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We study the thermal state of a two-dimensional conformal field theory, which is dual to the static BTZ
black hole in the high temperature limit. After partitioning the boundary of the static BTZ slice into N
subsystems, we show that there is an underlying CN−1 cluster algebra encoding entanglement patterns of
the thermal state. We also demonstrate that the polytope encapsulating such patterns in a geometric manner
for a fixedN is the cyclohedron CN−1. Alternatively these patterns of entanglement can be represented in the
space of geodesics (kinematic space) in terms of a Zamolodchikov Y system of CN−1 type. The boundary
condition for such an Y system is featuring the entropy of the BTZ black hole.
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I. INTRODUCTION

Since the advent of the Ryu-Takayanagi formula [1–3], it
has become clear that the entanglement structure of certain
quantum states of a d-dimensional boundary conformal
field theory (CFT) is encoded into classical geometric
structures of a dþ 1 dimensional bulk. The role of the
classical geometric structures is played by extremal surfa-
ces in the bulk homologous to boundary regions with their
associated reduced density matrices encapsulating entan-
glement information. It turned out that in order to obtain a
deeper understanding of this encoding, it is rewarding to
consider the space of these extremal surfaces. This space as
a geometric entity is playing the role of an intermediary
between the spaces of the bulk and the boundary [4,5].
For example, for the d ¼ 2 case, one is considering the
AdS3=CFT2 correspondence where the extremal surfaces
are geodesics of the asymptotically AdS3 geometry. This
space of geodesics is the kinematic space [4,5] K. An
alternative characterization of K as the moduli space of
boundary causal diamonds has also appeared [6].
The advantage of the introduction of these spaces rests in

the possibility of a clear understanding of how patterns of
entanglement manifest themselves in patterns of geometry.
For example, in the d ¼ 2 case, the conditional mutual
informations of entangled intersecting domains [7,8] of the
boundary appear in kinematic space as areas of certain
regions with respect to an area form called the Crofton

form [4]. In particular, it is known that taking the static slice
of AdS3 entanglement quantities of the CFT vacuum are
represented by area labels of causal diamonds in a 1þ 1
dimensional de Sitter (dS2) space [4] playing the role of
kinematic space.
However, much more can be revealed. In our previous

paper [9], in the simplest case of pure AdS3 dual to the
vacuum state of a CFT2, we elaborated on this representa-
tion. We have shown, that area labels of dS2 causal
diamonds are encoding entanglement information via
Zamolodchikov Y systems [10] well known from studies
of integrable systems [11–13].
In arriving at this result another space, the space of

horocycles related to the gauge degree of freedom [14]
for choosing a cutoff for regularizing the divergent entan-
glement entropies has also appeared [15]. Horocycles are
geometric objects regularizing the diverging length of
geodesics. Employing them resulted in the observation
that the lambda lengths of Penner [16,17], encapsulating
this regularization in a geometric manner, are directly
related to entanglement entropies via the Ryu-
Takayanagi formula [1]. An extra bonus of this observation
was the realization [15] that lambda lengths also provide a
link to cluster algebras [18–20], algebraic structures that are
under intense scrutiny in the mathematics literature.
Cluster algebras are defined recursively via certain

transformations called flips. The results of Ref. [9] show
that these flips are related to mutations between patterns of
entanglement associated to a partition of the boundary to N
subsystems. For example in the static pure AdS3=CFT2

scenario, one can choose the quantum state associated to
the boundary as the CFT2 vacuum. Then one fixes a
partition of the boundary to N subsystems. To this fixed
partition, there are many geodesic triangulations of the
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bulk. Flips are operating between such triangulations by
exchanging the two possible diagonals of geodesic quad-
rangles. Using successive flips in the space of triangula-
tions, one can define an N − 3-dimensional polytope the
associahedron AN−3 encapsulating entanglement informa-
tion in a geometric manner. Moreover, one can show [9]
that such flips define recursively a cluster algebra of type
AN−3. Hence, one arrives at the result [9] that after
partitioning the static slice of the boundary to N subsys-
tems, the entanglement properties of the CFT2 vacuum are
encoded into the structure of an AN−3 cluster algebra.
Based on this result, one can conjecture that a similar

association of entanglement patterns of other CFT2 states
and cluster algebras might exist. In this paper, we show that
this is really the case. We show that the thermal state of the
CFT2, which is dual to the static BTZ black hole [21] in the
high temperature limit, provides a nontrivial example of
that kind. We show that after partitioning the static BTZ
slice into N subsystems, the underlying cluster algebra
encoding entanglement patterns is a CN−1 one. Moreover, it
turns out that in this new case, the polytope encapsulating
such patterns in a geometric manner for a fixed N is the
cyclohedron CN−1. Displaying these patterns of entangle-
ment in kinematic space reveals that their algebraic
structure is connected to a Zamolodchikov Y system of
CN−1 type. The boundary condition for such an Y system is
featuring the entropy of the BTZ black hole showing up in
area labels of boundary triangles representing conditional
entropies. We hope that our results will pave the way for
further elaborations exploring the mathematical properties
of quantum states where such cluster algebraic connection
shows up.
The organization of this paper is as follows. In Sec. II,

the basic properties of the BTZ black hole in the high
temperature limit are reviewed. Section III is devoted to a
short reminder on lambda lengths and their connection to
geodesics in the BTZ context. In Sec. IV, we summarize the
basic quantities of quantum information theoretic meaning
relevant for our elaborations. Armed with the background
material of these sections in Sec. V, we explore the
properties of geodesic triangulations of the bulk displaying
the geometric structure of a BTZ black hole. Then we show
that for a partition of the boundary featuring N subsystems,
the associated lambda lengths are generating a CN−1 cluster
algebra. We observe that the exchange graph of this algebra
is the cyclohedron CN−1. We illustrate its structure in the
BTZ picture, displaying different types of flips of BTZ
geodesics. In Sec. VI, we explore how these algebraic
structures are represented in the BTZ kinematic space. We
find that the set of areas of causal diamonds in the BTZ
kinematic space can be expressed in terms of cross ratios
and that they can be organized into an Y system character-
izing the BTZ scenario in the high temperature limit. The Y
system we find is a Zamolodchikov system of type CN−1
with a boundary condition featuring the entropy of the BTZ

black hole. Our conclusions and some comments are left
for Sec. VII.

II. BTZ BLACK HOLE

Three dimensional anti–de-Sitter space AdS3 is defined
as the set of points of the flat R2;2 space satisfying the
constraint,

−U2 − V2 þ X2 þ Y2 ¼ −R2; ð1Þ

where R is the AdS radius. The induced metric of this
space is

ds2 ¼ −dU2 − dV2 þ dX2 þ dY2: ð2Þ

It is well known [22–24] that multiboundary wormhole
solutions of Einstein’s equations with a negative cosmo-
logical constant can be obtained from AdS3 by factorizing
this space by the action of a suitable discrete subgroup of
its isometry group. In this paper, we are focusing on the
simplest solution of that kind, namely the BTZ black hole
[21]. It is characterized by two parameters, namely the mass
and angular momentum of the black hole. In the special
case when the angular momentum is set to zero, the
solution is given in terms of Schwarzschild coordinates,
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subject to certain constraints coming from this group
action. Namely, the corresponding action [22–25] boils
down to a φ ∼ φþ 2π identification of the hyperbolic angle
so that −π < φ < π.
Using (2) in terms of these coordinates, the BTZ metric

becomes

ds2 ¼ −ðr2 − r2þÞdτ2 þ
R2

r2 − r2þ
dr2 þ r2dφ2; ð4Þ

where the BTZ black hole solution has an event horizon at
r ¼ rþ. The boundary of the geometry is given by r → ∞,
and we denote it by ∂BTZ.
We can also introduce new scaled coordinates,
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With these variables, the metric takes the following form:

ds2 ¼ R2ðcosh2 ρdt2 þ dρ2 − sinh2 ρdΘ2Þ: ð6Þ

Now the metric is independent of the size of the horizon rþ,
but the ranges of Θ and t are depending on it.
In these considerations, the AdS length scale and horizon

radius are related to the mass of the black hole via M ¼
r2þ=R2 (in units where 8G ¼ 1). From now on, we deal with
the rþ ≫ R macroscopic limit of the static slice of the BTZ
black hole, which is the mass M ≫ 1. This means that the
range of the scaled angle variable is formally −∞ < t < ∞,
while the periodic identification still holds. Recall that
at high temperature, the gravity dual of the CFT2 is the
Euclidean version of our BTZ black hole [1]. Then we have
the correspondence β=L ¼ R=rþ ≪ 1, where L ¼ 2πr0 is
the systems size, r0 is the cutoff taken to be large, and
β ¼ 1=T is the inverse temperature. Hence, our macro-
scopic limit also corresponds to the high temperature
limit (HTL).
In the static case, we choose τ ¼ 0 (i.e., V ¼ 0 and

Θ ¼ 0). From (6), the metric of the constant time slice is

ds2 ¼ R2ðcosh2 ρdt2 þ dρ2Þ: ð7Þ

With an alternative set of coordinates, we can map this
static slice into the Poincaré disk D,

z ¼ X þ iY
RþU

¼ xþ iy ¼ jzjeiϑ ∈ D; ð8Þ

and jzj < 1. In these coordinates, the (2) metric takes the
following form:

ds2 ¼ 4R2

ð1 − x2 − y2Þ2 ðdx
2 þ dy2Þ: ð9Þ

The ∂D boundary of the geometry is obtained by taking the
jzj2 ¼ x2 þ y2 → 1 limit, yielding the complex unit circle.
For τ ¼ 0 and −∞ ≤ φ ≤ þ∞, we obtain the so-called

BTZ black string. According to (3) and (8), in this case, the
resulting space is just the upper half of the Poincaré disk. If
we also make the φ ∼ φþ 2π identification characterizing
our BTZ black hole, then it means that we factorize the disk
by a corresponding discrete subgroup. This formally means
that we cut out a segment of the upper semidisk bounded by
two geodesics (which are perpendicular to the horizon), and
we glue together this segment along these two geodesics.
However, in the macroscopic limit, these two geodesics
shrink to the ϑ ¼ 0 and ϑ ¼ π points so the covered
segment is the semidisk itself [26], whose ϑ ¼ 0 and
ϑ ¼ π points are identified (see Fig. 1). The y ¼ 0 diameter
is the horizon of the black hole. In this case, the conversion

between the hyperbolic angle t and the disk angle ϑ is given
by the formula,

et ¼ cot
ϑ

2
: ð10Þ

III. GEODESICS AND THE LAMBDA LENGTH

Now we examine the minimal geodesics between boun-
dary points of the static BTZ black hole in the macroscopic
limit. First let us mark two points a and b on the boundary
of the BTZ black string [26] with hyperbolic angles
−∞ < φa < φb < ∞. These two points serve as end points
of a geodesic. Ifwemake the identificationφ ∼ φþ 2π to get
the static BTZ black hole geometry, depending on themutual
positions of a and b, we get different types of geodesics.
From now on, we restrict to geodesics whose end points
satisfy that φb − φa ≤ 2π; i.e.. they do not intersect with
themselves in the bulk. We call them as minimal geodesics.
If φb − φa ¼ 2π (so that a ∼ b), the geodesic winds around
the horizon and its end points coincide.We refer to these type
of geodesics as loops. Finally, ifφb − φa < 2π, then there are
two different arcs between the two marked points. One
bypasses the hole in one direction and another in the other
direction; see Fig. 2(a).
How can one represent BTZ black hole geodesics on the

Poincaré disk? First let us describe in general the minimal
arcs of the disk geometry. It is well known that they are
given by the following equation [27]:�
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¼ 1

M2
; ð11Þ

where B1, B2, and M are conserved quantities of the
geodesic motion. Hence, we see that the geodesics are
circular arcs whose end points are on the boundary. Let us
denote the midpoint coordinate and the half of the opening
angle of the boundary interval lying between the two end
points, by θ and α, respectively. Hence, we have

FIG. 1. The Poincaré disk representation of the static, macro-
scopic BTZ black hole. The space covers the upper half of the
disk. The red dashed lines correspond to different values of the
radial coordinate ρ. The ρ ¼ 0 diameter represents the horizon of
the black hole. The green dashed lines are t ¼ const lines. The
x ¼ �1 points are identified.
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θ ¼ ðϑb þ ϑaÞ=2; α ¼ ðϑb − ϑaÞ=2: ð12Þ

Then we can express the parameters in the geodesic
equation by the θ and α variables as [4]

B1 ¼
cos θ
sin α

B2 ¼
sin θ
sin α

M ¼ cos α
sin α

: ð13Þ

The points terminating the geodesics are of the form
eiu; eiv ∈ ∂D. Hence, another useful parametrization for
geodesics is given by the ðu; vÞ pairs, where u stands for the
complex argument of the starting and v for the ending
point. u and v can be expressed by θ and α,

u ¼ θ − α v ¼ θ þ α: ð14Þ

The Poincaré model, a geodesic, and its parameters are
shown in Fig. 3.
Now examine some special cases of black hole geodesics

in the disk representation. As we mentioned before, if we
transform the static slice of the BTZ black-hole to the
Poincaré disk, in the macroscopic limit, it will cover half
of the unit disk, where the ϑ ¼ 0 and ϑ ¼ π points will be
identified. If we mark a point at ϑ ¼ 0, then the loop
geodesic that starts and ends at this point will correspond
to the y ¼ 0 diameter of the disk because of the
ϑ ¼ 0 ∼ ϑ ¼ π identification. We can then fix two different
points on the boundary and choose one of them to be the
ϑa ¼ 0 point and the other one to be arbitrary with
coordinate 0 < ϑb < π. Again, because of the identifica-
tion, the a point with ϑa ¼ 0 and the ā one with ϑā ¼ π
represent the same point on the BTZ boundary. Then, as in
the black hole case, there are two geodesics between the
points a ∼ ā and b. One of them is going from ϑa ¼ 0 to ϑb,
and the other is going from ϑb to ϑā ¼ π.
Let us consider a disk geodesic with end points a and b

with a half opening angle α. One can show that its
regularized length with respect to the metric (9) is given
by [1,4]

lðabÞ ¼ 2R log ðeρ0 sin αÞ: ð15Þ

Where we used (12) and regulated the length by restricting
the space to the region, x2 þ y2 ≤ tanh2 ρ0=2, assuming
that eρ0 ≫ 1.
Let us now introduce the following quantity:

λðabÞ ¼ elðabÞ=2R ¼ eρ0 sin α: ð16Þ

For R ¼ 1, this quantity corresponds to the so-called
lambda length introduced by Penner [15–17]. Using the
notion of the lambda length in [15], it was shown that
it is rewarding to regularize the length of a geodesic by
introducing horocycles. A horocycle associated to a

FIG. 2. Geodesics of the BTZ geometry in the AdS representation (a) and in the disk representation (b). Both the red and green
geodesics are connecting the points a and b, but they are getting around the horizon on different sides. The blue curve is a loop geodesic,
starting and ending in a. On the Poincaré disk, this can be represented by a diameter between the points a and ā ∼ a. (c) Lambda lengths
of a doubly marked BTZ black hole in the disk representation.

FIG. 3. The Poincaré disk is the unit disk in the complex plane
endowed with the (9) metric. The red arc is a geodesic. These
curves can be parametrized by ðθ; αÞ pairs. θ ∈ ½0; 2π� is the
center, and α ∈ ½0; π� is half the opening angle of the geodesic.
Another useful parametrizations is given by the ðu; vÞ pair
defined by Eq. (14).
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boundary point is a circle in the bulk touching the boundary
merely at this boundary point. Then the regularized length
of a geodesic is that finite length part of it, which is lying
entirely outside (or inside) both of the circles associated to
the end points of the geodesic. It is known that choosing a
horocycle associated to a boundary point can be interpreted
as a choice of gauge [14,15]. Now the regularization of (16)
usually showing up in the literature is a uniform one
corresponding to a special uniform choice for the horo-
cycles with their infinitesimally small radii being equal and
related to the large value of ρ0.
One can use the notion of a lambda length to identify

special classes of geodesics. If we mark a point at ϑ ¼ 0,
then the loop geodesic that starts and ends at the same BTZ
boundary point has got a lambda length,

λðaāÞ ¼ eρ0 sin
π

2
; ð17Þ

because this corresponds to the y ¼ 0 diameter with a half
opening angle α ¼ π=2. Notice that this is the longest
possible minimal geodesic. Next we fix two different points
on the BTZ boundary. We choose one of them to be the
ϑa ¼ 0 ∼ ϑā ¼ π point and the other to be 0 < ϑb < π.
Then using (12), the geodesic going from ϑa ¼ 0 to ϑb has
a lambda length,

λðabÞ ¼ eρ0 sin
ϑb
2
; ð18Þ

and the other that is going from ϑb to ϑā ¼ π is

λðbāÞ ¼ eρ0 sin

�
π − ϑb

2

�
¼ eρ0 cos

ϑb
2
: ð19Þ

Notice that the metric in (9) is invariant under the
transformation z → zeiγ, which is a rotation of the disk
by an angle γ. Let us assume that we are only interested in
the lambda length of a given geodesic with half opening
angle α. Then we can represent it by any disk geodesic,
which has the same α and regularization and is rotationally
equivalent to the original arc. This confirms the fact that the
lambda length is independent of the midpoint angle θ.
This gives us the opportunity to generalize the expres-

sions above. To the points a; b ∈ ∂BTZ (such that
−∞ < ta < tb < ∞), we associate two centrally symmetric
pairs of points on ∂D [28]. Denote these by a; b; ā; b̄ ∈ ∂D.
If a; b ∈ ∂BTZ have got a hyperbolic angles ta < tb, then
we can calculate the complex arguments 0 ≤ ϑa < ϑb < π
of a; b ∈ ∂D by (10) and then for ā; b̄ ∈ ∂D, ϑā ¼
ϑa þ π < ϑb̄ ¼ ϑb þ π.
At this point, it is convenient to introduce a notation for

different boundary representations. We denote BTZ boun-
dary intervals by square brackets and ∂D intervals by round
brackets. For example, let a and b be two distinct points
on ∂BTZ (such that ta < tb) determining two intervals

½ab�; ½ba� ⊂ ∂BTZ. Let a; ā; b; b̄ be their centrally sym-
metric representatives on ∂D and the intervals between
them are ðabÞ;ðāb̄Þ;ðbāÞ;ðb̄aÞ;ðaāÞ;ðbb̄Þ;ðāaÞ;ðb̄bÞ⊂∂D.
Now we can assign to each centrally symmetric pair of
intervals between the four points on ∂D exactly one
physical interval between the two points on ∂BTZ, namely

∂D ⊃ ðabÞ; ðā b̄Þ ∼ ½ab� ⊂ ∂BTZ; ð20aÞ

∂D ⊃ ðbāÞ; ðab̄Þ ∼ ½ba� ⊂ ∂BTZ; ð20bÞ

∂D ⊃ ðaāÞ; ðāaÞ ∼ ½∂BTZ�; ð20cÞ

∂D ⊃ ðbb̄Þ; ðb̄bÞ ∼ ½∂BTZ�; ð20dÞ

where [∂BTZ] denotes the whole BTZ boundary.
Notice that the lambda length of the geodesic between

points a; b ∈ ∂D is the same as the lambda length between
ā; b̄ ∈ ∂D because they have the same opening angle (they
differ only in a rotation around the origin). They also
represent the same geodesic in the BTZ bulk. So the lambda
length associated to an ½ab� geodesic in the BTZ bulk can
be written in the following ways: λ½ab� ¼ λðabÞ ¼ λðā b̄Þ.
Similarly, λ½ba� ¼ λðbāÞ ¼ λðb̄aÞ and for loop geodesics
λ½∂BTZ� ¼ λðaāÞ ¼ λðāaÞ ¼ λðbb̄Þ ¼ λðb̄bÞ. The explicit
expressions for these quantities can be given by equa-
tions (17), (18), and (19). If α ¼ ðϑb − ϑaÞ=2, then

λ½ab� ¼ λðabÞ ¼ λðā b̄Þ ¼ eρ0 sin α; ð21aÞ

λ½ba� ¼ λðbāÞ ¼ λðb̄aÞ ¼ eρ0 cos α; ð21bÞ

λ½∂BTZ� ¼ λðaāÞ ¼ λðāaÞ ¼ eρ0 sin
π

2
; ð21cÞ

λ½∂BTZ� ¼ λðbb̄Þ ¼ λðb̄bÞ ¼ eρ0 sin
π

2
: ð21dÞ

These lambda lengths fully describe quantitatively the
geodesic structure of a doubly marked BTZ black hole
in the HTL (see Fig. 3(c)).
We make one last remark to this section, namely that the

usual expression for the geodesic length calculated by the
line element (7) is of the form,

l½ab� ¼ 2R log

�
2r0
rþ

sinh
tb − ta

2

�
; ð22Þ

where r0 is some regularization factor taken to be large. By
virtue of the (5) relation r0 ¼ rþ cosh ϱ0 for ϱ0 large, one
has 2r0

rþ ¼ eϱ0 . Then this formula can be connected to (15)
via (10) because one can rewrite the hyperbolic factor in the
argument of the logarithm in the following way:
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sinh
tb − ta

2
¼ 1

2
e−ðtbþtaÞ=2ðetb − etaÞ

¼ cot ðϑb=2Þ − cot ðϑa=2Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cot ðϑb=2Þ cot ðϑa=2Þ

p
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin ϑb sin ϑa
p sin

ϑb − ϑa
2

; ð23Þ

or alternatively,

sin
ϑb − ϑa

2
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh tb cosh ta
p sinh

tb − ta
2

: ð24Þ

Now one can compare (22) and (15). The difference
between the two formulas comes from the fact that one can
use uniform regularization either in the BTZ representation
or in the disk representation but not both. Indeed (23) and
(24) show that when going from one representation to the
other the regularization will be either t or ϑ dependent. It
can be shown that this corresponds to regularizations via
horocycles with different diameters at the points a and b.
Notice, however, that there exist gauge invariant (regulari-
zation independent) combinations of lambda lengths like
cross ratios where these subtleties are immaterial. These
combinations give rise to physical quantities of great
importance. Next we turn to such quantities.

IV. ENTROPIES AND CONDITIONAL
INFORMATION

According to the Ryu-Takayanagi proposal, the entan-
glement entropy of a given domain A is proportional to the
area of the minimal surface that has the same boundary as
A. In the static case, this means that

SðAÞ ¼ lðAÞ
4G

; ð25Þ

where A is a boundary interval, and lðAÞ is the regularized
length of the geodesic homologous to A. With the help of
lambda lengths defined in (16), we can reformulate this
expression as follows:

SðAÞ ¼ c
3
log λðAÞ; ð26Þ

where c is the central charge of the boundary theory
expressed by the Brown-Henneaux relation [29] c ¼ 3R

2G.
In the BTZ black hole case studied here, there is an

important caveat. The expressions as given by (25) and (26)
are only valid in the high temperature limit, i.e., when
M ≫ 1. Indeed, for a finite black hole mass, there exists a
critical size for the region past for which there is a new
family of disconnected geodesics that have smaller length
to the connected homologous ones [30,31]. In this case, the
prescription (26) is ambiguous. However, in the HTL, the
critical size of the region (the entanglement plateaux scale

[31]) measured by half the opening angle of that region is π;
hence, we did not need to worry about this subtlety.
Moreover, in this case, the Ryu-Takayanagi geodesics
reach all the way to the horizon (the smallest entanglement
shadow occurs in the HTL [26]). Hence, in the following,
we restrict attention to the macroscopic BTZ black hole
showing up in this HTL. It is also important to remark at
this point that our usage of the word entanglement in
connection with geodesics wrapping around the BTZ
horizon is not precise. Indeed, these geodesics even in
the high temperature limit never encode entanglement but
rather entwinement a concept defined in Ref. [32]. Hence,
more precisely, one should say that our loop geodesics
belonging to the entanglement plateaux region compute
entwinement.
Now assume that we choose two intersecting regions

labeled by E, F on the BTZ boundary. These two regions
give rise to the following CFT subsystems denoted by
A ¼ EnF, B ¼ E ∩ F, C ¼ FnE, and D ¼ E ∪ F.
According to strong subadditivity, for the corresponding
von-Neumann entropies, one has [7]

SðABÞ þ SðBCÞ − SðBÞ − SðDÞ ≥ 0: ð27Þ

If we introduce the conditional entropy,

SðAjBÞ≡ SðABÞ − SðBÞ; ð28Þ

mutual information,

IðA;BÞ≡ SðAÞ − SðAjBÞ; ð29Þ

and the conditional mutual information,

IðA;CjBÞ≡ SðAjBÞ − SðAjBCÞ
¼ IðA;BCÞ − IðA; BÞ; ð30Þ

then we can rewrite (27) as

IðA;CjBÞ ¼ SðAjBÞ − SðAjBCÞ ≥ 0: ð31Þ

Hence, strong subadditivity indicates that conditioning on a
larger subsystem can only reduce the uncertainty about a
system.
Due to the Ryu-Takayanagi conjecture, we can also

express these entropic quantities in terms of lambda
lengths. The conditional entropy is

SðAjBÞ ¼ c
3
log

λðEÞ
λðBÞ : ð32Þ

The mutual information,

IðA;BÞ ¼ c
3
log

λðAÞλðBÞ
λðEÞ ; ð33Þ
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and the conditional mutual information is

IðA;CjBÞ ¼ c
3
log

λðEÞλðFÞ
λðBÞλðDÞ : ð34Þ

Now let us turn to the Poincaré disk representation. Label
the BTZ boundary points by a; b; c; d ∈ ∂BTZ. Then the
corresponding regions are A ¼ ½ab�, B ¼ ½bc� and
C ¼ ½cd�. Each point on ∂BTZ gives rise to a centrally
symmetric pair of points on ∂D. Let us denote them by
a; ā; b; b̄; c; c̄; d; d̄ ∈ D. Next as in (20a), (20b), (20c), and
(20d), we associate to BTZ boundary regions disk boun-
dary ones. Since for every ∂D region there is a homologous
D geodesic, then in the disk representation, one can
explicitly write down the expressions for the lambda
lengths and von-Neumann entropies. In HTL, the exact
result for the entropy of subsystem A is

S½A� ¼ SðAÞ
¼ c

3
log eρ0 sinðαÞ

¼ c
3
log eρ0 sin

�
ϑb − ϑa

2

�
; ð35Þ

where ϑa, ϑb are the complex arguments corresponding to
end points of the regions ðabÞ ⊂ ∂D. We can say that
SðAÞ ¼ SðabÞ ¼ Sðā b̄Þ, because both regions represent
the same subsystem on the BTZ boundary. Finally, we
record that in this doubly marked disk representation, the
entanglement entropy of the entire boundary is S½∂BTZ� ¼
SðaāÞ ¼ Sðbb̄Þ.
We can calculate similarly the expressions for the

other entropic quantities. For example, SðAjBÞ can be
calculated as

S½AjB� ¼ SðAjBÞ ¼ c
3
log

sinðϑc−ϑa
2

Þ
sinðϑc−ϑb

2
Þ : ð36Þ

An explicit formula, to be used later, for the mutual
information is given by

I½A;B� ¼ IðA;BÞ ¼ c
3
log eρ0

sinðϑb−ϑa
2

Þ sinðϑc−ϑb
2

Þ
sinðϑc−ϑa

2
Þ ; ð37Þ

and for the conditional mutual information of (34),

I½A;CjB� ¼ IðA;CjBÞ

¼ c
3
log

sinðϑc−ϑa
2

Þ sinðϑd−ϑb
2

Þ
sinðϑc−ϑb

2
Þ sinðϑd−ϑa

2
Þ : ð38Þ

Notice that the conditional mutual information is finite,
and independent of the choice of regularization, while the

entanglement entropy and mutual information are diver-
gent, and they depend on the regularization.
Having introduced our basic quantities of quantum

information in the disk representation, let us elucidate
the meaning some of these in the BTZ representation.
First of all, in the usual BTZ representation, we have the
following formula for the entanglement entropy [33]:

S½A� ¼ c
3
log

�
β

πϵ
sinh

�
πl
β

��
; ð39Þ

where l ¼ Δφr0, L ¼ 2πr0, and
ffiffiffiffiffi
M

p ¼ rþ
R ¼ L

β. One can
also write

πl
β

¼ 1

2

ffiffiffiffiffi
M

p
Δφ ¼ 1

2
Δt; ð40Þ

where we have used (5) and Δt ¼ ta − tb. Using now
2r0
rþ

≃ β
πϵ and formula (23), one can see that expressions (39)

and (35) can be converted to each other by applying either t
or ϑ dependent cutoffs. Of course, when calculating condi-
tional mutual information, such cutoffs are immaterial since
these quantities are gauge (regularization) invariant ones.
Indeed, an alternative formula for (38) is then given by

IðA;CjBÞ ¼ c
3
log

sinh ð ffiffiffiffiffi
M

p
φc−φa

2
Þ sinh ð ffiffiffiffiffi

M
p

φd−φb
2

Þ
sinh ð ffiffiffiffiffi

M
p

φc−φb
2

Þ sinh ð ffiffiffiffiffi
M

p
φd−φa

2
Þ : ð41Þ

Let us consider now in the BTZ picture the special case
when in the disc picture we have c ¼ ā and d ¼ b̄. In this
case, φc − φa ¼ φd − φb ¼ 2π, andΔφ≡ φc − φb ¼ φd −
φa [see Fig. 3(c)]. Then in this special case to be used later,
we have

Iðab;āb̄ jbāÞ¼ I½A;CjB�

¼2c
3

�
logðsinhπ

ffiffiffiffiffi
M

p
Þ− log

�
sinh

Δφ
2

ffiffiffiffiffi
M

p ��

¼c
3
ð2π−ΔφÞ

ffiffiffiffiffi
M

p
þ…

¼2
ð2π−ΔφÞrþ

4G
þ…; ð42Þ

where the dots refer to terms vanishing in the high
temperature limit,

ffiffiffiffiffi
M

p ¼ rþ
R ≫ 1, and c ¼ 3R

2G due to the
Brown-Henneaux relation.

V. THE CLUSTER ALGEBRAIC STRUCTURE
OF BTZ TRIANGULATIONS

Now we are in a position to present the main result of
this paper. We show that geodesic triangulations of the
BTZ black hole in the HTL, with N marked points on the
boundary, exhibit a particular structure. This structure
manifests itself in an exchange pattern called CN−1 well
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known from the literature on cluster algebras. Since via
the Ryu-Takayanagi formula, regularized geodesic lengths
are directly related to entanglement entropies, this CN−1
structure also provides an algebraic characterization of the
entanglement patterns of the boundary thermal state dual to
the BTZ geometry.
Before presenting a detailed elaboration of this result, let

us recall some basic definitions [19]. Fix N points on the
r → ∞ boundary. A triangulation of the bulk is a maximal
set of distinct, pairwise nonintersecting geodesics. We
assume that these geodesics do not intersect themselves
in the bulk. They split the bulk geometry into domains,
which we call triangles. Now assume that we delete an arc
from a given triangulation and add another one instead such
that we get a new triangulation. We call this transformation
a flip. Let the number of compatible arcs in the triangu-
lations be n. Then we call the n-regular graph with the
triangulations as its vertices an exchange graph if its
vertices are connected by the flips between the correspond-
ing triangulations.
Now we turn to the static, macroscopic BTZ black hole.

Its outer horizon region is not simply connected. Recall
from Sec. III that as a result of this in the BTZ geometry, we
find different types of geodesics. There are geodesic arcs
that wind around the hole and have coinciding boundary
end points. Such arcs are called loops. On the other hand,

between two different marked boundary points, there can
be two ordinary arcs: one of them located on one side of the
hole and another one on the other.
A triangulation of the BTZ black hole with N marked

point consists ofN − 2 ordinary geodesics and a loop. If we
triangulate the bulk, then it is built from the following
domains. First of all, there are ordinary triangles whose
edges are sides or diagonals of the polygon. Then we also
have folded triangles with one of its edges being the loop
(so it has got two vertices). Finally, we have a nonsimply
connected domain containing the hole, with the domain
boundary formed by the loop and the horizon. In this case,
there are two types of flips. First we can flip a diagonal in a
quadrangle. This quadrangle can also be folded if one of its
sides is the loop. Second we can also flip the loop in a digon
to get another loop. The three examples of such flips for
N ¼ 4 are illustrated in Fig. 4.
We can construct the exchange graph of the triangulation

if we notice that there is a one-to-one correspondence
between the triangulations of an N-gon with a hole in its
center and the centrally symmetric triangulations of an
ordinary 2N-gon. Let us denote the N marked points on the
upper half ∂D by a; b;…. We can construct the 2N-gon by
adjoining an antipodal copy of each vertex of the N-gon
denoted by ā; b̄;…. Then every ordinary arc of the N-gon
will correspond to a centrally symmetric pair of diagonals

FIG. 4. Triangulations of a BTZ black hole with N ¼ 4 marked points on the boundary (top figures) and their 2N ¼ 8-gon disk
representations (bottom figures). Solid black and red curves are the edges and diagonals of the polygons. Each centrally symmetric pair
of nondiametric diagonals (or one simple diameter) in the disk corresponds to a diagonal of the BTZ quadrangle. In each picture, we
illustrated a flip from the solid red curves to the dashed red ones. In (a), there is a flip in an ordinary quadrangle. The exchange relations
for this type of flip are given by (44a) and (45a) with labels i ¼ a, j ¼ b, k ¼ c, and l ¼ d. In (b), a diagonal of a folded quadrangle is
flipped. The exchange relations are (44d) and (45b) with labels i ¼ a, j ¼ b, and k ¼ d. Finally, (c) shows a loop flip. In this case, the
exchange relations are given by (44f) and (45c) with labels i ¼ a and j ¼ b.
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ðij̄Þ and ðījÞ (i and j labels different vertices), and the loop
corresponds to a diameter ðiīÞ of the 2N-gon. Then an
ordinary flip of the N-gon is a centrally symmetric flip of
two diagonals, and the exchange of the loop is the flip of
the diameter in the picture of the 2N-gon. With this
construction, the resulting exchange graph is a CN−1
cyclohedron [34–36]. For N ¼ 4, see Fig. 5. Then one
can conclude that the exchange pattern of the static,
macroscopic BTZ black hole is a cyclohedron.
There is a natural correspondence between triangulations

of bordered surfaces and cluster algebras [19]. In the case of
the entanglement patterns of the vacuum state dual to pure
AdS3, we already know that the associahedron is not only a
special case for an exchange graph of such triangulations,
but it is generated by a seed pattern of an AN−3 cluster
algebra [9]. Hence, one can pose the question: Is there
also a cluster algebra behind the thermal state dual to the
BTZ black hole encoding entanglement patterns via our
cyclohedron?
It is known from the theory of cluster algebras that the

cyclohedron is the seed pattern for Cn type cluster algebras.
Hence, one can conjecture that a Cn type cluster algebra
governs the algebraic properties of the geodesics of the
static, HTL BTZ black hole. Moreover, since this bulk
black hole is dual to a boundary thermal state, one can
argue via the Ryu-Takayanagi correspondence that the
same algebraic structure also governs the entanglement
patterns of this quantum state.
In order to elaborate on this conjecture first, we mark

N ¼ 4 points (label them by a, b, c, d) on the boundary of
the Poincaré disk. We can think of them forming a

quadrilateral with sides ðabÞ, ðbcÞ, ðcdÞ, and ðadÞ. Then
the following relation holds between the corresponding
geodesic lambda lengths (16):

λðacÞλðbdÞ ¼ λðabÞλðcdÞ þ λðadÞλðbcÞ: ð43Þ

This is the Ptolemy relation [16], which is true for any
arbitrary geodesic quadrangle on the whole Poincaré disk.
Now we cut the disk in half and make the ϑ ¼ 0 ∼ ϑ ¼ π

identification to get the representation of our BTZ black
hole. If we markN points on the BTZ boundary, then in this
disk representation, each point will be located on the upper
semicircle of the disk.
We already know that to each a; b; c;… ∈ ∂BTZ (in

cyclic order) vertex of a BTZ N-gon, there corresponds a
centrally symmetric pair of vertices in the corresponding
2N-gon picture. Denote this new set of points by
a; b; c;…; ā; b̄; c̄;… ∈ ∂D. As in (20a), (20b), (20c),
and (20d), for every ordinary geodesic, ½ij� ⊂ ∂BTZ
corresponds to a centrally symmetric pair of geodesics
ðijÞ; ðī j̄Þ ⊂ ∂D (or ðij̄Þ; ðjīÞ ⊂ ∂D), and for every loop like
geodesic, ½ii� ⊂ ∂BTZ corresponds to a diameter ðiīÞ ⊂ ∂D
of the 2N-gon.
Every flip in a triangulation of the N-gon corresponds to

a centrally symmetric (or a diametrical) flip of the 2N-gon.
Choose four different i; j; k; l ∈ ∂D points (in cyclic order)
from a; b; c;… ∈ ∂D. With the Ptolemy relation in (43)
and the lambda lengths of the orbits, we can give six
exchange relations to different types of flips,

λðikÞλðjlÞ ¼ λðijÞλðklÞ þ λðilÞλðjkÞ; ð44aÞ

FIG. 5. The cyclohedron C3 is the exchange graph of a C3 cluster algebra. In (a), the vertices are the triangulations of a quadrangle with
a hole inside. This illustrates the triangulations of the BTZ black hole with N ¼ 4marked points on the boundary. In (b), the vertices are
the centrally symmetric octagon equivalents of the triangulations in (a). This meets with the 2N ¼ 8 disk representation of the BTZ
quadrangle. Each pair of nondiametric diagonal with one color represents one single diagonal in the quadrangle picture with the
same color.
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λðkīÞλðjlÞ ¼ λðjīÞλðklÞ þ λðlīÞλðjkÞ; ð44bÞ

λðkīÞλðlj̄Þ ¼ λðī j̄ÞλðklÞ þ λðlīÞλðkj̄Þ; ð44cÞ

λðikÞλðjīÞ ¼ λðijÞλðkīÞ þ λðiīÞλðjkÞ; ð44dÞ

λðjīÞλðkj̄Þ ¼ λðī j̄ÞλðjkÞ þ λðjj̄ÞλðkīÞ; ð44eÞ

λðiīÞλðjj̄Þ ¼ λðijÞλðī j̄Þ þ λðjīÞλðj̄iÞ: ð44fÞ

Now one can compare this set of relation with the (r ¼ 2)
set of equations (12.10)–(12.15) of Ref. [28]. After taking
into account (20a) and (20b), one can realize that these are
the exchange relations of a CN−1 cluster algebra [28]. This
means that for the triangulations of the macroscopic BTZ
black hole with N marked points on its boundary, the
geodesic lambda lengths generate a CN−1 cluster algebra.
Using (20b), (20c), and (20d), we can express the lambda

lengths in terms of the BTZ boundary intervals as well. One
can see that the first three relations correspond to the same
type of flip (flip in an ordinary quadrangle). Similarly,
(44d) and (44e) are the algebraic relations for flips in folded
quadrangles. Finally, the last one corresponds to loop flips.
Hence, in terms of BTZ intervals, we have got only the
following three different exchange relations,

λ½ik�λ½jl� ¼ λ½ij�λ½kl� þ λ½il�λ½jk�; ð45aÞ

λ½ik�λ½ji� ¼ λ½ij�λ½ki� þ λ½∂BTZ�λ½jk�; ð45bÞ

λ½∂BTZ�2 ¼ λ½ij�2 þ λ½ji�2; ð45cÞ

where now i; j; k; l ∈ ∂BTZ label ∂BTZ points in cyclic
order.
We can rewrite these relations in a more general form by

encoding the geometry of triangulations in an incidence
matrix. In order to do this, we choose an arbitrary BTZ
triangulation and put a mark at the midpoint of its ½ij� ⊂
∂BTZ diagonals and edges. We label the diagonals of
the triangulation by 1;…; N − 1, and its edges by
N;…; 2N − 1. In the disk 2N-gon representation, label
ðijÞ and ðjīÞ (or ðijÞ and ðjīÞ if j < i) with the same
number as ½ij�. Now within each D triangle of the centrally
symmetric 2N triangulation, connect the markers of its
sides. In this way, we have obtained new inscribed
triangles. Orient these new triangles clockwise. In this
way, we have obtained a directed graph whose vertices
represent diagonals and edges of a given centrally sym-
metric disk triangulation (see Fig. 6).
Now we construct a ð2N − 1Þ × ð2N − 1Þ matrix B with

matrix elements bij in the following way. Assume that i
and j label different edges in the disk triangulation. Then
bij ¼ k > 0 if there are k arrows in the graph going from a
chosen vertex labeled by i to k different vertices labeled by

j, and bij ¼ −k < 0 if there are k edges going from k
different vertices labeled by j to a chosen edge labeled by i.
For example, one can check that in Fig. 6, we have b15 ¼ 1,
b32 ¼ −2 and b37 ¼ 2. We see that via keeping track of the
mutual positions of the edges and diagonals, the matrix B
fully characterizes a BTZ triangulation.
Assume that we are flipping the j’th (j ∈ 1;…; N − 1)

diagonal. We denote its lambda length before the flip by
λ½j� and after the flip by λ0½j�. Then for an arbitrary
triangulation, we can rewrite equations (45a), (45b), and
(45c) in the compact form,

λ½j�λ0½j� ¼
Y

1≤i≤2N−1
bij>0

λ½i�bij þ
Y

1≤i≤2N−1
bij<0

λ½i�−bij ; ð46Þ

which is a special case of the defining relations for a cluster
algebra [19,28,37].
With the Ryu-Takayanagi conjecture, we can give the

exchange relation for von-Neumann entropies as well.
Using (26), one can show that the following holds:

S½j� þ S0½j� ¼ 1

2

X2N−1

i¼1

jbijjS½i� þ
c
3
log 2 cosh

3

2c

X2N−1

i¼1

bijS½i�:

ð47Þ

Notice that this formula is also true for the vacuum case,
where we have shown [9] that the lambda lengths in that
case determine an AN−3 cluster algebra. The differences are
only in the B matrices constructed for the corresponding
triangulations and in the number of independent entangle-
ment entropies for a given number of CFT subsystems.
Hence, we obtained the result that in the case of the vacuum
(dual to pure AdS3) and the thermal state (dual to the BTZ

FIG. 6. Graph representation of a BTZ quadrangle triangula-
tion. On the left-hand side, the triangulation is in the BTZ picture.
The diagonals are labeled by 1;…; N − 1, while the edges by
N;…; 2N − 1. On the right-hand side, one can find the corre-
sponding 2N-gon representation in D. Here, the edges and
diagonals are labeled according to (20a), (20b), (20c), and
(20d). These give rise to a directed graph, based on inscribed
triangles, whose vertices correspond to geodesics. The edges of
the graph (red arrows) belong to clockwise oriented inscribed
triangles.
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black hole in the HTL), the CFT entanglement structures
are encoded in Bmatrices of cluster algebras. In both cases,
the (47) recursion relation gives us an effective way to
determine all of the OðN2Þ entanglement entropies know-
ing only OðNÞ of such quantities. Finally, we note again
that precisely in case of the BTZ HTL loop geodesics
encode entwinement rather than entanglement in the dual
CFT picture.

VI. KINEMATIC SPACE AND Y SYSTEMS

In this section, we examine how our cluster algebraic
structures manifest themselves in the space of directed
geodesics, the so-called kinematic space [4]. In Sec. III,
we parametrized the geodesics on the Poincaré disk by
ðB1; B2;MÞ, used as coordinates in kinematic space.
According to (13), the following relation holds for the
parameters characterize geodesics: B2

1 þ B2
2 −M2 ¼ 1.

So, we can think of the kinematic space as [4] a two-
dimensional dS2 de Sitter space embedded in R2;1,
endowed with the inner product,

ds2K ¼ dB2
1 þ dB2

2 − dM2: ð48Þ

A more useful way to deal with the kinematic space is to
use the ðθ; αÞ or the ðu; vÞ pairs from (12) and (14) as
generalized coordinates. Applying the transformations
of (13), the induced metric is

ds2K ¼ dθ2 − dα2

sin2 α
¼ dudv

sin2 v−u
2

: ð49Þ

We can think of ðθ; αÞ as spacelike and timelike and ðu; vÞ
as lightlike coordinates. The coordinate pairs ðθ; αÞ and
ðθ þ π; π − αÞ represent the same geodesic on D with
different orientations. This means that the kinematic space
of the whole Poincaré disk can be represented by the
coordinate chart ðθ;αÞ∈ ½0;2π�× ½0;π�, where θ ∼ θ þ 2π,
and a particular geodesic is represented by two points on the
chart. On the other hand, points of the Poincaré disk are
represented by curves on the kinematic space. These are
called point curves [4]. In the case of boundary points, these
are lightlike straight lines (see Fig. 7).
If we are dealing with geodesic polygons on D, we

have got N boundary points, giving rise to N point curves
on the kinematic space. They form a grid of the chart
with rectangular domains. Let us choose two arbitrary
0 ≤ a < b ≤ N − 1 ∈ ∂D points such that

a≡ j − k
2

; b≡ jþ k
2

mod N; ð50Þ

where j ¼ 0;…; 2N − 1; k ¼ 0;…; N − 2 and jþ k ≡
0 mod 2. This gives us a ðj; kÞ coordinate set for the
kinematic space tiles (see Fig. 7). The area of these tiles can
be calculated in the ðu; vÞ representation,

Tj;k ≡
Z

ϑbþ1

ϑb

Z
ϑa

ϑa−1

du ∧ dv
4 sin2 v−u

2

¼ log
sinðϑb−ϑa−1

2
Þ sinðϑbþ1−ϑa

2
Þ

sinðϑb−ϑa
2

Þ sinðϑbþ1−ϑa−1
2

Þ: ð51Þ

This cross ratio can also be expressed in terms of lambda
lengths,

Tj;k ¼ log
λða − 1bÞλðabþ 1Þ
λðabÞλða − 1bþ 1Þ : ð52Þ

Notice that the area of the k ¼ 0 and k ¼ N − 2 domains
are divergent.
The area form associated to the metric of (49) is related

to the Crofton form on kinematic space [4],

ω ¼ ∂2Sðu; vÞ
∂u∂v du ∧ dv ¼ c

12

du ∧ dv
sin2 v−u

2

: ð53Þ

Using this relation and comparing equations (38) and (51)
for the vacuum state dual to pure AdS3, one can relate every
inner tile a conditional mutual information [4,9], namely

Ij;k ¼ Iða − 1a; bbþ 1jabÞ
¼ Sða − 1bÞ þ Sðabþ 1Þ − SðabÞ − Sða − 1bþ 1Þ
¼ c

3
Tj;k: ð54Þ

The k ¼ 0 and k ¼ N − 2 tiles with divergent areas can be
associated to mutual information of the form IðA; BÞ ¼
SðAÞ þ SðBÞ − SðABÞ or labeled by the point curves
Iðab; cdÞ ¼ Sða − 1aÞ þ Sðbb þ 1Þ − Sða − 1b þ 1Þ,
where a ¼ b.
Now consider four neighboring tiles labeled by ðj; kÞ,

ðjþ 1; k − 1Þ, ðjþ 1; kþ 1Þ and ðj; kþ 2Þ (see Fig. 8).
These domains are bounded by the point curves corre-
sponding to the a − 1, a, aþ 1, b, bþ 1, and bþ 2
vertices. The areas of the four tiles,

FIG. 7. Kinematic space for the Poincaré disk. The colored
point curves correspond to the vertices labeled by (0, 1, 2, 3, 4, 5)
of a geodesic hexagon. The bounded rectangular domains labeled
by the ðj; kÞ pairs are defined by (50).
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Tj;k ¼ log
λða − 1bÞλðabþ 1Þ
λða − 1bþ 1ÞλðabÞ ; ð55aÞ

Tjþ1;k−1 ¼ log
λðabÞλðaþ 1bþ 1Þ
λðabþ 1Þλðaþ 1bÞ ; ð55bÞ

Tjþ1;kþ1 ¼ log
λða − 1bþ 1Þλðabþ 2Þ
λða − 1bþ 2Þλðabþ 1Þ ; ð55cÞ

Tj;kþ2 ¼ log
λðabþ 1Þλðaþ 1bþ 2Þ
λðaþ 1bþ 1Þλðabþ 2Þ : ð55dÞ

Let us introduce the following quantity for each domain:

Yj;k ¼
1

eTj;k − 1
¼ 1

e
3
cIj;k − 1

: ð56Þ

Using the definition of the lambda length and trigonometric
identities, one can show the following relation:

Yj;kYjþ2;k ¼ ð1þ Yjþ1;k−1Þð1þ Yjþ1;kþ1Þ: ð57Þ

Or, by changing the label j→j−1, (now jþ k≡ 1 mod 2):

Yj−1;kYjþ1;k ¼ ð1þ Yj;k−1Þð1þ Yj;kþ1Þ; ð58Þ

with the boundary conditions Yj;0 ¼ Yj;N−2 ¼ 0.
As we have shown in our previous paper [9], in the case

of the vacuum/pure AdS3 duality, these relations define a
Zamolodchikov Y system [10,11].
Based on this result, a natural question to be asked is the

following. What is the form of the Y system for the thermal
state/BTZ black hole duality? In order to answer this
question, we turn to the kinematic space representation
of BTZ geodesic polygons. Again, we deal with the

triangulations of the BTZ N-gon using a 2N-gon on the
Poincaré disk. This means that the kinematic space of
the Poincaré disk (from now on denoted by KD) with 2N
point curves fully represent a BTZ N-gon triangulation. In
this picture, now we have centrally symmetric pairs of
vertices and geodesics on D, and the real BTZ black hole
space is covered by just a half of the disk.As a result of this as
a BTZ representative, one can identify four identical funda-
mental domains on KD, and one of them will completely
describe the BTZ N-gon. Let us denote an arbitrary copy
from these four domains byKBTZ.We can say thatKBTZ is the
½0; π� × ½0; π=2� quarter of the ½0; 2π� × ½0; π� chart. For
KD∶ θ ∼ θ þ 2π, but it is made up by two identical copies
along θ, and for KBTZ∶ θ ∼ θ þ π. The kinematic space
of the disk representation is in Fig. 9(a). The θ ¼ π and α ¼
π=2 lines cut the kinematic space into four identical domains,
and one of them fully represents the BTZ black hole. This
domain is shown in Fig. 9(b). Our construction for the
kinematic space of the high temperature BTZ is similar to the
case of the conical defect studied in [38].
We can do the ðj; kÞ labeling for KD as before, but now,

there are four identical fundamental domains, so each tile
with a given area is included in the kinematic space four
times. So, we can label the tiles of one fundamental domain
KBTZ by the previous rules and copy the labeling to the
other three domains, respectively, to label KD. We can
choose the range of coordinates to be j ¼ 0; 1;…; 2N þ 1
and k ¼ 0; 1;…; N − 1, jþ k≡ 0 mod 2 to cover all the
different tiles in KBTZ. The labeling for the disk represen-
tation is shown in Fig. 9(a) and for the BTZ representation
is in Fig. 9(b).
Let us see what entanglement quantities are encoded in

these tiles. The areas of k ¼ 0 domains are proportional to
the divergent mutual information, namely

c
3
Tj;0 ¼ I½a − 1a; bbþ 1�

¼ S½a − 1; a� þ S½b; bþ 1� − S½a − 1; bþ 1�; ð59Þ

where a ¼ b. Notice that we are using the square bracket
notation since we are working in KBTZ. For k ≤ N − 2,
we get conditional mutual information of the form,

c
3
Tj;k¼ Ij;k

¼ I½a−1a;bbþ1jab�
¼S½a−1b�þS½abþ1�−S½ab�−S½a−1bþ1�: ð60Þ

Let us denote the areas of k ¼ N − 1 tiles [e.g., see
Fig. 8(b) topmost triangles] by Tj;N−1. Now we go back
toKD. In this picture, the k ¼ N − 1 tiles [e.g., see Fig. 8(a)
square in the middle strip) have got areas 2 · Tj;N−1. These
squares are bounded by point curves a; ā; b; b̄, where

FIG. 8. Four neighboring tiles of the kinematic space in case of
a geodesic N-gon. The tiles are labeled by ðj; kÞ, ðjþ 1; k − 1Þ,
ðjþ 1; kþ 1Þ, and ðj; kþ 2Þ. These regions are bounded by the
point curves corresponding to vertices a − 1, a, aþ 1, b, bþ 1,
and bþ 2 of the N-gon.
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a≡ j − k
2

; b≡ jþ k
2

; b̄≡ a − 1;

ā≡ bþ 1 mod 2N ð61Þ

(a and b can denote point curve with bar as well). So, the
areas can be expressed by entanglement entropies in the
following way:

2 ·
c
3
Tj;N−1 ¼ Iðab; ā b̄ jbāÞ

¼ SðaāÞ þ Sðbb̄Þ − Sðab̄Þ − SðbāÞ; ð62Þ

where Iðab; ā b̄ jbāÞ is the conditional mutual information
we have calculated in (42). Notice that SðaāÞ and Sðbb̄Þ
both give the S½∂BTZ� entwinement of the whole BTZ
boundary and Sðab̄Þ ¼ SðbāÞ ¼ S½ba�. Now one can see
that

SðaāÞ − Sðab̄Þ ¼ Sðbb̄Þ − SðbāÞ
¼ S½∂BTZ� − S½ab�
¼ S½bajab�; ð63Þ

where ba and ab now represent BTZ boundary intervals
and S½bajab� ¼ S½∂BTZ� − S½ab� is a conditional entropy.
Interestingly, in this special case, it is just the half of
the conditional mutual information Iðab; ā b̄ jbāÞ that we
calculated in (42). If we return to the BTZ kinematic space,
one can also write

c
3
Tj;N−1 ¼ S½bajab� ¼ 1

2
Iðab; ā b̄ jbāÞ: ð64Þ

Summarizing what we have so far,

Tj;k¼
3

c
·

8>><
>>:
I½a−1a;bbþ1�; if k¼0

I½a−1a;bbþ1jab�; if 0<k<N−1

S½ba;ab�; if k¼N−1;

ð65Þ

where

a≡ j − k
2

; b≡ jþ k
2

mod N: ð66Þ

Now we want to derive an Y system for the high-
temperature BTZ case. Similarly to (56), we can introduce
the following quantities:

Yj;k ¼
(

1

eTj;k−1
; if 0 ≤ k < N − 1

1

e2Tj;k−1
; if k ¼ N − 1;

ð67Þ

where Tj;k are the areas of tiles in KBTZ. With the KD

representation, one can give two types of relations between
different tiles. One for the inner tiles of a fundamental
domain,

Yj−1;kYjþ1;k ¼ ð1þ Yj;k−1Þð1þ Yj;kþ1Þ; ð68Þ

where k ≤ N − 2. And one for the topmost tiles, shared by
two fundamental domains:

Yj−1;N−1Yjþ1;N−1 ¼ ð1þ Yj;N−2Þ2: ð69Þ

These relations determine a Zamolodchikov Y system of
CN−1 type,

Yj−1;kYjþ1;k ¼
Y
i≠k

ðYj;i þ 1Þ−aki ; ð70Þ

where the boundary conditions are now

FIG. 9. (a) The kinematic space of a Poincaré disk hexagon with vertices labeled by a; b; c; ā; b̄; c̄ such that a, b, c are centrally
symmetric to ā; b̄; c̄. In this special case, kinematic space is build up from four identical domains, bordered by dashed gray lines. In the
bottom left segment, we labeled the tiles by the ðj; kÞ pairs defined by (50). In the other three segments, we labeled the tiles, respectively.
One can look at this space as the kinematic space of a 2N-gon equivalent to a BTZ black hole N-gon. (b) A fundamental domain that
fully represents the BTZ black hole N-gon. Notice that the uppermost triangles now have finite areas.
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Yj;0 ¼ 0; Yj;N−1 ¼
1

e2Tj;N−1 − 1
¼ 1

e2S½ba;ab� − 1
: ð71Þ

Here, aki is the Cartan matrix of the CN−1 Dynkin diagram.
In general, its solutions are periodic in the variable j with
period 4N which is inherited from the θ ∼ θ þ 2π perio-
dicity of kinematic space. However, since now the 2N-gon
is being centrally symmetric, the period in our case is 2N.
Notice that by virtue of (42), the boundary conditions for
Yj;N−1 are featuring the Bekenstein-Hawking entropy of the
BTZ black hole,

SBH ¼ 2πrþ
4G

ð72Þ

where 2πrþ is the area of the black hole.

VII. CONCLUSIONS

Within the framework of the AdS3=CFT2 correspon-
dence, in this paper, we investigated how entangled
quantum states of the boundary are encoded into the
classical geometric structure of the bulk. In our previous
work [9], we have shown that the entanglement patterns of
the CFT vacuum are encoded into the geometry of pure
AdS3 by the algebraic structure of a cluster algebra. For a
partitioning of the boundary into N regions, this algebra
turned out to be of AN−3 type. After this observation, the
natural question to be asked was the one: are there any other
interesting cases where we again find this particular type of
encoding via cluster algebras? In this work, we have shown
that the answer to this question is yes. We have shown that
the entanglement patterns of a thermal state of the boundary
are encoded into the high temperature limit of the static
BTZ geometry via another type of a cluster algebra. For a
similar partitioning of the boundary to N regions this is of
type CN−1. Notice that the entanglement patterns we have
found are universal for all 2D CFTs whether they are
holographic or not. Indeed for the particular states we have
studied here (vacuum and thermal one), our approach gives
the same patterns for holographic theories and nonholo-
graphic ones. This means that the language of geodesics is
applicable to conjure up a bulk geometry engineered in a
way to encode entanglement data of the field theory [39].
One can study this encoding phenomenon of entangle-

ment patterns in the bulk or in kinematic space. In the bulk
case, the cluster algebraic structure manifests itself in
algebraic relations between the regularized (lambda)
lengths of geodesics. On the other hand, in the kinematic
space description, this structure is captured by relations
between areas of causal diamonds with respect to the
Crofton form. For our examples studied so far, the
kinematic space version of this encoding has given rise
to Zamolodchikov Y-systems of type AN−3 (vacuum) and
CN−1 (thermal state). We also observed that in the CN−1
case, the boundary conditions for the Y system display in

the explicit form of the Yj;N−1 quantities the Bekenstein-
Hawking entropy of the BTZ black hole. Note that it would
be rewarding to consider the kinematic space representation
of further cluster algebraic structures based on other
discrete quotients of the AdS3 geometry. A possible
example of that kind worth exploring (the conical defect)
has already been studied from the kinematic space
perspective [38].
We note that interestingly, in the language of cluster

algebras [19], in the bulk representation, the encoding
manifests itself via cluster dynamics of flips and in the
kinematic space representation by the so-called coefficient
dynamics of flips. In physical terms, cluster dynamics is the
one based on mutation between possible partitions of the
boundary captured by regularized entanglement entropies.
On the other hand, coefficient dynamics is the one based on
similar mutations encapsulating changes in regularization
independent conditional mutual information.
The advantage of studying this encoding phenomenon

with the help of algebraic structures is particularly trans-
parent in kinematic space. Here, one can investigate the
dynamics of cross ratios which are gauge invariant quan-
tities, meaning that they are independent of the regulari-
zation prescription. Moreover, one also has the physical
interpretation of cross ratios as conditional mutual infor-
mation subject to strong subadditivity. This constraint gives
rise to further interesting connections with the topic of
positive geometry, which is an important ingredient of
recent studies on scattering amplitudes [40,41].
Our investigations also revealed an interesting connec-

tion between quantum entanglement on the boundary and
cluster polytopes. These cluster polytopes [40,42] are
playing a very important role in the rapidly evolving
research field on scattering amplitudes. Such research
studies culminated in the appearance of the amplituhedron
a polytopal object geometrizing the factorization properties
of scattering amplitudes [43]. Now, in this new context, we
have found that for an N-fold partitioning of the boundary
the associahedron AN−3 geometrizes entanglement infor-
mation of the vacuum and the cyclohedron CN−1 is doing
the same for the thermal state. Since these objects are
encoding holographic entanglement information in a poly-
topal manner, they can be regarded as some sort of
holographic entanglement polytopes [41]. However, this
term should be handled with care not be confused with
the existing topic of entanglement polytopes in the quan-
tum information [44–46] and in the holographic context
[47–50]. In any case, the associahedron AN−3, for example,
can be visualized as a polytope existing in a N − 3-
dimensional Euclidean space. This space is spanned by
the regularized entanglement entropies associated to the
diagonals of the quadrangles arising from a particular
triangulation of the bulk. Then the associahedron is cut
out from this space by the positivity constraints dictated by
strong subadditivity [41]. Clearly, this polytopal type of
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encoding of holographic entanglement information should
be further investigated.
Finally, we note that cluster algebras originally appeared

implicitely in Teichmüller thory of Riemann surfaces. In
this context, one should bear in mind that one can associate
a cluster algebra to any bordered surface with marked
points [19]. For example, this construction specializes to
our type AN−3 case dual to the CFT2 vacuum. In this special
case, the surface is just a disk with N marked points. Since
in the AdS3=CFT2 context, multiboundary wormhole
solutions are naturally showing up as ones featuring such
surfaces [23], one expects that the examples investigated in
our paper provide just the simplest ones based on a generic
construction. This conjectured encoding [15] of quantum

states in a holographic manner via cluster algebras and their
associated cluster polytopes is certainly an interesting
possibility worth exploring in the future.
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[9] P. Lévay and B. Boldis, Phys. Rev. D 111, 126022 (2020).

[10] A. B. Zamolodchikov, Phys. Lett. B 253, 391 (1991).
[11] E. Frenkel and A. Szenes, Math. Res. Lett. 2, 677 (1995).
[12] F. Ravanini, A. Valleriani, and R. Tateo, Int. J. Mod. Phys. A

08, 1707 (1993).
[13] F. Gliozzi and R. Tateo, Phys. Lett. B 348, 84 (1995).
[14] B. Czech, L. Lamprou, S. McCandlish, and J. Sully, Phys.

Rev. Lett. 120, 091601 (2018).
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