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analysis of a forced delay equation for machine tpo] vibrations

iggreation ¢ :
Bi Jénos Lelkes and Tamés Kalmér-Nagy
., Mochanics, Faculty of Mechanical Engineering, Budapest Univers;
paf’"'e", of Fl uid Me Economics, Hungary versity of Technology and
Der”

.. ool can be subject to different kinds of excitation. Harmonj
A mach! 'f(‘) dic chip formation). We investigate the classical tool vibration
ri

ot : inearity and periodic forci i
pstrd If (e,g..P"' ic and cubic nonlinearity an periodic orcing. The method of multiple scales (MMS
pA -Sﬂf:i i ual;i;:ﬂe quations. Two-parameter b lfurcz}t§on analysis of equilibria and | imit ¢ yclesg fthc)s‘l’:)a\: gze»s
equﬂ“f’“ tne slov od, using Matcont. Sub- and supercritical Hopf: cusp, fold, Generalized Hopf (Bautin), Bogdanov-
" dcﬂ::s was P rfof‘;‘lre'found. This bifurcation analysis shows the rich dynamics of the system, '
cqllﬂu bifurcaﬂons
ke’

¢ forcing can arise from the cutting
model which is a delay-differential

Introduction

o] equations aré essential in. many areas f)f engineering and science. For example in stability
pelaY‘diﬁe nutational techniques (symbollc and numerical), automotive engineering, manufacturing, neuro-
analYSis’ C"m{;ﬁon dynamics, economlcs_, and control theory (see [1, 2]). Various techniques like the Linstedt-
ence: 79 l:hod (3], the method of multlgle scales [4], the combination of the method of multiple scales and

m - method [5], harmonic balance [6], n?ethod of averaging [7], center manifold reduction
2l forms [9] have been used to s?udy .delay-dlfferential equations. In this paper, a harmonically
il and :ne- degree_of_freedom machine tool vibration model is investigated (for derivation see [6, 8])

5 [edt‘

i+ At+z=-p(E—2)+q ((ﬂE — )} — (- :c,)3) + Acos (wt) . 1)

i< the tool displacement, ¢ > 0 is the relative damping factor, p > 0 is the nondimensional cutting
where iE>’ 0is the coefficient of nonlinearity, A is the amplitude of the forcing and w is its frequency. The term
q

forcde. otes 2 (t — 7). the delayed value of the position with with positive delay 7.
Ir el

Slow flow equations of the amplitude and phase

ximate the solution of Eq. (1) by using the method of multiple scales. We assume that damping is
We appro: linearity and forcing are weak (see [6]), and the forcing is near-resonant, i.e., ¢, p, ¢, 4, 0 ~ O (¢)
sm:l ) Tnl + o; where ¢ < 1 is the bookkeeping parameter and o is the detuning frequency. We express the
gst:)m parameters using the bookkeeping parameter as 0 = €0, w= 14¢€6,p=¢p, q=eq, C = EC_ g A=
¢ A. We also assume that the solution of Eq. (1) can be well approximated by the two-scale expa.nsxon, usmg'the
fast to = ¢ and the slow timescale t1 = et i.e., z (t) = @o (to,t1) + €1 (to, t1) + O (¢2). Using tl?e n.lultlple
cales method, the slow flow equations describing the slowly varying amplitude and phase (for derivation see
[10]) are o )
Dia= - (C - gSiIl'T) a — 3geos 7 sin® Zo3 + 4 sing,

. (2
aDyé = 1 (p(cos T — 1) + 26) & — 3§sin’ Fo® + 4 cos 9,

where D; = §/0t,. The amplitude a(t;) > 0 and the phase ¢(t1) come from the solution of zq (to, 1), i.€.,
30 (to.t1) = a(ty) cos(wty — @(t1))-

Bifurcation analysis of the slow flow

Inthis section, we will summarize the bifurcation analysis of equilibria an limit cycles with Matcont [11]. The

forcing amplitude A and frequency w are the two bifurcation parameters. The other system parameters were the

fllowing during the investigation = 4.676, ¢ = 0.01, p = 0.0101, g = 0.003 (see [8, 10]). Using Matcont

¥e determined two essential bifurcation curves. |

Th? first one is the fold bifurcation curve, with three cusp bifurcation points and two Bogdanov-Takens points.

Inside the clogeq wedge region (filled with grey in Figure 1a) of the fold curve three equilibrium points exist, for

th other areas of the (4, w) plane we have one equilibrium point (see Figure 1a). The number of equilibrium

L:ts c"“‘3590nqs to different amplitudes of the steady-state vibration. ‘ . ' -

Sﬁconfi one is the Hopf-curve, with a Generalized Hopf (Bautin) bifurcation point and two qudanov

ish % poimts. (see Figure 1b). At the Generalized Hopf bifurcation point the first Lyapl_mov c'oefﬁc::lm vz;annd
5 linesshljnlf:l.xrcatnon point separates branches of subcritical and szupercr.ltlcal Hopf blilll;(s:a:cc:lsr {12‘;‘: and

limg Sycls of 8ure 1b, Ic). For nearby parameter values, the fold b:flllrcat_xon.of hml_t cy L .

the sub- and supercritical Hopf bifurcations are the quasi-periodic solutions of Eq. (1).
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