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Abstract: Recent advances in deep-learning-based identification of dynamic systems have
resulted in a new generation of approaches utilizing state-space neural models with innovation
noise structure, improved reformulation of multiple shooting, batch optimization, and a subspace
identification-inspired form of encoders. The latter is used to learn a reconstructability map
to estimate model states from past inputs and outputs. By using the SUBNET approach,
which belongs to the state-of-the-art of these methods, we show how to effectively use these
approaches to identify reliable vehicle models from data both in continuous and discrete time,
respectively. We showcase the approach on the identification of the dynamics of a Crazyflie 2.1
nano-quadcopter and an F1tenth electric car both in a high-fidelity simulation environment,
and in case of the electric car, on real measured data. The results indicate that new-generation
of deep-learning methods offer efficient system identification of vehicle dynamics in practice.
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1. INTRODUCTION

Due to the significant increase of performance require-
ments and growing complexity of vehicles, model-based
control methods gaining a dominant role in the vehicle
industry, especially in motion control and path planning
of autonomous ground and aerospace vehicles. However,
to reach high-performance maneuvering capabilities, such
methods require an accurate personalized model of the
vehicle, which is a challenging task given their often nonlin-
ear motion dynamics (tire behavior, aerodynamic effects,
attitude dynamics, etc.). Moreover, modern vehicles have
a wide array of digital and mechatronic components for
which manufacturers do not disclose all details required
for modeling and even existing models of subcomponents
require coefficient estimation to match the specific charac-
teristics of each vehicle and their change over time.
Hence, it is attractive to use data-driven modeling to
capture the relevant vehicle dynamics directly from op-
erational data. Recent advances in deep-learning-based
identification of dynamic systems have resulted in a new
generation of nonlinear identification approaches utilizing
state-space neural models with innovation noise structure
(Beintema et al., 2023a), improved reformulation of mul-
tiple shooting (Ribeiro et al., 2020), batch optimization,
computationally efficient truncated loss functions (For-
gione and Piga, 2021), and encoders (Beintema et al.,
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2023a; Masti and Bemporad, 2021). The latter is used to
learn a reconstructability map to estimate model states
from past inputs and outputs. These methods have been
shown to be superior in model performance compared
to traditional nonlinear identification methods, such as
NAR(MA)X, block-oriented, etc., as they build on an
efficient fusion of identification methods and deep learning.
Furthermore, the estimated models are obtained in a state-
space (SS) form directly applicable for control design,
e.g., see Hoekstra et al. (2023), compared to other ap-
proaches of deep-learning based vehicle modeling in terms
of LSTMs (Amiruddin et al., 2020), transformers (Saviolo
and Loianno, 2023), or end-to-end methods (Hermansdor-
fer et al., 2020), etc. As a state-encoder is also co-estimated
with the model, the method also does not require measured
state information such as in (Bansal et al., 2016).
By using the SUBNET approach (Beintema et al., 2023a),
which belongs to the state-of-the-art new generation of
methods, we show how to effectively use them to identify
reliable vehicle models from data both in continuous and
discrete time, respectively. We intend to state practical
guidelines about the method, then we showcase the ap-
proach on the identification of the dynamics of a nano-
quadcopter in a high-fidelity simulation environment and
a small-scale car using measurements. Furthermore, we
discuss various vehicle-specific details, e.g. training data
generation, to enhance the applicability of the approach.
The paper is organized as follows. In Sect. 2, the iden-
tification problem and the SUBNET approach are intro-
duced. This is followed by providing general guidelines for
SUBNET-based vehicle dynamics identification in Sect. 3.
Then we demonstrate the capabilities of the method by
identifying the dynamics of a Crazyflie 2.1 quadcopter
using simulation data in Sect. 4, and the dynamics of an
F1tenth small-scale car using measured data in Sect. 5. Fi-
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1. INTRODUCTION

Due to the significant increase of performance require-
ments and growing complexity of vehicles, model-based
control methods gaining a dominant role in the vehicle
industry, especially in motion control and path planning
of autonomous ground and aerospace vehicles. However,
to reach high-performance maneuvering capabilities, such
methods require an accurate personalized model of the
vehicle, which is a challenging task given their often nonlin-
ear motion dynamics (tire behavior, aerodynamic effects,
attitude dynamics, etc.). Moreover, modern vehicles have
a wide array of digital and mechatronic components for
which manufacturers do not disclose all details required
for modeling and even existing models of subcomponents
require coefficient estimation to match the specific charac-
teristics of each vehicle and their change over time.
Hence, it is attractive to use data-driven modeling to
capture the relevant vehicle dynamics directly from op-
erational data. Recent advances in deep-learning-based
identification of dynamic systems have resulted in a new
generation of nonlinear identification approaches utilizing
state-space neural models with innovation noise structure
(Beintema et al., 2023a), improved reformulation of mul-
tiple shooting (Ribeiro et al., 2020), batch optimization,
computationally efficient truncated loss functions (For-
gione and Piga, 2021), and encoders (Beintema et al.,
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2023a; Masti and Bemporad, 2021). The latter is used to
learn a reconstructability map to estimate model states
from past inputs and outputs. These methods have been
shown to be superior in model performance compared
to traditional nonlinear identification methods, such as
NAR(MA)X, block-oriented, etc., as they build on an
efficient fusion of identification methods and deep learning.
Furthermore, the estimated models are obtained in a state-
space (SS) form directly applicable for control design,
e.g., see Hoekstra et al. (2023), compared to other ap-
proaches of deep-learning based vehicle modeling in terms
of LSTMs (Amiruddin et al., 2020), transformers (Saviolo
and Loianno, 2023), or end-to-end methods (Hermansdor-
fer et al., 2020), etc. As a state-encoder is also co-estimated
with the model, the method also does not require measured
state information such as in (Bansal et al., 2016).
By using the SUBNET approach (Beintema et al., 2023a),
which belongs to the state-of-the-art new generation of
methods, we show how to effectively use them to identify
reliable vehicle models from data both in continuous and
discrete time, respectively. We intend to state practical
guidelines about the method, then we showcase the ap-
proach on the identification of the dynamics of a nano-
quadcopter in a high-fidelity simulation environment and
a small-scale car using measurements. Furthermore, we
discuss various vehicle-specific details, e.g. training data
generation, to enhance the applicability of the approach.
The paper is organized as follows. In Sect. 2, the iden-
tification problem and the SUBNET approach are intro-
duced. This is followed by providing general guidelines for
SUBNET-based vehicle dynamics identification in Sect. 3.
Then we demonstrate the capabilities of the method by
identifying the dynamics of a Crazyflie 2.1 quadcopter
using simulation data in Sect. 4, and the dynamics of an
F1tenth small-scale car using measured data in Sect. 5. Fi-
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from past inputs and outputs. These methods have been
shown to be superior in model performance compared
to traditional nonlinear identification methods, such as
NAR(MA)X, block-oriented, etc., as they build on an
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Furthermore, the estimated models are obtained in a state-
space (SS) form directly applicable for control design,
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proaches of deep-learning based vehicle modeling in terms
of LSTMs (Amiruddin et al., 2020), transformers (Saviolo
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with the model, the method also does not require measured
state information such as in (Bansal et al., 2016).
By using the SUBNET approach (Beintema et al., 2023a),
which belongs to the state-of-the-art new generation of
methods, we show how to effectively use them to identify
reliable vehicle models from data both in continuous and
discrete time, respectively. We intend to state practical
guidelines about the method, then we showcase the ap-
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quadcopter in a high-fidelity simulation environment and
a small-scale car using measurements. Furthermore, we
discuss various vehicle-specific details, e.g. training data
generation, to enhance the applicability of the approach.
The paper is organized as follows. In Sect. 2, the iden-
tification problem and the SUBNET approach are intro-
duced. This is followed by providing general guidelines for
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nally, conclusions on the discussed identification approach
are drawn in Sect. 6.

2. DEEP-LEARNING-BASED SYSTEM
IDENTIFICATION

2.1 Problem setting
We consider the representation of the vehicle dynamics in
the form a continuous-time (CT) nonlinear SS equation:

ẋ(t) = fc(x(t), u(t)) (1a)

where t ∈ R is the continuous time, x(t) ∈ Rnx is the
collection of the motion states of the vehicle, u(t) ∈ Rnu is
the input in terms of controlling steering and propulsion
of the vehicle, and fc : Rnx × Rnu → Rnx is a nonlinear
bounded function. Based on digital actuation and data
acquisition, we assume that the input satisfies u(t) = u[k]
for all kTs ≤ t < (k + 1)Ts, where u[k] is a discrete
time (DT) signal with k ∈ Z and Ts ∈ R+ is the
sampling time, corresponding to a zero-order-hold (ZOH)
setting. Furthermore, measurements of the motion states
are available in DT in terms of

y[k] = h(x[k]) + e[k] (1b)

where y[k] ∈ Rny is the measured output signal, h : Rnx →
Rny is a possibly nonlinear bounded output map, and ek an
i.i.d. white noise process representing measurement noise.
Under the ZOH setting, the dynamics represented by (1)
can be also described directly in DT in the form:

x[k + 1] = fd(x[k], u[k]), (2a)

y[k] = h(x[k]) + e[k], (2b)

where fd : Rnx × Rnu → Rnx denotes the DT state-
transition function. In the remainder of the paper, we will
resort to denoting CT signals as ut and DT signals as uk

for the sake of readability.

Using a data sequence DN = {(yk, uk)}Nk=1 measured by
(1), we aim to identify models of the system in CT form

x̂t+Ts
= ODEsolve

{
1

τ
fθ(·, ut), x̂t, Ts

}
, (3a)

ŷt = hθ(x̂t), (3b)

and directly in DT form

x̂k+1 = fθ (x̂k, uk) , (4a)

ŷk = hθ (x̂k) , (4b)

where x̂k ∈ Rnx̂ is the model state, ŷk ∈ Rny is the model
output, and fθ : Rnx̂×Rnu → Rnx̂ with hθ : Rnx̂ → Rny are
feedforward multi-layer artificial neural networks 1 with
θ ∈ Rnθ collecting the activation weights as model parame-
ters, τ ∈ R+ is a normalization parameter, while ODEsolve
corresponds to a chosen fixed-step numerical integration
scheme, e.g., 4-step Runge–Kutta (RK4), to compute the
state-transition of the CT dynamics in the time interval
t ∈ [kTs, (k + 1)Ts]. Under these considerations, both (3)
and (4) represent recurrent neural networks, also called as
ANN-SS models.

2.2 The SUBNET method
In the literature, many approaches have been introduced
to identify ANN-SS models, e.g., (Masti and Bemporad,

1 Consider that each hidden layer is composed from m activation
functions ϕ : R → R in the form of zi,j = ϕ(

∑mi−1

l=1
θw,i,j,lzi−1,l +

θb,i,j) where zi = col(zi,1, . . . , zi,mi ) is the latent variable represent-
ing the output of layer 1 ≤ i ≤ q. Here, col(�) denotes the composition
of a column vector. For fθ with q hidden-layers and linear input and
output layers, this means fθ(x̂k, uk) = θw,q+1zq(k) + θb,q+1 and
z0(k) = col(x̂k, uk).

(a) SUBNET structure in DT

ODE
solve

ODE
solve

(b) SUBNET structure in CT

Fig. 1. SUBNET structure: the subspace encoder ψθ esti-
mates the initial state at time k based on past inputs
and outputs, then the state is propagated through fθ
and hθ multiple times until a simulation length T .

2021; Forgione and Piga, 2021). One recent approach that
provides computationally efficient estimation of (3) and
(4) under statistical consistency guarantees is the SUB-
NET approach (Beintema et al., 2023a,b). The SUBNET
method, depicted in Fig. 1, uses a T -step ahead predic-
tion cost over multiple subsections of the data, which is
tractable and stable to optimize compared to the conven-
tional one-step-ahead prediction error cost. This is formal-
ized for DT as follows:

V enc
DN

(θ) =
1

Nsec

∑
k∈INsec

1

T

T−1∑
l=0

∥yk+l − ŷk+l|k∥22, (5a)

x̂k+l+1|k = fθ(x̂k+l|k, uk+l), (5b)

ŷk+l|k = hθ(x̂k+l|k) (5c)

where INsec
⊆ {n + 1, . . . , N − T + 1} s.t. |INsec

| = Nsec

are the starting times of the sections and the pipe (|)
notation is used to denote time indexing inside of the
section in terms of (current index|start index). In the CT
version, k is replaced with t, l with Tsl and (5b) becomes
ODEsolve

{
1
τ fθ(·, ut+Tsl), x̂t+Tsl|t, Ts

}
. As prediction over

the sections can be computed in parallel, this enables the
use of powerful batch optimization algorithms such as
Adam for training. Furthermore, SUBNET co-estimates
an “encoder” function ψθ together with fθ and hθ, which
provides a direct estimate of the initial state x̂k|k for each
section in (5) based on past input and output data, i.e.,

x̂k|k = ψθ(u
k−1
k−n, y

k−1
k−n) (5d)

where uk+t
k = [ u⊤

k · · · u⊤
k+t ]⊤ for t ≥ 0 and yk+t

k is
defined similarly. In fact, ψθ corresponds to learning a
reconstructability map of the state from past IO samples,
where n needs to be chosen at least the lag (nx in the SISO
case) of the NL system, see (Beintema et al., 2023a) for
details. In case full state measurements are available, i.e.,
yk = xk + ek, n should be chosen to be at least 1.

3. GENERAL GUIDELINES

In case of many vehicles, the position and heading angle
do not explicitly influence the system dynamics. As a
result, the kinematic relations concerning these states
can be separated from the rest, and the overall network
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of a column vector. For fθ with q hidden-layers and linear input and
output layers, this means fθ(x̂k, uk) = θw,q+1zq(k) + θb,q+1 and
z0(k) = col(x̂k, uk).

(a) SUBNET structure in DT

ODE
solve

ODE
solve

(b) SUBNET structure in CT

Fig. 1. SUBNET structure: the subspace encoder ψθ esti-
mates the initial state at time k based on past inputs
and outputs, then the state is propagated through fθ
and hθ multiple times until a simulation length T .

2021; Forgione and Piga, 2021). One recent approach that
provides computationally efficient estimation of (3) and
(4) under statistical consistency guarantees is the SUB-
NET approach (Beintema et al., 2023a,b). The SUBNET
method, depicted in Fig. 1, uses a T -step ahead predic-
tion cost over multiple subsections of the data, which is
tractable and stable to optimize compared to the conven-
tional one-step-ahead prediction error cost. This is formal-
ized for DT as follows:

V enc
DN

(θ) =
1

Nsec

∑
k∈INsec

1

T

T−1∑
l=0

∥yk+l − ŷk+l|k∥22, (5a)

x̂k+l+1|k = fθ(x̂k+l|k, uk+l), (5b)

ŷk+l|k = hθ(x̂k+l|k) (5c)

where INsec
⊆ {n + 1, . . . , N − T + 1} s.t. |INsec

| = Nsec

are the starting times of the sections and the pipe (|)
notation is used to denote time indexing inside of the
section in terms of (current index|start index). In the CT
version, k is replaced with t, l with Tsl and (5b) becomes
ODEsolve

{
1
τ fθ(·, ut+Tsl), x̂t+Tsl|t, Ts

}
. As prediction over

the sections can be computed in parallel, this enables the
use of powerful batch optimization algorithms such as
Adam for training. Furthermore, SUBNET co-estimates
an “encoder” function ψθ together with fθ and hθ, which
provides a direct estimate of the initial state x̂k|k for each
section in (5) based on past input and output data, i.e.,

x̂k|k = ψθ(u
k−1
k−n, y

k−1
k−n) (5d)

where uk+t
k = [ u⊤

k · · · u⊤
k+t ]⊤ for t ≥ 0 and yk+t

k is
defined similarly. In fact, ψθ corresponds to learning a
reconstructability map of the state from past IO samples,
where n needs to be chosen at least the lag (nx in the SISO
case) of the NL system, see (Beintema et al., 2023a) for
details. In case full state measurements are available, i.e.,
yk = xk + ek, n should be chosen to be at least 1.

3. GENERAL GUIDELINES

In case of many vehicles, the position and heading angle
do not explicitly influence the system dynamics. As a
result, the kinematic relations concerning these states
can be separated from the rest, and the overall network

structure of the SUBNET approach can be simplified
by focusing the identification on the velocity dynamics
and augmenting the resulting model with first-principle
kinematic relations. In the case of some vehicles, e.g.
aircrafts, where the altitude influences the aerodynamics,
such separation can only be applied in a limited sense.
As the extrapolation capabilities of ANN models are also
limited, it is important to provide sufficiently excited
training data to explore the domain of interest in the state-
and input space and bring out all essential system features.
In Sect. 4 and 5 we present suitable trajectories for data
generation in case of quadcopters and cars, respectively.
The SUBNET structure involves certain hyperparameters,
the selection of which is system-dependent. Based on Bein-
tema et al. (2023a), the following guidelines are available:
Model order: reasonable to start with twice as many
states as in the first-principle dynamics, and then tune this
value according to the validation loss. SUBNET structures
with larger model order can capture more detailed dy-
namical behavior, which the first-principle models may not
contain, but selecting nx too large can cause overfitting.
Encoder length: should be chosen as the lag of the
underlying system, which corresponds to the minimal
number of past IO samples required to reconstruct the
state in the conditional mean sense. For general nonlinear
systems, reconstructability can require lags up to 2 · nx.
Section length: T should be a few times the largest char-
acteristic time scale λmax of the data-generating system.
ANN structure: for simplicity, the structure of fθ and
hθ can be kept identical, thus the same number of hidden
layers (hldin) and the same number of neurons per layer
(ndin) can be applied. Similar notations can be introduced
for ψθ as well (hlenc and nenc). It is recommended to start
with hldin = hlenc = 2 and ndin = nenc = 64.
Learning rate and batch sizes: Nbatch = 256 − 512
is the baseline and the Adam optimizer with a fixed
α = 10−3 − 10−4 learning rate is recommended. In case of
over-fitting, ℓ2 regularization is advised during training.
Derivative normalization: in CT, x̂ and its derivative
can have different magnitudes which can lead to difficulties
in the estimation of fθ. Hence, a derivative normalization
factor 1/τ is introduced, which can be selected as

τ ≈ (7.5±2.5)·λmax

0.03 . (6)

4. IDENTIFICATION OF THE CRAZYFLIE 2.1
QUADCOPTER

4.1 Quadcopter simulator
First, we show the applicability of the SUBNET approach
for the identification of a simulation model of the Crazyflie
nano quadcopter. This model is based on the following
coordinate frames: inertial frame Fi with north-east-down
(NED) coordinates, vehicle frame Fv, and t body frame Fb,
which is fixed to the vehicle. The transformation from Fi to
Fv is a translation, and from Fv to Fb a rotation, because
the axes of Fv and Fi are considered to be parallel. The
translational dynamics of the quadcopter are characterized
by

mr̈ = Rv
b

[
0
0

−F

]
+

[
0
0
mg

]
, (7a)

where r = [ x y z ]
⊤

is the position, ṙ = [ vx vy vz ]
⊤

is
the lateral velocity in the inertial frame, m is the mass,

F is the collective thrust of the propellers, and g is the
gravitational acceleration. Rv

b ∈ SO(3) is the rotation
matrix between the vehicle and body frames, where SO(3)
denotes the 3D special orthogonal group. The rotational
dynamics are described based on Euler’s equations as

Ṙv
b = Rv

bω̂b, (7b)

ω̇b = J−1
b (τ − ωb × Jbωb) , (7c)

where ωb = [ p q r ]
⊤

is the angular velocity of the
vehicle in the body frame, Jb is the inertia matrix, and

τ = [ τx τy τz ]
⊤

is the torque vector in Fb produced
by the propellers. The notion ·̂ stands for the projection:
R3 → SO(3) ensuring that x̂y = x × y for all x, y ∈ R3,
where × corresponds to the vector product. To achieve a
more concise representation of (7), the rotation matrix Rv

b
is mapped to Euler angles: roll, pitch, and yaw denoted as
ϕ, θ and ψ respectively. To reproduce the dynamics of a
Crazyflie 2.1, the parameters are set to: Jx = Jy = 1.4 ×
10−5 kg ·m2, Jz = 2.17 × 10−5 kg ·m2, corresponding to
the diagonal values in the diagonal inertia matrix and the
off-diagonal values are 0, m = 0.027 kg, and g = 9.8m/s

2
.

4.2 Data generation

Data-generation based on simulation of (7) with a sam-
pling frequency 2 fs = 48 Hz is used for training and
validation data, and 48, 96, and 192 Hz for the test
data using RK4 numerical integration. As the system is
unstable, flight-trajectories of (7) are generated by using
a gain-scheduled linear quadratic regulator (LQR) con-
troller, designed w.r.t. the local linearizations of (7) over
its operating regime. The LQR is scheduled based on a
desired state trajectory that is calculated for a x-y-z-ψ
defined flight-path reference by taking advantage of the
differential flatness property of the system (see Mellinger
and Kumar (2011) for details). As we aim to discover the
nonlinear behavior of the quadcopter, we designed flight
paths that involve large values of roll and pitch angles, as
for smaller angles the dynamics are close to linear.
Training data: To discover the nonlinear characteristics
of the system, we generated the following flight-path
references

[xref(t) yref(t) zref(t)]
T = Rθ(t)Rϕ(t)exs(t), (8a)

s(t) = rd sin(2πωrt− π
2 ) + rd, (8b)

where Rθ(t) and Rϕ(t) are SO(3) matrices corresponding
to rotation around the ez and ey axes respectively. The
rotation angles are generated by ϕ(t) = 0.3π sin(2πωϕt),
and θ(t) = 2πωθt, while ψref(t) has been kept 0. Here t
denotes time, while rd, ωr, ωϕ and ωθ are the parameters
of the trajectory. Multiple flights have been recorded under
the choices of rd, ωϕ and ωθ detailed in Table 1, with
rd expressed in meters, and the angular velocity values
expressed in Hz. Furthermore, for sufficient excitation,
white Gaussian signals have been injected into the control
inputs with standard deviations of σF = 0.07N for the

collective thrust and στ = [ 2 2 0.2 ]
⊤· 10−4 N ·m for the

torque input. As measurement noise, Gaussian white noise
has been added to the recorded states of the system.
The variance of this noise has been chosen to achieve an
aggregated SNR of 35 dB, 25 dB, and 15 dB.

2 fs = 48 Hz has been selected based on the time constants of the
system to achieve a realistic behavior in the simulation.
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Table 1. Parameters for the training (upper),
validation (lower left), and test (lower right)
trajectories, executed for 100, 100, and 10 sec.

# ωr rd ωϕ ωθ

1 0.20 0.5 0.0092 0.12
2 0.25 0.45 0.11 -0.95
3 0.33 0.45 0.012 -0.095
4 0.35 0.5 0.092 0.12
5 0.45 0.45 0.010 -0.095
6 0.45 0.5 0.0092 0.12
7 0.55 0.5 0.0092 0.12
8 0.65 0.5 0.090 0.12
9 0.66 0.5 0.092 0.12

# ωr rd ωϕ ωθ

10 0.7 0.6 0.0087 0.12
11 0.71 0.6 0.0088 0.12
12 0.74 0.55 0.096 0.12
13 0.75 0.55 0.0089 0.12
14 0.8 0.5 0.0087 0.12
15 0.84 0.45 0.0085 0.12
16 0.841 0.45 0.010 0.085
17 0.842 0.45 0.011 0.085
18 0.844 0.45 0.011 -0.095

# ωr rd ωϕ ωθ

1 0.78 0.45 0.01 0.12

# A B fr
1 0.25 0.3 0.7

Fig. 2. Visualization of gathered data. Training, validation,
and test sets are shown in blue, orange, and red.

Validation data: Trajectories have been generated
similarly to the training data, with parameters outlined
in Table 1, and added measurement noise.
Test data: Flight trajectories with[

xref(t)
yref(t)
zref(t)

]
=

[−A cos(2πfrt) +A− vt
−A cos(2πfrt) +A+ vt
−B cos(2πfrt) +B

]
, (9)

have been generated with v = 0.05, defining the transla-
tional velocity perpendicular to the sinusoidal movement,
A and B characterizing the amplitude, and fr being the
frequency of the oscillations, all specified in Table 1. The
datasets are shown in Fig. 2. It is visible, that the system is
excited well, and the validation set covers the same region
as the training set. The test data is chosen to evaluate the
performance of the model in parts of the state and input
space less densely populated with training data points.

4.3 Training and results

The selected structures and hyperparameters are pre-
sented in Tables 2 and 3. Due to the assumed full state
measurement, n = 1. By analyzing the validation losses,
we have found that nx = 15 results in better model per-
formance compared to nx = 9 of the first-principle model,
which can be explained by immersion effects (Beintema
et al., 2023a). Furthermore, as training on noise-free data
resulted in overfitting, we employed ℓ2 regularization of
the parameters θ in (5a) with a weight λ = 10−6.
Performance of the models is evaluated using normalized
root mean square (NRMS) error of the simulated model
response computed and averaged on all n-sample long
sequences of the test data. As the CT SUBNET model can
operate with various sampling frequencies, its performance
is evaluated on test data sets with 48, 96, and 192 Hz
sampling rates to showcase the generalization capability of
the model. For a baseline, simulation results of the linear
time invariant (LTI) model, corresponding to the local

Table 2. SUBNET model structure

Vehicle Model hldin ndin hlenc nenc nx n τ

Crazyflie
DT 2 64 2 64 15 1 -
CT 2 64 2 64 15 1 5

F1tenth
DT 2 64 2 64 9 12 -
CT 4 64 2 64 6 12 50

Table 3. Optimization parameters

Vehicle Model α Nbatch T Samples Epochs Time [h]

Crazyflie
DT 10−4 512 80 138,720 3000 18
CT 10−4 512 80 138,720 1500 36

F1tenth
DT 10−3 256 40 8,376 1000 1/4
CT 10−3 256 40 8,376 2000 2

Table 4. NRMS test losses of model estimates

Test DT CT LTI

Freq 48 Hz 48 Hz 96 Hz 192 Hz 48 Hz

Step 160 160 160 320 160 640 160

Time 3.3 s 3.3 s 1.7 s 3.3 s 0.8 s 3.3 s 3.3

None 5.4% 5.2% 4.2% 6.0% 4.4% 7.4%

>10000%
35 dB 5.9% 6.0% 5.0% 6.6% 6.1% 7.1%
25 dB 6.3% 6.3% 7.0% 7.1% 8.3% 7.9%
15 dB 12.1% 7.5% 8.2% 8.3% 10.9% 8.9%

linearization of the true NL model (7), are also provided.
Linearization has been performed around hovering, that
is, x∗ = 0 and u∗ = [ −mg 0 0 0 ]⊤.
The results 3 are depicted in Table 4. While the DT
and CT SUBNET methods show comparable performance,
the latter has a slight edge and performs better across
all noise levels. The distinction is especially notable at
15 dB SNR, showing that estimation in CT has better
robustness against high SNR. The accuracy of the CT
model deteriorates with increasing sampling frequency,
its performance remains remarkable, with only 2 − 2.5%
NRMS error increase at four times the sampling frequency.
Responses of the estimated models are also displayed along
a 160-step long simulation segment in Fig. 3 for both
SUBNET structures. In Fig. 3, |ex/σx| stands for the
absolute error of position x normed with the standard de-
viation of the measured x samples and the other subplots
are similarly computed. The results show consistently low
errors, except for the positions, which can be attributed
to the integration process, where small errors in lateral
velocity can result in quickly accumulating errors.

5. IDENTIFICATION OF THE F1TENTH CAR

F1tenth is a 1/10 scale model of an electric car, which
has been mainly developed as a test platform for various
automotive applications (Agnihotri et al., 2020). In this
section, we present how to identify the dynamic relations
of such a car, which can be useful for possible model-based
control methods. In contrary to Sect. 4, measurements
from a real F1tenth are used instead of simulated data.

5.1 Modelling considerations

One of the most common simplifications of car-like vehicles
is the single-track model, often called the bicycle model
(Paden et al., 2016). Multi-body dynamic models can be
also considered (Althoff et al., 2017), but these higher

3 An attempt was made to compare the results with other well-
known methods, as in Sect. 5. Due to the size of the dataset, running
the selected benchmark algorithms was not feasible, and no subset of
the data was found where the identification results were reasonable.
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Validation data: Trajectories have been generated
similarly to the training data, with parameters outlined
in Table 1, and added measurement noise.
Test data: Flight trajectories with[

xref(t)
yref(t)
zref(t)

]
=

[−A cos(2πfrt) +A− vt
−A cos(2πfrt) +A+ vt
−B cos(2πfrt) +B

]
, (9)

have been generated with v = 0.05, defining the transla-
tional velocity perpendicular to the sinusoidal movement,
A and B characterizing the amplitude, and fr being the
frequency of the oscillations, all specified in Table 1. The
datasets are shown in Fig. 2. It is visible, that the system is
excited well, and the validation set covers the same region
as the training set. The test data is chosen to evaluate the
performance of the model in parts of the state and input
space less densely populated with training data points.

4.3 Training and results

The selected structures and hyperparameters are pre-
sented in Tables 2 and 3. Due to the assumed full state
measurement, n = 1. By analyzing the validation losses,
we have found that nx = 15 results in better model per-
formance compared to nx = 9 of the first-principle model,
which can be explained by immersion effects (Beintema
et al., 2023a). Furthermore, as training on noise-free data
resulted in overfitting, we employed ℓ2 regularization of
the parameters θ in (5a) with a weight λ = 10−6.
Performance of the models is evaluated using normalized
root mean square (NRMS) error of the simulated model
response computed and averaged on all n-sample long
sequences of the test data. As the CT SUBNET model can
operate with various sampling frequencies, its performance
is evaluated on test data sets with 48, 96, and 192 Hz
sampling rates to showcase the generalization capability of
the model. For a baseline, simulation results of the linear
time invariant (LTI) model, corresponding to the local

Table 2. SUBNET model structure

Vehicle Model hldin ndin hlenc nenc nx n τ

Crazyflie
DT 2 64 2 64 15 1 -
CT 2 64 2 64 15 1 5

F1tenth
DT 2 64 2 64 9 12 -
CT 4 64 2 64 6 12 50

Table 3. Optimization parameters

Vehicle Model α Nbatch T Samples Epochs Time [h]

Crazyflie
DT 10−4 512 80 138,720 3000 18
CT 10−4 512 80 138,720 1500 36

F1tenth
DT 10−3 256 40 8,376 1000 1/4
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linearization of the true NL model (7), are also provided.
Linearization has been performed around hovering, that
is, x∗ = 0 and u∗ = [ −mg 0 0 0 ]⊤.
The results 3 are depicted in Table 4. While the DT
and CT SUBNET methods show comparable performance,
the latter has a slight edge and performs better across
all noise levels. The distinction is especially notable at
15 dB SNR, showing that estimation in CT has better
robustness against high SNR. The accuracy of the CT
model deteriorates with increasing sampling frequency,
its performance remains remarkable, with only 2 − 2.5%
NRMS error increase at four times the sampling frequency.
Responses of the estimated models are also displayed along
a 160-step long simulation segment in Fig. 3 for both
SUBNET structures. In Fig. 3, |ex/σx| stands for the
absolute error of position x normed with the standard de-
viation of the measured x samples and the other subplots
are similarly computed. The results show consistently low
errors, except for the positions, which can be attributed
to the integration process, where small errors in lateral
velocity can result in quickly accumulating errors.

5. IDENTIFICATION OF THE F1TENTH CAR

F1tenth is a 1/10 scale model of an electric car, which
has been mainly developed as a test platform for various
automotive applications (Agnihotri et al., 2020). In this
section, we present how to identify the dynamic relations
of such a car, which can be useful for possible model-based
control methods. In contrary to Sect. 4, measurements
from a real F1tenth are used instead of simulated data.

5.1 Modelling considerations

One of the most common simplifications of car-like vehicles
is the single-track model, often called the bicycle model
(Paden et al., 2016). Multi-body dynamic models can be
also considered (Althoff et al., 2017), but these higher

3 An attempt was made to compare the results with other well-
known methods, as in Sect. 5. Due to the size of the dataset, running
the selected benchmark algorithms was not feasible, and no subset of
the data was found where the identification results were reasonable.

Fig. 3. Comparison of state errors along a test trajectory.

degree-of-freedom models are often too complicated to
handle. Moreover, the mentioned first-principle methods,
despite their complexity, are highly inaccurate for extreme
maneuvering situations. We intend to show that black-box
models offer a reliable and convenient way of identifying
complicated vehicle dynamics through our experimental
study with an F1tenth and the SUBNET approach.
The F1tenth car is displayed in Fig. 4. A brushless DC
motor drives all four wheels of the vehicle, and the steering
is controlled by a servo motor. A Vedder Electronic Speed
Controller (VESC) unit is used to drive the actuators.
The VESC unit also has a built-in IMU and speed sensor.
For measuring the position and the orientation of the
vehicle, an OptiTrack motion capture system is used that
is capable of high-accuracy measurement of these variables
based on passive markers placed on the car.

5.2 Data collection

The measured outputs have been selected based on the
bicycle model: (x, y) position of the center of gravity
in the reference plane (X, Y ), φ heading angle, that is
measured from the X axis, vξ longitudinal velocity, vη
lateral velocity, and ω angular velocity (yaw rate). The two
control inputs of the car are the motor voltage in terms of
PWM percentage d and the steering angle δ. In line with
Sect. 3, the kinematics of the vehicle are known, thus we
only need to capture the velocity dynamics (vξ, vη, ω) as
the position and orientation can be computed using the
kinematic single track model:

ẋ = vξ cosφ− vη sinφ, (10a)

ẏ = vξ sinφ+ vη cosφ, (10b)

φ̇ = ω. (10c)

With the discussed measurement setup, all outputs and
the two input signals are measured directly. To achieve
robust identification results, two different trajectories have

Fig. 4. F1tenth autonomous small-scale electric vehicle.

been used for training the network. A lemniscate-shaped
trajectory has been selected, because by following it, the
heading angle traverses the whole operational domain, and
the resulting motion has quick changes in the velocity
measures. The second trajectory has been chosen to be
a circle-shaped path because it is also a typical maneuver
for this type of vehicle.
Measurement data has been collected with a sampling fre-
quency of fs = 40 Hz. To acquire data with various motor
PWM inputs, the velocity references have been varied for
both trajectories ranging from 0.45 m/s to 1 m/s with
step increments of 0.05 m/s, resulting in a total of 24 mea-
surement records. Half of these measurements have been
separated into training and test sets. Both trajectories
with alternating reference velocities have been included
in all data sets. Before concatenating the measurement
signals for the training data set, 20% of the measured data
was randomly selected to form a validation data set.

5.3 Hyperparameter selection

Identification of a model of the car dynamics has been per-
formed with both the DT and the CT SUBNET methods.
As previously discussed, the ANN model has been consid-
ered with two inputs and three outputs (as the position
and orientation are calculated from the velocities). To find
the optimal T and τ parameters, the time constants have
been determined by exciting the car with step inputs and
the outputs have been fitted by a first-order LTI model.
The largest approximated time constant is λmax = 0.282 s.
Based on the identified time constants, the values of T and
τ have been determined according to Sect. 3.
Based on the validation losses, the model order nx has
been optimized to be 9 for the DT and 6 for the CT
case. The encoder lag has been chosen to be n = 12,
and the parameters of fθ, hθ, and ψθ have been selected
according to the guidelines in Sect. 3. The hyperbolic
tangent (tanh) activation function has been chosen for
all three neural networks, but using rectified linear (relu)
activation functions has given similar results as well. For
training the models, the Adam optimizer has been applied.
The hyperparameter selection for the network structure
and the optimizer are shown in Table 2 and Table 3.

5.4 Results

The resulting models are evaluated based on the validation
and test errors on the full data sets using the NRMS error
metric. Also, similar to Sect. 4, an average NRMS error
is calculated on all 150-timestep (3.75 seconds) long seg-
ments of the test data. The results are summarized in Ta-
ble 5, with other well-known nonlinear identification meth-
ods for comparison. With both the DT and CT SUBNET
methods, the estimated models have achieved outstanding
test results showcasing superior performance compared to
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Table 5. Validation and test errors.

Model Valid. NRMS Test NRMS 150-step NRMS

DT SUBNET 6.54% 8.53% 5.08%

CT SUBNET 7.45% 8.99% 5.12%

PNL-SS - 15.92% 218.06%

NARX-net - 17.99% 36.97%

Fig. 5. Comparison of state errors along a test trajectory.

Fig. 6. Comparing the generated trajectories.

the benchmark algorithms. The PNL-SS model (Decuyper
et al., 2021) produced especially inaccurate results in the
150-step simulations, because this method does not esti-
mate the initial model state, thus x̂0 ≈ 0 was assumed for
all sections. A similar problem is visible for the NARX-
net 4 , although this method uses measurements of past IO
data, it is not as effective as the SUBNET structure.
A single lemniscate trajectory with 0.8 m/s reference
velocity has been selected to illustrate the simulation
performance of the models. The absolute errors of the
simulation on this particular trajectory are shown in Fig. 5
for both SUBNET structures. Remarkably, the identified
models provide an accurate simulation of the measured
reality for 16 seconds. Although, some large peaks are
visible on the heading error at some time instances. This
is mainly because φ is wrapped to [−π, π) and when
transitions from −π to π occur, temporary inaccuracies
are present. The generated trajectories are also shown in
Fig. 6. It is worth noting that the main source of the
growing error of the position is that these values have been
numerically integrated from the velocity signals, which has
resulted in accumulating errors in the simulated trajectory.

6. CONCLUSION
In this paper, the capabilities of the new generation of
deep-learning-based system identification schemes, such
as the SUBNET approach, have been demonstrated on
the identification of the dynamics of both an aerial and a
ground vehicle. First, we have proposed general guidelines
for SUBNET-based identification of vehicle dynamics,
then following these recommendations we have achieved

4 Please refer to Matlab 2024a documentation for more details

state-of-the-art estimated model accuracy for both sys-
tems, proving the effectiveness of the identification proce-
dure. Furthermore, the SUBNET method delivered non-
linear state-space models to enable the design of advanced
controllers for the identified vehicles both in terms of pre-
dictive and feedback solutions, opening the door for high-
performance personalized control of vehicles in practice.
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