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Abstract

Short-lived radionuclides (SLRs) with mean lives τ of a few to hundreds of Myr provide unique opportunities to
probe recent nucleosynthesis events in the interstellar medium and the physical conditions in which the Sun formed.
Here we quantify the uncertainty in the predicted evolution of SLRs within a parcel of interstellar gas given the
stochastic nature of stellar enrichment events. We assume that an enrichment progenitor is formed at every time
interval γ. For each progenitor, we randomly sample the delay time between its formation and its enrichment event,
based on several delay-time distribution (DTD) functions that cover a wide range of astrophysical sites. For each set
of τ, γ, and DTD functions, we follow the abundances of SLRs for 15 Gyr and repeat this process thousands of times
to derive their probability distributions. For τ/γ2, the distributions depend on the DTD function, and we provide
tabulated values and analytical expressions to quantify the spread. The relative abundance uncertainty reaches a
maximum of ∼60% for τ/γ=1. For τ/γ1, we provide the probability for the SLR abundance to carry the
signature of only one enrichment event, which is greater than 50% when τ/γ0.3. For 0.3τ/γ2, a small
number of events contributed to the SLR abundance. This case needs to be investigated with a separate statistical
method. We find that an isolation time for the birth of the Sun of roughly 9–13Myr is consistent with the observed
abundances of 60Fe, 107Pd, and 182Hf in the early solar system when assuming τ/γ∼3 for these isotopes.

Unified Astronomy Thesaurus concepts: Meteorites (1038); Solar system formation (1530); Interstellar
abundances (832)

1. Introduction

Radioactive nuclei with half-lives of the order of a few tens to
a few hundreds of Myr (short-lived radionuclides (SLRs)) are
one of the most promising tools to investigate a variety of
current astrophysical topics, including ongoing stellar nucleo-
synthesis (Diehl 2018), the properties of different rapid neutron-
capture (r) process sites (Hotokezaka et al. 2015), the physics of
the interstellar medium (ISM; Krause et al. 2018) and Local
Bubble (Feige et al. 2018), the formation of the solar system
(Lugaro et al. 2018), and the thermomechanical evolution of
protoplanets (Lichtenberg et al. 2019). The peculiarity of
radioactive nuclei is that they decay into a daughter nucleus
with a characteristic timescale determined by their half-life. This
means they can be used as fingerprints of current nucleosynth-
esis (Diehl 2013) and the dynamics of massive star associations
and star-forming regions (Diehl et al. 2010), as well as
cosmochronometers (Lugaro et al. 2014, 2016). Their decay
also needs to be considered as a heating factor in protoplanetary
disks (Lichtenberg et al. 2016a).

Modeling the evolution of SLR abundances in the ISM is,
however, complicated by their decaying nature. First, these
nuclei are affected differently than stable nuclei by the star
formation history, the gas circulation processes (inflows and
outflows) occurring within the Galaxy, and the delay time7

of different stellar sources (Clayton 1985; Huss et al. 2009;

Côté et al. 2019, hereafter known as Paper I). For example,
SLRs are more sensitive to the star formation rate at any given
time, while stable nuclei are more sensitive to the total
integrated star formation history. By considering these effects
and their uncertainties, Côté et al. (2019, hereafter Paper I)
proposed a multiplication factor of -

+2.3 0.7
3.4 to the simple steady-

state formula for the ratio between a radioactive and stable
nucleus (see their Equation(1)). They also analyzed the
limitations of using the steady-state formula and provided an
open-source code to calculate the evolution of any radioactive
nucleus in the Galaxy using mass- and metallicity-dependent
stellar yields and proper delay-time distribution (DTD)
functions for different stellar sources. These results have
allowed us to quantify the global uncertainties on the predicted
radio-to-stable isotopic ratios in the ISM. However, in Paper I,
we did not consider the heterogeneities in the ISM due to the
fact that stellar enrichment events are discrete in both time and
space. These heterogeneities, coupled with the fact that
radioactive nuclei decay, can result in large SLR abundance
fluctuations in different parcels of gas within the Galaxy
(Meyer & Clayton 2000; Wasserburg et al. 2006).
Three-dimensional hydrodynamical simulations have been

used to follow the heterogeneous evolution of one or two selected
SLRs, 26Al (half-life=0.72 Myr) and 60Fe (2.62 Myr), in giant
molecular clouds (Vasileiadis et al. 2013), star-forming regions
(Krause et al. 2018), and the ISM (Fujimoto et al. 2018). While
these studies have provided the first best attempts at the problem
of heterogeneous evolution of SLRs, their results should be
treated with caution because the stellar production of 26Al and
60Fe from massive star winds and core-collapse supernovae
(CCSNe), one of the main inputs in these simulations, is
still extremely uncertain (see, e.g., Limongi & Chieffi 2006;
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5 NuGrid Collaboration,http://nugrid.github.io/.
6 These authors put in an equal amount of effort on the numerical development
and writing of the manuscript.
7 Throughout the paper, we will use the term delay time to indicate the time
that elapses between the formation of a progenitor stellar source and the
associated enrichment event, for example, between the formation of a massive
star and its final CCSN.
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Iliadis et al. 2011; Sukhbold et al. 2016; Austin et al. 2017; Jones
et al. 2019). The problem of Galactic chemical evolution (GCE)
heterogeneity was considered by Hotokezaka et al. (2015) and
Bartos & Marka (2019) using a Monte Carlo approach and
assuming diffusive mixing in the ISM for r-process SLRs such as
244Pu (see also Tsujimoto et al. 2017). Many more SLRs and
astrophysical sites are of interest and need to be investigated (see
Tables 1 and 2 of Lugaro et al. 2018).

The aim of the present paper is to analyze heterogeneities of
SLR abundances in the ISM within a general statistical
framework. We vary two crucial parameters that control the
heterogeneous evolution of radioactive nuclei in a given parcel
of gas within the Galaxy: (1) the mean life τ of the considered
SLR, which is linked to the half-life T1/2 via τ=T1/2/ln2, and
(2) the recurrent time γ between the formation of progenitor
stellar sources. The delay times δ between the different
enrichment events that pollute the parcel of gas are defined
by randomly sampling the DTD function of the stellar source
using a Monte Carlo approach (see Section 2). Our simple
approach has the advantage of being easily extendable to any
SLR and astrophysical site of interest.

Our results can be applied to any abundance ratio between a
radioactive and a stable nucleus. In a forthcoming paper, we
will apply the same analysis to ratios between two different
radioactive nuclei (A. Yagüe 2019, in preparation), which is
particularly important for the 60Fe/26Al ratio and ratios
involving the actinides. Our work currently assumes that every
enrichment event pollutes the same parcel of interstellar matter
with the same amount of ejecta. Proper treatments of physical
mechanisms that transport and mix SLR nuclei in the ISM in
3D will also be addressed in forthcoming papers. The present
paper is the first step toward a better prediction of the complex
physics of SLRs in the ISM.

The outline of this paper is as follows. In Section 1.1 we
review the basic equations describing the evolution of SLRs in
a heterogeneous ISM. In Section 2 we describe our Monte
Carlo setup designed to expand upon those equations and
quantify the uncertainties in the predicted abundances of SLRs.
In Section 3 we present the distribution of time intervals
elapsed between two consecutive enrichment events, assuming
different DTD functions for the stellar source. In Section 4 we
quantify the spread (or uncertainty) in the predicted abundances
of SLRs in the ISM under different regimes based on the mean
life of the considered SLR and the rarity of the stellar source.
We discuss our results and apply them to the radioactive
composition of the early solar system (ESS) in Section 5. We
conclude in Section 6.

1.1. Analytical Basics of the Evolution of Radioactive Isotopes
in a Heterogeneous Galaxy

The evolution of an SLR with a mean life τ in a parcel of
interstellar matter can be mathematically expressed as the sum
of the contribution of the n enrichment events that contributed
to such parcel of interstellar matter, with each of the
contributions decayed to the present time t as

( ) ( )( ) ( ) ( )= + + +t t t- - - - - -N t e e e... , 1t t t t t t
SLR n0 1

where ti represents the time at which the ith enrichment event
has taken place. By setting t0=0 and defining δi=ti+1−ti

and d= å =
-tj i

j
i0

1 , we can rewrite Equation (1) as

( ) ( )( )å= + åt d t-

=

-
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When taking δi as a constant, δc, we recover the analysis
presented in Lugaro et al. (2018), which leads to
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When all enrichment events are separated by a constant time
interval δc, as shown by the blue lines in Figure 1, the evolution
of the mass of radionuclei8 oscillates regularly and reaches a
steady state after n∼5 τ/δc events. The average value of this
steady state is proportional to τ/δc, and the relative uncertainty
around this value is δc/τ. The larger τ is compared to δc, the
less the SLR decays before the next enrichment event (see also
Section 4.1 in Lugaro et al. 2018). On the other hand, if the
time intervals between two consecutive events are defined
randomly, the oscillations become stochastic, and the abun-
dances show stronger variations (red lines in Figure 1). In that
case, several events can pile up during a short period of time, or
no events may occur for a relatively long period of time. This
increases and reduces the maximum and minimum abundance
values the system can reach, compared to the case with
constant δc. The range of possible abundance values (i.e., the
uncertainty) therefore grows substantially when considering δ
as a random variable instead of a constant. Because a random δ
does not allow for a closed expression such as that of
Equation (3), we study the properties of Equation (2) and use
Monte Carlo calculations to generate the distribution of δ.

2. Monte Carlo Calculations

Our Monte Carlo setup is designed to numerically follow the
stochastic evolution of SLRs in the ISM. Our goal is to
quantify the spread in the predicted SLR abundances in a
simplified environment, where every enrichment event pollutes
the same cloud of gas with the same amount of radionuclei.
The purpose of this simplified framework is to isolate and focus
on the role of the mean life τ and the properties of enrichment
events on the predicted spread. Throughout this paper, all
events eject 1Me of an SLR isotope and 1Me of a stable
reference isotope so that our results, including the spreads, can
be normalized using actual yields and production ratios (as we
will present as an example in Section 5.2).
The stochastic study requires the introduction of the

parameter γ that represents the separation in time between
the formation of the progenitor stars for the enrichment events.
Throughout this work, we assume that this parameter is a
constant, and that for each progenitor, the enrichment event
occurs after a certain delay time drawn randomly from a DTD
function. The value of each δ is then calculated by taking two
consecutive enrichment events (Figure 2). This means that even
if the progenitors are assumed to form at a regular rate, the
abundance of the SLR will be shed into the ISM stochastically.
In the extreme case where all delay times are the same, we have
δ=γ=δc, and the evolution of the SLR can be followed by
using Equation (3). By assuming that γ is a constant, we are
implying a constant star formation history around a given

8 The mass of radionuclei present in the ISM is simply NSLR times the mass of
a single isotope.
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parcel of gas. In future studies, we will explore the impact of
adopting time-dependent star formation histories, which will
make γ a time-dependent variable. This could be important
when the adopted DTD function covers a time window of
several Gyr. Table 1 lists the definition of all terms relevant for
our study.

2.1. Range of Mean Lives and DTD Functions

Our main goal is to characterize the spread of SLR
abundances in a general way so that our results can thereafter
be applied to specific isotopes and known enrichment sources.
For this reason, we consider a wide range of mean lives that
encompasses most of the radioactive isotopes that can be

measured from meteorite data for the ESS (see Table2 in
Lugaro et al. 2018). However, to use our statistical framework
(see Section 2.2), the radioactive abundances need to reach or
be near a steady state by the time the solar system forms.
Therefore, we exclude mean lives of several Gyr and instead
focus on mean lives between 1Myr and 1 Gyr. This range
excludes the longer-lived U and Th isotopes, as well as the
shorter-lived 36Cl and 41Ca. We will briefly discuss at the end
of Section 5.2 where these isotopes fit within our results. For
the time interval between the formation of the progenitors, γ,
we explore values between 1 and 316Myr, so the ratio τ/γ
mostly ranges from 0.01 to 316. Although γ is not easy to
determine from first principles, the range explored in this work

Figure 1. Evolution of the mass of radioactive isotopes found in a parcel of interstellar matter, assuming different ratios (different panels) between the mean life of the
isotopes τ and the average time interval dá ñ between two successive enrichment events. The blue and red lines show the evolution when δ is assumed to be constant
and random, respectively. In this figure and throughout the paper, each enrichment event ejects 1 Me of radioactive material.

Figure 2. Visualization of the key parameters involved in our Monte Carlo calculations. Here γ is the constant time interval between the formation of two progenitors.
The delay times (blue arrows) represent the time intervals between the formation of the progenitors and their associated enrichment event. Those delay times are
randomly sampled from an input DTD function. The different δ values are the time intervals between two consecutive enrichment events, regardless of the formation
time of the progenitors. This means that δ cannot have negative values.
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encompasses the values estimated in Lugaro et al. (2018) for
various enrichment sources (see also Meyer & Clayton 2000
and Hotokezaka et al. 2015).

We explore six DTD functions that are split into three
categories, short-, medium-, and long-duration functions,
spanning 3–50Myr, 50Myr to 1 Gyr, and 50Myr to 10 Gyr,
respectively. For each category, we explore a power-law DTD
function in the form of t−1 and a uniform “box” distribution
where all delay times within the considered time frame have
equal probability of being randomly picked. For an application,

short-duration functions could be associated with CCSNe,
while long-duration functions in the form of t−1 could be
associated with SNe Ia (e.g., Ruiter et al. 2009; Maoz et al.
2014) and neutron star mergers (e.g., Dominik et al. 2012;
Fong et al. 2017; Chruslinska et al. 2018). The DTD of
asymptotic giant branch (AGB) stars producing slow neutron-
capture (s) process isotopes in the mass range roughly between
2 and 4Me (e.g., Lugaro et al. 2014) spans approximately
3 Gyr and would therefore fall between a medium- and long-
duration DTD function.
To quantify the spread in the mass Mradio of an SLR in the

ISM as a function of time, we run multiple simulations for any
given DTD function, γ, and τ, where we randomly sample the
delay time of each enrichment event. Each individual run (e.g.,
the red lines in Figure 1) has its own unique temporal profile.
To quantify the distribution of Mradio, we stack all the runs
together and calculate the median value of all predictions and
the 68% and 95% confidence levels centered around that
median using time bins of 1 Myr. Every simulation lasts for
15 Gyr in total. Although delay times are randomly sampled,
the evolution of Mradio is calculated analytically using
Equation (2) from an input list of times at which events are
occurring. This makes the evolution of Mradio independent of
the adopted time resolution.

2.2. Convergence Study and Adopted Setup

We checked that the statistics resulting from our calculations
reached convergence, meaning that the 68% and 95%
confidence levels remain the same if we increase the number
of Monte Carlo runs. The top panels of Figure 3 show the

Table 1
Definition of the Key Terms Involved in Our Quantification of Radioactive

Isotope Abundance Uncertainties

Term Definition

τ Mean life of a radioactive isotope
γ Constant time interval between the formation of two progenitors
tdelay Time interval between the formation of a progenitor and its

associated enrichment event
δ Time interval between two consecutive enrichment events
Mradio Mass of radioactive isotopes present in a given parcel of gas
NSLR Number of radioactive isotopes, related to the mass by

Mradio=misoNSLR, where miso is the mass of the isotope
Spread 68% confidence level interval, centered around the median, of a

symmetric or nonsymmetric Mradio distribution
σ Standard deviation ( á ñ - á ñM Mradio

2
radio

2 ), half of the 68%

confidence level interval when Mradio is a normal distribution

Tiso Isolation time of the molecular cloud in which the Sun was born

Figure 3. Top panels: evolution of the median and 68% and 95% confidence levels of the mass of radionuclei (Mradio) as a function of time using Monte Carlo
calculations with 100, 1000, and 10,000 runs (from left to right), with γ=10 Myr and the 3–50 Myr box DTD function. The gray shaded area represents the
maximum and minimum values reached during the calculations. Bottom panels: distribution of predicted Mradio at 12 Gyr (black histograms) for the calculations with
100, 1000, and 10,000 runs (from left to right). The gray histograms show the distribution of Mradio when all time steps between 12 and 14 Gyr are stacked together to
improve the statistics.
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statistics of the evolution of Mradio for 100, 1000, and 10,000
Monte Carlo runs using the 3–50Myr box DTD. The larger the
number of runs, the better defined are the median value and the
frontiers between the 68% and 95% confidence levels. The
black histograms in the lower panels represent the distribution
of Mradio taken (arbitrarily) at 12 Gyr from the respective top
panels.

When the evolution of Mradio is in a steady state, meaning it
oscillates stochastically around a certain value, all of the Mradio

distributions taken at any time can be stacked together in order
to improve the statistics. This procedure assumes that any two
points in time, t1 and t2 with t2>t1, can be treated as
independent from one another. This cannot be done for a single
Monte Carlo run, as NSLR(t2) depends explicitly on NSLR(t1)
(see Equation (2)). However, the values of NSLR(t2) and
NSLR(t1) taken from different Monte Carlo runs are independent
of each other. Therefore, with enough Monte Carlo runs, we
can confidently treat every point in time in the steady state as
independent. The gray histograms in Figure 3 represent the
distribution of Mradio after stacking all of the distributions from
12 to 14 Gyr. This effectively increases the number of runs by a
factor equal to the number of time steps within that time frame
(here 2000), at the cost of losing the temporal profile
information.

Following the outcome of this convergence study, every set
of Monte Carlo calculations presented throughout the next
sections contains 1000 runs. Since we explore six DTD
functions and seven values for γ, we ran a total of 42 sets,
resulting in 42,000 individual runs of 15 Gyr. This series of
calculations provides the list of times at which enrichment
events are occurring, on top of which the abundances of

radionuclei can be followed using Equation (2) with different
mean life values. When quantifying the spread and distribution
of Mradio for a given γ, τ, and DTD function, we stack together
all time steps between 12 and 14 Gyr to improve the statistics.
We did not extend the stacking operation below 12 Gyr
because for some DTD functions, Mradio reaches a steady state
after 10 Gyr.
The top left panel of Figure 4 shows the evolution of Mradio

for 1000 runs using the 50Myr–10 Gyr power-law DTD with a
mean life of 100Myr. Because the delay time of each
enrichment event here can be as long as 10 Gyr, the evolution
of Mradio only reaches a steady state after ∼10 Gyr, as opposed
to ∼50Myr in the case of a 3–50Myr DTD function. In
general, the system needs t d> á ñn 5 events, or a time

d t= á ñ >T n 5 , to reach the steady state (see Section 1.1).
Therefore, for the longest mean lives, the time needed for
Mradio to reach a steady state can be longer than the time frame
spanned by the DTD function. For example, the system needs
∼12 Gyr to reach a steady state with the 50Myr–10 Gyr DTD
functions when τ=316Myr.
Throughout this work, we only present results for cases where

Mradio either reached a steady state by the time the ESS formed,
after ∼8–9 Gyr of Galactic evolution, or was close to a steady
state by that time. As an example of the latter case, shown in the
bottom left panel of Figure 4 for a 10Gyr long DTD function,
the relative spread around the median already converges by
∼5 Gyr, even if Mradio does not reach a steady state before
10Gyr. Such cases are therefore included in our results.
Finally, since the present study targets isotopes that are

relevant for the ESS, we also test our methodology with
isotopic ratios in order to connect with meteorite data. The top

Figure 4. Top panels: temporal evolution of the median and 68% and 95% confidence levels of the mass of the radionuclei (Mradio; top left panel) and the mass ratio
between the radionuclei and their stable reference isotope (Mradio/Mstable; top right panel) using 1000 Monte Carlo runs with γ=10 Myr and the 50 Myr–10 Gyr
power-law DTD function. The gray shaded area represents the maximum and minimum values reached during the calculations. This represents an arbitrary case
assuming a yield production ratio of 1. Bottom panels: relative spread around the median of Mradio (bottom left panel) and Mradio/Mstable (bottom right panel) as a
function of time using the same setup as for the upper panels.
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right panel of Figure 4 shows the temporal evolution of
Mradio/Mstable, the ratio between a radioactive isotope and its
stable reference isotope. The decreasing trend is mainly due to
the fact that the mass of stable isotopes continuously increases
over time, as opposed to the radioactive part, which tends
toward an equilibrium value (see, e.g., Clayton 1984; Huss
et al. 2009; and Paper I for details). As shown in the bottom
right panel of Figure 4, the relative spread of Mradio/Mstable

after ∼5 Gyr is the same as the one for Mradio. This is because
Mstable is insensitive to the stochastic nature of the enrichment
events. Indeed, the total mass of stable isotopes after n events is
always the same for any run, regardless of γ and the adopted
DTD function.

3. Probability Distribution of δ

Figure 5 shows the distribution of δ resulting from our
Monte Carlo calculations as a function of γ for the six DTD
functions explored in this study. To better understand this
figure, let us first define the time frame of our DTD functions as

( )D = -t t , 4DTD delay
max

delay
min

where tdelay
max and tdelay

min are the maximum and minimum delay
times of the function. This time frame allows us to predict both
the maximum and minimum value of δ, which includes the
possibility of having simultaneous events. To understand how,
we take the simple approach of having only two progenitors
formed at times t=0 and γ, respectively. These progenitors
will enrich the medium at times t1 and γ+t2, with t1 and t2
sampled from the DTD.

With this setup, the maximum possible δ is given by taking
the smallest t1 and largest t2 possible and can be calculated as

( )d g g= + - = + Dt t . 5max delay
max

delay
min

DTD

For the minimum possible δ, we have two different cases.
When ΔDTD<γ, which means that t1 is always lower than

γ+t2, δmin is given by

( )d g g= + - = - Dt t . 6min delay
min

delay
max

DTD

When ΔDTD�γ instead, it is possible that t1�γ+t2. But
from the definition of δ (Figure 2), its value cannot be negative.
Therefore, in this case, δmin=0, meaning that two (or even
more) enrichment events can occur at the same time. Both
cases are summarized by the expression

( ) ( )d g= - Dmax 0, . 7min DTD

As shown in Figure 5, all δ distributions extend down to δ=0
when γ�31.6Myr, since in this case, all of our DTD
functions have a time frame ΔDTD longer or equal to ∼50Myr.
When γ�100Myr, only the longest 50Myr–1 Gyr and
50Myr–10 Gyr DTD functions show δ distributions extending
down to δ=0. Another feature of these distributions is that
their width becomes larger with increasing γ, as expected from
Equation (5).
When γ�100Myr, for the two short 3–50Myr DTD

functions (ΔDTD= 47 Myr), δmin is greater than zero (see
Equation (7)) and the δ distribution does not extend to δ=0
(light blue and black lines in the left panels of Figure 5). This
means that it is impossible to have two events occurring
simultaneously. The maximum width of those δ distributions is
then given by δmax−δmin=2ΔDTD. As shown in Figure 5,
the peak of such distributions is more pronounced with a
power-law DTD function in the form of t−1 than with a box
DTD function. This is because a delay time randomly sampled
from a power law is always biased toward a certain value, as
opposed to sampling a box where every delay time has the
same probability.
Table 2 shows the quantitative values of the δ distributions

shown in Figure 5. A key feature is that, overall, d gá ñ » . In
fact, for γ�100Myr, d gá ñ = within 3% for all DTD
functions. For γ=316Myr, the average of δ for the longest
DTD functions only deviates from γ by about 10%. In that

Figure 5. The PDF of δ, the time interval between two consecutive enrichment events (see Figure 2), as a function of the DTD function (different panels) and γ
(different colors). Each PDF was extracted by stacking the δ distributions of 1000 Monte Carlo runs.
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table, σδ represents the standard deviation of δ distributions, a
quantity used and defined in the analytical development
presented in Section 4.1.

4. Spread of Radionuclei under Different Enrichment
Regimes

Here we focus on the spread of Mradio generated by
stochastic enrichment events as a function of γ, τ, and the
DTD function (see Table 1 for a definition of the terms used in
this paper). In the subsections below, we classify the evolution
of Mradio into three main regimes based on τ/γ (see Figure 6)
and describe their different features. Because the results are
almost identical to each other when using the box or power-law
DTD functions, we only focus on the results obtained with the
box DTD functions.

Figure 7 shows the Mradio distributions for selected values of
τ/γ. When possible, the spreads are quantified in Table 3,
where empty cells correspond to cases of extremely long-lived
isotopes: τ>3 Gyr for the two shortest DTD functions and
τ>1 Gyr for the longest DTD function. For such cases,
á ñMradio is not near a steady state by the time the Sun forms
and cannot be analyzed with our statistical framework (see
Section 2.2).

As a general note, any Mradio distribution for a given τ/γ is
independent of γ if the time frame ΔDTD (see Equation (4)) of
the DTD function is significantly larger than γ. In such cases,
an enrichment event can occur at any time, and the delay
between two consecutive events becomes almost purely
random (right panels of Figure 7). On the other hand, when
the time frame of the DTD function is similar to or shorter than
γ, the Mradio distribution is dependent on γ, and the delay
between two consecutive events becomes more predictable.
Indeed, if γ is large relative to ΔDTD, two enrichment events
cannot occur at the same time. But if γ becomes similar to
ΔDTD, there will be a probability of two or more events
occurring at the same time.

4.1. Regime I: τ/γ2

If τ/γ2, it is possible to define the statistics of the
distributions as a function of the DTD function (top two panels
of Figure 6). The corresponding spreads are reported in Table 3
(see also Section 4.2). This regime can also be applied in some
cases for τ/γ=1 when using the two shortest DTD functions.
The change at τ/γ=1 in the table from reporting spreads to
reporting upper limits marks the transition between Regimes I
and II, which is discussed below.

When τ/γ5, the distribution of Mradio is symmetric
around the steady-state value (top panel of Figure 6), which is
given by t d t gá ñ » (see Section 3). In this regime, the
steady-state value is large enough that the minimum Mradio

values always remain above zero. In other words, the SLR
never has time to completely decay before the next enrichment

Table 2
Average Time Interval dá ñ between Two Enrichment Events Extracted from Our Monte Carlo Calculations as a Function of γ and the DTD Function

DTD γ (Myr)

1.00 3.16 10.0 31.6 100 316

pow_3Myr_50Myr 1.00 (0.965) 3.16 (2.86) 10.0 (7.76) 31.6 (16.5) 100 (18.1) 316 (18.2)
box_3Myr_50Myr 1.00 (0.979) 3.16 (2.96) 10.0 (8.29) 31.7 (17.9) 100 (19.2) 316 (19.2)
pow_50Myr_1Gyr 1.00 (0.998) 3.16 (3.14) 10.0 (9.78) 31.6 (29.9) 100 (85.4) 315 (216)
box_50Myr_1Gyr 1.00 (0.999) 3.16 (3.15) 9.99 (9.92) 31.6 (30.6) 100 (91.2) 318 (235)
pow_50Myr_10Gyr 1.00 (1.00) 3.16 (3.14) 9.98 (9.97) 31.7 (31.1) 99.1 (94.5) 331 (340)
box_50Myr_10Gyr 1.00 (1.00) 3.16 (3.16) 10.0 (9.98) 31.8 (31.7) 101 (99.9) 344 (349)

Note. Values in parentheses are the standard deviations defined as s d d= á ñ - á ñd
2 2 . The full distributions of δ are shown in Figure 5.

Figure 6. Evolution of the median and 68% and 95% confidence levels of the
mass of radionuclei (Mradio) as a function of time using 1000 Monte Carlo runs
with the 50 Myr–1 Gyr power-law DTD function and assuming τ/γ=10 (top
panel), 1 (middle panel), and 0.3 (bottom panel). The gray shaded area
represents the maximum and minimum values reached during the calculations.
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event. In this case, we can derive an analytical solution for the
distribution to be compared to the numerical results.

First, we recover a fairly similar expression for the average
value to that obtained from Equation (3), but for the case when
δ is a random variable. We find that, in the steady state,9

( )t
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á ñ »
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which, in the case of t dá ñ  3, can be approximated to
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where s d d= á ñ - á ñd
2 2 . According to our Monte Carlo

calculations, s d~ á ñd for most cases (see Table 2), which
allows σ to be expressed independently of σδ as

( )s
t
d

»
á ñ2

. 12

For bell-shaped distributions, we can approximate the uncer-
tainty around á ñNSLR with σ. In this case, we have a relative
uncertainty of
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In summary, there are three conditions for using Equation (13)
as a proxy for the relative uncertainty: (1) the steady-state regime
is reached, (2) t dá ñ is larger than ∼5, and (3) σ is a good
predictor of the uncertainty, which, as shown in Section 3 is
true except for the short 3–50Myr DTD functions when γ is
greater than the time frame ΔDTD. The latter case corresponds to
the narrow δ distributions that do not extend down to δ=0 in
Figure 5.

As derived in Equation (13), the relative spread of Mradio

depends on both g t2 and σδ/γ, where σδ is the standard
deviation of the δ distribution. It follows that in the τ/γ5
regime, when using long DTD functions, the width of the
Mradio distribution does not depend on γ. This is because σδ is
always similar to γ in these cases (see Table 2). The relative
spread is thus only given by g t2 , since σδ/γ≈1. However,
in the case of the short 3–50Myr DTD function, σδ/γ<1,
which generates narrower spreads compared to longer DTD
functions. Furthermore, because σδ/γ decreases when γ
increases, the Mradio spreads depend in this case on γ. This
major difference between short and long DTD functions can be
traced back to their different δ distributions (see Figure 5 and
explanations in Section 3).

4.2. Abundance Spread Quantification for Regime I

Figure 8 shows the relative standard deviation of Mradio for
τ/γ>1, where the spread is defined by the standard deviation
of the Mradio distributions. For τ/γ5, the spread is
symmetric, and the standard deviations are similar to the
68% confidence levels presented in Table 3. However, for τ/γ
below 5, the spread becomes nonsymmetric, and we refer to
Table 3 rather than Figure 8 for a more precise quantification.
This figure also compares the standard deviations obtained
from the Mradio distributions of the Monte Carlo calculations
with the analytical solutions derived in Section 4.1, which only
require as an input the δ distributions extracted from our Monte
Carlo calculations. As expected from Figure 7, the standard
deviation only depends on γ in the case of the short DTD
function.
Equations (8) and (13) are calculated as the temporal average

and standard deviation for a single SLR evolutionary history track.
In contrast, the Monte Carlo simulations calculate the average and
spread (i.e., 68% confidence level) of several independent tracks in
a single moment in time. As seen from Figure 8, these two
approaches are essentially identical. In the figure, we show the
analytical results computed using both our complete analytical
solution (Equation (33) derived in the Appendix) and the
simplified approximated solution (Equations (11) and (13)). For
long DTD functions (bottom panel of Figure 8), both analytical
solutions are consistent with the spread derived from the Monte
Carlo calculations, while for short DTD functions (top panel),
the analytical solutions start to differ from the Monte Carlo
calculations, and the complete analytical solution (Equation (33))
always provides an upper limit for the uncertainty.
Overall, Figure 8 shows that when τ/γ>1 and the spread

can be quantified by confidence intervals (see Table 3), the
uncertainty in the abundances of radionuclei caused by
stochasticity is always below ∼60%. For τ/γ>10, the
uncertainty drops below 20%. This is assuming a constant star
formation history, as well as enrichment events that always add
the same amount of radioactive material in the given parcel of
interstellar matter.

4.3. Regime II: 0.3τ/γ2

In this regime, the Mradio distribution is never symmetric
(e.g., middle panel of Figure 6). While the distribution above
the steady-state value can extend upward, the distribution
below that value is now limited to zero. In other words, the
SLR can have the time to completely decay before the next
enrichment event. In fact, as shown in the third row of Figure 7
(τ/γ= 1), several of the Mradio distributions extend down to
zero. As for the symmetric regime described above, the
distributions calculated using the longest DTD function do not
depend on γ for a given τ/γ value, while those using the
shortest DTD function do. Furthermore, for the shortest DTD
functions and longest γ values, σδ/γ becomes so small that the
width of the Mradio distribution does not extend down to zero.
Those cases belong to Regime I and are shown in Figure 8.
For Regime II, a different approach is required to define the

probability distribution of Mradio, since the abundance carries
the signature of only a few events that need to be combined
statistically. This approach should be applied to specific cases
rather than general cases. We refer to B. Côté et al. (2019, in
preparation) for a first application with r-process isotopes. We
plan to apply this case to s-process isotopes in future work.9 The derivation of á ñNSLR , á ñNSLR

2 , and σ can be found in the Appendix.

8

The Astrophysical Journal, 887:213 (17pp), 2019 December 20 Côté et al.



4.4. Regime III: τ/γ0.3

The last regime occurs when τ/γ0.3 (bottom panel of
Figure 6), when the SLRs decay almost completely before the
next enrichment event. As shown in the fourth row of Figure 7,
all Mradio distributions are piled down to zero, regardless of γ
and the adopted DTD function. In addition, all distributions
show a sharp drop at Mradio=1 Me. Since the contribution of
a previous event quickly becomes negligible, a new enrichment
event will most likely reset Mradio to the mass of radionuclei
ejected by one event, which is assumed to be 1 in our study.10

It is nevertheless possible for two or three events to occur at the

same time, which is shown by the low-probability tail at
Mradio>1. This tail, however, is not present with the short
3–50Myr DTD function when γ=100 and 316Myr. This is
because the time frame of this DTD is shorter than γ, which
makes it impossible for two consecutive events to occur at the
same time (see the δ distributions in Figure 5; light blue and
black lines in the left panels).
Overall, the median value of the Mradio distributions quickly

diverges from τ/γ when this ratio drops below 1. For the most
extreme cases (e.g., τ/γ= 0.01), the relative spread can be
larger than a factor of 1020. In this regime, the quantification of
the spread is therefore irrelevant, and we do not include it in
Table 3. The relevant statistical quantity in Regime III is
instead the number of events that is typically carried by Mradio.

Figure 7. The PDF of Mradio as a function of the DTD box function (different columns), τ/γ (different rows), and γ (different colors). From left to right, the column
titles represent the short 3–50 Myr, medium 50 Myr–1 Gyr, and long 50 Myr–10 Gyr DTD functions. Each PDF (lines) represents the distribution derived from 1000
Monte Carlo runs (see Section 2.2). Each row shows a different number of γ values because of the defined range for γ and τ (see Section 2.1). The PDFs using the
power-law DTD functions are always almost identical to those shown in this figure using the box DTD functions.

10 This assumption was made so that follow-up studies can renormalize our
Mradio distributions to any physically motivated yields.
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To calculate this, at any time t, we define that Mradio carries
the signature of one event if it is almost entirely composed of
the ejecta coming from the last event (LE) that occurred before
t. To obtain this composition, we calculate the contribution of
all the events that occurred before LE, using Equation (1). If the
collective contribution of those events to Mradio at time t is less
than a given threshold fthresh, we assume that Mradio effectively
only carries the contribution of the LE. From a list of
enrichment event times generated using our Monte Carlo
framework, we can analytically quantify the total amount of
time when Mradio is only composed of one event. By dividing
this time by the total duration of our simulations, we obtain the
probability for Mradio to carry only one event at any given time.
A visualization of our methodology is given in Figure 9. The
orange bands in Figure 10 show the range of probabilities when
fthresh is varied from 10% to 1%. We note that we cannot simply
assume fthresh=0, because each progenitor numerically has a
nonzero contribution at any given time following their
enrichment event. Note that these probabilities are purely
theoretical, as they do not account for a possible lower-limit
abundance threshold below which the detection of radionuclei
would be experimentally or observationally impossible.

An alternative approach to generate the probabilities is to
scan all enrichment events and calculate the fraction of
abundance peaks below Mradio=1+fthresh (blue dots in
Figure 9). The disadvantage of this alternative approach,
however, is that it does not account for any time frame.

Figure 10 shows the probability for Mradio to carry the
signature of only one event as a function of τ/γ for the box

DTD functions. The results are similar when using the power-
law DTD functions. As shown by the blue bands in Figure 10,
the second approach described above typically provides
slightly lower probabilities. Overall, regardless of the approach
used, it is clear that Mradio likely carries more than one event
when τ/γ>1, while there are probabilities >80% that Mradio

only carries one event when τ/γ<0.1.

5. Discussion and Applications

There are several potential applications of our results to the
interpretation of the abundances of now-extinct SLRs that were
present in the ESS 4.6 Gyr ago, as well as the abundances of
SLRs deposited in samples from the Earth (Wallner et al.
2015, 2016; Feige et al. 2018) and Moon (Fimiani et al. 2016)
and present in cosmic rays (Binns et al. 2016), all carrying live
SLR abundances in the Galaxy at the current time. Interpreting
the abundances of the SLRs in the ESS provides us clues on the
environment of the solar system’s formation. This, for example,
can shed light on the origin of 26Al (τ;1 Myr) and help us
determine if its high abundance in the ESS is typical for
planetary systems in our Galaxy, which has implications for the
thermomechanical evolution of planetesimals and the water
content of terrestrial planets (Lichtenberg et al. 2016a, 2019).
Also, by comparing the SLR abundances at the time of the ESS
to their current abundances, we can derive information on the
stellar sources of these nuclei, as done, for example, by
Hotokezaka et al. (2015) and Tsujimoto et al. (2017) for the r
process, discussed in more detail below.

Table 3
Monte Carlo Spread for the Radioactive Abundance Distributions Presented in Figure 7 as a Function of γ (Different Columns) and τ/γ (Different Rows) for the Three

Box DTD Functions

τ/γ γ (Myr)

1 3.16 10 31.6 100 316

box_3Myr_50Myr
316 -

+316 2.75
2.76

-
+316 1.57

1.57

100 -
+100 2.64

2.66
-
+100 1.55

1.56
-
+100 0.90

0.90

31.6 -
+31.6 2.34

2.40
-
+31.6 1.48

1.51
-
+31.6 0.89

0.89
-
+31.6 0.53

0.54

10 -
+9.93 1.76

1.89
-
+9.97 1.30

1.37
-
+9.99 0.84

0.87
-
+9.99 0.52

0.53
-
+10.0 0.34

0.35

3.16 -
+3.06 1.08

1.27
-
+3.10 0.96

1.10
-
+3.13 0.73

0.80
-
+3.15 0.49

0.51
-
+3.15 0.33

0.36
-
+3.15 0.32

0.36

1 <1.68 <1.66 -
+0.93 0.53

0.65
-
+0.96 0.41

0.47
-
+0.96 0.28

0.39
-
+0.95 0.27

0.39

box_50Myr_1Gyr
316 -

+316 9.08
9.38

-
+316 6.29

6.39

100 -
+99.9 6.25

6.46
-
+99.9 5.16

5.28
-
+100 3.52

3.61

31.6 -
+31.5 3.72

3.95
-
+31.5 3.51

3.67
-
+31.6 2.87

3.02
-
+31.7 2.01

2.04

10 -
+9.89 2.10

2.32
-
+9.89 2.06

2.25
-
+9.93 1.94

2.11
-
+9.96 1.61

1.72
-
+9.97 1.12

1.17

3.16 -
+3.05 1.14

1.36
-
+3.05 1.13

1.34
-
+3.06 1.12

1.31
-
+3.08 1.06

1.22
-
+3.11 0.89

0.99
-
+3.13 0.62

0.67

1 <1.70 <1.69 <1.69 <1.68 <1.64 -
+0.94 0.49

0.58

box_50Myr_10Gyr
316 -

+315 11.9
12.3

100 -
+99.7 6.85

7.12
-
+100 6.64

6.95

31.6 -
+31.4 3.83

4.06
-
+31.6 3.81

4.02
-
+31.4 3.69

3.97

10 -
+9.87 2.12

2.34
-
+9.91 2.10

2.32
-
+9.86 2.08

2.34
-
+9.85 2.06

2.27

3.16 -
+3.04 1.14

1.36
-
+3.06 1.14

1.36
-
+3.04 1.13

1.36
-
+3.04 1.13

1.34
-
+3.03 1.10

1.29

1 <1.70 <1.70 <1.70 <1.69 <1.67 <1.62

Note. Cells with a plus and minus value show the median and absolute 68% confidence levels. For distributions when there is a roughly equal probability of having
any value between zero and 1, we report the upper limit below which 84% of the distribution is contained. Empty cells represent cases where τ is so long that the
abundance is not in or near a steady state by the time of the formation of the Sun. We assumed that every enrichment event ejects 1 Me of SLR. Therefore, all values
presented in this table should be multiplied by the appropriate yields.
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5.1. General Considerations on the Determination of γ and the
Isolation Time

The major problem in using our results effectively is that the
parameter γ, the time interval between the formation of
enrichment progenitors (see Table 1), is very uncertain, and its
values for different sources may range from 1 to a few hundred
Myr. To determine from first principles the value of this

parameter for each type of stellar source, we need to know (1)
the overall rate of formation of each type of progenitor in the
Galaxy and (2) how many of these events were close enough to
the parcel of gas in which the solar system formed to contribute
to its enrichment.
We can attempt to determine item (1) from the initial mass

function and star formation rate. Alternatively, we can try to
infer the formation rate of different progenitors (i.e., γ) based
on the observed rates of CCSNe, SNe Ia, and AGB stars. Those
observed rates, however, probe the enrichment events and
therefore probe dá ñ, the average time interval between two
consecutive enrichment events. But, as shown in Table 2, dá ñ is
similar to γ in most cases, although the connection between
these two parameters may be more complicated when
accounting for an evolving star formation history (a temporal
evolution for γ). For other types of events, such as neutron star
or neutron star–black hole mergers, on the other hand, the
observational constraints are still very uncertain (Abbott et al.
2017). More associated gravitational wave detections are
required to better pinpoint their rate. It is even more difficult
to establish item (2), because we do not yet have a clear
description of the transport and mixing of chemical species in
the ISM from their creation event to the place where new stars
are born. The resulting γ can vary greatly depending on which
scenario is considered (see examples and discussion in
Section 4.1 of Lugaro et al. 2018).
In spite of all these difficulties, it may be possible to use

some SLRs to obtain clues on γ. This was attempted for the
particularly interesting case of 244Pu to shed light on the
debated astrophysical source of the r process (Hotokezaka
et al. 2015; Tsujimoto et al. 2017). It is possible to use the
abundance of 244Pu to infer the Galactic rate of the r-process
site for two reasons. First, this isotope has a relatively long
mean life of 115Myr, which makes it relatively insensitive to a
potential isolation time (Tiso) in relation to its ESS abundance.
This isolation time refers to the total time that elapsed from the
injection of the SLR into a given parcel of hot ISM gas to the
time when the first solids (the calcium–aluminum inclusions
(CAIs)) formed in the ESS.11 Within a galactic context, the
isolation time includes (1) the time it took for the hot ISM
matter to cool and form the molecular cloud where the Sun was
born and (2) the time it took for the stellar cluster where the
Sun was born to form. This definition does not include the
following three time intervals because they are much shorter
than the (1)+(2) time interval: (i) the time it takes to transport
the SLR from the creation event to the location of the formation
of the new stars (considering, for example, ejecta velocities of
1000 km s−1, it would take 0.01Myr to expand for 10 pc), (ii)
the time it takes to form stars within a cluster (less than a Myr;
Dib et al. 2013), and (iii) the time interval for the formation of
CAIs (also less than a Myr; Connelly et al. 2012).12 The
isolation time for the solar system is not known, and it could
vary from a few Myr, if the Sun was formed in a small group

Figure 8. Relative standard deviation (in percentage) of Mradio caused by
stochastic enrichment events as a function τ/γ for different γ (different symbols)
and different box DTD functions (different panels). Here á ñMradio is the average
equilibrium value of Mradio, while σ is its standard deviation. We only show
cases where the Mradio distribution does not extend down to zero. For the orange
dashed and dotted lines, σ was calculated with Equations (33) and (11),
respectively, using the δ distributions of the Monte Carlo calculations. For the

blue lines, σ was calculated from the following definition, á ñ - á ñM Mradio
2

radio
2 ,

using the Mradio distribution of the Monte Carlo calculations. The orange bands
are eye guides to help visualize the impact of using Equations (33) and (11)
for the same γ. We note that these two equations should be used only when
τ/γ3, as otherwise, the spread around the median is nonsymmetric, which
means that the uncertainty should be quantified by the nonsymmetric 68%
confidence level, rather than by the standard deviation provided by these
equations.

11 The time of the formation of CAIs is the time at which the ESS SLR
abundances are reported in the literature.
12 Note that, within a star-forming region, potential contributions from massive
stars into the gas from which new stars are born could also contribute to the
SLR abundances. In this case, the relevant time intervals need to be modified to
take into account, for example, the time that elapses between the birth of
different stellar populations within the same star-forming region and the time it
may take for material from a particular nearby star or SN to be injected into a
collapsing cloud (see, e.g., Boss 2017; Krause et al. 2018). In the case of
actinides such as 244Pu, however, this scenario is not relevant, as we do not
expect rare r-process sources to be present within a star-forming region.
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(Hartmann et al. 2001), to up to 40Myr, which is the observed
lifetime of giant molecular clouds (Murray 2011). This mean
that at most 30% of the abundance of 244Pu in the hot ISM
would have decayed before the formation of the solar system
solids, and we can consider its ESS abundance representative
within 30% of its hot ISM abundance.

The second reason why it is possible to use the abundance of
244Pu to infer the Galactic rate of the r-process site is that its
abundance in the ISM is available from observations at two
different times: today, as inferred from Earth samples (Wallner
et al. 2015), and at the time of the formation of the Sun, as
inferred from meteorites (Hudson et al. 1989). Only by
comparing the ESS abundance to the current ISM abundance
it is possible to infer that large fluctuations in the ISM
abundance of 244Pu are required to cover both points in time. If
these fluctuations are due to heterogeneities, such a comparison
provides us with a determination of γ of the order of hundreds
of Myr, and this result indicates that rare events are the site of
the r process in the Galaxy (Hotokezaka et al. 2015). However,
it should be kept in mind that the abundance of 244Pu in the
ESS is still not well determined (within roughly a factor of 2;
see discussion in Section 3.6 of Lugaro et al. 2018), and that
the results of Hotokezaka et al. (2015) depend on the specific
assumption that the material from the r-process sites is
transported in the ISM via diffusion only.

Because the value of the isolation time is not well known and
is comparable to the half-life of most SLRs, it is difficult to
derive information on γ using the ESS value of the SLRs only,
as done by Bartos & Marka (2019) on the basis of 247Cm with a
half-life of 15.6Myr. In fact, a hot ISM abundance higher than
that observed in the ESS, as predicted by events more frequent
than neutron star mergers (Bartos & Marka 2019), cannot be

excluded because such an abundance could be decayed down
to the ESS value by considering an isolation time.
Finally, we note that if τ/γ1, by comparing the ESS

abundances to the abundance calculated by GCE models, we
can only derive the time elapsed between the last nucleosyn-
thetic enrichment event and the formation of CAIs, which
includes (and thus can be longer than) the isolation time
described above. On the other hand, when τ/γ is greater than
unity, comparing the ESS abundances to the abundance
calculated by GCE models provides insights into the value of
the actual isolation time, and the uncertainty on such a value
can be obtained from our statistical framework, as described in
the next section (see also discussion in Lugaro et al. 2014 and
Paper I).

5.2. Application of Our Results to the Abundances of SLRs in
the ESS

Keeping in mind the difficulty of determining γ, we discuss
an example scenario of the potential implications of our study
to the abundances of SLRs in the ESS. In the discussion below,
we will refer to γ as the recurrent time between events, since in
our framework, this is equivalent to dá ñ (see Table 2). We
restrict this initial assessment only to isotopes whose
abundances are relatively well known in the ESS, as already
presented in Tables2 and 3 of Côté et al. (2019).

5.2.1. GCE Models

In the next subsections, we use the GCE code OMEGA+
(Paper I) to derive error bars for the isolation time Tiso of the
ESS using different SLRs and combining the uncertainties
derived in Côté et al. (2019) and our present work. In this

Figure 9. Zoom-in of one arbitrary Monte Carlo realization for τ/γ=0.2 to visualize our method to calculate the probabilities for Mradio to carry the signature of only
one event (shown in Figure 10). The orange bands represent the time frames when Mradio only carries the signature of one event, with less than 10% (top panel) or 1%
(bottom panel) contribution coming from other previous events. The sum of all those time frames divided by the duration of the simulations gives the time fraction
probabilities (orange bands) in Figure 10. The blue peak fraction probabilities in Figure 10 are calculated by dividing the number of peaks below Mradio=1.1 or 1.01
(blue dots in the current figure) by the total number of peaks (blue dots and stars). Our two approaches are applied only within the periods of time when Mradio is in
equilibrium.
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context, the isolation time is the time elapsed between the last
enrichment event that synthesized the considered SLRs and the
formation of the first solids in the ESS.

OMEGA+13 is a two-zone homogeneous chemical evolution
code that accounts for galactic inflows and outflows, star
formation and stellar feedback, and the chemical enrichment
generated by various sources, such as CCSNe, SNe Ia, compact
binary mergers, and AGB stars. The two zones consist of a
galaxy surrounded by a large gas reservoir (i.e., the
circumgalactic medium) in such a way that isotopes ejected
from the galaxy by outflows can eventually fall back into the
galaxy at later times.

In Côté et al. (2019), we predicted the general evolution of
radioactive-to-stable abundance ratios Mradio/Mstable (see
Figure 4) in the ISM of our Galaxy, assuming the continuous
enrichment scenario (i.e., no stochasticity). The input para-
meters of our models were calibrated to reproduce several
observational constraints for the Milky Way at the present time,
including the star formation rate, core-CCSN and SN Ia rates,
star-to-gas mass ratio, and gas inflow rate. We also ensured that
our models reached solar metallicity by the time the Sun
formed. Because of the error bars in the observations used to
calibrate our models, we generated three different GCE models
with final properties that bracket the observational constraints.
One of the models fits the middle value of the observational

constraints, labeled Best. The two others aimed to minimize
and maximize the abundance of SLRs in the galactic gas at the
time of the ESS while still remaining within the error bars of
the observational constraints. These models are labeled Min
and Max. To minimize Mradio/Mstable, we minimized the star
formation rate at the time of the ESS, the amount of stable
isotopes locked inside stellar remnants, and the amount of
stable isotopes trapped outside the galaxy in the circumgalactic
medium. To maximize Mradio/Mstable, we did the opposite.
Each of our models (Min, Best, and Max) is a different
representation of the continuous enrichment of SLRs that could
have occurred within the Milky Way, given the uncertainties in
the observations mentioned above.
To derive Tiso from our GCE models, we calculated the time

needed to decay the predicted Mradio/Mstable ratio down to the
ESS values, assuming no enrichment event during that time
window. In the next subsections, in order to account for the
stochastic nature of enrichment events, we apply the relative
uncertainties derived in the present work to the abundance of
SLRs predicted by the Min, Best, and Max GCE models. This
generated a probability distribution function (PDF) for the
predicted abundance of SLRs in the ESS and enabled us to
derive error bars for Tiso for each of those three GCE models.
We refer to Lugaro et al. (2018) for the list of stable reference
isotopes of the SLRs considered below.

5.2.2. 107Pd, 129I, 182Hf, and 247Cm

The first case we consider is the well-determined SLRs
produced exclusively by the r process, 129I and 247Cm, and
those produced by the r and s processes, 107Pd and 182Hf. If we
assume that the r process is produced by rare events, as
indicated by the analysis of 244Pu described above and the
coincidence of the neutron star merger gravitational wave event
GW170817 (Abbott et al. 2017), then we can hypothesize that
the τ/γ0.3 regime is applicable in the case of the r process
and its SLRs (excluding the very long-lived uranium and
thorium isotopes). This means that the r-process ESS
abundances are most likely the results of one event only,
which occurred roughly 100–200Myr before the formation of
the CAIs (Lugaro et al. 2014, 2018; Bartos & Marka 2019;
Paper I).
Under this hypothesis, the ESS abundances of 107Pd and

182Hf, which are produced by both the r and s processes, can
only carry the signature of the s process, since their half-lives
of 6.5 and 8.9 Myr, respectively, ensure that more than 90% of
their abundances produced by the last r-process event have
decayed before the formation of the CAIs. The γ for the
progenitors of s-process events can be derived by considering
stars of initial mass between roughly 2 and 4Me as the stellar

Figure 10. Probability of Mradio carrying the signature of only one enrichment
event as a function of τ/γ for our three different box DTD functions (different
panels). The orange bands represent the fraction of the time when Mradio carried
only one event within 10% (solid lines) and 1% (dashed lines) accuracy. The
blue bands represent the fraction of abundance peaks that fell below
Mradio=1.1 (solid lines) and 1.01 (dashed lines). We refer to Figure 9 for
more details on those two approaches. The horizontal thin dotted lines mark the
50% probability.

13 https://github.com/becot85/JINAPyCEE
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source. However, since we do not know how far the slow
(10–30 km s−1) AGB winds can transport material in the
Galaxy, it is difficult to tell how many of the total Galactic
events will reach a given parcel of gas. By considering a simple
“snowplow” scenario based on Meyer & Clayton (2000),
Lugaro et al. (2018) derived a potential γ of the order of
50Myr. In this case, also for the s-process isotopes, we would
be in the regime τ/γ0.3, and probably only one s-process
event contributed to the abundances of 107Pd and 182Hf in
the ESS.

On the other hand, it is possible that a more efficient ISM
transport process would lower the value of γ and therefore
increase the τ/γ ratio. In this potential case of Regime I, we
calculated the error bars on the isolation time Tiso, as reported
in Table 4. Note that the Tiso values reported here for 107Pd and
182Hf differ from those reported in Table 2 of Côté et al. (2019)
because in that paper, we considered both the s- and r-process
production for these two isotopes in the Galaxy, while here we
rerun the models including only the s-process production. For
any of the three different settings representing the uncertainties
in the evolution of the Galaxy (Paper I), the Tiso values for

these two isotopes overlap with each other (see also Figure 11).
Within our framework, although the error bars are different for
107Pd and 182Hf because these isotopes have different mean
lives, they are not independent, as they are assumed to come
from the same stellar source. An in-depth study of the evolution
of isotopic ratios involving two radioactive isotopes ejected by
the same source will be presented by A. Yagüe et al. (2019, in
preparation). Note that the error bars on Tiso are constant when
varying the setting representing the uncertainties in the
evolution of the Galaxy because Tiso is a function of the
logarithm of the abundance on which the uncertainty is applied.

5.2.3. 53Mn and 60Fe

For the SLR isotopes of SN origin considered in Table3 of
Côté et al. (2019), 53Mn and 60Fe, it is also not trivial to specify
the value of γ. The 60Fe originates almost exclusively from
CCSNe and electron capture SNe (e.g., Jones et al. 2019). If we
assume that these events have a relatively low γ, potentially of
1 Myr, then the regime τ/γ3 applies, and the error on the
abundance and therefore on Tiso is reported in Table 4.
Interestingly, the range of Tiso values derived from 60Fe
overlaps at 9–11Myr with the lowest Tiso values from the two
s-process isotopes when considering the minimum GCE model
and almost overlap at 12–13Myr when considering the best
GCE model (Figure 11). Here SNe Ia could significantly
contribute to the abundance of 53Mn at the time of the
formation of the Sun (Seitenzahl et al. 2013). Since roughly
one in five SNe is an SN Ia (Cappellaro et al. 1997), the γ value
used for 60Fe should be multiplied by 5. This means that for
this isotope, τ/γ∼1 and Regime I cannot be applied.

5.2.4. 92Nb and 146Sm

Finally, we consider the case of the p-process isotopes 92Nb
and 146Sm. These isotopes have the longest half-lives of all
SLRs well known in the ESS, and if they are produced by SNe,
they will likely follow the τ/γ2 regime. We test the
scenario where they are produced exclusively by single
degenerate SNe Ia (Travaglio et al. 2014), while noting that
92Nb probably also originates from CCSNe (Travaglio et al.
2018). Assuming that single degenerate SNe Ia represent 50%
of all SNe Ia (Seitenzahl et al. 2013), the appropriate γ to apply
for consistency with 60Fe is of the order of 10Myr. The
resulting adopted τ/γ varies from 3.16 for 92Nb to 10–15 for

Table 4
Example of Calculations of the Isolation Time Tiso and Its Error Bars Derived for Selected SLRs in the Regime τ/γ3

SLR Source τ γ τ/γ Uncertainty Tiso
(Process) Adopted Adopted Factors Min Best Max

1 2 3 4 5 6 7 8 9

107Pd AGB (s) 9.4 3.16 3.16 0.61, 1.39 -
+10 5

3
-
+13 5

3
-
+22 5

3

182Hf AGB (s) 12.8 3.16 3.16 0.61, 1.39 -
+15 6

4
-
+19 6

4
-
+30 6

4

60Fe CCSN 3.78 1 3.16 0.63, 1.37 -
+10 2

1
-
+11 2

1
-
+15 2

1

92Nb SN Ia (p) 50.1 10 3.16 0.60, 1.39 - -
+14 26

16 - -
+2 26

16
-
+33 26

16

146Sm SN Ia (p) 98 10 10 0.78, 1.22 -
+28 25

19
-
+51 25

19
-
+117 25

19

146Sm SN Ia (p) 149 10 15 0.81, 1.18 -
+104 31

25
-
+138 31

25
-
+235 31

25

Note. The uncertainty multiplication factors in column 6 represent the errors relative to the normalized values reported in Table 3 for the corresponding adopted values
of γ and τ/γ (columns 4 and 5), respectively. This error is applied to the abundance ratio calculated at the time of the formation of the Sun using the GCE code of
Côté et al. (2019). The Min, Best, and Max labels represent the uncertainties in Milky Way models (see their Figure 6). All τ, γ, and Tiso are given in Myr. The
isotopes are listed in the same order as discussed in the text.

Figure 11. Visual representation of the isolation times reported in Table 4,
where the three different panels represent the three different Milky Way models
presented in Côté et al. (2019). The times derived from 146Sm when
τ=149 Myr are out of scale.
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146Sm. The value for τ/γ of 15 was linearly interpolated from
Table 3 between τ/γ of 10 and 31.6, using log τ as an
independent variable.

For 92Nb, it is possible to derive a positive Tiso value from
homogeneous GCE only in the case when the GCE
uncertainties are considered to provide the maximum value (see
Table 3 of Paper I); in the other cases, only upper limits can be
given when considering the uncertainty factors derived here
(Figure 11). For 146Sm, we consider both current estimates of
its half-life (Kinoshita et al. 2012; Marks et al. 2014). Because
Tiso depends linearly on τ, the larger the τ, the larger the errors
on Tiso. The resulting values overlap with those of the other
isotopes discussed above, except for 92Nb, only when we use
the shortest value of the half-life of 146Sm and the minimum
GCE model. Overall, the application of a possible scenario to
the two p-process isotopes is problematic, as it is not possible
to derive times consistent between the two, and instead it is
possible in the case of the two s-process isotopes 107Pd and
182Hf, as well in the case of the two r-process isotopes (B. Côté
et al. 2019, in preparation). More investigation is needed to
understand the origin of these p-process nuclei and the half-life
of 146Sm.

The hypothetical scenarios described above represent a
simple test exercise to demonstrate the application of our
results to SLRs, since several assumptions are invoked in the
derivation of the Tiso values, and we have not considered the
uncertainties in the stellar yields. It should also be noted that
we assumed that no significant abundance of these isotopes is
produced within the molecular cloud where the Sun was born
by short-lived massive stars, which assumes that most of the
ESS abundances can be derived from GCE. However, if such a
contribution existed to any of the SLRs discussed here, the
isolation times corresponding to such isotopes could still be
used as lower limits.

5.2.5. 26Al, 36Cl, 41Ca, and 235U

Finally, for 26Al, all regimes are possible; however, it is well
known that the high ESS abundance of this nucleus cannot be
reconciled with GCE (Huss et al. 2009; Paper I), and many
scenarios that involve the local molecular clouds and/or stellar
cluster environment have been put forward to understand its
origin (e.g., Gounelle & Meynet 2012; Pan et al. 2012;
Vasileiadis et al. 2013; Young 2014; Lichtenberg et al. 2016b;
Boss 2017). Chlorine-36 and 41Ca, which were also present in
the ESS, have such short mean lives of 0.43 and 0.14Myr,
respectively, that they most likely fall in the τ/γ0.3 regime
and only probe the last enrichment event. The last cases are the
very long-lived r-process isotopes of U and Th, which are
important for the radiogenic heating of exoplanets (Frank et al.
2014; Uberseder et al. 2014). Because of their very long half-
lives, they cannot be used to measure Tiso. Stochastic chemical
evolution has less effect on these isotopes, but it could be
important for 235U, which has a mean life of 1 Gyr. As
compared to the potential γ of the r-process events discussed
above in the range 100–500Myr, τ/γ could vary between 2
and 10, and Regimes I or II could apply. However, this case
belongs to the class for which we cannot derive statistical
properties because the system has not yet reached a steady state
(empty cells in Table 3). For these long-lived isotopes, a
specific future study is required.

6. Conclusion

Using Monte Carlo calculations and analytical develop-
ments, we addressed the interplay between two characteristic
timescales involved in the evolution of SLRs in our Galaxy: the
SLR mean life τ and the time interval γ between the formation
of the progenitor stars that will eventually produce nucleosyn-
thetic events. We randomized the enrichment process in time
(i.e., the intervals, δ, between subsequent enrichment events)
by randomly selecting the delay time between the birth of the
progenitor star and the ejection of the SLR (see Figure 2) using
different DTD functions relevant for different nucleosynthetic
sources, from SNe to neutron star mergers. All enrichment
events are assumed to add the same amount of radioactive
material in a given parcel of galactic gas. Our statistical
approach allowed us to quantify the uncertainty (68% and 95%
confidence levels) in the predicted abundance of SLRs in the
ISM for different τ, γ, and DTD functions.
Within our simplified but general framework, we found that

the evolution of SLRs in a given parcel of gas can be
categorized in terms of τ/γ (see Figures 6 and 7). When
τ/γ2 (Regime I), the spread around the median, which is in
this case equal to τ/γ, is symmetric with a standard deviation
that can be approximated by Equation (11). The uncertainty in
the predicted SLR abundances due to temporal heterogeneities
in the buildup of radioactive matter in the ISM increases with
decreasing τ/γ and reaches a maximum of 60% at τ/γ=1.
When τ/γ1, it is not possible to define a statistical
distribution because the SLR abundance only carries the
contribution of one or a few nucleosynthetic events. It is
therefore more useful to calculate the probability that the
observed SLR abundance carries the signature of one event
only. If τ/γ<0.3 (Regime III), such a probability is typically
greater than 50%, while the probability drops to zero when τ/γ
increases to ∼1 (see Figure 10). When 0.3τ/γ2 (Regime
II), the distribution is strongly asymmetric, and the abundance
is contributed by a small number of events.
For DTD functions that have a time frame larger than about

1 Gyr, which is relevant for SNe Ia, AGB stars, and neutron
star mergers, the spread of the abundance distribution of SLRs
is independent of γ, regardless of the adopted τ/γ ratio. On the
other hand, for short DTD functions that only span about
50Myr, which is relevant for winds and SN explosions from
massive stars, the spread depends on γ, except when τ/γ0.1.
Those results are visualized in Figure 7.
Although the value of γ is still not well known for any given

enrichment source (see Section 5.1 for a discussion), we
experimented by applying our results to analyze the implica-
tions of the stochastic enrichment process in the derivation of
the isolation time of the solar system from the ISM, using the
abundance of different SLRs inferred to have been present at
the time of the ESS. We found that an isolation time between 9
and 13Myr is consistent with the abundances of 60Fe, 107Pd,
and 182Hf, given the uncertainties in the isolation times
recovered using each of these three isotopes individually,
under the assumption that Regime I is valid for these isotopes.
Future studies on the transport of matter from the site of

production to the site of the birth of new stars in the ISM are
required to constrain the value of γ for different sources. Future
work also needs to analyze the impact of varying the parameter
γ. In this work, we assumed γ to be constant, but its value
should be varied with time because of its connection to the star
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formation history. It should also be varied with space, because
star formation is not distributed homogeneously across the
Galaxy. In an upcoming study, we plan to extend our
framework into a 3D context, accounting for new parameters,
such as the distance of the source from the considered parcel of
gas. Quantifying the impact of these additional effects will
complement the impact of the time randomization studied in
the present work.
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Appendix
Calculation of á ñNSLR and á ñNSLR

2

We can calculate á ñNSLR by starting with the definition of the
average value applied to Equation (2) from t=0 to an arbitrary
final time t=tf,
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Solving the integrals yields the expression
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In the approximation of  t dá ñn (equilibrium regime) and
dá ñ Dn t (large enough number of events), the average takes

the value
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We can calculate á ñNSLR
2 by the same procedure as before.

We first define NSLR in a more convenient way,
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Just like in the calculation of the average value, we must
integrate each term individually by taking into account the time
from which they are defined. Therefore, the integral becomes
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where the index k starts at k=j−1 and goes down to k=0.
In a more compact way, and by extracting the common factors,
the term Ij becomes
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and the expression for the average of the square of NSLR
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In order to analyze the previous expression, we consider
from now on that we are on the equilibrium regime, with n ?
τ/δ, and that there are enough events such that
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for the majority of the j, leaving us with
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Using this expression, we can calculate the exact value for the
standard deviation using Equation (18) as
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the approximation
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Using this expression in Equation (29) gives us
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When defining s d d= á ñ - á ñd
2 2 2 and supposing that d dá ñá ñ2 is

smaller than the terms it is being added to or subtracted from,
we have that the standard deviation for NSLR becomes

( )s
s
d

t
d

»
á ñ á ñ
d

2
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