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A Concepts and methods in nonlinear dynamics 
B Nonlinear dynamics of mechanical and structural systems 
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analysis of a forced delay equation for machine .... 1 'b . rcatto iuo VI rations 
)Jifll Janos Lelkes and_ Tamas Kalmar-Nagy 

'd Mechanics, Faculty of Mechanical Engineering Budapest u . . .1f/u1 ' mvers1ty oif Te h l 
ent o, Economics Hungary c no ogy and 

..art"' • Otr . 
. . tool can be subject to different kinds of excitation. Hannonic t . . 

t A rnachlfll_ng ic chip formation). We investigate the classical tool vibration m~:\ng ~-an ~se from ~e cutting 
~i,st~c 'tf(e.g,, pen~ and cubic nonlinearity and periodic forcing. The method of mutt'~ •c~s a delay-d1ffereotial 
~s itseith a quadrauc uations. Two-parameter bifurcation analysis of equilibria and I .'P _e sc es (MMS) was used 
e<luatioO ~e stow flow J ~sing Matcont. Sub- and s~percritical Hopf, cusp, fold Generaliz;:~ c Y[~~ o ~the slow flow 
10 

de~"e was perfonne 'found. This bifurcation analysis shows the rich dynami~s of the sy t op autm), Bogdanov-
00ns lions were s em. 

equa bifurca 
ral'eos Introduction 

. 1 equations are essential in many areas of engineering and science. For example . tab'!' 
·derentta . ( bot· d . 1 . m s 1 1ty 

rv1ay-d111' t' onal techniques sym tc an nu men ca ), automotive engineering manufact . 
v· . 

0
mputa 1 . . d 

1 
. , unng, neuro-

analystS, c ulation dynamics, economics: an contro theory (see_[ I , ~]). Vanous techniques like the Linstedt-
science, v:thod [3], the method of multt~le scales [4], the combmatton of the method of multiple scales and 
poincare poincare method [5], harmonic balance [6], method of averaging [7], center manifold reduction 
(he Linsiedt-

1 
forms [9] have been used to study delay-differential equations. In this paper, a hannonically 

[8) and nonndagree-of-freedom machine tool vibration model is investigated (for derivation see [6 8]) 
't•A-e , 

e~CI t:U 

x + 2(:.i; + X = -p (x - Xr) + q ( (x - Xr )2 - (x - Xr )
3
) + A cos (wt) , ( I) 

. the tool displacement, ( > 0 is the relative damping factor, p > O is the nondimensional cutting 
where x ,s f 1· · A · h 1· 

0 is the coefficient o non meanty, 1s t e amp 1tude of the forcing and w is its frequency. The term 
force, q > x (t _ r) the delayed value of the position with with positive delay r. 
Xr denotes ' 

Slow flow equations or the amplitude and phase 

We approximate the solutio_n of Eq. (1) by using the method ~f ~ultiple scales. w_e assume that damping is 
all nonlinearity and forcmg are weak (see [6]), and the forcmg 1s near-resonant, 1.e., ( , p, q, A, a~ O (e) :d ~ = 1 + a; where e « 1 is the bookkeeping parameter and a is the detuning frequency. We expr~ss the 

system parameters using the boo~eeping parameter as a = ea, ~ = 1 + ea, p = ep, q = e<J, ( = e( , A = 
ui. We also assume that the solution of Eq. (1) can be well approximated by the two-scale expansion, using the 
fast to = t and the slow timescale t, = et i.e., x (t) = xo (to , ti) + eX1 (to , ti) + 0 (e2

). Using the multiple 
scales method, the slow flow equations describing the slowly varying amplitude and phase (for derivation see 

[IOI) are 
D1o: = - ( (+;sin r) o: - 3qcos ~ sin3 ~o:3 + 4 sin¢, 

o:D1¢ = ½ (p(cosr - 1) + W)o: - 3qsin4 ~o:3 + 4cos¢, 
(2) 

where D1 = 8/8t1. The amplitude o:(t1) > 0 and the phase ¢(t1) come from the solution of xo (to , t1), i.e., 
xo (to,t1) = o(t1) cos(wto - ¢ (t1)) . 

Bifurcation analysis or the slow flow 

In this section, we will summarize the bifurcation analysis of equilibria an limit cycles with Matcont [ 11 ]. The 
forcing amplitude A and frequency w are the two bifurcation parameters. The other system parameters were the 
following during the investigation 7 = 4.676, ( = 0.01, p = 0.0101, q = 0.003 (see [8, 101). Using Matcont 
we detennined two essential bifurcation curves. 
:: firs1 one is the fold bifurcation curve, with three cusp bifurcation points and two Bogdanov-Takens points. 
~ide the closed wedge region (filled with grey in Figure la) of the fold curve three equilibrium points exist, for 

. 0ther areas of the (A, w) plane we have one equilibrium point (see Figure la). The number of equilibrium 
P<>mts correspo d d. The n s to 1fferent amplitudes of the steady-state vibration. 
Take secon~ one is the Hopf-curve, with a Generalized Hopf (Bautin) bifurcation point and two Bogdanov-ishet:::?ee ~igure _I b). At the Generalized Hopf bifurcation point t~~ first Lyap~nov c~fficient van­
&reen li . f~rcation pomt separates branches of subcritical and supercntical Hopf bifurcations (blue and 
limit c n~s tn Figure I b, I c ). For nearby parameter values, the fold bifurcation of limit cycles occur [ 121- The 

ye es of the sub- and supercritical Hopf bifurcations are the quasi-periodic solutions of Eq. ( I). 
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