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Budapest University of Technology and Economics
{varnyu,szirmay}@iit.bme.hu

Abstract. The aim of dynamic positron emission tomography (PET) is
to reconstruct the radiotracer density in every voxel of the measured vol-
ume. The Time-Activity Curves (TACs) of the voxels are searched in a
fixed algebraic form according to a predefined kinetic model. A common
input of kinetic models is the blood input function, which describes the
amount of radiotracer in the blood that can diffuse into tissues at a cer-
tain point of time after tracer injection. The blood input function can be
measured by taking blood samples, or a safer and less invasive solution is
to estimate it in parallel with the kinetic parameters during the iterative
reconstruction process. However, since kinetic parameter calculation re-
quires the blood input function even at the start of the reconstruction, a
good initial approximation of the input function is needed. In this paper,
a deep CNN-LSTM-DNN network is proposed to provide a good initial
value for the non-linear blood input parameters from which the iterative
reconstruction process can start.

1 Introduction

With dynamic positron emission tomography (PET), we can determine the dy-
namics of radiotracer spreading and accumulation in tissues. The determined
TAC function is expected to be consistent with biology, therefore it is searched
in a pre-defined algebraic form that reflects the biological model.

The most popular approach is the compartmental analysis [9, 17, 18, 16], in
which the algebraic form is based on the solution of differential equations ex-
pressing the tracer exchange between n compartments [7]. The solution has an
algebraic form that is a non-negative linear combination of convolutions of the
blood input function Cp(t) and the impulse response w(t) of the tissue. The im-
pulse response is the non-negatively weighted sum of exponentials of unknown,
non-negative rate constants αi and constrained only for positive time values t
by the Heaviside step function ε(t):

w(t) = ε(t)

n∑
i=1

cie
−αit,

where ci are the non-negative weights. Taking into account that a voxel is a
mixture of tissue and blood, we obtain

K(p, t) = fV CW (t) + (1− fV )w(t) ∗ Cp(t), (1)
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where fV ∈ [0, 1] is the unknown fraction of blood and CW is the total blood
concentration function taking into account also the portion of the radiotracer
that cannot diffuse into the tissues. The blood input function for tissues, Cp(t),
may be different from the radioactivity of the whole blood, CW (t), because
metabolism is limited. The two functions may be fitted separately, or we can
assume that one of them can be obtained from the other with a tracer-dependent
metabolic correction. In this paper, we assume that a known tracer-dependent
factor γ can be used to express total blood concentration CW (t) from the blood
input Cp(t) as CW (t) = γCp(t).

In PET, we use radiotracer isotopes decaying with positron emission. The
positron emitted at the decay of an isotope wanders a few millimeters in the
tissues and then collides with an electron. As a result, both particles annihilate,
and two oppositely directed gamma-photons are born, which might be detected
by the tomograph. A PET/CT system collects the events of simultaneous photon
incidents in detector pairs. An event is a composition of the identification of the
detector pair, also called Line Of Response or LOR, and its time of occurrence.
The raw input data of the reconstruction is the list of events, which is processed
directly in list mode, or binned in frames (tF , tF+1).

Using the concentration function K(pV , t) of voxel V , the expected number
of radioactive decays, i.e. number of positrons generated in voxel V in frame
[tF , tF+1] is

x̃F (pV ) =

tF+1∫
tF

K(pV , t) exp(−λt)dt, (2)

where λ is the decay rate of the radiotracer.
The correspondence between positron generation and gamma-photon detec-

tion is established by system matrix A that expresses the probability of generat-
ing an event in LOR L given that a positron is emitted in voxel V . The expected
number of events ỹL,F in LOR L during frame F , i.e. in time interval (tF , tF+1),
is the sum of the contributions of all voxels in the volume during this time:

ỹL,F =

NV∑
V=1

AL,V x̃F (pV ). (3)

As a result, the measured values in LOR L and frame F is of Poisson distribution
with mean ỹL,F . Note that the blood input function is scaled, convolved and
integrated until it conforms to the expected value of the measured data, which
is just a realization of a random variable, or from another point of view, it is
also contaminated by noise. From the values of LORs and frames, we need to
determine the global blood input parameters as well as the compartment model
parameters of every voxel.

In direct dynamic tomography, kinetic parameter calculation and reconstruc-
tion happen simultaneously, thus these functions or their approximations are
needed from the start of the process. Possible methods to obtain the blood in-
put function include the measurement of the real data, the application of the
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average of similar measurements, and reconstructing the blood input function
also from the PET data.

This paper investigates the problem of determining the blood input func-
tion, aiming at making estimations more reliable without taking blood samples.
Our approach is in between image-derived and model-derived approaches. Simi-
larly to image-derived methods, we do not require physically measured samples,
but unlike image-derived techniques, our method works robustly without precise
segmentation of the blood cells.

Reconstruction means identifying parameters p = (fV , c1, α1, c2, α2, . . .) for
every voxel. However, the algebraic form of Eq. (1) is not optimal for fitting since
the TAC depends on these parameters non-linearly. Thus, we use an equivalent
algebraic form, where f∗V , a1, a2, . . . are linear parameters if the rate constants
are fixed [13]:

K(p, t) = f∗V Cp(t) +

(
ε(t)

n∑
i=1

aie
−αit

)
∗ Cp(t), (4)

where the correspondence between the new and the original parameters is ai =
(1− fV )ci and f∗V = γfV .

The blood input function determination from the reconstructed data is an
inverse problem related to this equation. We have K(t) or its integrals in various
intervals, and from these function Cp(t) needs to be recovered. However, this
inverse problem is ill-posed and ambiguous, since the same function can be de-
livered with many different parameters and blood input functions. For example,
the contribution of the fraction of blood parameter f∗V can also be provided with
making αi →∞ and aie

−αit → f∗V δ(t). Thus, we need more a priori information,
e.g. that the dynamics of the blood input function is much faster than the tissue
response, or we can use a simplifying assumption, such as f∗V = 0.

Note also that the automatic determination of the blood input function is
a “chicken and egg” type problem. In order to find the TAC of voxels from
which the blood input function can be extracted, we need a tomographic re-
construction. During direct tomographic reconstruction, we fit the TAC in every
iteration, which requires the blood input function. We can break this evil loop by
indirect reconstruction, which reconstructs frames independently, thus requiring
no parameter fitting. However, with this we loose the advantages of direct recon-
struction, namely that for the reconstruction of a frame, complete information
of all frames can be exploited.

2 Previous work

There are different possibilities for the determination of blood parameters [20,
19, 5]. We can take blood samples from the artery. Artery samples represent
the total blood function, from which the blood input function is calculated
with tracer-dependent metabolic correction. Alternatively, venous samples can
be taken during transient equilibrium.
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Blood sampling is a difficult and error-prone process, especially in pre-clinical
testing where small animals are investigated. Thus, there is a significant interest
in methods requiring no, or just minimal number of such samples.

2.1 Population-Based Input Function

This approach takes the average of previously taken blood input functions and
scales it based on just a few current samples. Therefore, this method does not
eliminate the need of sampling, only drastically reduces the number of required
samples. On the other hand, the shape of the blood input function is fixed, which
may not prove to be flexible enough to describe the current case.

2.2 Image-Derived Input Function (IDIF)

The Image Derived Input Function (IDIF) method uses the reconstructed time-
activity values of blood voxels, thus it requires the segmentation of the artery
or the needle region. This method can determine the total blood function from
which the blood input is calculated with metabolic correction. If the segmented
region is thin or small, partial volume effect and spill-in may compromise the
estimation, which is described by the following model [1]:

Cm(t) = CW (t)R+ Ct(t)S, (5)

where Cm(t) is the activity in the artery that results from the reconstruction,
CW (t) is the real total blood concentration, Ct(t) is the obtained activity in
surrounding tissues, R is the recovery coefficient, and S is the spill-in coefficient.

The task is to obtain CW (t) from Cm(t) and Ct(t) when the recovery coeffi-
cient and the spill-in factor are also unknown. This problem is ill-posed in this
form. For example, Eq. 5 contains the product of the recovery coefficient and
the total blood activity, which is invariant to the simultaneous upscaling of the
recovery coefficient and downscaling of the blood activity. To eliminate these
ambiguities, additional information is needed.

The recovery coefficient and the spill-in factor may be estimated from the
point spread function and the precise segmentation of the arteries, but this ap-
proach is complicated and not very accurate. Another option is to first extrap-
olate CW (t) from late venous samples or by selecting the maximum intensity
voxels, then obtain the recovery coefficient and the spill-in factor with least
squares estimation. Having them, the total blood input function is expressed
from Eq. 5.

The method of Image-Derived Input Function requires the segmentation of
blood cells and possibly the compensation of partial volume effects. Note that
in case of small animals, the number of voxels that can be clearly identified as
full blood is limited.

A sophisticated approach to separate real blood input and the contribu-
tion from the neighboring tissues is the application of Independent Component
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Analysis [11]. This is done by assuming that two non-Gaussian, statistically in-
dependent components are added. Recalling the Central Limit Theorem, when
two non-Gaussian, independent signals are added, the result will be closer to the
Gaussian distribution than either of the two signals. Additionally, the compo-
nents are expected to be of lower complexity than their sum.

Independent Component Analysis also suffers from the indeterminacy of the
scaling factors, thus real blood samples are needed to scale the reconstructed
functions.

2.3 Model-Based Input Function (MBIF)

The Model-Based Input Function method does not require anatomic information
or the segmentation of the arteries. Instead, it estimates the blood input function
and the kinetic parameters simultaneously. The MBIF method searches not only
the impulse response, but also the blood input function in a pre-defined algebraic
form. A proven choice for the algebraic form of Cp(t) is the Feng model [6]:

Cp(t) = A1(t− τ)e−β1(t−τ) +

3∑
j=2

Aj

(
e−βj(t−τ) − e−β1(t−τ)

)
(6)

if t > τ , the time of injection, and zero otherwise.
Note that model-based methods also have ambiguity. The same Time Activity

Curve can be obtained by scaling down the tissue model parameters ai and f∗V ,
and simultaneously scaling up the linear blood parameters A1, A2, A3. This can
be resolved by taking a few blood samples.

3 Proposed method

Our proposed algorithm belongs to the category of both Image-Derived Input
Functions, as it needs the identification of “blood voxels” that at least partially
contain artery regions, and Model-Based Input Functions, since we find the pa-
rameters of the Feng model. Neither full nor total segmentation is needed, but
the accuracy of the method increase if the selection includes more blood voxels.
Selected blood voxels are assumed to have similar activity functions.

To address the “chicken and egg” problem, the TAC and the blood input
function are estimated in parallel during the iterative reconstruction. The re-
construction should simultaneously determine the parameters of the Feng model
and the per-voxel kinetic parameters. In order to guarantee fast and certain con-
vergence, a crucial factor is the initialization of these unknown parameters. The
measured data is a weighted sum of the TAC of different voxels, which are in
turn a weighted sum of the convolution of the impulse responses and the blood
input function. It means that the blood input function is involved in every voxel
TAC and therefore in every LOR after convolutions with voxel-dependent im-
pulse response functions. Our goal is to exploit this information and to obtain
the non-linear β1, β2, β3 parameters directly, which can be used to initialize the
iterative reconstruction process.
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4 Analysis of the dependence of the TAC and the
sinograms on the blood input parameters

Calculating voxel activity requires the integration of the convolutions of expo-
nential functions.

According to Eq. 2, the activity of a voxel in a time frame is expressed by a
time integral. The antiderivative of the integrand is

I(t) =

∫ ((
ε(t)

n∑
i=1

aie
−αit

)
∗ Cp(t)

)
e−λtdt =

n∑
i=1

ai

A1Hi(t) +

3∑
j=2

Aj(Gij(t)−Gi1(t))

 , (7)

in which there are two types of convolutions from the blood input function and
the impulse response. Using the α∗

i = αi + λ and the β∗
j = βj + λ notations, the

first type is

Gij(t) =

∫ (
ε(t)e−αit ∗ ε(t)e−βjt

)
e−λtdt =

e−α
∗
i t/α∗

i − e−β
∗
j t/β∗

j

(α∗
i − β∗

j )
, (8)

while the second one is

Hi(t) =

∫ (
ε(t)e−αit ∗ ε(t)te−β1t

)
e−λtdt =

e−β
∗
1 t/β∗

1 − e−α
∗
i t/α∗

i − (α∗
i − β∗

1)(t+ 1/β∗
1)e−β

∗
1 t/β∗

1

(α∗
i − β∗

1)2
. (9)

Finally, voxel activity in a time frame is

x̃F (p) = fV

tF+1∫
tF

CW (t)dt+ I(tF+1)− I(tF ). (10)

We can observe that every TAC is the weighted sum of functions te−β
∗
1 t, e−β

∗
1 t,

e−β
∗
2 t, e−β

∗
3 t, and also contains exponentials e−α

∗
i t. The LOR data, which are the

primary measured data, are the weighted sums of the TACs of the voxels. Thus,
each data element is also a weighted sum of functions te−β

∗
1 t, e−β

∗
1 t, e−β

∗
2 t, e−β

∗
3 t,

and also contains a large mixture of exponentials e−α
∗
i t, which is different in

every LOR. In addition, we can assume that the dynamics of the blood input is
quicker than the diffusion into the tissues, i.e. βj � αi. The task is then to re-
trieve the exponential functions that are present in every measured data element
and initialize the exponents of the blood input function accordingly.

If we had sine functions instead of exponentials, the solution would be quite
straightforward. We would compute the Fourier transform of the signal and
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identify the largest dominant frequencies as parameters β1, β2, β3. Unfortunately,
this concept is not directly applicable for exponentials since these functions are
not orthogonal. Fitting with exponentials have been investigated [10, 3], but
these are complicated and cannot handle the te−β

∗
1 t type terms. Consequently, we

should attack this problem with more general approach, which is the application
of a neural network.

Note that we do not aim at precise identification of the exponents, only at a
reasonable guess that can be used to initialize the iterative reconstruction.

5 Using a neural network to predict initial values for
optimization

In our work, we have constructed and trained a CNN-LSTM-DNN network to
predict the exponents of the blood input function from series of time-activity
data. The network was implemented using the Keras deep learning API [2] and
hyperparameter optimization was performed with the Ray Tune library [12].

5.1 Dataset

The model was trained with series of simulated time-activity data obtained by
evaluating Eq. 4 with randomized parameters, assuming n = 2 compartments.
Parameters of the blood input function were selected from normal distributions
proposed by Feng et al. [6] (Table 1). The α1, α2 exponents of the impulse
response were sampled from interval [ 1

10 ,
β1

4 ], while the linear parameters were
chosen with standard uniform distribution. The fraction of blood parameter was
set between 0.8 and 1.0 to simulate only voxels consisting primarily of blood, i.e.
blood voxels. The total simulation time for each sample was 120 seconds, during
which the TAC was evaluated in 100 points, resulting in 100 positive real activity
values in order of magnitude 10−2. As a preprocessing step, activity values were
normalized to fill the interval [0, 1] to promote the learning of the network. Our
dataset consisted of 1 000 000 samples, of which we used 70% of for training,
15% for validating and the remaining 15% for evaluating our model.

A1 A2 A3 β2 β2 β3

Mean 767.3 27.42 29.13 4.195 0.232 0.0165

Standard deviation 360.0 7.48 5.22 1.380 0.112 0.0076

Table 1. Mean and standard deviation of the normal distributions from which the
blood input function parameters were drawn during data generation. The proposed
values are based on the paper of Feng et al. [6].
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5.2 Network Architecture

Our model had a CNN-LSTM-DNN architecture, using Convolutional Neu-
ral Network (CNN) layers for feature extraction, a Long Short-Term Memory
(LSTM) layer for interpreting the features through time, and Dense Neural Net-
work (DNN) layers to transform the features into a latent space that makes the
output easier to predict.

Two 1D convolutional layers were stacked on top of the input, both followed
by a spatial dropout layer with a dropout rate of 0.1 to introduce a degree of
sparsity into the model. The convolutional layers learned 16 filters using kernels
of size 8 and 4, respectively. Their output was passed to an LSTM layers with 50
units and a recurrent dropout rate of 0.1. At the end, two fully connected (FC)
layers with 50 units transformed features into the latent space from which a fi-
nal fully connected layer with 3 neurons predicted the three exponents. Dropout
layers with rates of 0.3 were inserted after the two FC layers to prevent overfit-
ting. All layers used ReLU activation, He uniform weight initialization [8], and
a combination of L1 and L2 weight regularization.

5.3 Network Training

The presented model was trained for 200 epochs using the NAdam optimizer [4]
with α = 0.0001 learning rate and the log hyperbolic cosine (log-cosh) loss
function. The batch size was 128. Fig. 1 displays the training and Fig. 2 the
validation loss during the process. The final training loss was 0.0169 and the
validation loss was 0.0163.
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Fig. 1. Training loss
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10 Varnyú et al.

6 Results in reconstruction

The proposed methods are tested with a 2D brain phantom where the number
of LORs is NL = 10k and the number of voxels is NV = 1024 (Figure 4). The
phantom has four anatomical parts, namely air, gray matter, white matter, and
blood. Parameters of the two-tissue compartment model [fV , a1, a2, α1, α2] used
in the test are listed in Table 2.

Fig. 4. 2D phantom and tomograph model

Region a1 a2 α1 α2 fV

Background 0 0 0 0 0

Gray matter 0.14 0.86 1.46 0.34 0

White matter 0.05 0.45 1.79 0.01 0

Blood 0 0 0 0 1

Table 2. Tissue parameters of the 2D brain phantom

Figure 5 demonstrates the difficulties of the blood input parameter estima-
tion. This figure is the statistical analysis of the sinogram, in which the dynamics
of the blood input function is embedded. However, due to the convolutions and
averaging, the result has no resemblance to the blood input function, which is
also shown by this figure. So, a simple extraction of the exponents from the
sinogram would significantly underestimate the blood exponent parameters.

We compare four blood input acquisition strategies:

– Ground truth: In this case, we assume that the parameters of the Feng model
are known a priori. In case of simulation, the same parameters are used to
generate the measured data as the setting of the blood input function before
reconstruction.



Title Suppressed Due to Excessive Length 11

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  20  40  60  80  100  120

re
la

tiv
e 

nu
m

be
r 

of
 e

ve
nt

s

time [s]

Cp
Event rates
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scaled. Note that the dynamics of the sinogram does not reveal the dynamics of the
included blood input function.

– Model-based : This is the classical approach when the statistical analysis of
the sinogram data provides an initial estimation, which is refined in parallel
with the iterative ML-EM estimation of the tissue parameters.

– Deep learning : This approach uses the trained neural net to provide β1, β2, β3
blood parameters in response of the sinogram data. These parameters are
set and only the A1, A2, A3 linear parameters are subject to iterative opti-
mization together with the ML-EM iteration.

– Deep learning + Model-based : The initial estimation of the β1, β2, β3 param-
eters are taken from the trained neural net, and these are kept fixed during
the first 10 iterations. Then the algorithm becomes a model-based method
and further refines the parameters.

Fig. 8 depicts the reference blood input function and the TAC in different
tissues, as well as the TAC and the macroparameter reconstructions of the ex-
amined methods. The total number of coincidences during the 120-second mea-
surement is 47 million. The measurement time is decomposed into 40 frames.

Fig. 6 and Fig. 7 show the convergence speed of the tissue and blood input
reconstruction, respectively, for the compared methods. The deep learning solu-
tions are quite close to the optimal case when the blood input function is known
a priori. The same conclusions can be drawn from looking at the reconstructed
TACs and macroparameter maps (Fig. 8).
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7 Conclusions

This paper proposed a deep-learning-based method to estimate the exponents of
the Feng-type blood input function from sinogram data. The estimated parame-
ters are used to initialize an ML-EM reconstruction scheme that simultaneously
determines both the blood input parameters and the tissue parameters.
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PET. IEEE Trans Med Imaging, 33(4):970–978, 2014.

15. L. Szirmay-Kalos, M. Magdics, B. Tóth, and T. Bükki. Averaging and Metropolis
iterations for positron emission tomography. IEEE Trans Med Imaging, 32(3):589–
600, 2013.

16. Guobao Wang and Jinyi Qi. An optimization transfer algorithm for nonlinear para-
metric image reconstruction from dynamic pet data. IEEE Trans Med Imaging,
31(10):1977–1988, 2012.

17. Hiroshi Watabe, Yoko Ikoma, Yuichi Kimura, Mika Naganawa, and Miho Shida-
hara. Pet kinetic analysis—compartmental model. Annals of Nuclear Medicine,
20(9):583, Nov 2006.

18. Jianhua Yan, Beata Planeta-Wilson, and R.E. Carson. Direct 4d list mode para-
metric reconstruction for pet with a novel em algorithm. In Nuclear Science Sym-
posium Conference Record, 2008. NSS ’08. IEEE, pages 3625–3628, Oct 2008.

19. Paolo Zanotti-Fregonara, Kewei Chen, Jeih-San Liow, Masahiro Fujita, and
Robert B Innis. Image-derived input function for brain pet studies: Many chal-
lenges and few opportunities. Journal of Cerebral Blood Flow & Metabolism,
31(10):1986–1998, 2011. PMID: 21811289.

20. Paolo Zanotti-Fregonara, El Mostafa Fadaili, Renaud Maroy, Claude Comtat, An-
toine Souloumiac, Sebastien Jan, Maria-Joao Ribeiro, Véronique Gaura, Avner
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