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ABSTRACT: We study a Hermitian matrix model with a quartic potential, modified by a
curvature term tr(R®?), where R is a fixed external matrix. Motivated by the truncated
Heisenberg algebra formulation of the Grosse-Wulkenhaar model, this term breaks unitary
invariance and gives rise to an effective multitrace matrix model via perturbative expan-
sion. We analyze the resulting action analytically and numerically, focusing on the shift
of the triple point and suppression of the noncommutative stripe phase—features linked to
renormalizability. Our findings, supported by Hamiltonian Monte Carlo simulations, indi-
cate that the curvature term drives the phase structure toward renormalizable behavior by
eliminating the stripe phase.
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1 Introduction

One promising approach to reconciling the seemingly distinct realms of gravity and quantum
theory is modifying the short-distance structure of spacetime [1]. One such modification
involves introducing coordinate noncommutativity (NC), initially proposed to incorporate
both spacetime symmetries and high-energy cutoffs in quantum field theory (QFT) [2].

It is well established that quantum systems in magnetic fields can be described using
effective NC coordinates [3, 4]. Additionally, NC coordinates in principle encode more
information® than their commutative counterparts [6]. This raises the possibility that the
yet unobserved' dark matter (DM) might be in fact encoded in NC spacetime. Alternatively,
NC could represent a fundamental modification of gravity, which mimics DM in cosmological
models through phase transition mechanisms [9]. Furthermore, there are recent hints [10]
of preferred direction in the observable universe (arguably due to its rotation), which is
one of the hallmarks of NC coordinates. Regardless of the interpretation, matrix models
provide an ideal framework for studying NC physics due to intrinsic noncommutativity of
matrix product and well-defined path integrals.

Matrix models also have extensive applications across various fields, including bio-
physics, solid-state physics, optics, nuclear physics, and quantum gravity [11-17]. They

*One might even argue that in quantum mechanics this phenomenon is a remnant of “hidden variables”™—
which could actually be local, contrary to common belief [5].

TRecent data from Jupiter’s observation (via Cassini) have set stringent new bounds on dark matter
cross-sections with ordinary matter [7]. On the other hand, the Ytterbium anomaly [8], which was recently
confirmed at the 230 level, could be explained by a new boson in the MeV range.
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Figure 1. Analytical transition line of the second-order GW model without the kinetic term,
shown for different orders of approximation in the curvature coupling g,.. The dots indicate the
“turning points” of each curve, marking the locations of maximum arc curvature.

can serve as a means of regularizing quantum field theories [18] and are conjectured to
describe fundamental physical laws. In some models, matrix elements function as fields on
spacetime, while in others, spacetime itself is absent as an explicit concept. Intriguingly, in
certain parameter regimes, spacetime may emerge dynamically within these models [19].

A major challenge in NC models is the phenomenon of UV/IR mixing [20], which
entangles high- and low-energy scales, thereby complicating renormalization. This mixing
disrupts the separation of energy scales—a crucial element of effective field theory [21].

Over the past two decades, the Grosse-Wulkenhaar (GW) model [22, 23] has successfully
addressed the renormalization issues of NC field theories by introducing an additional term
in the action, which can be interpreted as arising from curvature of the background NC
space [24]. We have recently proposed that the nice behavior of the GW model is closely
tied to its phase structure, particularly through the suppression of the NC striped phase
[25, 26]. Our results in this regard were obtained using a matrix formulation of the GW
model. Further recent exploration of phase structure of different NC matrix models can be
found in [27-37].

The immediate motivation for this work was to derive an analytical prediction for the
location of the triple point in the GW model using a sequence of perturbative approxima-
tions. To simplify the analysis, we considered a model without the kinetic term and used
the turning point of the approximate transition line as a proxy for the true triple point.

However, all such approximate transition lines exhibit square-root behavior at large
self-coupling and diverge at finite values of the coupling within the perturbative regime—a
behavior commonly observed in other multitrace matrix models as well [38].

Interestingly, the turning point of the fourth-order approximation to the transition



line derived from the full effective action lies closer to the expected location of the true
triple point than the turning point of the exact transition line computed using the second-
order effective action [26]. Furthermore, as shown in Figure 1, successive perturbative
approximations to the second-order action transition line exhibit turning points that appear
to converge monotonically toward the exact result.

This led us to hope that a similar pattern of convergence might emerge for higher-order
approximations based on the full action. However, our analysis up to sixth order in the
curvature coupling indicates that such monotonic convergence does not occur—at least not
at low perturbative orders.

This paper is organized as follows. In Section 2, we introduce the GW model and present
its matrix formulation, emphasizing the role of the curvature term. Section 3 discusses the
physical significance of phase transitions in the context of renormalization and highlights the
connection between the triple point shift and the suppression of the noncommutative stripe
phase. In Section 4, we derive the effective action through a perturbative expansion and
obtain analytical expressions for the phase transition lines. Section 5 reviews the underlying
matrix model techniques used to analyze eigenvalue distributions and free energy. Section 6
focuses on the phase diagrams of truncated multitrace submodels, while Section 7 presents
a detailed comparison with Hamiltonian Monte Carlo (HMC) simulations of the full model.
Finally, in Section 8, we summarize our findings and outline future directions for extending
this work.

2 GW Model & Matrix Action

We begin by introducing our model and its underlying NC space. The starting point is the
two-dimensional GW-model [22]

2 (1. m? A
Saw= [ | 50"0% 0,0 + dw + Soxoxono+
Q2 -1 P —1\po
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which lives on the Moyal plane equipped with a x-product

frg= ety (2.2)
and with NC coordinates satisfying

[zH, 2], = 10e! . (2.3)

The first line in (2.1) correspond to the standard NC A¢$ model, which is non-renormalizable.
However, the inclusion of the 2-term in the second line, renders the model superrenormal-
izable in two dimensions [39].

Applying the Weyl transform and promoting the field ¢ to an N x N Hermitian matrix
® transforms the action (2.1) into a matrix model

S = Ntr(®K® — g, RP* — go®* + g4@*) (2.4)



on a background space spanned’ by NC coordinates
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The price of introducing the finite matrix regularization of the NC coordinates is the modifi-
cation of their commutation relations (N — oo limit restores the original ones) and curving
of the initial Moyal space. The curvature R contains energy levels associated with the
()-term harmonic oscillator and is given by

15 N>1 16
= 7 _8(X?24+VY?) % —diag(1.2.....N). 2.
R SN 8 (X*+Y7) Ndlag(, oo N) (2.6)

The kinetic operator K is also quadratic in NC coordinates and is defined via double com-
mutators

Ko =[X,[X,®]]+[Y,[Y,?]]. (2.7)

When constructing the model, we included the NC scale 6 in the definitions of the
matrix field and the couplings and set it to unity so that we could work with dimensionless
quantities. Finally, we also introduce the unscaled® versions of couplings

GQZNgz, GY4:]Vg47 (28)

as they will appear in the analytical results concerning renormalization.

3 Phase Transitions & Renormalization

In this section, we discuss the significance of the phase transitions for the renormalization
properties of the model under study.

The phase diagram of our model illustrates which vacuum solutions are realized across
different parameter regimes. Applying the saddle point method to the matrix action (2.4)
yields the following equation of motion:

2K® — g, (R® + ®R) + 2 (294®% — go1) = 0. (3.1)

This equation has several relevant (approximate) solutions depending on the dominance of
the kinetic term (K), curvature term (R), or the pure potential! terms (involving g and

) tr
T go

=—1 ®=0 P2 = 221 . 3.2
~ 1 ; (3.2)

P =
294

fAlthough the background space is three-dimensional (with two of the coordinates scaled as VNX,
VN Y'), we focus on rescaled coordinates and restrict to a subspace where the third coordinate is set to zero
in a weak limit of infinite matrix size, which reproduces the GW-model. We also use a rescaled version of
the curvature matrix R. For more details, see [24].

$The unscaled parameters include a factor N originating from the action (2.4).

TWe consider the regime go > 0, where spontaneous symmetry breaking occurs.
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Figure 2. Eigenvalue distribution p(A) in the matrix GW model for representative phases

(N = 24). The left and the right distributions correspond to the disordered and ordered vacua,
respectively, both of which also appear in commutative models. The central orange distribution,
the so-called stripe (or matrix) vacuum, is unique to the noncommutative model and features eigen-
values of both signs. This phase breaks translational symmetry and leads to a spatial modulation
of magnetization.

The first two solutions correspond to ordered and the disordered vacua, respectively, both
of which also appear in commutative models. The third solution, the so-called stripe or
matrix vacuum, is unique to the noncommutative setting and features eigenvalues of both
signs. This phase breaks translational symmetry and gives rise to spatial modulation of
magnetization [40-42]. These eigenvalue configurations are visualized in Figure 2, where
they are also referred to as 1-cut symmetric (S1), 2-cut (M2!, which can be purely symmetric
i.e. S2), and 1-cut asymmetric phases (Al).

Figure 3 presents™ the overall structure of the phase diagram, obtained using HMC
simulations [43, 44]. This structure is similar to that found in other fuzzy spaces, such as
the fuzzy sphere [30]. Notably, inclusion of the curvature term shifts the phase boundaries
toward larger values of the mass parameter go. This is particularly visible in the displace-
ment of the triple point, 5g§p, which we found numerically [25] to scale proportionally with
the curvature coupling g.. The resulting suppression of the stripe phase has important
consequences for the renormalization of the GW model.

To demonstrate this, let us look at the mass renormalization in the GW model given
by [45]

9 A A%0

= | .
ren 127T(1+92) n Q 9y (3 3)

where the matrix size N acts as the UV cutoff via A? o N [22]. Using the qualitative
correspondences m <> Gy and € <> g, [25], the renormalization shift in the matrix model

om

becomes [25]
0G5 ~ —In N . (3.4)

IIn the notation M2, “M” denotes the matrix phase and “2” indicates a two-cut configuration of the
eigenvalues.
**Figure 3 is adapted from our previous figures in [25] and [26].
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Figure 3. Phase diagrams of the N = 24 matrix GW model with (right panel) and without (left
panel) the curvature term. Darker regions indicate lower specific heat values, while lighter regions
indicate higher values. The bright stripes mark the transition lines between phases, with phase
labels (abbreviations) shown in the plot corners. Note that the triple point in the right-hand plot
is shifted by Jg;p ~ 16g, = 16 - 0.2 = 3.2 relative to the left-hand plot.

This implies that the bare coupling G2 must shift by
0G5 ~ In N (3.5)
to absorb quantum corrections. However, this is smaller than the shift of the triple point:
5GP = NogiP ~ Ng, (3.6)

which is the lowest-most-go point of the stripe phase (Figure 3). As a result, the bare
mass parameter must lie outside the stripe phase (which is responsible for UV /IR mixing),
and instead within the disordered phase with a trivial vacuum. The same applies to the
renormalized version of the A¢f model (denoted by A¢Z,,), which is obtained [22, 39] as the
limit of a sequence of GW models where the curvature coupling vanishes like

1
Q~ = 0. (3.7)

Further discussion on this topic can be found in [46]. In contrast, this protective shift does
not occur in the original nonrenormalizable A¢? model without the curvature term, whose
triple point remains fixed at the origin in the large N limit [25], as seen in the g, = 0 plot
in Figure 3.

It is also worth noting that changes to the kinetic term can induce similar shifts in the
triple point position [47] and potentially resolve UV /IR mixing issues [48].



4 Effective Action & Transition Lines

Since the link between the GW model’s renormalizability and the suppression of the stripe
phase hinges on a numerically observed shift in the phase diagram, it is important to confirm
this shift analytically. Initial steps toward this goal were made in [26], where the effective
action up to O(g?) and the transition line between the disordered and stripe phases were
derived for the GW model without the kinetic term.

As shown in [26], the approximate analytical transition lines agree well with numerical
data in the strong coupling regime. However, a more precise determination of the starting
point (the triple point) requires higher-order approximations. In particular, we need to
compare different perturbative orders of the effective action to verify whether the turning
points of these transition lines converge in the perturbative regime. For this purpose, we
derive the O(g%) effective action in this section.

To outline the approach, we recall from Figure 2 that the phase structure depends
solely on the distribution of eigenvalues of the matrix field. Hence, we must integrate out
the non-eigenvalue (angular) degrees of freedom to obtain the effective action. Starting
with the decomposition ® = UAUT where A is diagonal matrix of field eigenvalues and U

is unitary matrix, the action becomes:
S = Ntr((UAUT)/C(UAUT) — G- RUAUT — goA? + g4A4) . (4.1)

However, the integration over the unitary group is analytically intractable in full generality.
Since the shift of the triple point arises solely from the curvature term, we simplify our
analysis by neglecting the kinetic term. This approximation is supported by numerical
evidence: near the triple point, the eigenvalue distribution closely follows the configuration

_ g21+g-R

(I)Q
R 294

; (4.2)

which solves the equation of motion (3.1) without the kinetic term. The domain of existence
of this solution imposes a lower bound on the triple point:

g5 > 16g, . (4.3)
Conversely, replacing R by its extremal eigenvalues provides an upper bound [49]:
g5 < 169, , (4.4)

yielding the exact location:
g5 = 169, . (4.5)

Numerical simulations confirm that both bounds are saturated.
With the kinetic term neglected, we compute the effective action from the partition
function:

7 — /[dq)] =S — /[dA] AZ(A) 6—Ntr(—g2/\2+y4/\4) /[dU] engt1r<URUTA2) : (4.6)



where A(A) is the Vandermonde determinant:

AN = JJ Gi-x),  A=diagh. (4.7)

1<i<j<N
To compute the unitary integral, we consider the general case:
[ /[dU] ot tr(UAUTB) (4.8)
U(N)

for Hermitian matrices A and B, with a normalized Haar measure.
This integral defines corrections 05 to the effective action:

Sef = —ga N trA? 4+ g4 N trA? — In A%(A) + 65, (4.9)
where

I =exp(—6 —exp< Z S ) (4.10)

Using the expansion:

oo t” "
I=1+ Z; ST /[dU] tr (UAUTB) , (4.11)
we obtain first few recursive formulas for S,,:

Sl — _Il7 (412)
Sy =587 —1,, (4.13)
S3 = —S% + 35152 — I3, (414)
S, =S} — 6528, + 357 4+ 45,5, — I, (4.15)
Sy = —S0 +1053S, — 10528, — 155,55 + 55,5, + 105,55 — I, (4.16)

and

Sg = S% — 15515, + 455255 — 1553 + 2083595 — 6055555 +
+ 1087 — 15578, +155,8, + 65,55 — I5. (4.17)
In [50], we found S,, and I,, up to the 6th order with the help of the RTNI'T computing
package [52]. We also proved that all odd orders of S,, disappear, due to equidistant

eigenvalues of the curvature and its symmetry w.r.t. the anti-diagonal. The resulting
effective action up to O(g?) is:

32 32

Seit = — (g2 — 8¢, )N trA? + <g4 — 397?) N trAt + ggz tr2A2 (4.18)

1024 1024 4096

giN trA® + grtriAt — grtrA® trA?
45 15 45
2624 g i B2 6o i 26214 o e 5288 g o
2835 945 189 567
—InA%(A).

"In the meantime, an updated version of RTNI has been released [51].



Alternatively, writing this in powers of mass-shift parameter 8¢, (normalized trace of the
curvature), the expansion becomes even more transparent:

1 1
Ser = — (g2 — 8¢, )N trA? + <g4 — 6(89T)2>NtrA4 + 6(89r)2 tr?A? (4.19)
1 4 8 1 4, 244 1 4 6 2
—(8g,) N trA® + —(8¢g,)4 tr2A* — —(8¢,)* trAS trA
+180(89) T +60(8g) r 45(89) rA° tr
1 2 1 2
— ——(89,)5 N trA'? + —=—(8¢,)0 trA? trA'® — ——(8¢,) trA* trA® + —=—(8¢,)° tr?AS
og35 (30r) N trAT + e (8g,)" trA” tr Tgg (897)" trATtrAT + < (8g,) "
—InA?(A).

This effective action can now be used to derive'* the eigenvalue distribution and deter-
mine the corrections to the phase transition lines, leading to the better analytical estimation
of the shift of the triple point. We apply three strategies to extract physical predictions:

1. Analytical expansion of the N — oo transition lines in powers of g,, using the derived

effective action.

2. Numerical analysis of the continuum limit of multitrace matrix models corresponding
to the effective action truncated at finite order in g,.

3. HMC simulations of the full action to locate the transition line for finite IV, followed
by extrapolation to N — oo.

Skipping ahead to the results, we list the analytical transition lines up to O(g%):

e Transition from S1 to S2 phase:

2 g2 2 4 4 6
32 g7 N 56 gn 096 ¢° (4.20)
3\/94

= 2./g1 + 89, + - .
92 = 2v91+ 891 5 i 2L gy

e (Unrealized) transition from S2 to Al phase:

592 g2 503168 g | 1581033472 g8
9v15 /02 1125v1594y/9s  212625v15 g3/92

g2 = V15\/ga + 8¢y + (4.21)

To simplify, we define dimensionless deformation parameters (relative to the g, = 0 transi-
tion lines):
83 89r

= , €= , 4.22
2,/94 V1594 (4.22)
so that the above become:
e Transition from S1 to S2 phase:
92 1, L4 L
=1 - —€ — —€ . 4.23
N R (4.23)

#An informative overview of the derivation of the eigenvalue distribution and the possible classes of
solutions can be found in [53].
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Figure 4. Phase transition lines obtained from the sixth-order effective action. Black dots show
HMC simulation results for the full model at g, = 0.02, extrapolated to the N — oo limit. The
dashed line denotes the S2—A1 transition, which does not occur in this model.

o (Unrealized) transition from S2 to Al phase:

9 37, 3931, 771989 4
-1 2l .
T 365 T 2200° T 120060°

(4.24)

The analytical transition lines, alongside the HMC results, are presented in Figure 4. How-
ever, these expressions alone do not suffice to accurately pinpoint the location of the triple
point. This limitation is evident in Figure 5, where the turning points of the second-,
fourth-, and sixth-order approximations to the S1/S2 transition line (4.20) exhibit erratic
behavior, “jumping around” rather than converging monotonically to a single point. More-
over, these points deviate from the anticipated triple point position at (g4, g2) = (0, 16g;).
Consequently, any convergence can only be inferred by analyzing higher-order approxima-
tions. The same holds for the turning points of the would-be S2/A1 transition line.

We conclude the section by noting that analogous expansion techniques have been
initiated for the kinetic term’s contribution to the effective action [54]|. The first nontrivial

terms of this expansion are:

565

. 97
kin __ 2 2 4 4
SKin — N trA —trA+—120NtrA ~ To0N? triA o+
113 , 137 .., 97 5
4+ 2 2 trAZ — A2 — T trAtrA 4.25
1oN oY 60 30rr’()

and will be explored in future work.
We will now provide a detailed explanation of the three aforementioned strategies
employed to obtain our results.

~10 -
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Figure 5. Comparison of the turning points predicted by the second-, fourth-, and sixth-order
approximations to the exact S1-S2 transition line (4.20) of the model.

5 Review of the Matrix Model Description

5.1 Eigenvalue Distribution

The phase transitions observed in our model are associated with topological changes in
the support of the eigenvalue distribution. To study these transitions, we first derive the
eigenvalue distribution for matrix models.

We consider N x N Hermitian matrices with the Dyson integration measure [d®], and

define the probability measure as eV 5(@)

. In this section, for convenience, we work with
a rescaled action S, specifically, S = O(1) while previously S = O(N?). We also consider a
more general form of the potential V(®). The expectation value of a function f(®) is then

computed via the partition function (4.6):

1 _ _
1) = [aee @@,z = [l (51)
The most general single-trace action can be written as:
1 N
S(@) = SuV(®), V(@)= > g, gmeR. (5.2)
n=0

Here, the 1/N factor ensures that S(®) remains of order one when the trace®® is taken.
Upon diagonalizing the Hermitian matrix ®, we write ® = UAUT, where A = diag \; con-
tains eigenvalues ® and U € U(N). The Jacobian of this transformation introduces the

%The constant term in the definition of V(®) can be left out because it will cancel thanks to (5.1),
anyway. We can get rid of the linear term as well by means of shifting the matrices with a constant matrix.

— 11 —



aforementioned Vandermonde determinant (4.7):

N
[d®] = [dU] (H d)\i> [Toi=2)7] - (5.3)
=1

i<j

Assuming f(®) is invariant under unitary conjugation (i.e. depends only on eigenvalues),
the integral with respect to the Haar measure [dU] becomes trivial, and the expectation
value reduces to:

N
(f)y = ;/ (H d)\i> exp [ —N? |S(A) — % Zln])\i =Nl fFN) - (5.4)

1<j

We define the quantity in square brackets as the free energy [28]:

F = S(A) — 5 S~ Al (5.5)

1<j

From this point onward, we focus exclusively on the continuum limit N — oo, where the
theory becomes more amenable to analytical treatment. In the large-N limit, only the
configuration of eigenvalues \; that globally minimizes F significantly contributes. This
leads to the saddle point equation for the singletrace action (5.2):
~ 2 1
VI(\i) — =

N £ X,
7 N A

=0. (5.6)

This equation describes the equilibrium of repulsive eigenvalue “particles” in an external
potential V' (®). To analyze the system further, we define:

e The eigenvalue density:

e The resolvent:

e The distribution moments:
Cp = —trd". (5.9)

In the N — oo limit, the stable configuration XZ becomes continuous distribution function
p(\) and sums become integrals:

N
Jim %Z FO) — [ AN o) £V, (5.10)

- 12 —



where C is the support of the distribution. The resolvent and moments become:

p(N) n
w(z) = /Cd)\/ vl Cp = Cd/\/p()\/))\/ .
The saddle point equation (5.6) transforms into the singular integral equation:

1y , PN)
V() 27?/Cd)\>\_>\,0,

where P denotes the principal value. Using the Sokhotski-Plemelj formula: [28§],

P/Cd)\/ ;(_)‘;, = lim [w(\*ie) +imp(N)],

e—0t

we express (5.12) and p(\) as:

V() = lim [w\ +ie) + w(h —ie)]

e—0t

p() = — Tim [w(h +ie) — w(A —ie)] .

2T e—0+

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

Squaring the resolvent, neglecting all the subdominant terms and employing the saddle

point equation, one finds a quadratic equation with general solution:

w(2) = 5 [V(2) ~ [HE)Vo()] -

(5.16)

Here, o(z) is an even polynomial whose roots determine the support C, while |H(z)| is a

positive, analytic function and does not contribute to the discontinuity.
We focus on three typical cases of eigenvalue support:

e Symmetric 1-cut (S1):

o) =T[(A£V6),  csi=(-v3,V3).
+

e Symmetric1¥ 2-cut (S2):

o520 =[] ()\i m) ,

+,+

(5.17)

Cop = (—\/D+5, —\/D—a) U <\/D—6, \/D+5> . (5.18)

e Asymmetric 1-cut (Al):

aAl(A):E[(A—(Dif(S)), cA1:<D—\/S,D+x/S).

19We have also considered asymmetric 2-cut solutions of our model but could not find any.

~13 -

(5.19)



Under condition
1
w(z) ~ —, |z| = o0 (5.20)
z

the polynomial part of (5.16) vanishes as |z| — oo, which determines both |H(z)| and the
endpoints of the support. From (5.15), the eigenvalue density is then given by:

p(N) = = [HO) VN . (5.21)

C2im
The moments ¢, can be extracted from the expansion of the resolvent using (5.11):
1 L= M\, =
w(z) = Z/Cd)\ nz::O <Z> p(N) = HZ::OW (5.22)

5.2 Free Energy for Single-Trace Action

In the continuum limit, the free energy (5.5) becomes
F = /d)\ p(MNV(A) — // dAdrp(AN)p(7) In|A — 7. (5.23)
c exc\{A=r}

The double integral is challenging to evaluate directly, but we can employ a useful technique
introduced in 28], which applies to symmetric distributions and the Al phase.

Specifically, although the free energy F has already been minimized in (5.6), we now
minimize the action augmented by a Lagrange multiplier &:

Sy(p) = F+¢ (1—/6(»;)@)) , (5.24)

where the variation is taken with respect to p(\), ensuring the proper normalization of the
eigenvalue density. This procedure yields the same value of the multiplier,

-V - 2/Cd7'p(7) A — 7], (5.25)

for all 7 € C. Substituting this result back into (5.23), we arrive at a more elegant expression
for the free energy:

F = ;</c d)\p()\)V()\)—i—ﬁ) : (5.26)

5.3 Multitrace Term of Second Degree

In order to explore the effects of multitrace terms containing products of moments, such as
those found in (4.19), we will add an additional term to the singletrace action (5.2):

1
S(®) = Ntr V(®) 4+ tepem, teR. (5.27)
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The free energy of this multitrace action is:

1 2
F = 5 trV(®) +tenem — mZlnm — N,
1<J

yielding the saddle point equation:
2 1

VI(\) +t <cnmX;”—1 + cmnX?_l) - = -
() N -

= 0.

This equation matches that of a singletrace model with the effective potential:

Vert(®) = V(®) + te, @™ + te,, P,

which has effective free energy:

1 2
Fot = 55 trV(®) + 2tcncn — 15 > Inlhi = Ajl.
1<j

The original free energy (5.28) can then be written as:

F = Fef — tepcm,

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

To compute Feg, the effective model (5.30) could in principle be solved using the standard

techniques from earlier [28|. However, since the parameters of the effective model depend on

the moments, which in turn depend on the eigenvalue distribution, one must solve a system

of self-consistent equations for both the moments and the support of the distribution.

Recall that the moment-equations come from the expansion of the resolvent (5.22), while

the support-equations fix the endpoints of the cut(s).

6 Phase Diagrams for Multitrace Submodels

We now analyze the phase structure of the matrix model defined by the effective action

(4.19), whose effective potential, following the definitions of the previous subsection, reads:

64 4096 524288
Véff(q’) = <92 — 8¢, — *9362 + 79306 - 945 99010> <I>2+

3 45
(325 2048, 262144 o \ i
g4 3 9r 15 9rC4 189 grCs

4096 1048576
<_9302 + 56792%) PO+

45

grC4

15 977 189 945 97 2835 I

<1024 . 262144 > o6, P24288 5 1o 262144 4 oo
C —_ .

(6.1)

Our goal is to determine the phase diagram of this model, identifying the regions in the

(94, g2) parameter space where different eigenvalue distribution topologies minimize the

free energy at fixed g,.
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For each parameter pair (g4, g2), we solve the saddle point equations for the eigenvalue
distribution and identify the configuration that minimizes the free energy:

32 1024 4096
F = Fet — 39303 - ?chi + EQ:}CGC?—

524288 262144 524288 4 ,
_ _ (6.2
oa5 9re2010 F —ggmgreacs = —emgrGy - (6:2)

We remind the reader that Feg is the free energy corresponding to the potential Veg(®) from

(6.1) while F is the true free energy associated with the action Seg in (4.19). Only solutions
corresponding to global minima are retained; all other possible solutions are disregarded.

Due to the complexity of the effective potential, the saddle point equations are solved
numerically. We emphasize that this does not refer to the HMC simulation of the matrix
model.

To find the eigenvalue distribution for given couplings, we solve for:

e the deg H — 2 coefficients h,, of the polynomial part of the resolvent,
e two support parameters D and ¢, defining the centers and the radii of the cut(s),

e and the moments c¢,, which enter the effective potential coefficients.

More specifically, the coefficients h,, are determined from (5.20), which requires that all
coefficients of powers of z greater than 2° in (5.16) vanish. Treating the moments ¢, as
free parameters at this stage, matching the power series expansions of (5.16) and (5.22)
yields a system of equations linear** in ¢, but non-linear in the support parameters. How-
ever, the moments both depend on h, through integrals in (5.11) and appear explicitly
in the equations, leading to a self-consistent determination of ¢,. The only remaining de-
grees of freedom are the support parameters, which are then fixed numerically by solving
(5.20), imposing that the coefficients at z° and z~! take the values 0 and 1, respectively.
This procedure ultimately establishes whether the solution corresponds to a S1 or a S2
configuration.

We can also determine the support parameters analytically by expanding them in pow-
ers of ¢, and then solving the 20 and 2! equations order by order, up to the highest power
of g, appearing in the effective action. Once the eigenvalue distribution parameters have
been obtained in this way, we turn to the relevant transition condition and solve it in terms
of the action couplings. For example, if we wish to express the transition line g» as a func-
tion of g4, we again expand this function in powers of g, and solve the condition order by
order in g,. In the case of the S1 to S2 transition, the appropriate condition is the splitting
of the eigenvalue distribution support into two parts across the center, i.e.,

p(gis A=10) =0, (6.3)

while for S2 to A1 transition, the condition is that the distribution becomes negative at the
inner edge of the support, meaning the polynomial part has a zero at that point,

H(D - %) =0. (6.4)

***This statement is not true in general. However, because the effective action (4.19) is quadratic in
moments, the system in question is linear in ¢,.

~16 —



25

20

15

QZ/QT

10

0 10 20 30 40 50
2
g4 / 9y

Figure 6. Densely distributed dots indicate the numerically confirmed S1-phase solutions of
the O(gP) effective action (4.19) at g, = 0.02. The solid line represents the corresponding O(g?)
analytical S1/S2 transition line (4.20).

This gives us the transition line equations (4.23) and (4.24). The comparison between
the numerical and analytical results mentioned in this section is illustrated in Figure 6
where they display an excellent agreement for larger values of g4. However, the analytical
expression starts to break down for smaller g4 (in this case, near g4 ~ 25¢2), which is a
general feature for all the studied orders of approximation.

6.1 Phase Diagram for Second-Order Action

We now apply the methods outlined in the previous section to investigate the simplest
multitrace submodel—specifically, the second-order effective action represented by the first
line in equation (4.19), supplemented by the Vandermonde contribution. In this case, the
self-consistent integral system simplifies sufficiently to permit an exact solution once the
phase transition conditions are imposed.

Notably, in the spirit of (5.29), the eigenvalue distribution equation for the pure po-
tential model with a tr? ®2 term is identical in form to that of the standard single-trace
quartic model, but with effective couplings shifted by the new term. In particular, one finds
modified mass and quartic couplings:

64 o 32 4

92,eff = g2 — 89y — ?g'rCQ ) Gaeff = g4 — ?gr . <6~5)

Given the known exact solutions for the S1/S2 and S2/A1l transition lines in the pure
potential model, we can use them to derive the corresponding exact transition lines in the
presence of the tr? ®2 term.
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Focusing first on the S1 solution, the exact transition line between the S1 and S2 phases
for the second-order effective action was previously obtained in [26]. Tt is given by:

64 ,
32 ) ?gr
g2 =2 94*?9r+89r+732- (6.6)
g4 — ggg

We now repeat the used method for the would-be S2/A1 transition line. For the general
A1 solution, the support parameters (the D center and the /6 radius of the support) are
obtained by solving the 2z and z~! conditions for the resolvent. This yields analytical
expressions (as given in [28]):

2
\/392,eff 24/ 95 et — 19gaeff 5 92,0t = /93 op — 1594 cft
2.

D=+ : - . (6.7)

\/ 1094,eff 1594,63

Requiring that the arguments of the square roots in (6.7) remain non-negative leads to the

following transition line equation:

92.eff = 4/ 15 94,eff - (68)

Further on, the second moment ¢y of the A1l eigenvalue distribution satisfying (6.7) can be
obtained directly from its definition:

(920 = /Bt — 1598ci) (41921793 op — 159t + 4993 ot — 12091.01) 0

1350 gZ off

Cy) —

Solving the combined equations (6.5), (6.7), (6.8) and (6.9), we obtain the exact would-be
transition line between the S2 and A1l phases:

(6.10)

32
g2 = V15 94—§Q?+89r+ 4 T
\/ﬁ\/%—ggg

An inspection of the phase diagram in Figure 7 reveals a region near the gy axis where
our system of equations for the eigenvalue distribution lacks solutions. This “void” indi-
cates a domain that is inaccessible within our multitrace model framework. It would be
worthwhile to investigate whether HMC simulations applied to the multitrace action yield
meaningful configurations in this region.

As one moves along the positive g4 axis, this void transitions into a region supporting
stable S1 solutions for lower values of gs. For higher values g values, the void similarly
gives way to an S1 region, which eventually evolves into the S2 phase along the positive g4
direction.

The absence of solutions in the void region can be understood by examining the condi-
tion for the existence of the S1 solution, specifically, the one arising from the z~!-coefficient.
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Figure 7. Phase diagram of the second-order action (4.19) for g, = 0.02, with a zoomed-in view
shown in the lower panel. Densely distributed dots in varying shades of orange represent numerically
confirmed S1, S2 and would-be Al-phase solutions. The solid black line shows the exact S1-phase
boundary, as given by (6.6) and (6.12). The dashed orange line indicates the exact S2/A1 transition
line (6.10), which is not realized in this model, as the Al phase is energetically disfavored compared
to the existing S2 phase.

For the second-order effective action, this yields the following equation for the support ra-

dius V/o:
0
12 (3 — 8g262?)

Solutions to this equation involve several nested square roots. Imposing that the arguments

- (—18g2 + 27940 + 1449, — 288¢20 + 24g4g26° — 256g,6%) = 1.  (6.11)
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of these roots remain non-negative places constraints on the parameters g,, g4, and gs. The
locus where these square roots vanish defines the existence line—the boundary beyond which
S1 solutions cease to exist in the phase diagram. For the second-order effective action, this
boundary is given explicitly by:

64,
32 r 32
g2 =—V12 —g4+392+89r+9‘/§32, 91 < 59 (6.12)
—ga+ ggg

Finally, numerical solutions of the aforementioned self-consistent system yield a detailed
phase diagram for the second-order!!! effective action (Figure 7), in excellent agreement with
the analytically derived exact transition lines and phase boundaries.

7 Monte Carlo Simulation of Full Model

An alternative approach to determining the eigenvalue distributions is to perform Monte
Carlo simulations. In particular, we have applied HMC methods [44] enhanced with an
eigenvalue-flipping algorithm [55] during the thermalization stage. This combined approach
provides nonperturbative insights and is especially valuable for exploring phase transitions
in regimes where our analytical approximations break down, i.e. in the g4 — 0 limit.

To identify phase transitions from the resulting eigenvalue distributions, we focus on
the hallmark of the S1/S2 transition: the splitting of the eigenvalue distribution into two
distinct cuts as the system approaches the critical point. In practice, we monitor the
midpoint of the eigenvalue distribution moving toward zero as an indicator of this split.
Finite-N effects tend to smooth out the emergence of two cuts, so we analyze the distribution
behavior over a range of system parameters to pinpoint the transition more reliably. The
eigenvalue distributions themselves are obtained from eigenvalue histograms for the field
configurations generated by the HMC simulation.

As observed in our previous work [26], the midpoint of the eigenvalue distribution
decreases approximately linearly with the parameter

*
N = 92 — 92 (7.1)

* ’

9o

as the system approaches the transition point g5. In the present study, we extend those
findings by incorporating O(g?) contributions to assess the convergence of our numerical
results with the analytic prediction. The updated expression for the eigenvalue density at

T The numerical determination of the support parameters for the higher-order effective action proved
infeasible due to the increasing complexity of the resulting equations, which rendered the computations
intractable.
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zero (the center of the distribution) is given by

p(0) - +e 56 T 5¢ + 120°

1 8 16
~{’y+<1+6—62—363+ 4)’}/2—

8 3 5

1 7
—662<1+26—362>’y3—

1 49 , s 722 .\
—— |14+ 3¢+ — 40€” — — . 7.2
512<+6—|—3€+6 5 (7.2)

Figure 8 (top panel) illustrates this behavior for N = 24. The “tail” visible in the zoomed-in
region of that plot is attributed to finite-V effects. We carried out the procedure of fitting
the quadratic function in v (since higher-order terms in (7.2) are strongly suppressed) to
p(0) data by incrementally including additional data points. The process was halted once
the residuals of the newly added points became significantly larger than typical values and
displayed a systematic positive trend—indicating the onset of the tail.

We have then compiled estimates of the transition point g3, the linear coefficient #-y

/4 1 1 19
#’y R 7'('g4 <1 + € — 662 — 563 + 12064> y (73)

and the ratio of the quadratic to linear coefficients #~2/#~

2
zz N é (1 fe— 252 — 363 + 156€4> , (7.4)
for various values of N. To extrapolate these quantities to the N — oo limit, we performed
polynomial fits in 1/N, using at most quadratic terms. Notably, data points corresponding
to even and odd values of N fall on distinct branches in the bottom plot of Figure 8. This
bifurcation arises because odd N values exhibit a small local maximum in the eigenvalue
density p at A = 0, necessitating separate treatment. Our dataset includes matrix sizes up
to N =50. Remarkably, even the use of smaller matrix sizes give consistent albeit less
precise N — oo results.

To facilitate a comparison between analytical and numerical results, we require error
estimates for our analytical predictions. Examining the coefficients in equations (4.24) and
(7.2), we estimate the uncertainties by assuming that the series (7.2) converge and that
the expansion coefficients are of order O(1071!) for g5 and #~, and O(10°) for #~2/#~.
Truncating the series at order O(g7) yields the following error estimates:

 2ygs €

Ags~2/gs Yy 107" = T (7.5)

4/ e 4/ T
Ay ~ 77;(]4 Z 107t en = VI E (7.6)

10m 1—¢€’
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Figure 8. The top panel illustrates how the transition point g5 is extracted from p(0) data at
fixed N = 24 (for (g4, g») = (1, 0.02)) by varying g. The bottom panel shows the extrapolation
of the resulting g5 values to the large-N limit. Note that data points for even and odd N fall on
separate branches of the curve.

#72 100 0 n __ €
A#7 82106_ — (7.7)

oo

n=r
Numerical values corresponding to these error estimates are presented in Tables 1-3, along-
side an order-by-order convergence analysis of the transition point. This analysis clarifies
the previously observed discrepancy in the #+2/#~ results reported in [26]. Specifically,
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g5 | O 0(d)  O(ghH o | A=
g4 =1, g- =0.02 | 2.000000 2.160000 2.164267 2.164269 | 5 - 109
g1=1, g, =0.1 2.000000 2.800000 2.906667 2.908373 | 4-1073

Table 1. Convergence analysis for g5. Each error A corresponds to the estimated uncertainty at
the underlined order of approximation, which denotes the highest order reached in the simulation
for the specified coupling parameters.

#y | O?) O Od O Ouwh | A=
gi=1, g — 002 | 045016 0.48617 0.48569 0.48558 0.48558 | 2- 10
10

-7
g1=1,g,=01 |0.45016 0.63022 0.61822 0.60381 0.60564 | 5-10~3

Table 2. Convergence analysis for #v. Each error A corresponds to the estimated uncertainty at
the underlined order of approximation, which denotes the highest order reached in the simulation
for the specified coupling parameters.

#2/#y | Og?)  O(g) O(?) Og) Ogh | A=
gi=1, g =002 | 0.12500 0.13500 0.13287 0.13267 0.13269 | 5- 107

g1=1,g-=0.1 |0.12500 0.17500 0.12167 0.09767 0.10791 | 2-10~2

Table 3. Convergence analysis for #72/#. Each error A corresponds to the estimated uncertainty
at the underlined order of approximation, which denotes the highest order reached in the simulation
for the specified coupling parameters.

contribution to ‘ 95 H#y FHy? [ Hy
analytical | 0.164260385(5) 0.0354201(2) 0.0076911(5)
numerical 0.1654(16) 0.0348(8) 0.0062(16)

Table 4. Curvature contribution to g, the linear coefficient #v and the ratio #~2/#~ for g4 = 1
and g, = 0.02.

for the value g, = 0.1 used in that study, the convergence of the analytical series was insuf-
ficiently rapid, leading to a significant error at the truncation order employed.

We have here obtained high-precision numerical results in a regime where analytical
expression (4.24) shows signs of convergence already at order O(g®), specifically:

e<1l = g4 16g7. (7.8)

As we can see, the analytical prediction (4.20) aligns exceptionally well with numerical
result for the model parameters (g,, g4) = (0.02, 1):

analytical: g5 ~ 2.164269385(5) , (7.9a)
numerical: g5 ~ 2.1654(16) . (7.9b)

Furthermore, the coefficients of v and «? terms closely match the predictions of (7.2):

analytical: p(0) ~ —0.4855783(2) - (v + 0.1326911(5) - 7?) , (7.10a)
numerical:  p(0) &~ —0.4849(8) - (v + 0.1312(16) - 7*) . (7.10b)
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Figure 9. Ouset of the S1/S2 transition line for g, = 0.02. The top panel shows the proposed
functional form from (7.11). The bottom panel presents a fit of the same form with the coefficient
8¢, treated as a free parameter. The fit was performed using large- N extrapolated data obtained via
HMC simulation of (2.4) without the kinetic term (additional data points lie outside the zoomed-in
region). The resulting numerical estimate, ¢5(0) = 16.05(6)g, is in excellent agreement with the
expected shift of 16g;..

A more detailed analysis of curvature effects, presented in Table 4, reveals that its contri-
butions to g5 and #v are confirmed within a 1-2 percent uncertainty. Even the subtler
effect in #~2/#~ is corroborated at approximately the 3.50 level.

We have also investigated the regime where g4 = O(g?), domain in which our perturba-
tive results are no longer reliable. This regime is particularly significant when considering
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Figure 10. Ounset of the S1/S2 transition line for g, = 0.02. The top panel shows the proposed
functional form from (7.19). The bottom panel presents a fit of this form with the exponent 3 in
(7.18) treated as a free parameter, yielding a fitted value of 3.03(8). The fit was performed using
large- Nextrapolated data obtained via HMC simulation of (2.4) without the kinetic term (additional
data points lie outside the zoomed-in region). The resulting numerical estimate, g3(0) = 16.1(3)g,.,
is consistent with the expected shift of 16g;..

the shift of the triple point. In our previous study [26], we proposed the ansatz:

1 r r
g5 = b = 8¢, (1 + coth 89 ) (7.11)

1 —exp <—\8/ggi4> 2\/971

which shares the same O(g2) expansion as our transition line and provides a good fit to the
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numerical data. Utilizing this functional form, we performed a non-perturbative fit to our
large- N limit data points, as depicted in Figure 9, yielding:

agr
y=a (1+coth ), a = 8.03(3). 7.12
g2 = agr NG (3) (7.12)
This result implies that the S1/S2 transition line in the (g4, g2) plane begins at g4 = 0 and
g2 = 16.05(6)g,, consistent with the expected shift of 16g, from the origin.

Interestingly, when we express the S1/S2 transition line (4.23) as:

92 —8gr —2y/94 1 I 3 1 5
=_- — et = — €, 7.13
8, 3¢ T3¢ T g€ (7.13)
we observe that the coefficients on the right-hand side correspond to differences of Bernoulli
numbers: 1 1 1
By —By=- B3 —By=— Bs — Bg=——. 7.14
1 2 3 3 3 4 30 ) 5 6 49 ( )
Assuming this pattern continues, and considering the asymptotic expansion of the trigamma
function:
- B
n
Vi(z) ~ D (7.15)
n=0

where all odd-indexed Bernoulli numbers (except B; = 1/2) are zero, we propose a new
expression for the exact transition line:

92 —8Gr —24/91 24 e+€? B Y1)
8, N 2¢ e

(7.16)

As g4 — oo for fixed g,, € = 0 and the right-hand side approaches zero, as expected. How-
ever, as g4 — 0, the expression diverges, in stark contrast to our Monte Carlo simulations.
The point where the curve turns towards infinity occurs around:

g1~ 0.4-16g2 < 7g2. (7.17)

In our simulations, however, we saw no sign of divergence between the origin and g4 = 7g2
(see Figure 10). This discrepancy suggests that even if the proposed asymptotic series is
correct, we need an alternative expression that shares the same series expansion but rectifies
the small-g4 behavior. This can be achieved by incorporating an exponentially decaying
term that lacks an asymptotic series expansion at infinity. For instance, we can implement
the desired 16g, shift with the following modification (one of many possible choices, but

ot (imen(-2). an

leading to the revised expression

1647 ( ( 3\/g4>> 94 <\/94>
=4 +12g, + —=L (1 —exp | — — . , 7.19
g2 =4y/0a g o p 10, 2, Y1 I, (7.19)

which is plotted in Figure 10.

the simplest we found)
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Figure 11. Eigenvalue distributions in the low-g4 regime for g, = 0.02, showing the emergence
of central peaks (orange curves) and a gradual depletion of eigenvalues from the edges of the bulk.
This deviation from the typical two-cut structure (see Figure 2) may indicate a finite-N artifact or
a possible new phase governed by modified vacuum solutions ®g.

As shown in Figures 9 and 10, our current data cannot distinguish between the original
ansatz (7.11) and the modified expression (7.19) in the g4 — 0 regime—both appear to
describe the simulations equally well within statistical precision. The key difference is that
the new expression (7.19) includes a nonperturbative exponential term in g,, which was
absent in the earlier proposal (7.11).

While examining the model’s behavior at very low g4, we encountered a novel feature
in the eigenvalue distributions. Instead of the well-known pattern as in Figure 2, the
distributions began to exhibit central peaks, with eigenvalues gradually chipping away from
the edges of the bulk (see the orange curves in Figure 11). We observed a corresponding
signal of this phenomenon in the coefficient ratio #v2/#~ at low g4, where the ratio abruptly
starts to decrease from its asymptotic value of 1/8 toward 0 (Figure 12). However, we did
not observe any accompanying qualitative change in standard thermodynamic observables
such as the energy, specific heat, magnetization, susceptibility, or Binder cumulant. Similar
effects were noted earlier in [49], and even in the full GW-model with the kinetic term
included [35]|, where a change in susceptibility was seen. However, the matter was not
systematically studied and we found indications that the anomaly diminishes as NV increases,
suggesting that it may be a finite-V artifact rather than a bona fide phase transition.

Let us now try to offer explanation for this effect. Consider the exact solution ®r given
by (4.2) which solves the model’s equations of motion in the absence of the kinetic term.
This solution is well-defined only for go > 16¢, so it cannot directly explain what happens
for smaller go. However, because the curvature term R is diagonal, we can construct more
general solutions by turning off a subset of the eigenvalues. In other words, one can replace
some of the eigenvalues in ®g by zero and still satisfy the equations of motion. The simplest
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Figure 12. Behavior of the coefficient ratio #+2/# at low g4, exhibiting a sharp drop from its
asymptotic value of 1/8 toward zero. This signal correlates with the emergence of central peaks
in the eigenvalue distribution (Figure 11), although no corresponding anomaly was observed in
thermodynamic observables.

such partially-degenerate solution is

(PR)pn forn < M,

(7.20)
0 forn > M,

(\IIR)nn = {

which is now valid for go > 16g,M/N.

Let us now examine the Vandermonde (eigenvalue repulsion) contribution to the effec-
tive action for the original solution ®g, instead of Wg, for simplicity. This repulsive term is
what prevents the eigenvalues from collapsing onto a single value: instead of sharply defined
clusters of degenerate eigenvalues (as one might expect from the naive solutions (3.2) with
identical eigenvalues), one obtains spread out peaks (as seen in Figure 2). Since there is no
eigenvalue degeneracy in ®r, the repulsion is much weaker in this case. Now, assuming g,
is small, we can approximate ®g to first order in g, as

1 R R R
b= IR [ o R (10, (r.21)
294 294 g2 294 292

With this approximation in hand, it is straightforward to show that

N(1\2771) N—1

_(__ 8 N
A((I)R)_< NJM) nf:[l ! (7.22)
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i.e., the Vandermonde contribution Sa(®g) = —In A%(®g) is

N—-1
89r
Sa(@p) = —N(N - )In—2 21 [ n! 7.23
A(Pr) ( ) N+/2g294 7:7[[1 (7.23)
~ N2In N — N2In—%r_ _ (N2 InN — 3N2> (7.24)
V29294 2

3 8gr > 2
=(Z—-In N2, 7.25
<2 V29294 (7.25)

On the other hand, the original action (2.4) estimated at @ gives

1+g,R)?
S(Pg) = —N tr M , (7.26)
494
SO Sa(@5)
A\¥R
Wm—g4lng4—>0, g4—>0 (727)

The go-case is trickier to analyze since Wg-solutions become relevant in the go — 0 limit. Let
us first notice that in the g, — 0 limit, the Vandermonde contribution to the effective action
becomes negligible compared to the classical term. Consequently, we expect the classical
solution ®r to dominate (up to corrections from higher-order terms in g, ), which is reflected
in the sharp eigenvalue peaks seen in the orange curves of Figure 11. Conversely, for larger
values of g4 the eigenvalues of ®p move closer together, the Vandermonde repulsion becomes
significant, and the resulting distribution more resembles the vacuum solutions in (3.2), as
illustrated in the top row of the same figure. Between these two regimes, the sign of the
Vandermonde contribution effectively changes, possibly turning eigenvalue repulsion into
attraction. This shift could lead to the gradual condensation of eigenvalues near the center,
potentially giving rise to the central bulge observed in the orange plots.

8 Conclusions & Outlook

Our results demonstrate that introducing a curvature term into the A¢* model significantly
alters its phase structure, most notably by shifting the phase transition lines.

Although we were unable to provide an analytical prediction for the triple point shift
via extrapolation from the weak self-coupling regime, we obtained highly precise results in
the strong self-coupling limit. These findings were further supported by HMC simulations,
which confirmed the expected magnitude of the shift.

This shift plays a pivotal role in the renormalizability of the GW model, as it sup-
presses the NC stripe phase—known to obstruct renormalization through UV/IR mixing.
However, the interplay between this suppression mechanism and the model’s kinetic term
remains poorly understood. A complete picture will require disentangling and comparing
the respective contributions of the curvature and kinetic terms—an issue currently under
investigation.

When viewed in terms of unscaled parameters, the triple point shift effectively removes
the stripe phase from the physically relevant region. This applies both to the renormalizable
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GW model and to the large-N limit of the A¢Z,, model, where the curvature coupling
vanishes. In contrast, the original, nonrenormalizable A¢* model lacks such a protective
mechanism, with its triple point remaining fixed at the origin of the phase diagram.

Interestingly, we also identified a possible novel phase governed by vacuum solutions
modified by the curvature term. Further investigation is required to understand its impli-
cations—particularly whether it survives in the large-N limit.

We believe that the link between the absence of the stripe phase and the emergence of
renormalizability has broader significance and may extend to other NC models. A natural
next step in testing this hypothesis is the simulation of the related—but nonrenormaliz-
able—NC U(1) gauge model [56], which is currently under study. This model features two
competing classical vacua: a trivial vacuum and a stripe-like vacuum proportional to the
NC coordinates. By identifying which vacuum is energetically preferred, we hope to assess
whether the persistence of the stripe phase indeed correlates with nonrenormalizability.
Insights of this kind could inform the construction of consistent, renormalizable NC gauge
models—an essential step toward generalizing the successes of the GW model beyond scalar

field theory.
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