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1. Introduction

In the abstract we briefly stated the problem in the graph theoretic form, here we introduce the definitions that are
necessary to understand the statement.

Definition 1.1 (Kneser graphs). A Kneser graph KG(N, k) is a graph defined as follows.
The vertices correspond to the k element subsets of a given N element set, and two vertices are connected if and only if
the corresponding subsets are disjoint.

The structure of Kneser graphs is widely studied in combinatorics. Many graph theoretic parameters has been examined,
for example the independence number is computed in [9], the chromatic number in [16] and the diameter in [19].

Definition 1.2 (Xor product). Given two graphs, G and H, let us denote by V(G), V(H) and E(G), E(H) their vertex and
edge sets respectively. Define the Xor product, denoted by G - H, as the graph with the vertex set V =V (G) x V(H) (where
V(G) x V(H) denotes the Cartesian product of the vertex sets), and two vertices (g, h) and (g’,h’) are connected if and
only if among the statements gg’ € E(G) and hh’ € E(H) exactly one occurs.

This graph product was studied in [18] to construct colorings of complete graphs containing less monochromatic copies
of K4 than the expected number in a random coloring. In [2] the limits of both the independence and clique numbers are
studied for Xor powers.
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Definition 1.3 (Clique number). Let G = (V, E) be a simple graph. A subset H C V is called a clique, if any two vertices in H
are connected by an edge in G. The clique number of G is simply the size of a maximum clique, denoted by w(G).

Now we have everything to state the main problem of this article.

Problem 1.4. We want to find the value of w(KG(N, k) - KG(N, k)).
As the exact value for all pairs (k, N) is beyond our reach, we focus on giving lower and upper bounds, determining the
asymptotic behavior of these functions, and calculating the exact value for a large family of pairs (k, N).

Similar questions have been studied about the independence number of different, more conventional (Cartesian, Tensor
and Strong) products of the Kneser graph in [6]. It is trivial to determine the clique number in these graphs for any
conventional graph product.

Our problem can be rephrased as an extremal combinatorial problem. This was our original problem proposed by Gyula
O.H. Katona. The problem is the following.

Let k and N be fixed positive integers. Let A and B be disjoint sets with |A| = |B| = N. We will consider families of
subsets on the base set A U B. For easier notation we introduce the following.

Definition 1.5. Throughout the article for a set S C AU B we denote SN A as Sq and SN B as Sp.

Definition 1.6 (Semi-intersecting family). We call a family of sets S on the base set A U B semi-intersecting, if the following
conditions hold.

o |Sal=|Sg| =k forall Se&.
e SaNTap=¢ ifand only if SpNTg#@ forall S,T €S, with S#T.

In other words the second condition states that two sets from & intersect exactly at one side, so SN T # ¢ and either
SNTCAor SNT CB.
Let f(k,N):=max{ |S| : S is semi-intersecting with constants k and N}.

The next proposition states the equivalence of the two problems.

Proposition 1.7.
fk, N)y=w(KG(N,k)- KG(N,k)).

Proof. The proof is actually really easy if we understand the definitions.

Let G = (V1,Eq) and Gy = (V3, E3) be two KG(N, k) Kneser graphs, and let A and B be disjoint N-element sets corre-
sponding to G; and G, respectively. Let u = (uq1, uy) and w = (w1, wy) be two vertices of G - G,. Denote the corresponding
k-element sets of u1, uz, wy, wy by Uy, Uy, Wy, W respectively (U1, W1 C A, Uz, W, C B). u and v are connected in the
product if one of the following occurs.

e uywq € E1 and upw; ¢ E,, which is equivalent with Uy " W1 =@ and U, N Wy # (.
e uywq ¢ E1 and upw; € Ep, which is equivalent with Uy " Wq # @ and Uy, N Wy = 0.

So if we assign to each vertex (ui,uy) of Gy -Gy the set U; U Uy then a clique in the graph corresponds to a semi-
intersecting family on A U B, and vice versa, we assigned a clique to each semi-intersecting family on A U B. The proof is
finished. O

Therefore our main question can be stated as follows.
Problem 1.8. What is the value of f(k, N)?

Similar questions have been studied in extremal combinatorics about families of sets. Most notable among these would
be the Erdds-Ko-Rado theorem [9], which determines the size of the maximal uniform intersecting family of sets (a family
of sets such that each set has the same size, and has a non-empty intersection with all other sets in the family). In [8] this
question has been studied for two part set systems. Here the maximal cardinality of such an intersecting family of sets is
studied, where the base set is divided into two parts, and each set in the family has fixed size intersections with both parts.
Other similar questions have been studied about such 2-part families of sets in [10].
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The connection of our problem to intersecting families is tighter than the definitions suggest. The proofs of the two main
theorems, Theorem 2.3 and Theorem 2.4, are based on the fact that in a sense the structure of a k-uniform large family
with a lot of intersections is similar to the structure of an intersecting family.

The structure of intersecting families is widely studied in extremal combinatorics. One of the most famous results is
due to Hilton and Milner [13] who gave an upper bound for the size of a non-trivially intersecting family. In [3] the
typical structure of an intersecting family is studied, and proved that assuming some conditions, almost all intersecting
k-uniform families on n element are trivial. This result has been improved since in several articles, the best known result
is [4] (preprint), where the authors only need the condition n > 2k 4+ 100 log(k). One can read more about the structure of
intersecting families for example in this [14] survey.

In [11] the maximal cardinality of almost intersecting families are examined, that is families with every set intersecting
all other except at most . This problem is closely related to the idea behind the proof of our main theorem.

In our article we only examine the case when the two Kneser graphs are isomorphic. The results of our article can be
generalized to products of different Kneser graphs, though the proofs may be more technical.

1.1. Structure of the article

In the next subsections we talk about notations and preliminaries. We introduce the notations that will be used through-
out the article and state some definitions and theorems that are needed later.

In Section 2 we talk about upper bounds. First we give two fairly easy bounds that work in every case. Then we solve
the problem up to constant deviation for large N, and give a sharp bound for the case of k =2 and large N.

In Section 3 we work on lower bounds. This mainly consists of giving as good constructions as we can. We find connec-
tions with other topics in combinatorics and algebra and use them to give good (sharp in a lot of cases) constructions, and
we give a better lower bound for large N than the trivial.

In Section 4 we compare the bounds from Section 2 and 3 and summarize our results.

In Section 5 we give some open problems.

1.2. Notations

If we do not imply otherwise, we always use the constants k and N and base set AU B for semi-intersecting families.
For easier notation we have also introduced S4 = SN A and Sg =S N B for any set S C AU B in Definition 1.5.

We call 1-dimensional affine subspaces affine lines as defined in the statement of Proposition 1.14. We partition the
affine lines of a 2-dimensional vector space into parallel classes (two of the lines are in the same parallel class if their
corresponding linear subspaces are the same, see Definition 1.13 and the paragraphs after it).

We always use calligraphic letters to refer to families of sets, parallel classes of affine lines or Latin squares. We use
capital letters to denote sets and lowercase letters for elements in sets.

MOLS(n) is the maximum number of mutually orthogonal Latin squares, defined in Definition 1.11.

7 (x) denotes the number of primes not greater than x.

~ denotes the asymptotic equivalence of functions. That is, if given two functions, both defined on the positive reals or
on the positive integers, then we say f(x) ~ g(x) if and only if

lim M =1.

x—>00 g(X)
We will also use the little-o notation. For two functions, f(x) and g(x) defined on the positive reals, we say that f(x) =
o(g(x)) if for every € > 0 there exists a K, with

[fX)| < egx)

for all x > K. With o(g(x)) we denote the set of all functions with the above property. We say that o(g(x)) = o(h(x)) if the
set of functions corresponding to o(g(x)) and o(h(x)) are the same.

1.3. Preliminaries

In our constructions in Section 3 we will use certain definitions from algebra, combinatorics and number theory. We will
give a brief introduction to them along with the applied theorems in this subsection.

We will use four well-known mathematical definitions and related theorems: finite fields, finite projective geometries,
mutually orthogonal Latin squares and affine subspaces.

We will not state the definition of a field, as we consider it is well-known. A finite field is a field with a finite number
of elements. We will use the following famous theorem.

Theorem 1.9. There exists a finite field with n elements, exactly if n is a prime power.
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The book [15] contains a detailed introduction to finite fields including this theorem at the beginning of Chapter 2.
We also consider finite projective geometries are well-known. A good introduction to the topic can be read here [1]. It
also contains the following known theorem in Chapter 3 that we will need later.

Theorem 1.10. If n is a prime power then there exists a finite projective plane of order n.

Definition 1.11 (Mutually orthogonal Latin squares). A Latin square is an n x n square filled with n different symbols, each
occurring exactly once in every row and column. Two Latin squares are said to be orthogonal if, considering the two fillings
as an ordered pair in every entry of the table, every ordered pair occurs exactly once in the square. A family of Latin squares
are mutually orthogonal if every pair of them are orthogonal.

We use the usual MOLS(n) notation for the maximum number of mutually orthogonal Latin squares of size n x n.

Mutually orthogonal Latin squares are a widely studied topic in combinatorics. In [7] the authors wrote a brief survey
about the best known constructions. We will need a related theorem proved by Bose [5].

Theorem 1.12. There exist n — 1 mutually orthogonal Latin squares of size n if and only if there exists a finite projective plane of order
n.

Finally, we define affine subspaces in a vector space.

Definition 1.13 (Affine subspace). Let V be a vector space. Any subset of the form x + U, where x is a vector in V and U is a
linear subsapce of V, is referred to as an affine subspace of V.

We will refer to the set of affine subspaces corresponding to a certain linear subspace as a parallel class. The elements
of such a class are pairwise disjoint.

We will use these definitions only when the vector space is two dimensional. In this case we can state the following
useful property.

Proposition 1.14. In a two dimensional vector space V, every two affine subspaces corresponding to different 1-dimensional linear
subspaces (which we will call affine lines) have exactly one vector as their intersection.

Proof. Let two affine lines be Uy = L1 + p1 and Uy = Ly + p> where L1 and L, are two linear subspaces. First, let us
observe that any two non-zero vectors from the two different linear subspaces will be independent. Let us choose two
non-zero vectors x € L1,y € L. As these are independent, we can express any vector as the linear combination of these
two vectors, thus Uy = L1 +a1x+ b1y =L1 + b1y and Uy = Ly + axx + byy = Ly + azx. It follows that if we translate the
original linear subspaces Ly and L, with ayx + b1y then we will get the affine lines Uy and U, respectively, as x € L1 and
y € Ly. The linear subspaces had only the origin as their intersection, therefore when they are translated they will have only
axx + b1y as their intersection, thus we have proved our claim. O

At the end of Section 3 we will use the famous prime number theorem.

Theorem 1.15 (Prime number theorem). Denote by m (x) the number of primes not greater than x. (We can consider this function
defined on the positive reals.) Then

) — k k
7= fogiy O <log(k)> '

2. Upper bounds

As stated in the introduction we start this section with 2 simple lemmas, which give surprisingly strong bounds in some
cases.

Lemma 2.1.

f(k,N) 52k(L%J —1) +1.

Proof. Let S be a semi-intersecting family, and let S € S. We want to give an upper bound for the number of sets T with
TeS, T#S and Sy N Ty #0. Let us denote the family of sets with these properties 7.
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Note that for all a € A there are at most L%J sets H € S with a € H, because any two such H intersect in A, so they
must be pairwise disjoint in B. Using this, for all u € S, there are at most L%J —1sets TeS with T#S and u € T. Since
|Sal=k,and u e T for some ue Sy forall TeT,

na((2]-)

By the symmetry between A and B this is also an upper bound for the sets that intersect S at B, and all sets from S must
intersect S either in A or in B. The conclusion follows. O

Lemma 2.2.
N
fk,N) < {%J

Proof. We will use double counting.

Let S be a semi-intersecting family. Using the same fact as in Lemma 2.1, for all a € A there can be at most L%J
elements of S that contain a. Therefore we can count the (ordered) pairs (a, S), where a€ A, S € S and a € S. On one hand
for every a there are at most L%J sets containing it, so there are at most N L%J pairs. On the other hand the number of
pairs equals |S| -k, since every S € S contains exactly k elements in A.

Therefore we get

|3|5{%J. 0

Now we turn to the case when N is sufficiently large. We examine the k = 2 case separately, because in this case we
can calculate the exact value. Our next theorem is a sharp upper bound, and we will prove that this is indeed sharp in a
slightly more general form in the next section.

In the next two theorems we will use the concept of Ramsey numbers. Ramsey’s theorem [17] states that for all positive
integers a and b there exists a smallest integer R(a,b) (called Ramsey number) with the property that any simple graph
with R(a, b) vertices contains either a clique of size a or an independent set of size b. From now on we use the notation
R(a, b) for Ramsey numbers.

Theorem 2.3.1f | § | > R(7,7) then

FRN) < EJ +a,

Proof. Let S be a semi-intersecting family with maximal cardinality. Then from the trivial lower bound |S| > L%J > R(7,7).
Consider the graph G that has the sets in & as its vertices and two vertices S,T € § are connected if and only if
SaNTx #@. From Ramsey’s Theorem we know that this graph contains 7 vertices that form a clique or an independent set.
In the former case, there are 7 sets in S pairwise intersecting in A. In the latter case, there are 7 sets in S pairwise
disjoint in A, therefore pairwise intersecting in B. By the symmetry between A and B we can assume that there are 7 sets
pairwise intersecting in A. Let 7 C S denote such a 7-element subfamily.

Let us call a 2-element subset P C A catcher, if there exist at least 3 sets Si,S2,S3 € S such that (S1)a = (S2)a =
(S3)4 = P. Notice that if T4 " P =¢ for some T € S, then T must intersect S1, Sy and S3 in B which is impossible, as they
are disjoint in B and |Tg| =2. So all T € S must intersect P. This is a pretty strong condition, so our goal is to find catcher
subsets of A.

We have two possibilities for 7. Either there is an element c € A with ce T for all T € 7 (Case 1 and Case 2). If there
is no such c, then there are subsets T4 (T € T) of the form {c,d}, {c,e} and one that is not containing ¢, which must be
{d, e}. All other sets in 7 must intersect {c,d}, {d, e} and {e, c}, which is only possible, if T4 = {c,d}, {d, e} or {e, c} for all
T €T (Case 3).

Case 1: There is an element c € A that is contained in all T €7 and c € S for all S € S. All sets of S intersect at c, so
they are pairwise disjoint in B, which means that |S| < L%J and we are finished.

Case 2: There is an element c € A that is contained in all T € 7 but c ¢ S for some S € S. Let us choose such an S € S
and call d and e the elements of S4, i.e. S4 = {d, e}. The sets in 7 are disjoint in B, and S can intersect at most two of
them in B as |Sp| = 2. Therefore S4 must intersect all but at most two sets in 7, which means that at least 5 sets from 7~
contain d or e. Consequently either d or e is contained in at least 3 sets from 7. We can assume that the former holds and
conclude that {c,d} C A is a catcher subset.
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Case3: T4 ={c,d}, {c,e} or {d, e} for all T € 7. This means that one of them must occur at least 3 times. We can assume
that {c, d} occurs at least 3 times, and conclude that {c,d} C A is a catcher subset.

So in both Case 2 and Case 3 we concluded that P :={c,d} is a catcher subset. Let C ¢ S with C € C exactly if ce C
and d ¢ C. If |C| <4 then all but at most 4 sets from S contain d, and these sets are pairwise disjoint in B, so in this case
IS < | & | +4, therefore the statement is true.

Thus we may assume that |C| > 4. Similarly, let D C S with D € D exactly if c ¢ D and d € D. In the same way we can
assume, that |D| > 4. D is nonempty, therefore we may choose D € D. Call e the other element of Dy, i.e. D4 ={d, e}.

All the sets of C are disjoint in B, so D can intersect at most two of them in B. Consequently it intersects at least 3 of
them, Cq, C3, C3, in A. Notice, that it is only possible if (C1)4 = (C2)a = (C3)a = {c, e}, which means that Q :={c,e} is a
catcher subset.

SaNP#@and S4NQ #¥ for all S €S, so either c € Sy or Sy = {d, e}. If there are less than 3 sets with S4 = {d, e}
then all but these contain c, so they are disjoint in B, therefore |S| < LgJ + 3, and we are finished.

The other option is that R :={d, e} is also a catcher subset. Then SANP #@, SANQ #¥W and SANR#A@ forall SeS.
It is only possible if S4 = P, Q or R for all S € S. So all set in S pairwise intersect in A, thus they are pairwise disjoint in
B, so |S| < | % |. The proof is complete. O

And here comes the most important and challenging theorem of our article. We solve the problem for large N up to a
constant deviation.

Theorem 2.4. For all k there exists a constant ¢ (depending only on k) with f(k, N) < L%J +cforall N.

Remark 2.5. In a forthcoming work with Zoltan Fiiredi, among others, we will show that ¢ = ©(4XV/k).
Proof. Let S be a semi-intersecting family for some k, N. First we prove two claims.

Claim 2.6. Suppose that we have a set C C A with 1 <|C| <k — 1. Furthermore, let S1, Sy, ..., Sak+1 € S be sets such that
the intersection of any two of them is exactly C. Then all of the other sets of S must intersect some element of C.

Proof. Since all of the sets Sq, S, ..., Sok+1 intersect in A, they are disjoint in B. Suppose that for some set S € S, SNC = .
We have that S;N'S; = C for all i, j, therefore S;\ C and S;\ C are disjoint. There are 2k + 1 sets that S has to intersect
either in A or in B. Recall that (S;)p and (S;)p are disjoint for all i, j, and so are all the sets (5;)4 \ C and (S5;)4 \ C. This
means that S cannot intersect more than k of them neither in A nor in B, since it has only k elements both in A and in B,
so we have a contradiction. O

We define two recursive sequences that will play an important role in Claim 2.8.

Definition 2.7. Define r1 :=k + 1 and let

ri ;== R(mj_1,2k+1)

for i > 2, where m; =r; -i for all i > 1. Note that this is a well-defined recursive definition, as the two sequences determine
each other. r; is given, r; determines m; and m; determines r;1.

Claim 2.8. There exists an m € N such that it depends only on k, and for any Z C S with |Z| > m there exists a Z € Z such
that one of the following holds.

e ZpNSp#@forall Se8.
e ZgNSg#WPforall Ses.

We will show that m = R(my, my) is an appropriate choice.

Proof. Throughout the proof we will use the sequences r; and m; defined in Definition 2.7.

Suppose, that Z C S has at least m = R(my, my) elements.

We will construct the same graph as we did in the beginning of the proof of Theorem 2.3. The vertices are the sets in Z,
and two of them are connected if and only if they intersect in A. Since we supposed that |Z| > R(my, my), our graph must
either contain a clique or an independent set of size my because of the Ramsey theorem. This means that there must be a
subset Mj C Z such that |[Mj| > my, and either X4 NY,4 is nonempty for every X,Y € M or Xg N Yp is nonempty for
every X,Y € My. We can assume that the former holds, the other case is the same as the roles of A and B are symmetric.
Now let us choose a set X € M. Since Y4 N X, is nonempty for every Y € My, and since | M| > my =k -, by definition,

6
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there must be an element z; € X4 C A, such that at least r; sets in M) contain z;. Let us call the set of these sets Ry.
Formally:

Ri:={M e My :21 € Ma}
We want to create a descending chain of subfamilies

ZOM DRy DOMy—1 DRk-1 DMk—2D...0Rq

such that the following conditions hold.

o IMj|>myand [Ry|>r forall 1 <I<k.

e For all 1 <I <k there exist z1, 22, ...,2x—] € A such that {z1,2,...,2zx—j} CM for all M € M, and {z1,22,...,2k—1} €
MANN for all M, N € M,.
e For all 1 <I <k there exist z1, z2, ..., 2zxk_j+1 € A with {z1,23,...,2¢_141} CR for all R e R;.

We do this by induction. For the base step we already created the families My and Ry, it is easy to check that these
satisfy the conditions of the induction. For the induction step we assume that we already created M; and R; (2 <[ <k),
and then we try to construct the subfamilies M;_; and R;_;.

Thus we have M, and R; such that {z1, z2, ..., zx+1-1} C X for every X € Ry and |Ry| > 1.

We create a graph again: the vertices are the sets from 7R;, and two of them, X and Y, are connected if and only if
{z1,22, ..., Zk+1-1} € Xa N Y 4. Since |Ry| > = R(mj_1, 2k + 1), we have either a clique of size m;_; or an independent set
of size 2k + 1.

In the latter case, we can use Claim 2.6, as we have an independent set of size 2k 4+ 1, which means that the
corresponding sets pairwise intersect in exactly {z1,za,...,2zk+1—1}. Therefore, we conclude that for every set X € S,
XaN{z1,22,...,2k+1-1} # 9, in particular any Z € R; proves the claim as {z1, 22, ..., Zx+1-1} C Z.

In the former case, let us define M;_; to be a subfamily of R; such that for every pair X,Y € M;_; it holds that
{z1,22, ..., Zk+1-1} € Xa N Y4, and among these subfamilies it has maximal cardinality. We have |M,_q| > mj_4, since we
had a clique of size m;_y in the graph we defined.

We created M;_; and it indeed satisfies the conditions stated above. Now we want to find a subfamily of M,;_; that is
appropriate for R;_1. We will do the same thing we did in the base case when we created R from M.

Let us choose a set X € M,_y. All M € M;_; must intersect X4 \{z1,22, ..., Zk+1-1}, and | Xa\{z1, 22, ..., Zx412} =1—1.
By definition mj_y =r_; - (I—1), so we can find an element z,11_g—1) in X4 (with zx41_¢-1) # 21, 22, ..., Zk41-1) such that
at least r;_q sets from M,;_; contain it. Here we used that k+ 1 —[ <k, and therefore we could choose some element other
than z1, z, ..., zx+1—;- Now define

Ri—1:={M € M1 : Zkr1-¢-1) € Ma}.

We got a family of sets, R;_1, such that {z1, 2, ..., Zx41—¢-1)} C X for every set X € Rj_y and |Rj—1| = ri—1. These were
the conditions for R;_q, therefore the induction works.

Throughout the induction, if at any step the graph we created has an independent set of size 2k + 1 then we have proved
the claim.

If this case never occurs, so we always find a large clique, then we terminate in the case when [ = 1. Therefore, we get
a family Rq and elements z1,2;,...,2zx € A with |[R1| >ri =k +1 and {z1,2,...,2¢} C X4 for all X € Rq. Meaning that
for all X € R1 we have X4 ={z1,22,...,2}. Now all S € S must intersect {z1, 22, ..., zx}, because otherwise it intersects
all the sets from R in B, which is clearly impossible as these are at least k + 1 sets which must be pairwise disjoint in
B, and |Sp| =k. For any Z € Ry we have {z1,z,...,z} C Z, therefore it is a good choice for the claim. So by choosing
m = R(my, my) the claim is indeed true. O

Now we turn to prove Theorem 2.4. We will prove that |S| < [} |+m—1.

Suppose on the contrary that |S| >m + L%J Then |S| > m, so we can apply Claim 2.8 with Z =S, and conclude that
there exists a set Z € Z, such that either Z4 NSy #@ for all S€S or Zg NS #¢ for all S e S. We can suppose without
loss of generality that the former holds, and define the following nonempty family of sets.

F={XeS&S:XaNSa#£Pforall S € S}

We know that F4 N G4 is nonempty for every F, G € F, therefore they are disjoint in B, so |F| < L%J

Consequently, |S \ F| > m, so we can apply Claim 2.8 again for Z =& \ F. The roles of A and B are not symmetric
anymore, therefore we have to check both cases of the claim.

Case 1: There exists a set X € S\ F such that S4 N X4 # @ for all S € S. However, this was the definition of the family
JF,and X is not in F, so this is a contradiction.

Case 2: There exists a set X € S\ F such that Sp N Xp # @ for all S € S. Let us choose a set F from F. F# X as F e F
and X ¢ F. Notice that F4 N X4 # ¥ because of the definition of F, and Fg N Xp # @ because of the definition of X. This
contradicts S being a semi-intersecting family, so we proved Theorem 2.4. O

7
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3. Lower bounds

We start with three simple observations.

The first is the trivial lower bound L%J Just take a family S with Sy =T4 and SpNTg =9 for all S, T € S. This is
actually not as weak as it looks, see Theorem 2.4.

Secondly, if k is fix and Ny < N, then f(k, N1) < f(k, N3), as a semi-intersecting family for (k, N7) can be consid-
ered as a semi-intersecting family for (k, No) where we do not use the remaining elements. So in other words, f(k, N) is
monotonously increasing in N.

The third observation is a bit more complex, so we state it as a lemma.

Lemma 3.1. Assume that we have a semi-intersecting family S with constants (k, N). Let g: AU B — Z™ with the following proper-
ties.
There exists a constant N’ with

Y g@=) gb)=N,

acA beB

and there exists a constant k’ with

g =) g =K

seSa seSp

forall S € S.
Then f(k',N') > |S]|.

Proof. If we understand the statement, the proof is evident. Intuitively this means that we replace every point p with g(p)
other points.

For all c € AUB assign a set H¢ such that |[H¢| = g(c) and H; N H; = for all distinct i, j € AUB. Let A’ =J,c4 Ha and
B’ =Upep Hp. For all S € S consider the set S’ = J,.s Hs, and let S” be the family of these sets for all S € S.

From the assumptions of the lemma we know that |A’| =|B’| =N’ and |S/,,| =|S}, | =K for all S" € &, and clearly &’ is
semi-intersecting because S is semi-intersecting, therefore

f',NY>|S'|=|S|. O
Corollary 3.2. If d divides both k and N then f(k, N) > f (g, g).

Proof. Let us use Lemma 3.1 for a semi-intersecting family S with constants <§ %) and with maximal cardinality among

such, ie. |S|=f (5 %) Furthermore let g =d be the constant function. With these conditions Lemma 3.1 gives the desired
result. O

Now we will investigate the special case when N = k?, furthermore we only consider constructions with an extra condi-
tion beside the conditions of semi-intersecting families.

Definition 3.3. Call a semi-intersecting family S Latin, if N = k? and we can partition B into k disjoint sets B1, Bs,..., By,
all of them having exactly k elements with the property that for all S € S we have Sp = B; for some 1 <i <k, and for all
1 <1i <k there is either no S € S with Sg = B; or there are exactly k such S € S.

At first glance this definition could look quite arbitrary, but the motivation is that the Latin semi-intersecting families
can be corresponded to mutually orthogonal Latin squares. The next theorem formulates this more precisely.

Theorem 3.4. Let k > 2. The maximum cardinality that a Latin semi-intersecting family with parameters (k, k%) can be is k -
min(MOLS(k) + 2, k).

Proof. Take a Latin semi-intersecting family S with maximal cardinality. Let us call By, By,..., By the disjoint sets in
Definition 3.3. Index them such a way that exactly the first | among them are the sets with k different S € S intersecting B
at that set, i.e. Sp=B; for k sets S€ S if 1 <i<|, and thereisno such SeSifl+1<i<k.Forall1<i<lcall §CS
the family of sets that intersect B at B;. Note that for all 1 <i <[ the sets S € §; are pairwise disjoint in A, and there are
k of them, so they must partition A. Also if i # j and X € S;, Y € S then X4 NY4 # @. This is true for all Y € S;, so X

8
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must intersect every set Y € S; in exactly 1 element. So every pair of sets from S that belong to different S; intersect in 1
element.

Clearly | > 2. Arrange the points of A in a k x k square such that the rows are the subsets in the partition obtained
from Si, and the columns are the subsets in the partition obtained from &. It is clearly possible to construct such an
arrangement. For example let us call the sets from S; and S respectively X1, Xa,..., Xk and Y1, Yo, ..., Y. If (Xj)a N
(Yj)a ={a} then put a in the i-th row and j-th column, denote this element of A with a;;. Now we construct a Latin square
Ly forall3<m<IL Fix3<m<landlet S; =1{Z1, Z2, ..., Z;}. We know that the sets (Z;)a for 1 <i <k partition the set
A. We assign the number h to the (i, j)-th entry of L, exactly if aj; € Z,. We can see from the observations in the previous
paragraph that every (Z;)a has to intersect every row and column exactly once so L, is indeed a Latin square. It is also
clear from the same observations that for all 3 <i < j <[ the Latin squares £; and £; are orthogonal.

Conversely, if L3, L4, ..., £; are mutually orthogonal Latin squares with [ <k then it is possible to construct a Latin semi-
intersecting family of size k - | from them. The construction can be obtained by doing everything in the opposite direction,
we construct the families S1,Ss, ... 8. Arrange A into a k x k square, every element of A is corresponded to an entry of
the Latin squares. Let the rows and the columns of A correspond to the sets from S; and S; respectively, and assign to
every £; a semi-intersecting subfamily S;. S = Uiﬂ S; is clearly a Latin semi-intersecting family. We needed the condition
that [ <k, since B is partitioned into k parts, thus we can only create k subfamilies S; C S satisfying the above conditions
even if MOLS(k) > k — 2. The theorem follows. O

In particular the following corollary is true.
Corollary 3.5. f (k, k?) > k - min(MOLS (k) + 2, k).

With Corollary 3.5 we can give lower bounds for f(k, k%). As Latin semi-intersecting families are a very special class of
semi-intersecting families this estimation looks quite weak at first glance, but actually we can see from Lemma 2.2 that it is
sharp if MOLS(k) > k — 2. In particular, by Theorem 1.12 it is sharp if there exists a projective plane of order k, consequently

from Theorem 1.10 it is sharp for prime powers. We will state this result as a separate lemma and write down another
proof, as it is nice and simple, and we will use the same ideas and notations in later lemmas and theorems.

Lemma 3.6. (See Fig. 1.) Assume that p is a prime power. Then
f(p.p*) = p*.

Proof. Let IF, be the p-element field (that exists by Theorem 1.9), and let D be a 2-dimensional vector space over this
field. Let us take the affine lines (remember that affine lines are affine subspaces corresponding to 1-dimensional linear

%)
(ooooooo)‘-‘w
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L ]

[ ]
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@ & o o o o

Fig. 1. This figure shows the construction detailed in Lemma 3.6 for p = 7. The set A corresponds to the set of points of ]Fg. (Si)a shows examples of affine
lines in this space. In the set B every parallel class of lines in A will have a corresponding subset. As (S1)4 and (S4)4 are from the same parallel class,
their corresponding subset is the same in B, or in other words (S1)p = (S4)5.
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subspaces) in this space. There are p + 1 parallel classes of affine lines corresponding to the p + 1 distinct 1-dimensional
linear subspaces, let us call these parallel classes D1, D>,..., Dp11. All of them contain p affine lines. From Proposition 1.14
any pair of affine lines from different classes have exactly one point as their intersection.

Consider the following construction for a semi-intersecting family S with constants k = p and N = p®. Assign the el-
ements of A to the points of D, and divide B into p disjoint sets (call them Bq, Bj,..., Bp) all of them containing p
elements.

For all 1 <i < p define

Si:={BiUX: X eD},

and define S as Ule S;. This is p? sets as |D;| = p for all 1 <i < p. By the construction it is trivial that |S4| =|Sg| = p for
all S € S. The other condition of semi-intersecting families also holds, because we have two cases:

e X,Y € S;. In this case, X4 N'Ya =@, as they correspond to parallel affine lines and Xg N Y = B;.
e XeSjand Y €S (i # Jj). In this case, X4 NYa # @ as they correspond to nonparallel affine lines and Xz NYp = 0.

So this is indeed a semi-intersecting family with p? elements which proves our claim. O

Now we give 3 generalizations of this lemma. The first is interesting in itself, but we will also use it as a lemma for the
theorem after it.

Lemma 3.7. Assume that p is a prime power and | < p + 1. Then
f(p,Ip*) = Ip.

Proof. We use similar notations as in the proof of Lemma 3.6, as we are going to generalize the construction from that
lemma. So now, as the statement of the lemma implies, we construct a semi-intersecting family S with constants k = p and
N =Ip? with |S| =Ip?.

Divide A into | disjoint sets with p? elements, and assign the 2-dimensional vector spaces (over Fy) D', D%..., D' to
them. Let D}, Dj...., D} ; be the parallel classes of affine lines in D' for all 1 <i <l In B we will only use p? elements,
so let B’ C B with |B’| = p?. Assign the points of a 2-dimensional vector space E (over Fp) to the elements in B” and let
&1, &, Epy be the parallel classes of affine lines in E. For all 1 <i <! let us take S from Lemma 3.6 with D = D! and

with By, Ba,..., By as the sets from &;, call this family S;. Let

1
S:= Usi.
i=1

Obviously |S| = Ip?.
We need to check that this is a semi-intersecting family. It is trivial that for all S € S we have |S4| =|Sg| = p. Now we
check the second condition of semi-intersecting families. Take two sets X and Y from S.
e If X,Y € &;, then by Lemma 3.6 the condition holds.
o If X € S; and Y € S, then they are disjoint in A and they intersect in B, as their intersections with B are two nonpar-
allel affine lines in E.

We have proved that S is semi-intersecting. O

Remark 3.8. This lemma is not sharp (or at least we cannot prove it is), however combining it with Lemma 2.1 we have

Ip? < f(p,Ip*) <2pp — 1) +1,

so the upper bound is less than twice the lower bound.

The next theorem gives a lower bound when N is large if p is a fixed prime power. It is sharp for p = 2, but unfortunately
it is very likely that it is far from the best for larger p prime powers. Still, it is much better than the trivial L%J estimation.

Theorem 3.9. Let p be a prime power. If N > p3 then
N
fp.N)=> bJ —-p?+p

10
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Proof. We use the notations from Theorem 3.7. Let p be a prime power and N > p3, we construct an appropriate semi-
intersecting family S with constants (p, N). Let A’ C A and B’ C B be subsets with |A’| = |B| = p3, and take the family S
from Theorem 3.7 with [=p and A= A’, B= B’. In this proof we call this family S;.

Notice that in Theorem 3.7 we had p + 1 parallel classes of affine lines in E. Until now we only used p from them as
I =p in this case.

Let E € Epy1. Take L—N;p3J pairwise disjoint p-element subsets from A\ A’, let C be the family containing these subsets.
Let
S ={CUE:CeC}.
Now let S =81 US,. Then

N-—p3 N
S| =1S1]+ [S21 = p* + LTJ = bJ -p*+p’

we prove that S is semi-intersecting. Trivially |Sa| = |Sg| = p for all S € S. Now we prove the second condition of semi-
intersecting families. Take any 2 sets X and Y from S.

e If X, Y € &4, then the condition is true by Theorem 3.7.

e If X €51 and Y € Sy, then they are disjoint in A and they intersect in B, since Yp = E and X3 is also an affine line not
from the family £p1 (to construct Sy we only used &1, &...., &p).

e If X, Y € S, then they obviously intersect in B and are disjoint in A.

The proof is finished. O

Remark 3.10. In other words in this theorem we proved that ¢ > p3 — p? for any prime power p where c is the constant in
the statement of Theorem 2.4 with k = p.

The last generalization of Lemma 3.6 gives a sharp bound (combined with Lemma 2.2) for a larger class of pairs (k, N).

Theorem 3.11. For all positive integers k and prime powers p with p < k the following inequality holds.
f(k, pk) = p*.

Proof. We will use Lemma 3.1 on the construction obtained in Lemma 3.6. So again, take the construction from Lemma 3.6,
call it S, and use the notations introduced in that lemma. Let X € Dpyq1 be an affine line. Note that in the construction
we only used the first p parallel classes, so S, is an affine line intersecting X for every S € S. Consequently, from Proposi-
tion 1.14 we have |Sp N X| =1 for all S € S. Take an element b; € B; for 1 <i < p. Define g such that

—p+1 ifceXorc=b;forsomel<i<p,
otherwise.

k
ﬁ@—{l
Now we have to check that the conditions of Lemma 3.1 are fulfilled. Let

C={ceAUB :ceXorc=bjforsomel<i<p}

In other words C C A U B consist of the elements ¢ for which g(c)=k—p+1. |[CNA|=p as |X|=p and |[CNB|=p as
CNB={by,by,...,by}. Consequently,

Y g@=) gb)=p>*—p)+p-Kk-p+1)=pk
acA beB
For any S € S we saw that |[S4NC|=|S4NX|=1, and also |[SgNC|=1, as Sg=B; for some 1 <i <p, so SgNC = {b;}.
Consequently,
dge =) gs&)=@-D+k-—p+1)=k
seSa seSp

for all S € S. Therefore, we can indeed apply Lemma 3.1 which finishes the proof. O

Corollary 3.12. f(k, k*) ~ k2.

11



A. Imolay, A. Kocsis and A. Schweitzer Discrete Mathematics 345 (2022) 112886

Proof. Combining Theorem 3.11 with the monotonicity of f(k, N) on N, we know that for every k and prime power p <k
the following inequality holds.

fk,k*) > f(k, pk) = p*.

From Lemma 2.2 we also know that f(k, k?) < k2.
Now we will use the same argument as in [12, p. 494] about the density of prime numbers. Let 0 < & < 1. As log(1 — ¢)
is a constant, evidently

log(k) ~ log(k) + log(1 — ¢),

thus it is easy to see that

( k )_ ( (1—e)k )_ ( 1 —e)k )
?\logky ) =% \log) +10g(1 —&) )~ \log((1 —e)k) ) °

Using this equation and the prime number theorem (Theorem 1.15)

; 1 I — k k —¢ek k
k) =7 ((d —&)) = logk)  log(k) + log(1 — &) to (log(k)) ’

Notice that from log(k) ~ log(k) + log(1 — &) we have
k k k log(k) k
log(k)  log(k) + log(1 — &) - log(k) ( ~ log(k) + log(1 — 8)) =0 (k)gW) '
Therefore
m(k) —m((1—¢e)k) = ek +o< k )
log(k) + log(1 — €) log(k)

There exists a K; such that log(k) > log(1 — €) for k > Ky. There exists a K2 such that for all k > K, the following
inequality holds by the definition of the little-o notation.

ek € k
log(k) +log(1 —¢) 2 log(k)

Now for all k > max(K1, K2) we have

k) —m((1—¢e)k) >

ek e k _0
2logk) 2 log(k)

We proved that for any 0 < ¢ < 1 there exists a sufficiently large K with the property that if k > K then 7 (k) — 7 ((1 —
&)k) > 0. This means that there exists a prime number k(1 — ¢) < p < k. Therefore

k) —m((1—¢e)k) >

K> fk,k*) = p* = k*(1—¢)*
for any given 0 < ¢ < 1 and sufficiently large k, thus

k. k2
1 lim flk. k7

im g z(-o%

This holds for all &, therefore

o fk, k)
1= lim .
k—o00 k2

4. Summary

Combining the results from Section 2 and Section 3 we know quite much about the order of magnitude of f(k, N).

The most important result in our opinion is that in Theorem 2.4 for fix k we determined that the exact value of f(k, N)
is L%J up to a constant deviation depending only on k. In particular, for a fix k we asymptotically determined f (k, N).

If we consider only the pairs (k, k?) then Corollary 3.12 shows that f(k, k%) ~ k2.

Also, from Theorem 3.11 we can see that for a fixed prime power p we have f(k, pk) ~ p? (in fact we know that they
are equal if k > p).

We found the exact result for the following (k, N) pairs.

12
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e If k=2 and L%J > R(7,7) then the upper and lower bounds from Theorem 2.3 and Theorem 3.9 meet, so we have

N
fQN) == |+4.
2
e If k is a positive integer and p is a prime power not bigger than k then from Lemma 2.2 and Theorem 3.11
f(k, pky = p*.
5. Open problems

In this section we summarize the remaining unanswered questions.
The next natural step in the study of our problem will be the following generalization.

Problem 5.1. What is the clique number in higher powers of Kneser graphs with respect to the Xor product?

This question is notably harder than the case we examined in this article.
We have seen that Lemma 2.2 is sharp in a variety of cases if N < k. Therefore, the following question arises naturally.

Question 5.2. Is the following equation true for all N < k2?

N|N
fe Ny = % .

Checking the equality for small values is rather hard due to the problem’s computational complexity with simple
methods. Though we do not have much computational data for Question 5.2, but by the examination of the structure
of semi-intersecting families we think that it might be true.

Another remaining aspect of our problem is the behavior of f when N > k. We know the trivial lower bound L%J and
from Lemma 2.1 we have a rather strong upper bound. Consider the special case when N = dk™". The results in our article
determine the asymptotics of this case when n=2 and d =1 and when n=1 and d = p for prime power p. However, when
n >3 we have little to no knowledge about the asymptotics of f.

Problem 5.3. What is the asymptotics of f(k,dk™)?
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