators we trained GMAN [11] and our approach on a 1D data set with 5 modes. While both GMAN’s
(top) and our (bottom) results improved by adding discriminators until N > the number of modes, we
show how our lower bound on mode collapse takes effect: the ) network learns how to classify samples
and reduced the complexity of the target distribution. To justify this we point at the case when N = 5:
the model perform the best since each class has to capture only a single mode. In the case of N = 6 and
N =7 our algorithm (marked with * and *x) decreased in performance only due to oversampling the two
given classes.

the generated samples are first attracted towards larger clusters of the real data. By adding more
discriminators, the quality of the reconstructed modes is refined. The refinement process starts first
with the easiest separation, between the 2"¢ and the 3" peaks, after that the 4*"* and 5" modes are
distinguished, and so on. We see in Table 4.2 that increasing the number of discriminators improves the
performance of both GMAN and our model up to a certain point where N (number of discriminators)
matches the number of modes in the data. After this optimal point, increasing N yields a decreasing
performance, because captured modes are oversampled. On Figure 4.1 we have marked examples of
oversampling in the last two columns with * symbols. It is interesting to note that when the same
experiment was carried in 16 for the MADGAN, which is using multiple generators, their performance
peaked at Ngenerators = 4 unlike GMAN and ours which logically both peaked at Np;scriminator = 9-
This shows a difficulty of tuning the hyper-parameter Ngenerators it [13] for different applications.

Clustering the input space In 2D, for both variants, GMAN][11] and Triple-GMAN we experiment
with M = N = 8 (where N is the number of discriminators, M is the number of modes) for quantitative
results, listed in Table 4.3 and M = N = 3 setting for qualitative results, illustrated in Figure 4.2. In all
of the runs, our method was able to capture, and classify all modes of the true distribution correctly, while
GMAN(11] failed on N = M = 3 setting for every run, however performed well for N = M = 8. In Figure
4.2 we show a circular 2D GMM with 3 modes on the unit circle using Results show that the @) network
is indirectly able (without optimizing G' with Vg, Lc) to control the conditioned samples G(z,c) by
routing them to different discriminators. This figure illustrates that we utilize the capabilities of multiple
Ds indeed as we intended: different discriminators will begin to specialize on different modes therefore
providing different gradients for the corresponding synthetic class as well. Although being trained with
the generated code vectors only, and not sharing any weights with either of the adversarials, our @
network achieves fine partitioning of the original distribution. Different from other unsupervised or semi-
supervised approaches, in our method the parameters of the generator 6, are not trained to minimize
the classifier @’s loss L. We suggest that our approach succeeds because each discriminator is fed
different samples from the beginning. @ is initialized to assign each real sample to every discriminator
with equal probability, but given that the generator samples different points for every code vector @)
quickly learns the different modes that the samples from G;D; pair are attracted towards (where G; is
referring to the conditional distribution modeled by G(z,¢),c =i and D.,c = ¢). Given that the updated

Q is already providing different subsets of the input space to different discriminators, they will provide
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different gradients for each corresponding code vector. Therefore GG learns to separate the conditional

distributions p. from each other.

Implementation details

First, we reproduced the 1D setting in [13] with 5 modes at [10, 20, 60, 80, 110] and standard deviations
[3,3,2,2, 1] respectively and we compare to the numbers reported in that paper. Second, we compared
our method directly to GMAN [11] qualitatively in Figure 4.2 and quantitatively in Table 4.3 using a
circular 2D GMM distribution with 3 and 8 modes respecitvely, around the unit circle. To illustrate the
advantage of our approach over GMAN [11] we plotted the gradient field to visualize the benefit of using
multiple discriminators. The gradient field of this setup can be seen in Figure4.2. In each case, to get
quantitative results, we estimated the probability density distribution using a histogram with 1400 bins
of the real and fake probability distribution and computed the Chi-square and KL-divergence between

the two histograms.

Comparing against other GAN variants When comparing against other GAN Variants, we run
the 1D experiments using a fixed set of 200,000 samples from the target distribution and sample 65,536
elements from each model. Since our method is directly designed to separate different modes to provide
a lower bound for mode collapse, we outperform all the other methods as show in Table 4.1. In our case,
we sample the code vectors for the generator from a categorical distribution with uniform probability.
For the best results, we use 5 discriminators in both GMAN [11] and our setting, run each training 3

times and select the best score throughout the trainings.

Benchmarking multiple discriminators In 1D for better non-parametric probability density esti-
mation, we increased the size of the training set from 65,536 to 1,000,000 samples as it was done in [13].
For more reliable results on the implied mechanism of both approaches, we run the training 20 times
for each algorithm with number of discriminators N = 2,..8, totaling 320 training. As in the previous

experiment, we chose the best results from each run.

Clustering the input space In 2D, for both variants we experiment with M = N = 8 (where N is the
number of discriminators, M is the number of Gaussians we used in the mixture) for quantitative results,
listed in Table 4.3 and M = N = 3 setting for qualitative results, illustrated in Figure 4.2. For each
experiment we use a fixed set of 1,000,000 samples and take 5 run per each algorithm, then report the
best run. We took effort to make sure that the comparison was fair, and used the same set of parameters

as it was done in the 1D experiments.

Error analysis From Figure 4.2 we perceive that GMAN fails to utilize multiple discriminators to their
full potential. We argue that even in the best performing case, where the number of discriminators is
equal to the number of modes N = M, the success is due to a rather a single or few discriminators rather

than the effective ensemble of them.
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Figure 4.2: A circular 2D GMM with 3 modes on the unit circle with standard deviations of 0.01 and
training GMANS and our method with IV = 3 setting. In the first column we show the generated distri-
bution for each method in colours (orange for GMAN, a single color, since GMAN uses no conditioning
on their samples, and red, green and blue for each ¢ = 1,2, 3 respectively. ) In column 2, 3, 4 we plotted
the gradient field for each three discriminator in either settings. In our setting those samples which are
not assigned to a given discriminator gets zero gradient by definition. We see how ) network indirectly
pushes different modes generated by G apart, more importantly the gradient field has the highest mag-
nitude in the direction which separates the modes, while the same phenomenon is not present in the
settings of GMAN.

4.2 Image generation

After the thorough investigation on low dimensional tasks, we validate our method on real image gener-

ation tasks as well.

Stacked-MNIST

We have also investigated how well our approach can reconstruct the real distribution of the data using
the Stacked-MNIST dataset [43]. This dataset contains three channel color images, containing a ran-
domly selected sample from the MNIST dataset on each channel. This results in ten possible nodes on
each channel so the number of all the possible modes in the dataset is 103. It was shown in [13] that
various architectures recovered only a small portion of these modes. A qualitative image depicting the
recovered modes using the traditional DCGAN architecture and our approach can be seen on Fig. 4.3.
We have also measured the Kullback-Leibler divergence between the real distribution and the two gener-
ated distributions. KL was 5.26 between the real distribution and the distribution generated by DCGAN

and 0.13 using our architecture with ten discriminators.

Qualitative results on CIFAR-10 and celebA

To show capabilities of our method, we trained the multi discriminator setting on a lower and a higher
complexity image generation task, CIFAR-10 and CelebA respectively. For comparison we show best
results from GMAN [11] on both tasks, according to their report in Figure 4.6.

CIFAR-10 While learning the distribution of 32x32 colored images may sound an easy task, the main

challenge is to learn geometric structures from low resolution and reproduce them in various colors,
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Figure 4.3: Sample images from stacked mnist. = The samples on the left image were gen-
erated using the traditional architecture of DCGAN (Implementation details can be found
at:https://github.com/carpedm20/DCGAN-tensorflow), the samples on the right image were generated
using 10 discriminators with the Triple-GMAN.

backgrounds, angles etc. We illustrate in Figure 4.4 that our method is capable of capturing class invariant
features such as the hull and masts of ships in different angles depicted in various weather conditions;
horses with different hair colours, in various environments, either galloping, eating or standing still; cars
from different angles, featuring well recognizable parts like wheels and windshields, and carrosseries of

diverse shapes.

CelebA We show how our method performs on larger scale of images such as 128x128 by training
a residual network for 100k iterations on the celebA dataset. In this dataset various modes exist like
lighting, pose, gender, hair style, clothing, facial expressions which is challenging to capture for generative
models. On Figure 4.5 we demonstrate that our approach is capable of recovering the mentioned visual

features.

Implementation Details For both the generator and discriminator we use ResNet-architectures [18§],
with 18 layers each in the CIFAR-10 experiments, and 26 layers each in the CelebA experiments. As it
was done in [32] we multiply the output of the ResNet blocks with 0.1, use 256-dimensional unit Gaussian
distribution. For categorical conditional image generation we use an embedding network that projects
category indices to 256 dimensional label vector, normalized to the unit sphere. In the case of conditional
image generation the () network is trained on a different code vector, that is not constrained to learn the
original class labels. We embedd the code vector similarly to the ground truth labels in this setting. We

use Leaky-RELU nonlinearities everywhere, without BatchNorm.

Following the considerations in [32] for optimizing parameters of @, D, G we use the RMSProp with
a=0.99, e = 1078, and initial learning rate of 1072, We use a batch size of 64, and train the algorithm
for 700,000 and 400,000 iterations for CIFAR-10 and CelebA tasks respectively. Similarly to works that
provided state of the art results on image generation tasks [26, 32] for visualizing the generator’s progress

we use an exponential moving average of the parameters of G with decay 0.999.
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Figure 4.4: 32x32 CIFAR-10 samples drawn from an N = 5 training of 700k iterations where ground
truth labels were provided. We call the attention to the high geometrical precision on the depicted classes
which causes other variants to mode collapse.

Figure 4.5: Random samples from our network trained at scale of 128x128 images on unaligned CelebA
set for 100k iterations. As it can be seen, some faces appear in diverse poses with different background,
and rarely occurring accessories such as orange sunglasses are learned by the model.
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Figure 4.6: Random samples presented in [11] for image generation tasks such as CIFAR-10 and CelebA.
Best results were achieved with GMAN-0 variant with N = 5 discriminators. For CelebA they cropped

the images to exclude background.

GAN Variants  Chi-square(x10°) KL-Div

DCGAN 0.90 0.322
WGAN 1.32 0.614
BEGAN 1.06 0.944
GoGAN 2.52 0.652
Unrolled GAN 3.98 1.321
Mode-Reg DCGAN 1.02 0.927
InfoGAN 0.83 0.210
MA-GAN 1.39 0.526
MAD-GAN 0.24 0.145
GMAN 1.44 0.69
ours 0.03 0.02

Table 4.1: 1D Gaussian Mixture Model experiment using best results from 3 runs for GAN variants that

aims to solve mode collapse. Available values were taken from [13].

N Chi-square(x107) KL-Div

GMAN
5.00£6.80
2.96+2.88
3.41+£2.73
4.62£3.92
3.94+3.22
2.84+1.51
2.80£1.55

00 J O U ix W N

ours
1.89+0.92
1.10£2.43
0.74+0.98
0.27+0.54
0.41+0.50
0.42+0.43
0.93+1.14

GMAN
1.7440.63
1.50+0.57
1.48+0.42
1.55+0.30
1.56+0.22
1.45+0.38
1.3610.43

ours
0.81£0.27
0.55+0.36
0.50+0.41
0.25+0.26
0.35+0.20
0.36+0.21
0.56+0.31

Table 4.2: 1D Gaussian Mixture Model experiment using best results from 20 runs with different numbers

of discriminators (4.1).
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GAN Variants Chi-square(x10%) KL-Div

Standard GAN 3.883 2.860
GMAN 1.253 0.636
ours 0.449 0.246

Table 4.3: 2D Gaussian Mixture Model experiment with M = N = 8 (where N is the number of
discriminators, M is the number of Gaussians we used in the mixture) For each experiment we use a
fixed set of 1,000,000 samples and take 5 run per each algorithm, then report the best run. We took
effort to make sure that the comparison was fair, and used the same set of parameters as it was done in
the 1D experiments.



5. Summary

5.1 Overview

Method We have introduced a new approach to train Generative Adversarial Networks [15], and
claimed that our algorithm to use multiple discriminators is more efficient than the original GMAN [11],
since each agent learns a subspace of the true data distribution and is able to provide more useful gradients

for the discriminator.

Experiments In our experiments we have proven our claims with empirical results on both low-
dimensional (1D and 2D GMM) tasks and on large scale image generation (CelebA and CIFAR-10).
On the Gaussian Mixture Model experiments we illustrated how Triple-GMAN mechanism takes effect.

On image generation tasks we have shown qualitative advantages of our approach.

5.2 Discussion

Triple-GMAN was proven experimentally to utilize the capacity of multiple discriminator by partitioning
the target distributions and reducing the complexity for each discriminator to learn. We showed that
increasing the number of discriminator improves the performance of the network when the training has
converged until the point where the number of discriminators exceeds the number of underlying modes.
On the other hand, we saw that in real life problems the number of modes is higher than what we can
practically outnumber with the discriminators, therefore we are able to improve on the lower bound of
mode collapses as long as we are able to provide enough compute. Our main concern is that the weights

that models only a limited distribution could be reused, or more generally learned.

5.3 Future work

We saw that it is not necessary for a generator to have equal capacity adversary or adversaries to
converge, meaning that the standard GAN training procedure could be replaced with multiple (even
weaker) discriminators specialized only for attracting the conditional model distribution of the generator

on a single mode.
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A. Neural Network Basics

This small introduction intends to cover the very basic steps towards experimenting with deep neural
networks. The main significance of commonly used machine learning frameworks is that they can be
decomposed to core building blocks that involves elementary operations between single nodes, or neurons.
These operations are straightforward to implement, and easy to parallelize if the algorithms used are
vectorized. The tone of the following sections follow a more informal manner that aims to help the reader

get more familiar with the topic.

A.1 Single Layered networks

For example if a small picture is given to a person, he or she guesses about it. If that person is told that
there are four classes, like Car, Plane, Cat, Kid, he can tell how likely it is that the given picture falls in
that class, so he can give a so-called confidence parameter. Patterns which are associated with cats may
be associated with kids too, but is unlikely to be associated with planes. Deciding whether a pattern
improves the confidence on each class or not, yields a sign for the given pattern, and the measure how
strongly it influences the likelihood is called the weight of the pattern. In neural networks there are
small nodes based on the biological model of neurons, that is responsible for recognizing and weighting

the patterns. These nodes are called perceptrons.

Defining the Perceptron

Let = be preprocessed information, the perceptron P decides which parts of it are important in recognizing
a cat: having a corresponding weight with large magnitude, and which of them are irrelevant: having a
weight with magnitude close to zero. Therefore a perceptron has a weight w; for each input z; and its

transient state can be now formally written:
Piransient = § TiW;
i

Which can be also rewritten as the inner product of x and w

T
Piransient =< X , W>=X"W

In the following examples perceptrons will be arranged in a special way, to form a Feed Forward network,
meaning that the information flow will occur in a direct way, without feedback - see figure A.1. However
wiring many perceptrons together results in a numerically unstable system, caused by the lack of any

restriction on the magnitude of the weights. Regularization addresses exactly this problem, implicitly

31
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Figure A.1: A small feed forward network with three hidden layer composed of Fully Connected layers.

making the network less likely to simply memorize pictures, or only respond to samples from the training

set — the problem of overfitting.

Basics of Learning

After describing the model, the first question is:
— what are the correct values for wp for each P in network F?

There are a lot of intuitive explanations how this problem should be approached and solved. For an
exhaustive study of the topic, visit Michael Nielsen’s website [35]. Anyhow, in general this is still the
most studied question in machine learning. Luckily, if F’s performance can be measured, thanks to its
feed-forward structure a numerical suggestion can be defined as well, which tells how to change wp to
improve efficiency of F. In practice an £ Loss function is defined, and the objective of the training is to

reduce it. Without digging deep in math we can find an intuitive situation with the same results.

Take a perceptron P with input x of objects on a given picture of a cat. Suppose that this perceptron
fires (has high output value) when wheels are on the picture. It should remain silent when there are no
round objects listed in x, still it turns on, affecting the output of F, producing high error. Since we know
the original label of the picture, we can tell which assumptions were wrong, and which were good - which
to decrease, which to increase if the next time F is given the same input. This information is distributed
between the previous perceptrons which caused the current one to fail, by simply multiplying the error
with the weight corresponding to the previous node. Also with the information of how much the output
of the actual node influenced the error, and with its input values, the significance of misleading x; can
be reduced, and important features’ weights can be increased, which is actually finding a better wp. For

further intuitive examples see section 5, or visit Andrej Karpathy’s guide [24].

SGD. The example led to the practical application of the so called Stochastic Gradient Descent. Orig-
inally every samples in the training set should be introduced to the system before updating its weights
and that would be the Batch Gradient Descent, but in the hope that the samples fall in a subset of the

whole space of all possible inputs, the algorithm uses mini-batches for the learning process. When the
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number of samples in the batches reduces to 1, the training is called on-line training. And if it happens

on F containing a single perceptron it is called Rosenblatt perceptron learning algorithm.

A.2 Inference

Let us suppose that for a particular task an F is given, first what we have to understand is how input data
2 € X (interchangeably x1) is inferred. First, assume that the data can be expressed as multi-dimensional
matrix, like RGB pictures, audio recordings, gene maps. Some networks preserve the spatial information
i.e. feature extraction performed on images, while other instances operate on the whole input data i.e.
processing audio samples in frequency domain. Either way the output y (or yz) can be obtained by
feeding z to the network: y = F(z) The core concept is that we can compose such an F function by
applying multiple projections to x. Practically that means sending input through the first layer, the
second, and all the way through to the last layer L'*, which output would be the value of F(z), the
response of the network. Therefore in terms of evaluating F(z) layer by layer, actually translates to a

single function call, which can be unfolded to a sequence of embedded projections:
F(x) = Fr (x1) = Fr (yo-1)

Fr (yi-1y) = FL (Fp—v) (z(1-1))) = Fo (F-1) (- -+ Fi(2)))

Using the function composition operator o, rewritten in the classical notation:

f(x):FLOF(L71)0-~-OF1(Z‘) (Al)

The A.1 equation is the most fundamental idea behind feed-forward neural networks, namely the inference
or forward-propagation As mentioned above, every layer [ is represented by an F;. The most basic layers

are the Fully Connected and Activation layers.

Fully Connected layer

These layers carry out the heavy-lifting of inference by performing linear projection and translation
transformations. The operations are following the rules of basic linear algebra, where the input o € RY
and the output yrc € RM are specified as real valued vectors. The parameters of the layer ¢pc = (W, b)
are the corresponding weights and biases of each perceptron node in the layer forming a weight matrix
W e RMXN and a bias vector b € RM respectively. Therefore evaluating the output of the Fully
Connected layer is the defined by the following:

Yi = ZW” z; | +b

’ (A.2)
y=W-.z;+b

[M] = [M x N]-[N]+ [M]
Activation layer

Nodes in activation layers are introducing non-linearity to the network, by applying the same non-linear

activation function to the corresponding output of the previous layer, performing element-wise operation.
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Let F' be an activation layer with activation function f after a fully connected layer with 3 neurons:

These functions are essential for the network, since they increase the numerical stability: they squeeze or
mitigate the input preventing the network from saturation or explosion (numerical of course). Conven-

tionally the following functions are applied most often as activation function:

RectifiedLinearUnit(ReLU) :=maz {0, z} (A.3)
2

HyperbolicTangent(TanH) :=tanh(z) = To o (A.4)
e

SoftPlus(SP) :=1n(1 + €”) (A.5)

1
Logistic(Log) :=—— A6
ogistic(Log) T (A.6)

The only constraint on these functions that they have to keep the dimension of the input, namely
F,. : RN RN, Note: These functions do not have any variable parameters, therefore activation layers

cannot be trained.

A.3 Measuring efficiency

If the function F mentioned above is given, and satisfies our needs, then we are done. However this is
usually not the case, and finding the optimal F* is the main challenge targeted by many branches of
Machine Learning. Despite it was proven, that standard multilayer feed-forward networks are capable of
approximating any measurable function to any desired degree of accuracy [21], if the goal function F*
is unknown, or too abstract to be measurable (i.e. telling how funny a picture is), we cannot utilize the

universal approximator.

Loss

By reformulating the objective, we can define a Loss function £ : F(X) — R, which maps our candidate F
network to a scalar field, that represents the general correctness of F over the space of possible inputs X
— the lower its value the better F is performing. By doing so we may apply Machine Learning algorithms

that would minimize the Loss, therefore F would converge towards F* implicitly.

Note: In practical implementations F is not evaluated over the whole space of possible inputs, instead in
the hope that a small subset of both training and validating samples called a mini-batch will approximate
L(F) as well. Useful practices for reducing computing complexity and improving stability, and rate of

convergence will be covered later.

Supervised learning

In cases where the parameters of F* are not known, but we know how it would map the input space
X — Y, e.g. which character appears on the input image =, then we can define a set of previously labeled
pairs of input - solution sample which could be used later on for training, and evaluating performance of

the network.
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A.4 Adjusting parameters

Generally speaking, applying Machine Learning algorithms boils down to the process of iteratively altering
parameters ¢ of F to optimize the Loss. Once L(F) is obtained, we can evaluate how changing the

parameters would influence it — evaluate the gradient V4F of the parameters with regards to L.

Gradient Descent

Updating ¢ by descending on the gradient slope with a small step size € will decrease £. Derivation from
the general form of Gradient Descent depends on the architecture of the network, but there is a main
concept for doing so, called Backpropagation described by Werbos et al. [49]. The exact method which

can be applied for Fully Connected networks will be explained in detail in section 5.

Training Policies

Though theoretically after finite steps of iterations, with Gradient Descent F may approximate any Borel-
measurable function, in practice Deep Neural Networks can fall into local-minimum of the parameter-
space. l.e. the network tends to learn the very basic features of the input space, if it is not forced to
generalize. The problem with generalization is that the training set has finite samples and extending
it requires human-supervision. Therefore training networks with many layers requires some advanced
techniques for training. There are multiple way to improve the convergence rate and the stability of the

network.

Batch processing. There are two radical methods of updating the parameters in the network.

Theoretically if we wanted to create a perfect network, we would infer all possible samples from X and the
Loss function £ would evaluate the network on every solution (in a single iteration, without the network

being updated), then we would take the mean of the Loss to evaluate the gradient, e.g.

.1
L= 3 LF@)

zeX

One update on the whole training set is called a batch This way, if the capacity of F is large enough,
it is possible to train the network to be able to solve every problem. In a special case when we want to
simulate logical circuits with real values instead of Boolean true or false, then we can train a network

to act like a logical processing unit - since we are able to map Vo € X — y € Y by external evaluation.

The other case is more practical, when the train data is not available at once, but in sequence. The
network is usually updated in testing time and that is why it is called on-line training. The topic
is described exhaustively in [40]. In practice the network is trained previously before on-line training
(even if a very few sample are available), because the responses are not just used for evaluating the
Loss function, but taken into account as valid predictions. Normally there is no opportunity to label
freshly acquired samples, and this is the main reason that this technique is used mainly in unsupervised
learning tasks. However when supervision is available, then the network can be trained in the following
manner: predictions which were correct are put into the training set, and the network weights are updated
immediately to encourage the same response for similar samples. A frequent application of on-line training

is called Q-learn, for case studies see [39].
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Both methods are powerful for specific tasks, but in practice the solution is in between: mini-batch
training. Inferring multiple samples at the same time with the same network not just yields a more
stable convergence, but is an excellent opportunity to parallelize the process: Extending by one extra
dimension to each stage of the inference (inputs, transient activations, outputs) can be done easily, also
almost every library can take the advantage to perform optimized matrix operations on tensors (at least
NumPy can). On the second hand, processing only some instead of all of the input samples at once is
computationally a better choice. In real applications it is worth considering 2* mini-batch sizes because

of the requirement of memory allocation [25].

Advanced First order derivatives. Simple heuristics applied to first order derivatives, such as:

Momentum [44] v(,41) = Y0n + Vy, L and ¢ny1) = dn — €vy

Adagrad [10] r(,41) = 70 + (Vy, £)* and Pn+1) = On — 5o (Vg L£)* (element-wise)

RMSProp [45] r(nq1) = (1 —€)rp + ¢ (Vg L)
Adam [28] Combination of RMSProp and momentum.

A more sophisticated, but expensive method is using second order derivative, for instance Conjugate
gradient [42].

Decreasing the learning rate e. For large networks it is inevitable to use decreasing learning rate,

otherwise the convergence would take too much time (small €) or would not even occur (large €).

Cross-Validation. Special L= (Lirain, Loatidation) functions approximate the efficiency of the network
not just by evaluating them on the currently or previously trained samples, but on samples which are
from a totally disjunct set X,qidation- The motivation behind it is to see how well would the network
perform on samples which it has not faced before. By doing so we can evaluate how well the network
generalized the information from samples of the training set. In order to keep Xirain (| Xoatidation = @
we may not use Lyqridation for parameter updating. However in order to prevent overfitting we can
Z
¢ is a parameter of how much we tolerate overfitting.

monitor e.g. generalization error E, = during training and use Early Stopping when E; > §, where

Networks in practice

Though networks can vary in shape and function, the representation of the succeeding layers, evaluated
by embedded functions described in A.1 is a common feature. Each of these layers serve as nodes of the
computational graph of the network. The type of the layer determines whether it can be updated or not:

for Fully Connected layers V4 Frc is well defined, explained in the following example.

Toy example. Assume L is given, and we have a fully connected network with 2 hidden layers, i.e.
L = 3, which maps a F dimensional input vector z to a M dimensional output vector y, namely F :

RY +— RM. The constraint on the parameters are:
W1 of the first layer must have N columns
W3 and the bias b3 of the last layer must have M rows, dimensions respectively.

Number of rows of W' must match dim(b') 3 dimensional
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Number of columns of W' must match dim(b¢—1))

Then the evaluation unfolded would look like the following:
y=F(x) = F30Fyo Fi(z) = W3(W?(W(z) + b*) + b*) 4 b°

For further usage and simplicity, we would like to fix these numbers. Let F be a network with the
following shape: [5,4, 3] meaning that in each layer there are 5, 4, 3 neurons respectively, M = 3 and
all nodes are connected to the previous layer. The width of the input layer is not yet defined, let it be
N = 10. Note: It is usually distracting and redundant to explicitly write the width of the outermost
layers when testing different networks, because the input and the output layers must have fixed dimension
for the same task, while the width of the hidden layers are varied. Define an Lo Loss function on the toy

example. For one sample-label pair (x,y*) the Ly Loss is:
1 * 1 *
LoF) = 3 S~ F) = 5 S — ) (A7)

L is a universal Loss function, which is used in cases where the label space Y is continuous (e.g. floorspace,

consumption and height of a house, based on the price: R! — R?).

A.5 Differentiation

In the above evaluating of V4F can be done in two ways, namely by numerical approximation, or by

analytical derivation, in the following we will discuss both.

Numeric differentiation

Evaluating the numerical gradient (or difference) is an elementary, yet powerful operation, in which we
would perturb, or modify one parameter ¢ of our system JF at once. That is done by first adding ¢ and
after subtracting ¢~ a little amount d¢ from the original ¢ and evaluate £+ = L(Fy=), namely the Loss
of the system in the modified state, yielding the numerical gradient in the following equation:

dL(F) _ LY — L7 L(Fpr) = L(Fy-)

(A.8)

do 2d¢ 2d¢

Summary. In a nutshell value of dﬁdg) tells how changing the parameter ¢ by d¢ would change the

performance of the network. If it is positive then updating F by adding d¢ to ¢ would result in higher
Loss value, which is the opposite of our goal, so we just subtract it, if it is negative, then trivially we

should add d¢ to ¢ since it is making some good progress.

Complexity

Though letting the computer do the hard work seems to be a good idea, it is worth considering that the
simple method above will be applied to every ¢ of L. It means that for the network in the toy example,

we need to evaluate £(F) two times for each parameter in the weight matrices and the bias vectors of
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the network, totaling in

3
#(6) =2x Y Nio1)-Ni+N;i=2x(10-5+5...+4-3+3) =188
i=1

Even if F is approximated by using k-sized mini-batches for evaluation it is still a computationally very
expensive function, because the inference would result in the following number of operations of addition

and multiplication:
3

#(operations) = k x ZQ “Ng—1) - Ni+ N; =k x 176
i=1
Therefore approximated with £ = 10 mini-batches would a single parameter update of a very tiny network

would require total operations of:
#(total) = #(¢) x k x #(operations) = 188 - 10 - 176 = 330880 (A.9)
Because both #(¢) and # (operations) has complexity of O(N?), one update will yield complexity of
#(total) = O(N?) (A.10)

We can see that even for a shallow and relatively small network (industrial Awe networks has billions
of parameters, and uses much larger batches) described in the toy example the method is really costly.
That encourages us to derive our differentials on paper first, and use numerical gradient approximation for
checking our solution. Using Gradient Check is essential when implementing new architectures, because
it is a very efficient tool for debugging in comparison with updating. The method in a few words is about
setting an error rate €, and decrease d¢ until the numeric solution does not match the analytic solution

with 1 — e significance. If the analytic solution is incorrect the cycle will not terminate.

Analytic differentiation

Deriving the update by hand requires basic knowledge in calculus extended to multivariate cases, though
since the operations are elementary, in general we must understand only three basic definitions to do so.
Some formality before starting: we have three independent variables x, y, z and functions f, g, h. The
result of operations performed on variables, i.e. x 4+ 2y can be represented by a function f = x + 2y. If
the value depends on a variable then it can be written explicitly, passing the variable as the argument of
the function f(z,y) = x+ 2y. For the sake of simplicity assume that the variables are not general objects
from an abstract space, they are only real values: z,y,z € R. However the following description could
be extended for the above-mentioned variables as well. For any one-dimensional function f(z): R +— R
we say that the value represented by the function depends on the variable by the extent of its derivative.
The derivative (or differential) of the function can be seen as an ideal case of A.8 where the perturbation
would approach zero, namely:

Of . dil@) . flade) — fla do) )

= im ——~ =
ox dz—0 dx dz—0 2dx
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Multiplication rule. Consider a value - y - z represented by f(z,y,2). f is now depending on three

variables, we can define the measure of this dependency on one variable by the formal equation:

of . flatdr,y,z)— flx—dr,y,2) . ((x+dz) -y 2)—((x—dz) -y 2)
_— = hm = hIIl
Oxr  dz—0 dx dz—0 2dx

— 1 (z +dx) — (x — dx) _ 1 2dx

= o 2dx V2= amo2de* T Y2

We can apply the same method for each variable, the result will be the elements of the gradient V f

of _ . of . of_

o By P xy (A.12)

Yz
The important thing to understand that in a computational graph, a multiplicative node, which takes
N arbitrary parameters (or arguments), will have a partial derivative for each variable its output is
depending on. In general if these derivatives are represented as a vector, then it is called the gradient
Vf of f. Also the value of the derivative will be the product of all variables except the one of which we

are computing the influence of on the output.

Addition rule. Consider a value z -y + x - z represented by ¢(z,y, z). The change of g with respect to

x is defined with the following shortened equation:

99 — lim ((x +dx)y + (x + dx)z) — ((z — dz)y + (z — dz)2)
ox dz—0 dx

=y+z (A.13)

Notice that — in the terms of computational graphs — if a node contributes to other different operations

(namely x -y and x - z), than the derivative of each occurrence in later values will be summed up.

Chain rule. Let f(z) =2z 4+ 3 and g(f) = 5f. Suppose that we would like to know the derivative of
g with respect to x. At first we cannot do so, but there are two options: in the hope that substituting
the value represented by f into g would not make the equation too complex we can unroll the references

and rewrite g(x) =5 (22 + 3), or we could use the chain rule:

g _ . g+ dw) — g(f(w = d))
Oxr  dz—0 2dx

Assume that f(x + dz) — f(z — dx) £ 0.

9(f(x +dx)) — g(f(z — dx)) [f(z+dr)— f(z—dz)

dz 30 fle+de) — flz —dx) 2dx
99 _ 99 Of

Which is a formula of the products of partial derivative of g, that treats f like a variable, and f explicitly

operating on variable x. The derivative of g with respect to variable x is the product of the local derivative

of g is g—fc =5 and % = 2 which equals 8%(;) = 3(5'(;£+3))

= 10, the function strictly depending on zx.
The important message is that we can interchangeably use function values and variables with a constraint
that at a point, in an arbitrary depth there must be a real variable. Note: the statement above stands
for computations with Acyclic Graph, meaning that there should not be any feedbacks or loops — no
definitions like f(g),g(f) or f(f). We will see that these rules play a very fundamental role in training

networks.
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Vector Notation. Before drilling deep into mathematical equations, a small reminder: the following
vector and matrix formulation is just a special annotation, using the rules above, which helps to make
clear both the definition, and the computations done by the network when it is implemented. The
vectors with partially derivatives inside are just representing real values, arranged in a fancy way. Every
vector and matrix defined in forward propagation, has its corresponding derivative w.r.t. the Loss. More
trivially, if any value is depending on a list of variables f(x1,z2---x,) = f(x) (a vector) then there is a
list of partial derivatives w.r.t. to f — forming the gradient Vf = (2—{7 %{ e %{,) Notation: When the
vector notation is emphasized the variable name is conventionally written in bold font x, or is underlined
z. Because later the indexing would become too crowded, we only use the indexed notation when it is

necessary, otherwise using x.

The next step is formulating the dependency of multiple functions on multiple variables. As seen above,
a multivariate function has its gradient vector — in the same fashion as the list of variables were orga-
nized into vectors x, values composed of them can also form a vector F' = (f1, fa--- fa), composing a
multivalued function depending on the same variables. Doing so yields a first-order derivative matrix,
composed of gradient vectors J = (Vf1,Vfy---Vfa)T, called the Jacobian of F. The Jacobian has as
many rows as output values F' has, and the same number of columns of the variables that f; is a function
of.

af af
v Lo oh

J(F) = : = D (A.15)
Vfur o G

The matrix and vector operations (such as addition and inner product) that can be performed on the
derivative arrays are identical defined in the inference section. That is important because product of
derivatives introduced by the chain rule, can be applied as well for multidimensional array of derivatives

too.

Fully Connected Layer

Return to the toy example and begin with the last layer, with 3 nodes. If a sample z is inferred F(z) = y,
then the response of the network will be a vector of dim(y) = 3. If we took the Lo distance between
the response and the goal y*, then it would tell how far we are from the ideal, by a single scalar value.
Since we want to minimize it, we have to adjust the parameters of the network, namely descend on the
gradient slope. To get the small extent of the update we have to evaluate %' Intuitively in the case we

would like to correct the weights of a decision, it would require two things:
The original situation (the input of the I** layer z;), which the decision was made in.
The error on the decision — the derivative 6! of the Loss with regards to the decision.

Since z; is obtained via inference, what we have to calculate is ' for the I*" layer in order to acquire
the parameter gradient. The first step is to evaluate the d;,, or the error of the last layer’s response %72,
namely 6% = Vs L. Begin with the first element:

53— oc 01

- T D ((y5 —y1)”+ (3 — ) + (5 — y3)2) =y -y

Expanding it to the whole array:
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o * *

e aor 3 iy — i) v — Ui

= = ams i — ) | = [v2—us
o * *

e 073 iU — i) Ys — ¥

Consider the following notation: §3 = (y; —v;), called parametric vector notation. Writing arrays in this
way, saves a lot of space. However, when this notation gets jammed with indexes, it is useful to write

down explicitly the whole array for clarification.

The last layer Now we have exact values of 6% and 3, so we can calculate how should the weights
in W2 be changed in order to get a better network. Applying the differentiation rules for each weight
(forming a matrix) of the layer will result in a derivative for each weight (also forming a matrix). Taking
the first perceptron of the layer, it has a weight W = (Wy 1, Wi 2, W; 3, W 4) for each output of the

previous layer.

Suppose that this neuron had to tell how rounded is the object on an image sample, and the i*" neuron
of the 2"? layer fires when it recognizes sharp edges. Of course it would be bad if our neuron had a large

weight on z3.

If this node performs poorly because of z7, then it would contribute a lot to the Loss
function while inferring sharp objects, with its output y; being far away from yf, resulting in a positive
§3. In case of x? = 0, the weight W ; has nothing to do with the error 6} of the neuron. Notice that the
error of each weight (w.r.t £) should be proportional to the error and the input as well: % =3 5.

However it can be also derived in terms of the differentiation rules:

oL _ oL oy _ 53 .43
oWy, Oyi oWy, !

(2

Considering the parameter update. assume that a picture of an origami sculpture (a very edgy one)
was inferred and the i*" node of the second layer worked correctly. Both x? and &3 is positive, however
the weight should be decreased' that is why we will take the negative of the derivative for updating wy ;.
Substituting i = 1,2,3,4 into 3

of the last layer. Doing so for each neurons in the layer would result in 3 gradient vectors Vi, £, Vi, L

- yields a gradient of £ with regards to the weights of the first neuron

and Vyy, £ which is practically stacked to make a matrix which can be later added element-wisely to the

weight matrix W.

oL oL oL oL S S 5 5
OW1,1 OWia OWiz 0OWig Z101 X201 X301 L4071
_ oL oL oL oL _
VwL = OWs1 OWao OWas OWaa | — x102 @20y 302 2402
oL oL oL oL

103 X203 X303 X403

OW3 1 OW32 OW33 O0Wzga

The last part of the equation can be also expressed as:

oL

Vil = ( ) = (2;0) =x A6 (A.16)

Where A denotes the outer product operator. The gradient of the bias is simply V£ = 6%.
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The (L — 1) layer. Gradient descent can be applied on networks with more than one layer, however
continuing the example of the image descriptor network requires a bit more abstraction. In the previous
explanation we assumed that the i*” neuron of the second layer worked properly. In general cases this
assumption is incorrect, if the whole network is initialized at once. If we think about that also the
mentioned neuron in the last hidden layer should be trained, then we can apply the same method with

a 4 dimensional §(*~1) and with a 5 dimensional 2~ input.

Note: Capital L is representing the number of layers. In the toy example L = 3.
Acquiring the §(“~1 is where the chain rule (A.14) steps into the scene. While in the example before
we could find an intuitive workaround, in this case it would be quite strained, since £ does not depend

directly on y(;,_1). Utilizing the chain rule:

oL oL oyt
(L-1) _ _ Y= Y%y _ 5L,
1 Gy ~ 9yt 9y LD 5% - J(FL) (A.17)
Where J(F) denotes the Jacobian (A.15) of the function representing the projection of the last layer
Fp : R* — R3. It is a map of how each input variable affects the output of the layer. In general: the
Jacobian numerically can be represented as a 3 X 4 matrix, analytically as a local derivative of function
F. In case of Fully Connected layers the Jacobian is simply the weight matrix F'(F;) = W, (the bias

drops out here).

For derivative of scalar values (R) the product operator is well defined, and it can be expanded the same
way to derivatives of multidimensional values as regular inner product of the values they are composed
of. Note: In order to stay consistent with the dimensions of the computation, we have to switch sides of

the matrix multiplication defined in (A.2):

(L1 _ L 7L
5 _Zai wr
J

s _ 5L .yl (A.18)

4] = [3]- 13 x 4]

Backpropagation

The backpropagation algorithm, first described by Werbos et. al [49]

The [*" layer. The contribution to the Loss of the general [** layer §' can be retrieved by unfolding

gT;El applying the chain rule, namely the backpropagation:
g 0L _ oL oyt o oytty
oyl — oyl oy@T—D Iy
A.19
&' =o" - J(FL) - J(Fie—y) - J(Fu-) (A.19)

[dim(1)] = [dim(L)] - [dim(L) x dim(L — 1)] - - [dim(l + 1) x dim(l)]

Note: the order of evaluating these derivatives is theoretically irrelevant, however computationally there

is an opportunity to implement it in two ways [23]:

forward-mode differentiation: evaluating in the order of layers is efficient in cases where the output

of the network is much larger than the input
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reverse-mode differentiation: evaluating in reversed order for networks with fewer outputs than

inputs.

As pointed out in the thesis, the former would require (L — ) times evaluating a matriz-matriz product
and one vector-matriz operation, while the latter would require (L —[) times evaluating a vector-matriz
product and one matriz-matriz at the end. Using forward-mode differentiation does not require keeping
transient activations 3!, however it is computationally costly. Using backward-mode differentiation does
not strain the CPU, but the memory. It is because if J(F}) is not linear, then it requires the input z; to

evaluate the first order derivatives.

Activation Layer

Though the activation layer operates on the input, it has no adjustable parameter. Since we have to
evaluate 0 for layers behind activation layers, the error must pass through J(Fyctivation as well. Luckily
activation layers applies a scalar function element-wise on the inputs, the Jacobian of the composite
function F' has a special attribute: it is diagonal, meaning that:

oF; BQ(”) i=]

Zq

C 0z o i #

J(F)

We can exploit this function when implementing activation layers, by simply using element-wise product
% instead of a matrix multiplication. The mentioned activation functions (A.3, A.4, A.5, A.6), are

differentiable almost everywhere, the corresponding derivatives:

(ReLU)" :=Heaviside(z) (A.20)
(TanH)" :=1 — tanh(z)? (A.21)
(SP)’ ::1—&-% (A.22)
(Log)" :=Logistic(x) - (1 — Logistic(z)) (A.23)

A.6 Additional

Pooling layers

Pooling layers are decreasing the parameter space with a fixed down-sampling projection which operates
independently on tiles of input. In general pooling layers are moving a N-sized window, or a tile through
the data taking stride steps. Data in each window is collapsed by an aggregation function, such as mean ()
or max () lowering the computational complexity of the next layers processes. Implementation of this layer
can be a bottleneck of inference, since the operations carried out in each window may rely on the same
input values if N > stride i.e. windows overlap. In our library a single max-pool layer is implemented

with fixed parameters: stride = N = 2. Further information see [25] “/convolutional-networks/#pool.

Dropout

Dropout layers target the problem of overfitting, being considered as a method of regularization. In
theory they reduce complex co-adaptation via model averaging, by generating different networks (using

the same parameters) in each forward pass [20]. Practically they drop activations of the previous layer


~/convolutional-networks/#pool
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(with random Bernoulli(p) probability) when propagating information, forcing succeeding layers to not
depend on an individual neuron of the layer before. Computationally it is very efficient to create different,
so called sub-networks: both for forward and backward pass a single Boolean array mask is used. Note:
Dropout layers are reducing the overall magnitude of the activation of the previous layer, considering
that latent layers would be saturated when dropout layers were removed after training, the activations

passed by this layer are multiplied by the constant %.

DropConnect. A similar concept, introduced by Li Wan et al. [47]: instead of dropping the activation

of the previous layer, the weights of the layer are canceled out in the same fashion.

Output

On the top of every network there should be a dedicated layer, which arranges the networks response. If a
(sample, label) pair was inferred it also evaluates the result and output a (response, loss) pair. Therefore

the output layer will determine how the network will be trained, and the response interpreted

Softmax. In case of classification, when the network has to decide which set was the input sampled
from, then we can transform the response into a categorical probability distribution, i.e. how confident
each neuron in the last layer in classifying the input as their ’own’. For that, we use one-hot notation,
where y; = [0,0---1---0] (with only one non-zero element) represents the ground-truth label, the ‘"
class. The response will be turned into a discrete density function, e. g. = [0.1, 0.6, 0.2, 0.1] can
be interpreted as the following: the input z is categorized as a sample from the second class with 60%
confidence. Notice that |p|; = >, 4; = 1 constraint should be satisfied. To transform a real valued
N dimensional vector 3y € RY to the mentioned probability distribution p € QV we apply the Softmaz
function: exp(y:)
XP\Yi
P Tl (A2

Conventionally the corresponding Loss function is the log-loss or cross-entropy function:
Ly)=- yilogp; (A.25)
i

and the derivation of its gradient w.r.t. the original response of the last layer y, is the following (based
on [22]):

oL LO0logp; Y5 Op;
dyi zk:yj i gpg‘ 9y

y“.‘
=y, (1=pi) = >_ = (pip))
G P
=~y —yipi+Y_yipi
i (A.26)
=~y + D yipi
j

=Di Zy; - Y
J

=pi—y;
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The trick of the derivation is that y* has only one non-zero element which is 1, and the lemma:

op; Jpil—pi) i=j
yi B

—PiDj iF£
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