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Abstract

The self-motion of the examined patient often cannot be avoided during tomography, which may destroy the exam-
ination. Thus, the motion should be measured and this information should be incorporated into the reconstruction
process. It would be possible to decompose the measurement time into small intervals, called frames, and con-
sider each frame as a static reconstruction with frame dependent position and orientation of the object. However,
higher speed motions, which occur when studying neurological disorders like epilepsy, require very high number
of frames, which leads to unacceptable reconstruction times proportional to the number of frames. To attack this
problem, we re-formulate the classical Maximum Likelihood Expectation Maximization (ML-EM) scheme to in-
corporate continuous motion during the frames that are defined according to the tracer dynamics. We conclude
that inside frames we should apply 3D motion blur, which needs to be executed before forward projection and
during back projection once for the numerator and once for the denominator. For the efficient implementation of
the 3D motion blur, the paths of object-space voxels are approximated by polylines and anti-aliasing line drawing
methods are adopted to efficiently calculate the blurred result. The 3D motion blur is executed on the GPU ex-
ploiting the trilinear interpolators of its texturing units. Having executed the continuous motion blur on the voxel
array before the forward projection and during the back projection, all other components of the simulation can be

reused from a dynamic reconstruction system developed without motion compensation.

1. Introduction

In dynamic Positron Emission Tomography (PET), we an-
alyze the accumulation and emptying of drugs in organs
10.9.10 Direct dynamic tomography algorithms usually iter-
ate two steps, first an ML-EM °© static forward and back pro-
jection are executed for each frame, then the parameters of
a time function of pre-defined algeabric form are fit in each
of the voxels !4. Thus, the number of projections is propor-
tional to the number of frames, which should be kept under
control to avoid prohibiting reconstruction times and mem-
ory requirements.

The self-motion of the examined patient often cannot
be avoided, e.g. when studying neurological disorders like
epilepsy, thus the motion should be measured and taken into
account during the reconstruction process #. Accurate recon-
struction requires projections that simulate all relevant phe-
nomena, including positron range, gamma-photon scattering
and absorption both in the measured object and in detector
crystals, etc., which are all affected by the motion of the
body. Classic forward and back projections should be exe-
cuted for the transformed data of each frame if we can as-

sume that inside a frame, the subject movement is negligi-
ble, i.e. the motion is slow. However, this is usually not the
case when neurological disorders are examined, object mo-
tion has much quicker dynamics than the tracer diffusion.
Gated approaches 23 keep hits close to discrete time sam-
ples to solve the problem of motion inside the frame, but
they ignore significant information and thus less reliable for
low statistics or low dose experiments.

The other option is to re-bin the list-mode data and find
another event list that would be measured if the subject did
not move, and execute a conventional reconstruction for the
modified sinogram 3 !-2. This implements a general idea of
compensating certain effects by transforming the measured
data to show what the measured data would be if this ef-
fect had not been happened. Such measured data, also called
sinogram filtering techniques are simple to implement and
efficient, but cannot be applied for effects happening in the
detectors. They either add noise or result in filtered mea-
sured data that are not of Poisson distribution, and suffer
from the missing or lost data problem. To illustrate this miss-
ing data problem, let us follow an event on a pair of detec-
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tors when the source is moving. In the simple case of direct
hit, the effect of the moving source can be compensated by
inverse transforming the line connecting the two detectors
and finding those two new detectors that are intersected by
the transformed line. It can happen that the transformed line
does not intersect the detector modules, so this event must be
ignored. However, in theory, the opposite could also occur,
when we did not measure an event because its line did not
intersect the detector modules, but the inverse transformed
line would cause such intersection. As we do not have infor-
mation about these events, they cannot be taken into account
during the reconstruction.

2. Reconstruction algorithm

In this section we propose a generalization of the ML-EM
scheme to consider also the object movement. During a PET
measurement radiotracer isotopes randomly decay generat-
ing events in the detectors of the tomograph. An event is
a composition of the identification of the involved detec-
tors, also called Line Of Response or LOR, and its time
of occurrence. To get an efficient numerical method, the
space of the measured object is discretized into voxels and
the measurement time is discretized by interval boundaries
t1,t2,...,tn, and events are binned in frames (tp,tp41). The
number of voxels and frames are critical because the com-
putational complexity of the reconstruction is proportional
to their product.

Using the radiotracer concentration function K (py,t) for
voxel V represented by parameter vector py, the expected
number of decays in time interval [t7,tp41] is

TF41
[ Kovane ™ (1)
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Fr(py) =

where A is the decay rate of the radiotracer. The algebraic
form of K(py,?) is pre-defined and is usually derived from
compartment analysis. The goal of reconstruction is thus the
identification of the unknown parameters py in voxels.

The correspondence between decays and detected events
is established by system matrix A that expresses the prob-
ability of generating an event in LOR L given that a decay
happened in voxel V. If the measured object is moving, then
the system matrix is also time dependent since a point of the
object will be at different places. To handle this, we intro-
duce two voxel arrays, an object-space array that follows the
measured object, and a romograph-space array that is fixed
to the tomograph. To make the distinction clear, object-space
voxels are denoted by index V or V', while tomograph-space
voxels by W. The system matrix describing the correspon-
dence between tomograph-space voxels and LORs is not
time dependent, but tomograph-space voxels have dynamic
activity due to both the dynamic radiotracer concentration
and the time-dependent geometric transformation between
object-space and tomograph-space.

Let us denote the geometric transformation at time ¢ by
7t = T (7o,t) where 7 is the point in the tomograph’s coordi-
nate system, and 7, is the point in the object’s coordinate sys-
tem. This transformation is a rigid body transformation, i.e.
it contains a translation and rotation, and is measured by an
external device. Using this transformation, we can obtain an
overlap factor Oy y (t) between object-space voxel V' and
tomograph-space voxel W that expresses the ratio of the vol-
ume in voxel W that actually comes from object-space voxel
V’. Formally, the overlap factor is the the volume of the inter-
section of object-space voxel V' and tomograph-space voxel
W in time ¢ divided by the volume of a voxel.

The expected number of decays in tomograph-space voxel
W during time interval [t7,tp4] is
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where oy w F is the average overlapping of object-space
voxel V' and tomograph-space voxel W during frame F:
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From now on, we assume that this average overlapping is
independent of parameter vector py, which is the case when
either K (pv,t)e_x’ or the overlapping factor are constant in
time, otherwise, it is a good approximation. In this case, we
get
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This simplification makes our numerical algorithm tractable,
but it also imposes limitations on the frame lengths. The
frames should be short enough to allow the assumption that
voxel activities are approximately constant. A better idea is
to evaluate the concentration function at the beginning and
at the end, and to apply linear interpolation inside the frame.

The expected number of events L r in LOR L during
frame F is the sum of the contributions of all voxels:

JLF = ZAL.wiw,F, (6)
W

which is the conventional forward projection.

The measured number of hits in LOR L in frame F fol-
lows a Poisson distribution of expectation i, . Because of
the statistical independence of different LORs and different
frames, the combined probability considering all LORs and
all frames is the product of elementary probabilities. Accord-
ing to the concept of maximum-likelihood reconstruction,
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unknown parameters are found to maximize the following
log-likelihood:

log£ =YY (yrlogfLr —LF) 7
L F
where y; r is the measured number of hits in LOR L during
frame F.

The likelihood has an extremum where all partial deriva-
tives are zero:

ofw,F < YLF )
L _Apw)=0 @
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forV=12....,Nyand P=1,...,Np.

Using Eq. 3 and also exploiting our simplifying assump-
tion that the average overlapping is independent of the pa-
rameter vector, we get
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since derivative d%r (py+)/dpy.p is non-zero only if V. =V’.
Thus, Eq. 8 simplifies to
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Let us denote the back projection of the forward projec-
tion by xy, , which is defined as:
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From this equation, we can express
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In this formula, we can recognise the sensitivity Sy r of voxel
V during frame F:

Syr = Z OV,W,F ZAL.W
w L
The sensitivity is the probability that a decay of the voxel is
detected at all by the tomograph.

Substituting these into Eq. 8, we obtain:

Z VF3XF pv) ( Xy, F
dpvp \Zr(py)

—1) =0. (12)

In this equation £r (py ) depends on the unknown parameter
vector py of voxel V, while xy g involves forward and back
projections and depends on the parameter vectors of all vox-
els. Thus, if xy r were known, then the computation could
be decoupled for different voxels !4. Taking xy r from the
previous iteration, which is similar to the one-step-late strat-
egy, the non-linear equation is solved independently for each
voxel.

2.1. Reconstruction algorithm

The reconstruction algorithm iteratively solves the estab-
lished equations. An iteration of the motion compensated
reconstruction consists of the following steps (Figure 1):

1. For each frame we compute xy r, which in turn, includes
the following steps:

a. Evaluation of the integral of the radiotracer for each
object-space voxel V for this frame to get Xy r (Eq. 1).

b. Motion blur computation to compute the activity of
tomograph-space voxels W to get & r (Eq. 3).

c. Forward projection of the tomograph-space voxels to
obtain expected LOR hits §; r (Eq. 6).

d. Computation of numerator nw r = Y; Ap wyr.r/JL,F
and denominator Sy, r = Y5 AL w.

e. Motion blur of the tomograph-space numerator and
denominator voxel arrays into object-space voxel ar-
rays ny r and Sy r.

f. Executing the division to compute xy r = ny,r /Sy r
(Eq. 11).

2. Fitting the parameters on xy, r for each object-space voxel
V by the solution of Eq. 12.

3. Efficient motion blur computation

Object motion at any moment can be described with an
affine transformation consisting of a translation vector and
a quaternion for rotation. This transformation applies for all
voxels in the measured volume, i.e. the voxels are moving
together. In motion blur computation, the transformation at
the beginning and end of the time frame are given. Within
the frame the motion is assumed to be linear, i.e. the trans-
lation vector can be interpolated linearly and the quater-
nion with Spherical Linear Interpolation (SLERP). An ac-
curate blurring algorithm would take multiple samples from
each voxel and calculate their position with the interpolated
motion transformation in very small time steps. However,
this approach is extremely computationally expensive and
requires a long execution time, which cannot be afforded
during a PET examination. A reduction in computation ex-
penses can be achieved if each voxel’s position is calculated
only for the start and end of the frame, and between these
two points the voxel is assumed to be moving along a linear
path. This way, the voxel’s path can be computed with fast
and effective line drawing algorithms, at the expense of a
reduced blurring accuracy, especially if the measured object
has a rapid rotating motion. In our research we examined the
ray marching and the Antialiased Bresenham line drawing
algorithms.

Thus, we assume that in a frame the movement of a point
of the object is piece-wise linear, hence mapping between
object-space and tomograph-space voxels can be described
with a geometric transformation of the start and end points of
a frame. With Xy r already computed for object-space voxel
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Figure 1: System overview

Figure 2: Left: Box filtering of a line segment. Right: Linear interpolation in the Antialiased Bresenham algorithm reduces the

number of memory accesses from 4 to 1 per iteration.

V in frame F', the next step is to determine which tomograph-
space voxels W overlap with voxel V during this frame. At
the beginning and end of the frame, we calculate the position
of voxel V in object-space which is mapped to tomograph-
space voxel W. Let Viqrr denote the object-space voxel that
contains the transformed center of voxel W at the beginning
of the frame and V,,,; the voxel that contains the transformed
center of W at the end of the frame. As motion is assumed
to be linear, each object-space voxel that is overlapped by
W will be located on the line segment connecting V4 and
Vend-

In back projection motion blur, the numerator ny r and
denominator Sy r of tomograph-space voxels W are known,
and we want to compute nyr and Sy for object-space

voxel V. This is achieved in the same manner as during for-
ward projection, by determining tomograph-space starting
and end points Wsarr and W,,; of the motion of voxel V,
and visiting tomograph-space voxels along the line segment
with the Antialiased Bresenham algorithm. Numerator and
denominator ny r and Sy r for object-space voxel V are in-
creased in each visited tomograph-space voxel W taking into
account the overlapping between the voxels.

Note that in forward projection, the tomograph-space is
considered to stand still and corresponding voxel traversal
is executed in object-space. In back projection, on the other
hand, object-space is fixed. Since the motion is relative, both
approaches make sense. However, the proposed solution is
more efficient for the GPU implementation since the voxel
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that accumulates the contribution is fixed and can be as-
signed to a computational thread. This way, the computation
is of gathering type and avoids the need for atomic opera-
tions.

3.1. Antialiased Bresenham algorithm

The crucial part of motion blur computation is the determi-
nation of those voxels and their weights that are overlapped
for some time with the moving voxels of the other array.
Each moving voxel follows a linear path, thus this algorithm
is in fact a 3D line rasterization method .

The Bresenham algorithm iterates in the coordinate axis
direction in which the line changes the most rapidly in unit
steps and selects a single voxel in each slice orthogonal to the
given coordinate axis. The selected voxel in the slice is the
one that is closest to the geometric line. When the algorithm
steps onto the next slice, it chooses whether the two coordi-
nates identifying voxels in the slice should be incremented
or not based on which the closest voxel is to the line. This is
decided with the help of an error variable, which keeps track
of the distance between the geometric line and the selected
voxel center. A drawback of the Bresenham algorithm is that
it obtains just a single voxel in each slice. However, even if
the moving voxel were a single point, it could cross multiple
voxel in each slice. Moreover, when the moving voxel has
the same size as the voxel grid standing still, ignoring partial
overlapping and selecting just a single voxel in each slice
would result in even larger errors.

Based on previous research '3, potentially overlapping
voxels along the line segment are determined by the An-
tialiased Bresenham line drawing algorithm. This algorithm
also iterates through the direction in which the line changes
the most rapidly in unit steps. In every iteration the closest
and its three neighbor voxels are visited and the overlap fac-
tors oy w r are calculated as the weights of the Antialiased
Bresenham algorithm. Coordinates and weights are calcu-
lated incrementally, and the total sum of weights along the
lineis 1.

The Antialiased Bresenham complements the Bresenham
algorithm with on-the-fly box filtering. For this purpose,
the intersection of the one-voxel wide line segment and the
voxel concerned has to be calculated. Considering first only
the 2D case, we can conclude that a maximum of three vox-
els may intersect the line segment in each column if the slant
is between 0 and 45 degrees (Figure 2). Let the vertical dis-
tance of the three closest voxels to the center of the line be
r, s and ¢ respectively, and suppose s <t < r.

The areas of intersection, I, I; and I, depend not only on
r, s and ¢, but also on the slant of the line segment. This
dependence, however, can be rendered unimportant by using
the following approximation:

L~(1—s), I ~(1—t)=s1~0.

These formulae can be evaluated incrementally together
with the Bresenham’s incremental coordinate calculation. In
every column, the contributions of the two sampled voxels
are weighted with the area of their intersection with the line
segment, i.e. Iy and I;.

The 3D generalization of the Antialiased Bresenham al-
gorithm samples 4 voxels in every iteration, 2-2 both hor-
izontally and vertically. Each voxel gets two independent
weights (one horizontal and one vertical weight), which are
computed by two simultaneous 2D Antialiased Bresenham
algorithms. These weights are then multiplied to form the
final weight of the voxel’s contribution.

On GPU, the built-in trilinear interpolation of the texture
memory can be utilized in order to reduce the number of
memory accesses from 4 to 1 per iteration. Figure 2 shows
how the horizontal and vertical weights are used in the inter-
polation of the four voxels.

4. Results

To examine the proposed methods, first we use a 2D phan-
tom 8 where the number of LORs is Ny, = 2115 and the num-
ber of voxels is Ny = 1024 (Fig. 3) and reconstruct the ac-
tivity curves of a 2D brain model.

Ring of
90 detectors ]
1

l’
Air

Gray matter
White matter
Blood

7
one of /

2115 LOR'
I

Figure 3: 2D tomograph model: The detector ring contains
90 detector crystals and each of them is of size 2.2 in voxel
units and participates in 47 LORs connecting this crystal
to crystals being in the opposite half circle, thus the total
number of LORs is 90 x 47/2 = 2115. The voxel array to be
reconstructed is in the middle of the ring and has 32 x 32
resolution, i.e. 1024 voxels.

4.1. Blood only model

In our first measurement, we examined the reconstruction
of a small fraction of blood moving along a circular path
with constant angular velocity. Measured events were binned
into 5 frames, during which the object completed one full
360 degree turn around the center of the measured volume.
Fig. 4 shows the blurred snapshots of its motion in each of
the five frames, and the reconstructed time-activity function.
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The true solution is a small active square on the inactive
background as shown by the right top picture of Figure 4.
Below it, we also show the result of the motion compen-
sated reconstruction, which lacks the blurring that is clearly
visible in the left images showing the inputs of the forward
projection in the five frames.

4.2. Brain phantom

In our second measurement, we used a brain phantom con-
sisting of four regions: gray matter, white matter, blood, and
air. Measured events were grouped into 10 frames, during
which the phantom completed one full 360 degree rotation
around its center point (Figure 6). Reconstruction was first
performed without motion compensation to demonstrate the
high degree of blurring in the reconstructed image caused
by the movement of the object (“No compensation” column
in Figure 5). Applying motion compensation eliminated this
blurring and significantly reduced reconstruction error, as
shown in the “Compensation” column of Figure 5.

Dividing measured events into 25 frames instead of the
previous 10 allows finer motion compensation, as in smaller
time spans the motion of a voxel can be estimated with a
geometric transformation more precisely. Fig. 7 shows that
with more frames, motion compensation could reduce recon-
struction error further.

4.3. 3D implementation with CUDA

Our implementation used the CUDA platform to acceler-
ate parallel computations with the GPU. For the measured
object, we used the NEMA 1Q numerical phantom of size
166 x 166 x 126 voxels (width, height, depth) depicted in
Figure 8. Algorithms were compared both in terms of exe-
cution time and accuracy. A total of six measurements were
executed with the NEMA IQ phantom with varying object
motions. References were computed with high precision ray
marching, taking 100 samples from each voxel and interpo-
lating the motion transformation in 1024 time steps. Table 1
summarizes the results. Rotation was in all cases around the
z axis. Blur error was calculated as the sum of the squared
differences in each voxel divided by the total reference ac-
tivity (relative L; error).

Results show that when the motion is small, the An-
tialiased Bresenham algorithm offers greater accuracy at a
similar speed as the ray marching. However, as the motion
becomes greater (i.e. if the measured object moves fast com-
pared to the number of time frames), the Antialiased Bresen-
ham gets behind both in speed and in accuracy. Another no-
table result is that if the path of an active voxel leads outside
the measured volume, the Antialiased Bresenham introduces
significant error.

5. Conclusions

This paper proposed a model based motion compensation
algorithm for emission tomography. Based on the general-
ization of the ML-EM algorithm seeking for the maximum
likelihood estimate, we concluded that the motion can be
captured by three motion blur operations in every iteration
cycle. First, the current activity estimate should be motion
blurred before executing forward projection. Then the nu-
merator and the denominator of the back-projection formula
should be motion blurred before computing their ratios. The
demonstration shows that artifacts can be eliminated by the
proposed method.
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Figure 4: Reconstruction of the blood with 5 frames. Note that the blood object is sharply reconstructed despite to the strong
blurring inside frames.
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Figure 5: Reconstruction of the brain with 10 frames
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Figure 6: Blurred images before forward projection in 10 frames
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Figure 7: Reconstruction of the brain with 25 frames
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Figure 8: Original and blurred NEMA IQ phantom. The proposed algorithm is compared to the reference obtained with a high
number of point samples and also to ray marching.

Object motion Error [%] Execution time [ms]

translation  rotation Ray marching Antialiased Bresenham Ray marching Antialiased Bresenham

(15, 20, 0) 0 9.5059 13.1769 0.0965 0.0239
(15, 20, 0) 10 12.9566 23.8758 1.6093 0.0921
(15, 20, 30) 0 11.4946 16.3787 0.5052 2.5906
(0,0,0) 20 16.9948 59.9531 0.8541 0.7081
(-10, 40, 0) -60 51.4535 89.5817 13.4989 16.1665
(1.5,5.0,2.5) -5 7.7408 10.1801 0.2789 2.3433

Table 1: Execution times and blur errors of the ray marching and Antialiased Bresenham algorithms. Translation is given in
voxel edge units, rotation in degrees.



